J. Appl. Prob. 52, 877-893 (2015)
Printed in England
© Applied Probability Trust 2015

LIMIT THEOREMS FOR DECOMPOSABLE BRANCHING
PROCESSES IN A RANDOM ENVIRONMENT

VLADIMIR VATUTIN,* Steklov Mathematical Institute
QUANSHENG LIU,** Université de Bretagne-Sud

Abstract

We study the asymptotics of the survival probability for the critical and decomposable
branching processes in a random environment and prove Yaglom-type limit theorems
for these processes. It is shown that such processes possess some properties having no
analogues for the decomposable branching processes in a constant environment
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1. Introduction

The multitype branching processes in a random environment we consider here can be viewed
as a discrete-time stochastic model for the sizes of a geographically structured population
occupying islands labeled O, 1, ..., N. One unit of time represents a generation of particles
(individuals). Particles located on island O give birth under the influence of a randomly changing
environment. They may migrate to one of the islands 1,2, ..., N immediately after birth
with probabilities again depending upon the current environmental state. Particles of island
i e{l,2,..., N — 1} either stay at the same island or migrate to the islands i + 1,2, ..., N
and their reproduction laws are not influenced by any changing environment. Finally, particles
of island N do not migrate and continue to evolve in a constant environment.

The goal of this paper is to investigate the asymptotic behavior of the survival probability
of the whole process and the distribution of the number of particles in the population given its
survival or survival of particles of type 1.

Let m; ; be the mean number of type ;j particles produced by a type i particle at her death
and Z, ; be the number of type j particles in the process at moment n. Sometimes we will
write m;; and Z,; for m; ; and Z, ;, respectively, if there is no confusion.

We formulate our main assumptions as follows.

Assumption 1. (i) Particles of type 0 form (on their own) a critical branching process in a
random environment.

(i) Particles of any type i € {1,2, ..., N} form (on their own) a critical branching process in
a constant environment, i.e. m; ; = 1.
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(iii) Particles of any type i are able to produce descendants of all the next in order types (may
be not as the direct descendants) but not any preceding ones. In particular, m; ; = 0 for
l1<j<i<Nandmjijs1 >0fori=1,...,N—1.

Let X, be the number of particles of type 0 and Z,, = (Z, 1, . .., Z,,n) be the vector of the
numbers of particles type 1,2, ..., N, respectively, present at time n. Throughout this paper,
considering the (N + 1)-type branching process, it is assumed (unless otherwise specified) that
Xo=1and Zp = (0,...,0) =0.

We investigate asymptotics of the survival probability of this process as n — oo and the
distribution of the number of particles in the process at moment n given Z,,; > Oor Z,, # 0. Note
that the asymptotic behavior of the survival probability for the N = 1 case has been investigated
in [9] under stronger assumptions than those imposed in this paper. The essential novelty of
this paper are Yaglom-type limit theorems for the population vector Z,, (see Theorem 2 below).

The structure of the remaining part of this paper is as follows. In Section 2 we recall
known facts for decomposable branching processes in constant environments and present some
preliminary results. In Section 3 we deal with the (N + 1)-type decomposable branching
processes in a random environment. Here, we study the asymptotic behavior of the survival
probability and prove a Yaglom-type conditional limit theorem for the number of particles in the
process given Z,1 > 0. In Section 4 we consider a 3-type decomposable branching process in a
random environment and, proving a Yaglom-type conditional limit theorem under the condition
Zn1+Zy2 > 0show the essential difference of such processes with the decomposable processes
evolving in a constant environment.

2. Multitype decomposable branching processes in a constant environment

The aim of this section is to present a number of known results about the decomposable
branching processes. We are interested in the case of a constant environment and, therefore,
we do not deal with particles of type O.

If Assumption 1 holds then the mean matrix of our process has the form

1 mia o o omiy
0 I mp3 ma. N
0 0 1
M=mm)=1 . . U B (1)
MN_1,N
0 0 0 1
where
mjiy1 > 0, i=1,2,...,N—1. )

Under conditions (1) and (2) one obtains a complete ordering 1 — 2 — --- — N of types.
Observe that according to the classification given in [6] the process we consider is strongly

critical.
In what follows, we need some results from [5] and [6]. To this aim, we introduce additional
notation.
1. For any vector s = (s1, ..., sp) (the dimension will usually be clear from the context),
and integer-valued vector k = (ky, ..., k,) define
k _ ki kp
st =57 sy
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Furthermore, let 1 = (1, ..., 1) be a vector of units and let e; be a vector whose ith component
is equal to 1 while the remaining are 0.

2. The first and second moments of the components of the population vector Z, =
(Zn1, ..., Z,n) will be denoted as

mjj(n) .= E[Zy | Zo = ¢;], mi; :=m;(1),

biri(n) := E[ZykZn — S11Zni | Zo = €], birs = bip (1),

where E is the expectation in a constant environment.
To go further, we introduce probability generating functions

N
OB E[H sZiki|, 1<i<N, 3)
k=i
where 7);; represents the number of children of type j of a parent of typei € {1,2, ..., N}. Let

N
HEN(s):= E |:1—[ skz"k

k=i

Zozei], 1<i<N,

be the probability generating functions for the vector of the number of particles at moment n
given the process is initiated at time 0 by a single particle of type i € {1,2,..., N}. Clearly,
Hl(”N)(s) = hEN(s). Denote

H,(s) := (H"N(s), ..., HNNV(s)),
0.(s) == (Q"V(s), ..., 0N M) =1 — HNV(s), ..., 1 — HNNV(s)).

Asusual, for two sequences ay,, b, we write a, ~ by, a, = O(b,),a, = o(b,),anda, < b,
meaning that these relationships are valid as n — oo. In particular, a, < b, if and only if

. . s0ap . ap
0 < liminf — < lim sup — < oo.
n—>0o0 by n—oo bOp

The following theorem is a simplified combination of the respective results from [5] and [6].

Theorem 1. (i) Let {Z,,, n = 0,1, ...} be a strongly critical multitype branching process
satisfying (1) and (2). Then, as n — oo,

mi(n) ~ '™, i<, “)

where ci; are positive constants known explicitly (see [6, Theorem 1]);
@{i) if bigy < 00, i, k,l=1,..., N then
bixi(n) ~ ciggn*T=HTL (5

where ci are constants known explicitly (see [6, Theorem 1]) and

_p—(N=i)
n 2

0N ) =1—HINO0)=P(Z, #0 | Zy = ¢;) ~ ¢ ., >0, (6

where P is the probability measure in a constant environment.
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Let H(s1, ..., sp) = H(s) be a multivariate probability generating function with
H (s) 92H (s)
m) = s Kl =
081 g1 08k 08y |51

Lemma 1. (See [3, Equation (1), p. 189].) Forany s = (s1, ..., sp) € [0, 117, we have

14 1L p
doml=s) == bu(l=s)( —s) < 1= H(s) <Y m(l—s).

=1 k,I=1 =1

From now on, we denote by C, Cy, Cy, ... positive constants which may be different in
different equations.
Fors = (s1,...,sn) put

N N
Mi(nis) =Y mym) (1 =s),  Bi(nis) = é 3 b1 = s = ).

=i k=i

Lemma 2. Let the conditions of Theorem 1 hold. Then for any tuple t1, ...ty of positive
numbers and
l—s=n"", 1=1,2,...,N,

there exists C4 < oo such that, foralln = 1,2, ...,
Q(i,N) (s) < C, min{niT(Nﬂ-) n*minislsN(llflJri)}
n —_ ) .
If, in addition,
min (y —1+i) > 1 @)
i<I<N
then there exists a positive constant C_ such that, foralln = 1,2, ...,

C n—miniglgN(ll_l‘H) < Q(i,N)(s) < C+n—mini5151v(tl—l+i) (8)
_ <0, < .

Proof. Take ¢ € (0, 1] and denote s(¢) = (1 —en™",...,1 —en~'V). By Lemma 1 and
the monotonicity of Qfll’N) (s(e)) in &, we have

Mi(n; () — Bi(n; s(2)) < QM (s(e)) < 05 (5) < Mi(n3 ). )
In view of (4) and (5) there exist positive constants C;, j = 1, 2, 3, 4 such that

nl—i

N
< Mi(n;s(e) =&y my(mn™"

I=i

N
eCyp~ Minizi=n (=141 < o, Z
= e

I=i

nl—t
i

N
< Mi(n;s) <Ca )y
n

I=i

< C3n—mini§1§N(tl—l+i) (10)

and
) N pk—it 14—

0 < Bi(n;s(e)) <e&°C _

< Binis(e)) <&%Cy ) —

lkpt
k=i
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If min;<¢<ny(t — k +i — 1) > O then for a fixed ¢ > 0,

N
1 . .
0 < Bi(n:s(e)) <e’Cq Y < e2N2Cyn~Mimizi=n@=l+0) (1)
n
k=i

1—(—Dpti—k—i+1) —

Take 0 < ¢ < min{l, C;/N%Cy4)}. From the estimates (9)—(11), we obtain (8) with C_ =
eCy —e?N?Cyand Cy = C3.

Write 0 = 0,0,...,0) and 10 = (1,1,...,1) for the r-dimensional vectors whose
components are all 0 and 1, respectively; set s, = (s, $,4+1, ..., Sy) and denote by 1;4; the
indicator of the event +4.

(III}V t)he next lemma, we assume that Zy = e and provide an approximation for the function
Qn (00, 5,40).

Lemma 3. Ifmin, 1<yt — 1+ 1) > 27D and
l—sy=n"", I=r+1,r+2,...,N,

then, as n — 00,

D))
QMO 5. 1) ~ P(Zy > 0) ~con 2.

Proof. In view of (6) for 5,1 € [0, 11V, we have

P(Zy > 0) < P(U{zn,- > 0})

j=1

— Q(I,N)(O(r) 1(N—r))
n 9

< 0N OD, 5,41)

Zn.r 1 Z,,
= E|:1 - Sr+1+ sy l{ﬂj-l{Zn_iIO}}:|

< P(U{Zn/ - O}) + E[l _Srz_ﬁ,lrJrl .. 'Sﬁ”N]
j=1
r

IA

P(Zy > 0) + E[1 — s o sErv]
1

j=
=1+ 0(1)P(Zuy > 0)+ 0NV AV 5,41).
Furthermore, by the conditions of the lemma, we deduce that

N

0N AY s ) < D mumn™"
I=r+1

< Cn_minr+1515N(tl_l+l) — 0(n_27(r71))'

Hence, the statement of the lemma follows.
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2.1. The case of two types

Here we consider the situation of two types and investigate the behavior of the function

1-— H,Sl’z)(sl, s3) asn — oo assuming that 1 —s; = n~ % fori = 1, 2.

Lemma 4. [f the conditions of Theorem 1 hold for N = 2, then

n~1/2 ifti € (0,00), 0 <t <1,
L= HOD sy sy = 17 ifi €(0,00), 1 <t <2,
" T I e! if0o<n<1,0>2,

n—l—min(tl—l,tz—Z) l'ftl > 1’ th > 2.
Proof. Observe that, forany 0 < s1 < s < 1,
H{'2 (s, 52) = HVP (s1,82) = EL(sD™ — s7")53™)
< E[1 — s/
=1-—H"D(s)
<P(Znu=>0|Zy=e)
< cnl.

Now let m = m(s») be specified by the inequalities

0070 s 1-s2=n"" < 072(0).
In view of
2
0220)=1-HZP0) = P(Znr >0 | Zo = ey) ~ ———,
mvar 122

it follows that m ~ 2n'2/ var ny,. Using this fact, (12), and the branching property

1,2
HDHD (5), B (52) = Hy (9),

n+m

by (6), we conclude that
1= H"D(s1,50) = 1= H (s, HPP(0))

=1-H"HEIP0), H220) + 0@m™h

=02 +on™

=0 4o())ci(n+m~"2+0m™h.

(12)

13)

Clearly, the result remains valid when ‘>’isreplaced by ‘<’ with m replaced by m — 1. Therefore,

(1,2)

1— H (51,80 =n~VY2ift, € (0,1], and 1 — H"P (51, 52) < n=2/2 if t; € (1, 2). This

proves the first two relationships of the lemma.
Consider now the p > 2 case. In view of (4),

H (51, 1)

1-HM () =1-
1— H?(s1, 5)
1 —
1-—

IA

IA

H,?’”(Sl) +n"E[Zn | Zo = el
HYD (s 4+ (14 o(1))cipn' 2.
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Recalling that 1 — 51 = n~" and selecting m = m(s1) similar to (13), we obtain

1
(1,1 -~ (1,1 -
1—H,"/(s1)~1-H,, (0) < o
Hence, if f; < 1then 1 — H"? (s, 52) = n~! as claimed.
The statement for t; > 1, t, > 2 follows from (8).

3. Decomposable branching processes in a random environment

The model of branching processes in a random environment which we are dealing with
is a combination of the processes introduced by Smith and Wilkinson [8] and the ordinary
decomposable multitype Galton—Watson processes. To provide a formal description of the
model denote by M the space of probability measures on N(I)V +1 where Ny := {0,1,2,...}
and let ¢ be a random variable with values in M. An infinite sequence & = (e, ¢2,...) of
independent and identically distributed (i.i.d.) copies of ¢ is said to form a random environment.

We associate with e and ¢,, n = 1, 2, ... random vectors (&, ..., Ey) and (5("), .. f(n))
such that, for k € NN+1,

P((5, ..., Ex) =k | &) = e(tk)),  P(E, ..., &) =k | en) = en({k)).

We now specify a branching process (X, Z,) = (Xu, Zn1, .- ., Zyn) in a random environ-
ment & with types 0, 1, ..., N as follows:

(i) (Xo,Zo) =(1,0);
(i) Given & = (ey,e,...)and (X;,—1,Z,—1),n > 1,

Xn—1 Xn—1 J Za-ni
_ (n—1) (n—1) (n -1) j=
O SCURINETED S ALE0 o) W GNP TN
i=1 k=1
n—1) <(@n—1) (n—1)
where the tuples (Ek s &y ) k= 1,2,..., X, are ii.d. random
vectors with distribution e,,_1,1i.e. givene,_| = e,_ 1dlstr1buted as (50" b . & =D
éj(\f ~Dy. and the tuples (n,(('zl._ D ’71(:[31’ ...,n,({'ZNl) ) are independent random vectors
distributed as (n;;, 0i,i+1,....nin) for i = 1,2,... N, ie. in accordance with the

respective probability generating function 4% (s) in (3).

Informally, E =1 is the number of type j children produced by the kth particle of type O of

generation n — 1 while n,(( ~1 is the number of type j children produced by the kth particle of
type i of generation n — 1.

We denote by P and E the corresponding probability measure and expectation on the
underlying probability space to distinguish them from the probability measure and expectation
in a constant environment specified by P and E.

Thus, in our model particles of type 0 belonging to the (n — 1)th generation give birth in
total to X, particles of their own type and to the tuple Y, = (Y,1, ..., Y,n) of child particles

of types 1,2, ..., N, where
Xn 1

Y = Z E(n .

In particular, ¥; = (Y11, ..., Yiy) = 2, ..., g}v")) _—y
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Finally, each particle of type i = 1,2, ..., N generates its own (decomposable, if i < N)
process with N — i + 1 types evolving in a constant environment.

Let uy = E[&o | e], uo = E[(50 — 1) | e], and
N
6; =E[& |e], i=12,...,N, @1:=291.
=1

Our assumptions on the characteristics of the process we consider are formulated as follows.
Assumption 2. (i) The initial state of the process is (Xo, Zo) = (1, 0).

(ii) Particles of type O form (on their own) a critical branching process in a random environment
such that

Elogu; =0,  Elog? i1 € (0, 00). (14)
(iii) Particles of type O produce particles of type 1 with a positive probability and
P, > 0) = 1.

(iv) Particles of each type form (on their own) critical branching processes which are indepen-
dent of the environment, i.e. mj; = En;; =1,i =1,2,..., N.

(v) Particles of type i = 1,2,..., N — 1 produce particles of type i + 1 with a positive
probability, i.e. m; j+1 = En; j41 >0,i =1,2,..., N — L.

(vi) The second moments of the offspring numbers are finite:
Enj <oco, 1<i<j<N
with b; = %Var nii € (0, 00).
The following theorem is the main result of the paper.

Theorem 2. If Assumption 2 holds and
Elu;'l <oo,  Elpou;(1 4+ max(0,log u1))] < 0o, (15)

then there exists a positive constant K¢ such that

oN-1g
P(Zy #0 | Xo=1,Zg=0) ~ ——2, (16)
logn
and for any positive t1, tp, ..., tn,
log Z
lim P( OBZmi o i=1,....N ‘ Zni >0) =Gy, ... 1n)
n— 00 logn
_ 1
1 + max(0, minj <<y (1 — 1))

a7
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The proof of the theorem is divided into several stages.
Let

T = min{n > 0: X,, = 0}.

According to [7, Theorem 1], if conditions (14) and (15) hold then for a positive constant c,

]P’(X,,>O)=]P’(T>n)~% as n — oo. (18)
n

Set S, := ZZ;(I) X and A, = maxo<k<p—1 Xk, so that St and At denote the total number
ever born of type O particles and the maximal generation size of type O particles, respectively.

Lemma 5. (See [1].) If conditions (14) and (15) hold then there exists a constant Ko € (0, 00)
such that

K
IP(ST>x)~IP’(AT>x)~—O as x — oo. (19)
log x

In fact, the representation (19) has been proved in [1] under conditions (14) and (15) only
for the case when the probability generating functions of f;’(g"), n =0, 1,...arelinear-fractional
with probability 1. However, this restriction is easily removed using the results established later
on for the general case in [2] and [7].

Now let [Vl = Vo1 + -+ Yon, ¢ = 07V 4. 4 €071 and
n Xi-1
G o
Z Y= Z Z &i Byj = max Yij,
I=1 k=1
n X1
o)) _
L= Z vil=32% 6" Ba= max il
I=1 k=1
In particular, L is the total number of child particles of types 1, ..., N produced by type 0

particles during the evolution of the process.

Lemma 6. If conditions (14) and (15) hold and P(®1 > 0) = 1, then
Ko
P(Bt > x) ~P(LT > x) ~ —— asx — oo. (20)
log x

If conditions (15) and (14) hold and P(0; > 0) = 1 for some j € {1, ..., N}, then

P(Btj > x) ~P(Ltj > x) ~ as x — oo. 2n

ogx
Proof. For any ¢ € (0, 1), we have

P(Ar > x) < P(Br > x' %) + P(Ar > x; By < x'7%).
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Let T, = min{k: X} > x}. Then

o
P(Ar > x; Br <x'7) < Y P(Ty =1 [[¥i1 | < x'7°)
=1

o

X;
IP’(TX =1 Z{km < x1_8>
! k=1

[x]
<P(AT > x)]P’(Z g“k(o) < x1_8>.
k=1

Since P(®; > 0) = 1 and ©; = E[¢” | e], k=1,2,...,, we obtain by the law of large
numbers,

1

e) =0 P-almost surely.

)] o

(1 —8P(AT > x) < P(Br > x'7%). (22)

T R
lim P — <
i (e 247 =

Thus,

[x] [x]
lim sup IP’(Z gk(O) < xl_8> < ]E|:lim sup ]P’(Z g“k(o) < xi—¢
k=1

X—00 X—00
k=1

As aresult, for any § > 0 and all x > x¢(§), we obtain

To deduce an estimate for P(Bt > x) from above, we write
P(Bt > x) < P(A1 > x'7%) + P(Br > x; A < x'7%). (23)
Furthermore, letting f‘x = min{k: || Y| > x}, we have
P(Br > xi Ar <x'™9) <P(T > x*%)+ Y P(T, =1 Ar <x'7).
I<i<xe/?
By the Markov inequality, we have

Y Phi=LAr<x'"f)< Y P <x"75 V> x)

1<i<x¢/? 1<l<x¢/?

[x'—*]

< xe/zP< ORI x)

k=1
< xRV 1.

Hence, recalling (18), we obtain P(Br > x; A < x'7%) = O (x~4/% implying, in view of

(23),
P(Br > x) < P(A1 > x' ™) + 0(x~¢/%). (24)
Combining (22) and (24) and first letting x — oo and then ¢ — 0 we justify, by Lemma 5, the
equivalence
Ky

P(Bt > x) ~P(A1 > x) ~

logx’
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Finally,
P(Br > x) < P(Lt > x) < P(TBt > x) < P(Br > x'7%) + P(T > x),

and applying (18) and Lemma 5 proves the first equivalence in (20).
One may check (21) by similar arguments.

Corollary 1. If conditions (14) and (15) hold and P(61 > 0) = 1, then

N
F(n) = 1[«:[1 - exp{— Y L Q,(,"’N’(O)” ~
i=1

Proof. Clearly,

2N—1K0

N N
Lri Q@) < Y Lt @V (©0) < L1 ) 01"V ()
i=1 i=1

and, by (6),

N
D20 ~ 00 ~ e 2T
i=l1

To conclude the proof it remains to observe that

K
B[l —e Mt ~E[l —e M1~ —=2% 250 = 40 (25)
log(1/X)
due to Lemma 6, and the Tauberian theorem [4, Chapter XII1.5, Theorem 4] applied, for instance,
to the right-hand side of

o
ATVE[L — e M) :/ P(Lt > x)e ™ dx,
0

and to use the inequalities

N
E[1 — exp{—L11 05" (0)}] < F(n) < E[l - exp{—LT > Q;’*N)(m”.
i=1
Proof of Theorem 2. We first check (16). Note that each particle of type i of generation n
has either a parent of type O (of generation n — 1), or an ancestor of generation k, 1 < k < n
whose parent is of type 0; recall that the number of particles of type i of generation k having a
parent of type O is denoted by Yi;. By a decomposition of Z,,; based on this fact and using the
branching property, we obtain

n N
E[l _ SIZ)LI . .SI%,)LN] — ]El:l _ 1_[ H(HI/EI_J]Z/)(S))YM} — E[] _ eR(Vl;S)]’ (26)
k=1i=1
where HO"N) (s) = s; by convention, and

n

N
R(n;s) = Z Z Yi log HYE'_’IIX) (s).

k=1 i=1
In particular,

P(Z, #0) = E[1 — R0 T < (/n] + 0T > Vn)).
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Since log(1 — x) ~ —x as x — +0 and for k < /n as n — o0,
0N @) = 1 - B O) < 0,0 < 0" (0) = (1 + 0(1) 2 ().

we obtain

N
E[e®™0: T < /n] =E|expl —(1 +0(1) Y " Ly Q0VO0) [: T < \/ﬁ}

- i=1

N
=E|expi—(1+0(1)) Y L Qi@ T < \/ﬁ}

- i=1

N
=E|exp{ —(1+0(1)) Y L1 05N (0) ] — O(P(T > /n)).

- i=1

Thus,

N
P(Z, #0) = E[l —exp{—(l +o(1) Y Lu ;'*N)(O)” +O®T > Vn), @27

i=1

and (16) follows from Corollary 1 and (18).

Now we prove (17). Recall that we always take Xg = 1, Zy = 0.

Consider first the N = 1 case. Writing for simplicity Yy = Yi1, Z, = Z,1, s = s1, and
H,(s) = H"V(s) = E[s%" | Zy = 1], we have

E[s“]—E(Z,=0) E[l —s%]

E[s? | Z, > 0] = i
[s7 1 20 > 0] P(Z, > 0) P(Z, > 0)

and by (26),
n
E[l — sZ"] = IE|:1 — exp{z Yy log Hn_k(s)}i|.
k=1
By the criticality condition, 1 — H, (0) ~ (bin)~!. Thus, if s = e~ ®11) then

1—s~ ~ l—H[nt/)L](O),

bin!

where [x] denotes the integral part of x. Hence, it follows that for any r > 1 asn — oo,

U= Ha (@) ~ 1= Hy (i g O) = 1= Hogguop) 0) ~ 3

Similar to the previous estimates for the survival probability of the (N 4+ 1)-type branching
process (recall that (X, Zp) = (1, 0)), we obtain

Ko
tlogn’

AZy )]
]E[l - exp{—bln”t } ~ E[1 — exp{—Acn"Lt1}] ~

Since P(Z,, > 0) ~ Ko/ logn, it follows that for any fixed r > 1 and A > 0,

Az 1
1imE|:exp - "}‘Z,,>Oi|=l——.

n— 00 bin! t
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This implies that the conditional law of Z, /(bin') given Z, > 0 converges to the law of a
random variable X with P(X = 0) = 1 — ¢t~ and P(X = +o0) = ¢~!. Therefore, for any
t>1,

G() = lim P(n™'Z, < by | Z, > 0)

Z,,>0>

ogn
] (28)
=1

Since lim, | G(t) = 0, we may write (28), for any ¢ > 0, as

log Z
lim IP( OF Zn

n—00 log n

I
Z,>0)=1- 29
">) 1+ max(0.7 — 1) 29

as desired.
Now, we consider the N > 2 case and use the equality

B[l — sZm2...s%N 1, _ B[l — sZm ...g%N
E[lenl "'S§"N|Zn1 = 0] = [ 2 N {Z=0}] _ [ 1 N ] (30)
P(Z,1 > 0) P(Zy1 > 0)

We study each term on the right-hand side of (30) separately. By (26) and log(1 —x) ~ —x
as x — +0, we see that as n — o0,

E[1 — 57" sy ] = E[1 — exp{—(I + 0o(1)) Ry (n, 5)}],

where

Ry(n,s) := ZZYsz(l ().

k=1 i=1

Now let 71, ..., ty be a tuple of positive numbers satisfying (7). From Lemma 2, it follows
that, forl —s; =n"%,1=1,..., N,

i,N o o Mini <y @—I+i) _ —i—minj<;<y(t—1).
’(11 )(S)An min; <<y (=140 _ 5 —i—mini< <y —1) (31)

Since
min min (f; — [/ 4+ i) = min (tl—l—i—l) >1,
I<i<Ni<I<N I<i<
by our conditions, we have as n — oo,
Q’(j,N)(s) < Q;I,N)(s) o - mini<r<n (@—1+1)

Thus, there exist constants C;, j = 1, 2, 3, 4 such that on the set T < /7 the estimates

n N N
CiLm QMM () < Ry(n,8) <Y Y Y 0 (s) < CLr Y 08 M(s)

k=1 i=1 i=1

are valid for all sufficiently large n. This, in turn, implies that

C3LT1n*min1§1§N(U*l+1) < Ry(n,s) < C4n*miﬂ1515N(U*l+1)LT.
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Using the estimates above and (25) for the selected #1, ..., ty as n — 0o, we obtain

1 )( (I+0(1)Ko

logn I +minj<<y( — 1)

E[1 —exp{—Rn(n,5)}; T < v/n] = ( ) + O®(T > /n)),

which leads, on account of (18), to

Ko

lim (logn)E[1 — sZ! ... gZV] = . 32

ni{go( og Mkl 51 sy I +minj<<y(t — 1) (32)
Thus,

lim E[l _ Slznl . 'S]%/IN] _ 1 o

n—oo  P(Zy >0)  14ming<y (@ —1)
Furthermore,

n N )
E[1 — SZan .. -sﬁ”” Lz, =01 = IE|:1 — exp{z Z Yii log H,EQJZ)(O, sz)}i|.

k=1i=1
By the definition of H,fi’N) (s), (31), and the choice of s;,i =2, ..., N, we have
1 _ H(l,N)(O s2) — 1 _ H(i,N)(s) — lei’N)(s) = n—min,-515N(t[—l+i) — O(n—l)
n ’ n N
Besides, by Lemma 3,
1-— H,EI’N)(O, §7) = Q,(ll’N)(O, s2) ~cn”! asn — oo.

Hence, it follows that on the set T < \/n,

T—1 N T—1 N
Y Viilog Hy i (0.50) = —(1+0(1)) Y > Y 04 (0. 52)
k=0 i=1 k=0 i=1

N
=—(I+0(1)) Y L1 0™(0,52)

i=1

and, moreover,

N
0 M, :)Lr1 < ) L1 0N (0, 82) < 020 (0, s2) L.

i=1
Now, using the same line of arguments as earlier, one may show that

lim E[1 — 57" -

ZyN
s N 17 o] = K
e sy 1iz,=0y]logn 0,

implying that, by (16) with N =1,

B[l — s . ..s2mN 1, _
llm [ 2 N {Zn 0}] — 1
w0 P(Zn > 0)
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As aresult, given (7), we have

G tn) = lim E[s?" .52V | Z,1 > 0] =1 — !
v IN n—00 1 N " l—l—minlS]SN(t]—l).
Since limmin, o,y (4-140 G, - - ., In) = 0, by the same arguments used to derive (28) and

(29), we conclude that

1

lim E[sZ - .52 | Z,1 > 0]=1—
o Lsy Sy 1 Zn1 > 01 1 4+ max (0, minj <j<p (#; — 1))

for all positive 71, . .., ty, completing the proof of Theorem 2.

4. The case of three types

It follows from (6) that for a strongly critical N-type decomposable branching process in a
constant environment

P(Z,#0 | Zo=e)~PZu+ - +Zyn-1=0,Z;n >0]| Zp =ey).

Thus, given the condition {Z, # 0}, we observe in the limit as n — oo only type N particles.
This is not the case for the strongly critical (N + 1)-type decomposable branching process in a
random environment. We justify this claim by considering a strongly critical branching process
with three types and prove the following statement.

Theorem 3. Let N = 2. If Assumption 2 holds then

log Z log Z,
lim ]P’(M <1, Of Zm2 <t |Z,#0,Xo=1,2Zy= 0) = A(11, o), (33)
n—00 logn logn
where
0 ift1 €[0,00), 0 <1, <1,
1
1—— ift €10,00), 1 <t <2,
A1, ) =4, f2 )
2 f0o<tn <1, n>2,
1 1
1 fu>1,0>2

21+ min(f — 1,15 — 2))

Remark 1. Since the survival probability of particles of type 0 up to moment r is of the order
n~1/2 particles of this type are absent in the limit.

Remark 2. Since limpyin(,,1,—1)40 A(#1, t2) = 0, we have in Theorem 3 a complete description
of the limiting distribution for the left-hand side of (33).

Proof of Theorem 3. We have

E[1 — s{" s3]

E Zn1 Zn2 Z 0 =1_ ,
[s7"'sy" | Zp # 0] P(Z, £ 0)

where

n 2
B[l — slznlszznz] = ]E|:1 — exp{z Z Yii log H;’]]l’)(s)}il

k=1 i=1
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Now let1 —s; =n~%. Iff; > 1 and t, > 2, then by (16) (with N = 2) and (32), we have

. E[l _ slznlszzrd] ] 1
At;,h)=1—lim ————=— =1— — : ’
n—oo  P(Z, #0) 21+min(t; — 1,6 —2)

proving Theorem 3 for min(#; — 1, £, — 2) > 0. Observe that

1
min(f—1,10—2)40 2

and, therefore, contrary to the P(Z,; > 0) case we need to analyze in more detail the case of
positive f1, f, meeting the condition min(¢; — 1, — 2) < 0.

The same as in the proof of Theorem 2, it is necessary to obtain estimates from above and
below for

n 2
i2
Ry(n,s) =Y > Y Q2 (s)
k=1 i=1
given T < ./n. Observe that in view of Lemma 4 and the representation

1

(2,2) —1_ 22 -
Q0,7 (s2) =1—=H,”"(s2) < P

we have
L= H" (s1,9) + 1= HPP(s2) < 1= B (51, 52) = 0117 (51, 92).
This, in turn, yields for T < /n,
C108? (51, 52)L11 < Ra(n, s) < C208? (51, 52) L.

From this estimate, (25), and Lemma 4, we obtain
K
E[1 —slz”lsZZ”z] ~ —Ologn asn — 0o,
C(t1, 1)

where
ift; € (0,00), 0 <t <1,

ift; € (0,00), 1 <t <2,
Ct,n) =

p— Nl[s«l\)h—

f0<ty <1, 6>2,
14+ min(ty — 1, —2) ifty >1, np > 2.
Since P(Z,, # 0) ~ 2Ko(logn)~! for N = 2, we conclude that for positive 7| and 12,
]E[l _ sZnISZnZ]
. Zn1 Zn2 — — — — K —1 2
,,ILH;OE[SI 52y #0, Xo=1,Z9=0] =1 nll)rr;o B(Z, 20)
B 2C (11, 1)
= A(t1, ).

Hence, the statement of Theorem 3 follows in an ordinary way.
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