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INDEXED TYPE THEORIES

VALERY ISAEV

ABSTRACT. In this paper, we define indexed type theories which are related
to indexed (oo-)categories in the same way as (homotopy) type theories are
related to (co-)categories. We define several standard constructions for such
theories including finite (co)limits, arbitrary (co)products, exponents, object
classifiers, and orthogonal factorization systems. We also prove that these con-
structions are equivalent to their type theoretic counterparts such as X-types,
unit types, identity types, finite higher inductive types, II-types, univalent
universes, and higher modalities.

1. INTRODUCTION

Indexed categories were defined in [7] (see also [2, B1]). We define an analogue
of this notion using the language of type theory. Ordinary homotopy type theory
is an internal language of co-categories with some additional structure depending
on constructions that we assume in the theory. Often we need to assume that the
oo-category is at least locally Cartesian closed. Indexed type theories allows us to
discuss properties of arbitrary (indexed) oo-categories.

Indexed type theories can be useful even when applied to co-categories which
have all the required structure such as oco-toposes. One problem of ordinary homo-
topy type theory is that every construction must be stable under pullbacks. For
example, we will define orthogonal factorization systems in section 10. In ordinary
homotopy type theory only the stable factorization systems can be defined (which
was done in [10]).

Similar problem occurs when we try to describe certain universes. For example,
we could try to add a universe U.o, of discrete Segal types and covariant maps
between them to the theory described in [9]. A naive definition of such a universe
postulates that we have an equivalence between the type of functions X — U, and
the type of covariant fibrations over X. This is not a correct definition since this
condition is too strong. The correct definition requires only an equivalence between
the space of maps from X to U.o, and the space of covariant fibrations over X. It
is impossible to formulate this condition in ordinary homotopy type theory, but it
is easy to do in an indexed type theory as we will see in section 9.

We will define two kinds of indexed type theories: unary and dependent. In-
dexed unary type theories allow us to discuss properties of arbitrary categories.
Such a theory has two levels: the base theory and the indexed theory. The base
theory has the usual type-theoretic syntax and the language of the indexed theory
can be described informally as the language of type-enriched categories. Indexed
dependent type theories also have two levels. The first one is the same as for unary
theories, but the second has type-theoretic syntax, so it is more convenient to use
such theories, but it applies only to finitely complete theories.
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We will define several categorical constructions in both styles and prove that
they are equivalent:

(1) Finite limits in unary theories and X-types, unit types, and identity types
in dependent theories.

(2) Finite colimits in unary theories and finite higher inductive types in depen-
dent theories.

(3) Exponents in unary theories and II-types in dependent theories.

(4) Object classifiers in unary theories and univalent universes in dependent
theories.

(5) Orthogonal factorization systems in unary theories and higher modalities
in dependent theories.

The paper is organized as follows. In section 2, we define indexed unary type
theories. In section 3, we define the notion of an equivalence in unary theories. In
section 4, we define limits and colimits in unary theories. In section 5, we define
indexed dependent type theories. In section 6, we define exponent and II-types in
indexed theories. In section 7, we define limits and colimits in dependent theories.
In section 8, we prove the initial type theorem, which is the first step in the proof
of the general adjoint functor theorem. In section 9, we defined object classifiers.
In section 10, we define orthogonal factorization systems.

2. INDEXED UNARY TYPE THEORIES

We can think about an indexed type theory as a syntactic representation of
indexed oo-categories, that is a functor F' from an oo-category B to the large oco-
category of oco-categories. An indexed type theory consists of two levels. The
first level is just an ordinary type theory and it represents I Since we are mostly
interested in the case when B is the oco-category of spaces, we can assume that
the first level has all usual constructions such as identity types, X-types, II-types,
(univalent) universes, and (higher) inductive types. Nevertheless, in general, we
will assume that the base theory has only identity types and Y-types; all additional
assumptions will be explicitly specified. We will often talk about functions, but this
is only for notational convenience and does not assume that function types exist.
Terms of type A — B correspond to terms of type B in context = : A, so we can
talk about functions A — B as long as this type does not appear inside other types.

The second level of the theory represents co-categories F'(I') for various objects
T" of B. In this section, we will discuss indexed unary type theories, that is indexed
type theories in which the second level consists of unary type theories. A unary
type theory is a non-dependent type theory in which contexts consist of exactly
one type. Such theories represent arbitrary 1-categories. We do not know whether
indexed unary type theories represent all indexed co-categories over a given base,
but it seems that this should be true at least for locally small indexed oco-categories.

Indexed unary type theories have four kinds of judgments:

'tA Tra:A T|-FB T|z:A-b:B

In each of these judgments, I' is a context, that is a sequence of the form x; :
Ay, ...xy : A, where Ay, ... A, are types and x1, ...x, are pairwise distinct
variables. Judgments I' - A and T' F a : A represent types and terms of the first
level of the theory. We will call such types and terms base types and base terms,
respectively. The collection of rules that involve only judgments for base types and
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base terms will be called the base (sub)theory. When we say that the base theory
has some construction such as II-types or universes, this means that there are usual
rules for these constructions formulated in terms of these judgments.

Judgments T' | - b A represent types of the second level of the theory. We will
call these types indexed types to distinguish them from base types. In a judgment
P|z:AFb: B, zis a variable which is distinct from the variables in ', A and
B are indexed types, and b is a term of the second level of the theory. We will
call such terms indexed terms. Indexed types represent objects indexed by I' and
indexed an indexed term I' | z : A+ b : B represents a morphism between A and
B.

We have the usual rules for variables and substitutions for the base theory:

1Ay, s Ay b Ay

'k bl ZBl
T'& by, Brlbi/y1, - br—1/yr—1] Iyy1:B1,...yx: By FC

I'Hb1: B
T b : Brlbi/y1, .. bk—1/Yr—1] Dy :By,...yx: Bpbe: C
T'Febi/y1, .. bk/yk) : Clbi/yr,s - br/yk)
We also have the usual equations for substitution:
Yilbr/y1, - br/yk] = bs
clyr/yr, - yr/yr]l = c
dlc1/z1, .. ca/2zn][bi /Y1, .. bx/yr] = d[cy /21, ... c ) 2],
where ¢, = ¢;[b1/y1, ... bk /yk]-

For every construction o(z7.¢1,...%Z5. ¢,) in the base theory, we have the follow-
ing equation whenever variables Z71, ...Z, are not free in by, ... by:

o(...,Zi ¢y )b /y1, - b /yk) = o (.., Zicilbi/y, -« bk /yk], - - )

We also have the weakening operation which is left implicit as usual. This concludes
the description of basic rules of the base theory. They are the usual rules of a
dependent type theory which we include here so that they can be compared to the
rules of the indexed theory.

Variables of the indexed theory represent identity morphisms and substitution
represents composition:

''NArb: B I'Ny:BFe:C
T|AFcb/y]:C
These operations satisfy the obvious equations:
ylb/yl = b
blx/x] =b
dle/z][b/y] = dlc[b/y]/7]
We can also substitute base terms into indexed types and terms:
'k bl : Bl
't by 2 Brlbi/y1, -+ br—1/yr—1] Loyr:Bi,...yn s B | -FC

Fz:AkFz: A
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F'—bl ZBl
Tt by : Belbi/y1, - bp—1/yr—1] Doy1:B1,...yx: B | 2: CHd: D

L|z:Chbi/y1,.. -bi/yk] Fdbi/y1, ... bk/yk] : D[bi/y1,- - b/ yk)
These operations represent reindexing along a morphism in the base category.
They satisfy the following equations:

x[bi/y1, .. br/yr] = x

dle/=2][br/yr, - - b /yk] = d[bi/y1, - - - b /yr][clbr/y1, - b /Y] /2]
clyi/ya, - yr/yrl = c

dle1/z1y .. cn/zn][bi/y1, . be/yx) = d[c} /21, . . . Ch ) 2],

where ¢} = ¢;[b1/y1, ... br/yx]. The first two equations correspond to the fact that
reindexing preserves identity morphisms and composition in the indexed theory.
The last two equations correspond to the fact that reindexing is functorial, that is
it preserves identity morphisms and composition in the base theory.

For every construction o(z7.¢1,...%,.¢;) in the indexed theory, we have the
following equation whenever variables z7, ...Z, are not free in by, ... bg:

0(...,27.01-,...)[bl/yl,...bk/yk] :U(...,z_i.ci[bl/yl,...bk/yk],...)

We also have the weakening operation which is left implicit as usual. This equation
corresponds to the fact that all constructions in the indexed category must be stable
under reindexing.

As we noted before, we assume that the base theory has identity types:

Pka:A F-ad:A l'a:A
I'FIda(a,a) T Frefl(a) : Ida(a,a)
l'Fa:A
Ikad:A Do:Ap:lda(a,z),AF D

Ckt:1da(a,a’) T, Ala/x,rvefl(a)/p] - d : Dl[a/x,refl(a)/p)
T, Ald [z, t/p] b J(a,zpA. D, A.d,d’,t) : D]a'/x,t/p]

J(a,zpA.D,A.d,a,refl(a)) = d

We will sometimes omit the type in the notation Id4(a,a’). The fact that the
type Id(a,a’) is inhabited will be denoted by a ~ . H T'F p : Ida(a,d’), T,z :
AF B,and T' F b : Bla/x], then we will write I' I p,.(b) : Bla’/z] for the usual
transport operation defined in terms of J. Operation ap is defined in terms of J
and has the following type: if ' B, T,x: A b: B, and T' - p : Id4(a,d’), then
'k ap(x.b,p) : Idg(bla/x], bla’ /x]).

An indexed type theory is locally small if there is a type of its morphisms. That
is, it must contain the following rules and equations:

r-+A N -+B I'lz:AFb: B
I' - Hom(A, B) I'F Az.b: Hom(A, B)

't f:Hom(A, B) FlAta:A
'|AF fa:B

(Ax.b)a = bla/x]
Ae.fa=f
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We might also use notation A — B for Hom(A, B), but we prefer the latter
notation since the former may be confusing. Indeed, A — B might also denote the
indexed type of functions if the indexed theory is Cartesian closed or the base type
of function if A and B are base types.

If the indexed theory is locally small, then indexed types must carry the structure
of an oco-category. We cannot construct this structure internally due to coherence
issues, but we can at least construct lower levels of this structure. Morphisms
between indexed types A and B are terms of type Hom(A, B). The identity mor-
phism id4 on an indexed type A is Az.x : Hom(A, A). Composition of morphisms
f :Hom(A, B) and g : Hom(B, C) is defined as Az. g (f z) : Hom(A, C') and denoted
by g o f. Composition is strictly associative and identity morphisms are strictly
unital.

If f, g : Hom(A, B) are morphisms, then a 2-morphism between them is a term p :
Idtom(a,B)(f, g). Vertical composition p«q of 2-morphisms p and ¢ is defined as the
usual operation of path concatenation. The identity 2-morphism on f : Hom(A, B)
is refl(f). Vertical composition is associative, identity 2-morphisms are unital, and
every 2-morphism is invertible. These facts are true in a weak sense, that is up
to a 3-morphism. Let f,¢g : Hom(A, B) and h,i : Hom(B, (') be morphisms and
let p : Idgom(a,B)(f,9) and q : Iduom(s,c)(h,4) be 2-morphisms. The horizontal
composition of p and ¢ is a term p * ¢ of type Idgom(a,c)(Az. h (f ), Av.i(gx)).
To define p x ¢, we just need to eliminate p and ¢ and then define refl(f) * refl(h)
as refl(Ax. h (f x)). It is easy to prove that usual properties of this operation hold.
Expressions refl(f) x g, pxrefl(g), and refl(f) «refl(g) will be denoted by f*q, px* g,
and f x g, respectively.

Definition 2.1. An equivalence between indexed types A and B is a morphism
f : Hom(A, B) such that there is a morphism ¢ : Hom(B, A) such that go f ~id4
and fog ~idp.

If the indexed theory is locally small, then not only base morphisms act on
indexed types and terms, but also homotopies between them. Let ' F a : A
and T' - o’ : A be two base terms. If T,z : A | - b B be an indexed type,
then we have indexed types I' | - F Bla/x] and T' | - - Bla’/z]. Let T' - h :
Ida(a,a’) be homotopy between a and a’. Then we can construct an equiva-
lence between Bla/z] and Bla'/z]. A map f : Hom(B|a/z|, Bla'/x]) is defined
as J(a,xp. Hom(Bla/x], B),idp[a/q),a’, h). A map g : Hom(B[a'/x], Bla/x]) is con-
structed similarly: Ay.J(a,zp. Hom(B, Bla/x]),id /4], @', h). To prove that go f
and f o g are homotopic to identity morphisms, it is enough to eliminate h using J
and then both g o f and f o g become identity morphisms.

3. EQUIVALENCES

In this section, we define types that express the property of a map f : Hom(A4, B)
of being an equivalence and prove that they are equivalent. We also prove a few
simple properties of equivalences. These questions were studied in [12, Section 4]
for ordinary homotopy type theory. Most of the theorems in this section also hold
in the framework of indexed unary type theories, but the proofs must be modified.

3.1. Bi-invertible maps. Let f : Hom(A4, B) be a morphism. We will say that f
is bi-invertible if the following type is inhabited:

biinv(f) = linv(f) x rinv(f),
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where linv(f) and rinv(f) are types of left and right inverses of f, respectively:

linv(f)= > Id(go fida)
g:Hom(B,A)

rinv(f) = Z Id(f og,idp)
g:Hom(B,A)

Proposition 3.1. A map is bi-invertible if and only if it is an equivalence.

Proof. Obviously, if a map is an equivalence, then it is bi-invertible. Let us prove
the converse. Let g : Hom(B, A), p : Id(g o f,id4) be a left inverse of f and let
g : Hom(B, A), p' : 1d(fog’,idp) be a right inverse of f. Then ¢’+p : Id(go fog’, ¢’).
Since f o g’ ~ idp, there is a term of type Id(g, ¢’). It follows that g is an inverse
of f. O

Lemma 3.2. If f is an equivalence, then types linv(f) and rinv(f) are contractible.

Proof. If f is an equivalence, then precomposition with f is an equivalence be-
tween types Hom(B,C) and Hom(A, C). Similarly, postcomposition with f is an
equivalence between types Hom(C, A) and Hom(C, B). Since linv(f) and rinv(f)
are fibres of these maps over the identity morphisms, [12, Theorem 4.2.3] and [12,
Theorem 4.2.6] imply that these types are contractible. Note that the proofs of
these theorems work even if we do not have Il-types. 0

Proposition 3.3. The type biinv(f) is a proposition.
Proof. This follows from Proposition 3.1 and Lemma 3.2. O

3.2. Half adjoint equivalences. Let f : Hom(A, B) be a morphism. We will say
that f is a half adjoint equivalence if the following type is inhabited:

ishae(f) = Z Z Z Id(n* f, f*e).
g:Hom(B,A) n:1d(gof,ida) e:Id(fog,idB)
Proposition 3.4. A map is a half adjoint equivalence if and only if it is an equiv-

alence.

Proof. Obviously, if a map is a half adjoint equivalence, then it is an equivalence.
Let us prove the converse. Let g : Hom(B, A), n : Id(g o f,ida), € : Id(f o g,idp)
be an inverse of f. Then we define € : Id(f o g,idg) as concatenation of paths
gxfrel:1d(fog, fogofog),gxnxf:1d(fogofog,fog),and e:1d(fog,idp).
We need to prove that fx¢e ~nx* f.

First, note that n* fxg ~ fxg*n. Indeed, (n*x fxg)en~nxn~ (fxg*n)n.
Thus, if we cancel 7, this gives us a homotopy between the original paths. Now, we
can finish the proof:

fré ~
(Fxgxfre ) a(frgxnxf)-(
(Frgefre ) alnsfrgsf)(fre
) (
) (

(m*f)«(fxe )
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Proposition 3.5. The type ishae(f) is a proposition.

Proof. We can assume that f is an equivalence and prove that ishae(f) is con-
tractible. By Lemma 3.2, the type ¥g.Hom(p,4)Id(g o f,id4) is contractible. Thus,
we just need to prove that, for every g : Hom(B, A) and 7 : Id(g o f,id ), the type
Yedd(fog,idp)Id(n * f, f * €) is also contractible.

Since f is an equivalence, the function f x* — is also an equivalence. It follows
that the type Id(n * f, f x €) is equivalent to the type Id(h(n* f),€), where h is the
inverse of f* —. Thus, the type Yc.1d(fog,idp)[d(n* f, f * €) is equivalent to the type
Yetd(fog,idg)Id(h(n * f),€), which is contractible by [12, Lemma 3.11.8]. O

3.3. Properties of equivalences.

Proposition 3.6. Equivalences satisfy the 2-out-of-6 property. That s, if f :
Hom(A, B), g : Hom(B,C), and h : Hom(C, D) are maps such that go f and hog
are equivalences, then so are the maps f, g, h, and hogo f.

Proof. Let i : Hom(C, A) be an inverse of go f and let k : Hom(D, B) be an inverse
of hog. Since go foi~idc and hogok ~ idp, Proposition 3.1 implies that g is
an equivalence. The map io g is an inverse of f. Indeed, iogo f ~ id4 since i is an
inverse of g o f. Since go foi ~id¢, it follows that go foio g~ g. Since g is an
equivalence, this implies that foiog ~ idp. Similarly, go k is an inverse of h. The
map hogo f is an equivalence since equivalences are closed under composition. [

A map f : Hom(A, B) is a quasi-retract of a map g : Hom(C, D) if there is a
commutative diagram of the form

] J

A—>C—=A
B

such that jo? ~idy and mo k ~ idp.
Proposition 3.7. FEquivalences are closed under quasi-retracts.

Proof. Let f : Hom(A, B) be a retract of g : Hom(C, D) and let i, j, k, m be maps
as in the diagram above. Let h : Hom(D, C) be an inverse of g. Then jo hok is
an inverse of f. Indeed, johoko f~johogoin~ joidgoi = joi~idg and
fojohok~mogohok~moidpok=mok ~idp. (I

4. LIMITS AND COLIMITS

In this section, we will work in a locally small indexed unary type theory. We
will define specific finite (co)limits and arbitrary (co)products.

4.1. Finite (co)limits. An indexed type T is terminal if, for every indexed type
X, the type Hom(X,T) is contractible. Dually, an indexed type T is initial if, for
every indexed type X, the type Hom(T, X) is contractible. Terminal and initial
types are unique up to unique equivalence, that is the type of equivalences between
a pair of terminal or initial types is contractible. We will say that an indexed unary
type theory has terminal (resp., initial) types if, for every context I', there is a
terminal (resp., initial) type I" | - = T.
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A binary product of indexed types A and B is an indexed type A x B together
with a pair of maps m; : Hom(A x B, A) and 73 : Hom(A x B, B) such that the
following function is an equivalence for every indexed type C:

Ah. (m 0 h,ma 0 h) : Hom(C, A x B) — Hom(C, A) x Hom(C, B).

The inverse of this function will be denoted by (—,—). An indexed unary type
theory has binary products if a binary product exists for every pair of types in
every context. Binary coproducts A1l B are defined dually.

An equalizer of a pair of maps f, g : Hom(A, B) is a map e : Hom(E, A) together
with a homotopy p : Id(f oe, goe) such that the following function is an equivalence
for every indexed type E’:

M. (eoh,h*p): Hom(E', E) — Z Id(foe,goe).
e/:Hom(E’,A)
An indexed unary type theory has equalizers if an equalizer exists for every parallel
pair of maps in every context. Coequalizers are defined dually.
A pullback of a pair of maps f : Hom(A,C) and g : Hom(B,C) is a triple
m : Hom(A x¢ B, A), ma : Hom(A x¢ B, B), 73 : Id(f o 71,9 o m2) such that the
following function is an equivalence for every indexed type P’:

Ah.(my 0 hymp 0 hyh*m3) : Hom(P, A x¢ B) — Hom(P, A) Xgom(p,c) Hom(P, B),
where the pullback of types Hom(P, A) X gom(p,cy Hom(P, B) is defined as usual:

> Y. ld(fomgom).

w1 :Hom(P,A) n;:Hom(P,B)
An indexed unary type theory has pullbacks if a pullback exists for every pair of

maps with a common codomain in every context. Pushouts A llg B are defined
dually.

Remark 4.1. Binary (co)products, (co)equalizers, pullbacks, and pushouts are unique
up to unique equivalence.

Remark 4.2. The function Hom(C, —) preserves binary products, equalizers, and
pullbacks.

We have the following standard proposition:

Proposition 4.3. An indexed unary type theory with terminal types has pullbacks
if and only if it has equalizers and binary products.

Proof. First, suppose that the theory has a terminal type 1 and pullbacks. Then
we can define a product of types A and B as the pullback of unique maps !4 :
Hom(A, 1) and !5 : Hom(B, 1). Since Hom(P, 1) is contractible, the obvious projec-
tion Hom(P, A) Xgom(p,1) Hom(P, B) — Hom(P, A) x Hom (P, B) is an equivalence.
This implies that A x; B is a product of A and B.

An equalizer of maps f, g : Hom(A, B) can be defined as the pullback of (idp, idg) :
Hom(B, B x B) along (f,g) : Hom(A, B x B):

E & B
el l(idB,idB>
A——> Bx B

(f.9)
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By the definition of products, the type of homotopies Idgom(p,5x B)(r, ') is equiv-
alent to the type Idpom(p,z)(m1 0 7,71 0 1') X Idpom(p,B) (72 © 7,2 0 7’). Thus, by
the definition of pushouts, we have the following equivalence:

Hom(P,E) = Y > 1d(foa,b) xId(goa,b)

a:Hom(P,A) b:Hom(P,B)
)\q (eoquoq7q>khllaq*h2)a

where hy : Id(foe, s) and hy : Id(goe, s) are certain homotopies. The codomain of
this function is equivalent to X, fom(p,4)ld(f 0 @, g o a). This implies that we have
the following equivalence:

Ag.(eoq,qx(h1-hy")): Hom(P,E) = > Id(foa,goa).
a:Hom(P,A)

Thus, we can define an equalizer of maps f and g as the triple E, e, hy - h;l.
Now, suppose that the theory has binary products and equalizers. Let f :
Hom(A,C) and ¢ : Hom(B,C) be a pair of maps. Let e : P — A x B, h :
Id(fom oe,gomeoe) be the equalizer of the maps fom,goms : Ax B — C. Then
we can define a pullback of f and ¢ as the triple m; o e, 3 0 e, h. The universal
property of equalizers implies the universal property of pullbacks. O

Definition 4.4. An indexed unary type theory has finite limits if equivalent con-
ditions of Proposition 4.3 hold.

Example 4.5. If an indexed unary type theory has a terminal type 1 with a
point () : 1, then the loop space type of a pointed type Y, yo : Hom(1,Y) is
the pullback of yo and y9. Equivalently, the loop space type is the equalizer
of yo and yo. Thus, the loop space type is a type Q(Y,yo) together with a ho-
motopy Idgom(Q(y,ye),v)(AS- o (), As. yo () satisfying the universal property. Since
Hom(X, —) preserves terminal types and pullbacks, we have the following equiva-
lence:

Hom(X,Q(Y,y0)) ~ Q(Hom(X,Y), Az. yo (),
where the second 2 is the usual loop space base type: (S, so) = Idg(so, o).

Example 4.6. The suspension X of a type X is the pushout of the maps
Az. (), Az. () : Hom(X,1). The 0-sphere S is the coproduct 1111. The (n+1)-sphere
57+ is the suspension 2S5,

4.2. (Co)products. A product of an indexed type I',i : I | - b B is an indexed
type I' | - F P together with a term I',4 : I -« : Hom(P, B) such that the function
m o — has an inverse in the sense that there is a rule of the form
r|-+p T,i: I+ f:Hom(P', B)
Tt {(f)ir: Hom(P’, P)

and the following types are inhabited:

Id(m o ()1, f)

Id((m o f)ir, f)-

The theory of coproducts is defined dually. A coproduct of an indexed type I', 7 :

I|-F Bis an indexed type I' | - = C together with a term I',4 : I in : Hom(B, C)

such that the function — oin has an inverse in the sense that there is a rule of the
form




10 VALERY ISAEV

|- FC'  T,i:1F f:Hom(B,C")
'k [f]i:l : HOIII(C, Cl)
and the following types are inhabited:
Id([f]i:r oin, f)
Id([f oinlr, f).
If the TI-type II;.,;Hom(P’, B) exists for all indexed types I' | - = P’, then a pair

P, mis a product of a family B if and only if the following function is an equivalence
for every indexed type P’

Ah. Xi. 7o h: Hom(P', P) — | [ Hom(P', B).
il
Dually, if the II-type II;.,;Hom(B, C") exists for all indexed types I' | - = C”, then
a pair C in is a product of a family B if and only if the following function is an
equivalence for every indexed type C":

Ah. i ho in(i) : Hom(C,C") — [ [ Hom(B, C").
il

Products and coproducts are unique up to unique equivalence. We will de-
note the product and the coproduct of a family I';i : I | - = B by [[,; B and
[1,.; B, respectively. We will say that the product [[, ; B is extensional if the type
Hom(P, [],.; B) satisfies functional extensionality as a weak II-type II;;;Hom (P, B)
for all indexed types P. Similarly, we will say that the coproduct [, B is ex-
tensional if the type Hom([],; B, C) satisfies functional extensionality as a weak
IT-type I1;.;Hom(B, C) for all indexed types C.

Example 4.7. If T'F I is a base type and ' | - F X is an indexed type, then the
power (or cotensor) of X by I is the product [[, ; X. The copower (or tensor) of
X by I is the coproduct [], ; X. The power will be denoted by X' and the tensor
by I-X.

We can also define the theory of strict products:
ri:I|-+B Ii:I|AFb:B
rf-+1I,,B F'NAFX.b:]],., B

i ¢ FV(A)

r'iArf:[L.,B kg1
LIAFfj:B[j/i]

(Ai.b) j =0[j/i]
Ni.fi=f
The difference between weak and strict products is that the former requires types
Hom(P',[],.; B) and II;;;Hom(P’, B) to be equivalent while the latter requires
them to be isomorphic. The theory of weak products is define in the same way as

the theory of strict products with the difference that the last two equations hold
only propositionally.

Proposition 4.8. A type I' | - = [[,.; B is a product of a family T',i: I |-+ B if
and only if it is a weak product of this family.
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Proof. First, suppose that [],; B is a product. If ;i : I | x : A+ b: B, then we
define Ai.b as (A\x.b)gyx. UT |x: AF f:]],,;BandT'F j: I, then we define fj
as m[j/i] f. The 8 and 7 equations hold for these definitions:
Ax. (Ni.b) j = Xz w[j/i] ((Ax.b)ir x) = (o (Ax.by,.r)[j/i] ~ (Ax.b)[j/i] = Az b[j/i]
Ar.Ni.fi= . Q. e = Qx.w fir = (mo (M. f))ir ~ M. f
Now, suppose that [], ; B is a weak product. We define
T,i:I+m:Hom(][B,B)
a1
as Af. fi. If i : I+ g : Hom(P, B), then we define I' - (g);.r : Hom(P, ][, ; B) as
Az. Ai. g x. The required homotopies can be constructed as follows:
mo(g)ir = e.(Ni.gz)i~Ar.gr =g
(mog)ir =Ax. Ni.gxi~Ax.gr=g
1

Let us prove a few properties of products and coproducts. To simplify the
notation, we will assume that the base theory of an indexed theory with a product
[1,.; B has II-types II;,;;Hom(P, B) for all P. The following proposition shows that
the (co)product of a contractible family of types is any type of this family:

Proposition 4.9. Let I be a contractible type and let ig be a point of I. Then
types [1,.; B, [1,.; B, and Blio/i] are equivalent.

Proof. Let p(i) be a path between ig and ¢ : I. Then the pair Blig/i],m =
Az.p(i).«(x) is a product of B. We can define (f);.; as Az.p(i); ' (fz). Clearly,
this is an inverse to m o —. Since Blip/i], 7 is a product and products are unique
up to equivalence, it follows that Blig/i] is equivalent to [, ; B. Similar argument
shows that it is also equivalent to [, ; B. (]

The following proposition shows how to compute products and coproducts in-
dexed by X-types:
Proposition 4.10. LetT'H I andT,i: I+ J be base types and letT,i:1,5:J | F
B be an indexed type. Then types [] s, , 5 Blmi(p)/i, m2(p)/j] and ], 11;.; B are
equivalent. Dually, types [1 s, , 5 Blmi(p)/i,m2(p)/j] and 11, ;.; B are equiv-
alent.
Proof. We will prove this statement for products; the case of coproducts is dual.
To do this, it is enough to show that [, [];.; B is a product of I',p : ¥,/ | - I
Blm1(p)/i, m2(p)/j]. We define projections as follows:
M. f (m1(p)) (m2(p)) : Hom(] [ [ B, Blmi(p) /i, m2(p)/4])-
al j:J
We need to show that the following map is an equivalence:
Hom(X,[[[[B) = ]] Hom(X,Blri(p)/i, m2(p)/i])
il jiJ EDOPNE
Ag-Ap- M. g (m1(p)) (m2(p))-
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Note that this map factors through the following maps:
Ag.Nij. Ax.gaij: Hom(X, [T B) = [ ][ Hom(X, B)

il j:J il j:J
M. b (1 (p ) ([[T[Hom(X, B)) = ] Hom(X, Blmi(p)/i, m2(p)/4])-
wl g:J Py

The first map is an equivalence since [[; ; [[;.; B is a product and the fact that the
second map is an equivalence is an easy exercise in the ordinary type theory. [

The following proposition shows that the product of an empty family of types is
the terminal object and the coproduct of such a family is initial:

Proposition 4.11. Suppose that the base theory has the empty type L. Let I')i :
L |-+ B be an indexed type. Then [[,.| B is terminal and [[, | B is initial.

Proof. Since Hom(P, ][, | B) is equivalent to II;;; Hom(P, B) and Hom([ [, , B, P)
is equivalent II;.; Hom(B, P), the statement follows from the fact that II;.; X is
contractible for every base type X. O

The following proposition shows how to compute products and coproducts in-
dexed by pushouts:
Proposition 4.12. Suppose that the base theory has the following pushout:

K—2 o+ J

(I

g

LetT,s: Ik J |-+ B be an indexed type. Then we have the following canonical
equivalences:

H B HBW/S)X(HM '(fk)/s]) HBfJ/S

s: 11l J
11 BZ(HB[Q’Z'/S]) (L. BU(g0)/ HBfJ/S
s g J i1

Proof. We will construct the first equivalence; the second is its dual. First, let us
define maps that appears in the pullback in the statement of this proposition. The
map Hom([[,.; Blg'i/s], [ 1,.x Blg'(fk)/s]) is defined as Ap. Ak.p (f k). One of the
constructors of the pushout ITlx J gives us a map h : . Id(f" (g k), ¢’ (f k)). The
map Hom([T,., BIf'j/s), [T,.xc Blg'(fk)/s]) is defined as Ap. k. (h k). (p (g k).

Now, we need to prove that, for every type P, the type Hom(P, [[,.;y, s B) is
the weak II-type Il 11, sHom(P, B). By the universal property of pullbacks, we
have an equivalence between Hom(P, [[,.;y1,. ; B) and the following type:

HomPHBgz/s]) X Hom(P.[T,..x Bly'(#k)/s)) Hom( PHBf]/s])
a1 jiJ
By the universal property of products, this type is equivalent to the following one:

(H Hom(P, Blg'i/s])) X (1], . Hom(P,Blg'(fk)/s])) (H Hom(P, B[f'j/s])).
i1 g:J
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The standard argument about pushouts shows that this type is equivalent to the
weak II-type I 711, JHom(P, B). O

The following corollary shows how to compute tensoring by different type-theoretic
constructions:

Corollary 4.13. We have the following canonical equivalences:

1-X~0
(IO J) - X~ - X1lgxJ-X
T - X~X

O x~J]7-x
[ 11

(S1)-1~%(I-1)
Sl ~ 85"

Proof. The first four equivalences follow from previous propositions. The equiv-
alence for suspension follows from previous equations since suspension is defined
in terms of pushouts and terminal types. The last equivalence follows from pre-
vious since spheres are defined in terms of suspensions, coproducts, and terminal
types. 0

Example 4.14. Let S! be the pushout of 1111 in the base theory, that is a higher
inductive type with two point constructors N,S : S' and two path constructors
L,R:1dg:(N,S). Then the product of a family ',z : S | - - B is the equalizer of
the maps L.(—), R.(—) : B[N/xz] — B[S/z].

5. INDEXED DEPENDENT TYPE THEORIES

In this section, we define the dependent version of indexed type theories.

5.1. Basic rules. Indezed dependent type theories have four kinds of judgments:
r-A I'Fa:A I'NA+B I'NArbL:B

In each of these judgments, A is an indexed context, that is a sequence of the
form y; : Bi,...yx : By, where By, ... By are indexed types and yi, ...y are
pairwise distinct variables. The base theory has the same rules as the base theory
in indexed unary type theories. The indexed theory has the following rules:

lel 2A1,...$n2An'—$i2Ai
1—‘|A|—bl ZBl
L' |AFby: Bi[bi/y1, - bp—1/yr—1] DAy :By,...yr: By - C
I | AFC[bl/yl,bk/yk]

r | A bl ZBl
L |AFbg: Bilbi/y1, - br—1/yr—1] LAy :B1,...yx: Bpbce: C
T |AFc[bi/y1,-. - br/yk] : Clb1/y1, - - - bi/yk]
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We also have the usual equations for substitution:
yilbi/y1,- b /yr] = b
clyr/yr, - ye/yrl = c
dle1/z1, .. cn/za]b1 /Y1, - bk Jyx] = d[c) /21, - . - €y ) zn),

where ¢; = ¢;i[b1/y1, - .- br/y].

We often assume that, for every construction o(z7.¢1,...%y. ¢,) in the indexed
theory, the following equation holds whenever variables Z7, . ..Z, are not free in by,
Ce bkl

0(. oy 23 Ciy e .)[bl/yl, S bk/yk] = U(. ey 24 ci[bl/yl, . ..bk/yk], .. )
We also have the weakening operation which is left implicit as usual. We will call
a theory or a construction unstable if this equation does not hold.
We can also substitute base terms into indexed types and terms:
' b1 . Bl
L'F by : Bi[bi/y1, - br—1/yk—1] L,y1:By,...yx : B | AEC
T | A[bl/yl, .. bk/yk] H C[bl/yl, .. bk/yk]

Fl—bliBl
T &bk : Belbi/y1, - -bk—1/Yk—1] Tyy1:B1,...yx : By | Ak c: C

LA /yr, .. bi/ye] = elbi/yr, .. bk /ys] = Clbi/yas - bi/ygl
These operations satisfy the following equations for all base terms b1, ...by and
indexed terms cq, ...cp:

x[bi/y1, .. . br/yr] =«
dlci/z1, .. cn/zn][bi/y1, .. be/yx] = d[c} /21, ... c) ) zn),s

where ¢, = ¢;[b1/y1, ... bk/yk)-
These operations satisfy the following equations for all base terms by, ... by, c1,
S G

clyi/vi, - yk/yk] = ¢
dlc1/z1, ... ca/2zn][bi/y1, .. bx/yr] = d[cy /21, ... cl ) 2],

where ¢, = ¢;[b1/y1, ... bk /yk]-

Since the second level of an indexed dependent type theory is also a dependent
type theory, we can add standard type-theoretic construction to it. When we add
such a construction, we always assume that it is defined in every base context.

Indexed dependent type theories have the same rules as indexed unary type
theories. This means that indexed unary type theories can be interpreted in indexed
dependent type theories. This implies that every model of an indexed dependent
type theory is a model of corresponding unary theory (that is, there is a forgetful
functor from the category of models of an indexed dependent theory to the category
of models of an indexed unary theory). Every model of an ordinary dependent type
theory (as defined in [1]) is a model of an indexed dependent type theory. This
follows from the fact that indexed type theories can be interpreted in ordinary
dependent type theories.

Judgments ' | A Aand T' | A+ a: A are interpreted as T, A+ A and T',; A +
a : A, respectively. All the rules of indexed dependent type theories correspond to
some rules of ordinary dependent type theories. This interpretation will be called
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the canonical indexing of a dependent type theory over itself. It is analogous to the
canonical indexing of a Cartesian category over itself.

5.2. Dependent Hom-types. Since every indexed dependent type theory is an
indexed unary type theory, the extensions that we discussed in the context of unary
theories also applies to dependent versions. Note that these constructions apply
only to closed indexed types. Sometimes we can extend the notion, so that it applies
to indexed types in a non-empty context.

For example, there is a notion of locally small indexed dependent type theory.
We can also define the following dependent version of Hom-types:

I'NAFB F''NArb: B

I' - Hom(A.B) I'F AA.b: Hom(A.B)

'k f:Hom(A.B) F'EtFa : A ... T | EFag: Aglar /a1, ... ak—1/25—1]
T'|EF fay...ar: Blai/x1,...ax/xg]
where A =21 : Ay, ... x5 : Ag.

Ay ...xg.b)ay ... ap =blay/x1, ... ar/xE]
Axy..xpfay o= f
If A is empty, then we will write Hom(A.B) as Hom(B), abstraction as A(b), and
the application operation as f ().

If we have such dependent Hom-types, then we can define the following operation:

I'Fa:A
TEd:A Tyz:Ap:Ida(a,x),A| EFD

Fkt:Ida(a,a) T, Ala/x,refl(a)/p] | Ela/x,refl(a)/p] b d : D]a/z,refl(a)/p]
T, Ald [z, t/p] | Ela’ [z, t/p| b J(a,2pAE.D,AE.d,d,t) : D[d’/z,t/p]
J(a,zpAE.D,AE.d,a,refl(a)) = d

Indeed, we define J(a,zpAE. D,AE.d,d  t) as follows:
J(a, zpA. Hom(E.D), A.\E.d,a’,t)y1 ... yr,

where £ = y; : By,...yg : Br. If we do not assume the existence dependent Hom-
types, then we need to add this operation explicitly. If the indexed theory has
identity types, then we can define the following operation:

'k p:Idaema,s)(f; 9) I'fAFa:A

I'| At hap(p,a): 1dg(fa,ga)

It is defined as follows:
hap(p,a) = ap(f. f a, p).

We will say that identity types are extensional if hap is an equivalence. More
precisely, the theory of extensional identity types has the following constructions:
Flz:Abp:Idg(fx,g2)

I' = Idext(x. p) : Idgom(a,B)(f; 9)

Dlz:Abp:ldp(fz,gx) F''NAkra:A
T'| A+ hapy(x.p,a) : Idg(hap(Idext(z.p), a), pla/x])

The standard argument implies that we also have the following homotopy:
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'k p: IdHom(A,B) (fu g)
I'| A+ hapj(p) : Id(Idext(z. hap(p, z)), p)
If we have dependent Hom-types, then identity types are extensional if and only if
the following function is an equivalence:

)‘p AT. hap(p7 JI) : IdHom(A,B) (fu g) - HOHI(A, Z. IdB(f z, g(E))

Example 5.1. The canonical indexing of a dependent type theory over itself is
locally small if and only if it has non-dependent function types. It has dependent
Hom-types if and only if it has II-types. It has extensional identity types if and
only if it has identity types and the functional extensionality.

5.3. Weak dependent Hom-types. If the indexed theory has extensional identity
types, 2-types, and the unit type, then we can define a weak version of dependent
Hom-types:
Hom(A.B) = > Id(m o f,ids(a))s
fiHom(E(A), 2, 5(a)Blmi(p)/21,... 7k (P) /Tk])
where A =21 : Ay,.. .z : Ay and X(A) is defined inductively:
() =T

S(x: A,A) =) T(A).
z:A

The abstraction is defined as follows:
Ary ... 2. b= (Ap. (p, blm1(p) /w1, . .. () /wk]), refl(ids a)))-

The application is defined as follows:

fai ... ar =hap(m(f), (a1,...ar))«(m2(m1(f) (a1,...ar))).

The beta rule holds judgmentally, but the eta rule holds only propositionally. In-
deed, Axy...xk. fx1 ... T} equals to

(Ap- (p, hap(ma(f), ')« (m2(m1(f) p')), refl(idsa))),
where p’ = (m1(p),...mx(p)). To prove that it is homotopic to f, we need to
construct a homotopy of the following type:

h:1d(m(f), Ap- (p, hap(ma(f), p')« (2 (71 (f) p'))))
such that h * 71 is homotopic to m2(f). To construct such a homotopy, we can use
Idext. Then we need to define two homotopies for every p : 3(A):

hy: Id(7T1 (771 (f) p)ap)
ha : 1d((h1)« (w2 (m1(f) p)), hap(ma(f), ')« (m2(m1(f) P')))

The condition that k7 is homotopic to ma(f) is satisfied if we put h; = hap(ma(f),p).
Finally, to construct hg, it is enough to note that p’ is homotopic to p.

Thus, the theory of dependent Hom-types is a slightly stricter version of the
theory of Hom-types. This is similar to the theory of II-types being a strict version
of the theory of non-dependent function types.

We can define a dependent version of hap:

I | E+ aj - Al

' p: Idboma, ) (f, 9) I'|Etag: Aglar/x1, .. ap—1/T—1]
I'| E*hap(p,a1,...ax) : IdBa, jzy,..an /e (f @1 - ar,gar ... ag)
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It is defined as follows:

hap(p,ay,...ar) = J(f,hq.1d(f a1 ... ag,hay ... a),refl(far ... ax),g,p).

It is straightforward to check that if identity types are extensional, then the follow-
ing function is an equivalence:

IdHom(zy..op.B) (f59) = Hom(zy ... op. Idp(f 21 ... 2p, 921 .. 7))
Ap. Az ... xg. hap(p, x1, .. . xp).

6. LOCALLY CARTESIAN CLOSED INDEXED THEORIES

In this section, we will define locally Cartesian closed unary type theories and
discuss the relationship between them and indexed dependent type theories with
II-types.

6.1. Types over contexts. Let py : Hom(A,A) and pp : Hom(B,A) be a
pair of maps with the same codomain. We will write Homa (A, B) for the type
Y f:Hom(A,B)ld(pB © f,pa). If we think of maps Hom(X,A) as types over A, then
Homa (A4, B) is the type of morphisms between such types. We will identify ele-
ments of Homa (A, B) with underlying morphisms Hom(A, B) and we will often
omit the homotopy in Homa (A, B) when constructing an element of this type.

If the theory has Y-types and unit types, then, for every dependent types A - B,
we can define the following map:

w1t Hom( Y Blmi(p)/1,. .. m(p)/2x]), D(A)),
p:E(A)
where A = z1 : Ay,... x5 : Ai. Conversely, if the theory also has identity types,
then, for every map f : Hom(A, B), we can define the following dependent type:

y: Btk ZIdB(f:c,y).
z:A
These constructions are mutually inverse. This implies that every dependent type
in an arbitrary context is equivalent to a type in a context of size 1.

If A and B are dependent types in a context A in an indexed dependent type
theory, then we will write Homa (A, B) for Hom((A,z : A).B). This type cor-
responds to the previously defined type of maps over A through the equivalence
between dependent types and types over 3(A).

6.2. Exponentiable maps. Let py : Hom(A4, D) be a morphism in an indexed
unary type theory such that its pullbacks along any map exist. The exponent over
D of pa and a map pp : Hom(B, D) is a map p : Hom(B4, D) together with a
map ev : Homp (B4 x p A, B) such that the following function is an equivalence for
every indexed type X:

M.evo (f xp A): Homp(X, BY) — Homp (X xp A, B).

We will say that pa is exponentiable if the exponent B4 exists for all maps pg. We
will say that the theory is locally Cartesian closed if all maps are exponentiable.
Non-dependent function types in an indexed dependent type theory are defined
asusual. f T'| AF Aand ' | AF B is a pair of indexed types, then the function
type T'| A+ A — B is defined as follows:
P|Axz:AFb: B rNA-f:A—B FlAta:A
F'NAFXe.b: A— B P'|AF fa:B
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(Ax.b)a = bla/x]

Ae.fa=f
The II-type ;. 4B of a family ' - Az : A+ B is defined similarly:
F'NAxz:AFb: B F'|AF f:1,.4B F''NAkra:A
D'|AF X b: 11, 4B ' AF fa: Bla/x]

(Ax.b)a = bla/x]
e fz=f
The last two equations are called 8 and 7 rules. Weak function types and weak

II-types are defined in the same way except for the 8 and 7 rules which hold only
propositionally. We will denote them by 3(z.b,a) and n(f):

B(x.b,a) : 1d((A\x.b) a,bla/z])
n(f) : Id(a. fz, f)
Functional extensionality for (weak) II-types is defined as usual:
DAz:Arp:ldp(fz,gx)
| At funext(x.p) : Idmn,. . 5(f,9)

I'[AFp:ldn,..5(f,9)
' | A+ funexty(p) : Id(funext(z.ap(f. f z,p)),p)

PlAxz:Abp:1dg(fz,g2) PlAta:A
I'| A+ funext] (z.p, a) : Id(ap(f. f a, funext(z.p)), pla/z])
Lemma 6.1. Let A =y : Ay, ...y, : Ag be a context and let T | AFTl,.4oB be a

II-type in this context. Then the following function is an equivalence:

A Agz. fyz : Hom(AIl,. 4 B) — Hom((A,z : A).B).

Proof. The inverse of this function is given by Ag. \g. \zx. g7 x:
A Agx. fgz) o (N\g. \g. Az g7 a) =
Mg Az, (NG . ggz)ga =
Mg Ayz. (Ax.gya)x ~
AG.NYT. gy x ~
Ag-g

(Mg Ay \x.gyx) o (M. Ayz. fyx) =
A A Az (Age. fyz)ga =
A A . fyga ~
MY fy~
AL f
(]

Proposition 6.2. Functional extensionality holds for all II-types that exist in an
indexed dependent type theory with extensional identily types.
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Proof. Let A =y : Ay, ...yr : Ar be a context and let T' | A+ f/ : II,.4B and
| AF ¢ :1..4B be a pair of functions in this context. Consider the following
square:

Idtom(a.11,.48)(f's9") —— Idtom((a,e:4).8)(ATz. f' T2, \gz. g’ G x)

| l

Hom(A.Tdn, (19, 9'y)) ———Hom((A, z : A).1dp(f'yz,9' G x))

The bottom map is defined as As. \gz. ap(f. f z,s7). The left and right maps are
defined as hap. These functions are equivalences since identity maps are exten-
sional. The top map is defined as Ap.ap(f. \gz. fyx,p). Lemma 6.1 implies that
this function is also an equivalence. Since the functions appearing in this square
preserve refl, path induction implies that it commutes. Thus, the bottom map is
an equivalence. Let r(f’, g') be its inverse.

KT |Ax: Ak p:1d(fz,gx), then we define funext(z.p) as follows:

L' |AFr(Xg.f,7\7.9) A\gz.p) 7 : Idn,, . 5(f,9)-

It is easy to define funext, and funext; using the fact that r is an inverse of
As. Agz.ap(f. f x, s7). O

Proposition 6.3. LetT' | A F A be a type in an indexed dependent type theory with
Y-types, unit types, and extensional identity types. Then the following conditions
are equivalent:

(1) Weak unstable T1-types I1,. 4B exist for all dependent types B.
(2) Weak unstable function types A — B exist for all types B.
(3) A is exponentiable.

Proof. (1) = (2) Obvious.
(2) = (1) We define II,. 4 B as follows:

Z Idasa(Ax.m (f z), A\x. x).
f:A—)Em;AB
IfT|Ayz: A b: B, then we define Az.b as follows:
(Az.(x,b), funext(z.h(b, 2))),

where h(b,z) = B(x.m (A\z.(2,b)) x),2) « ap(p. m1(p), B(z.(x,b),2)) « B(aw.x,2)~ .
We will denote this pair by \%z.b to distinguish it from the non-dependent A. If
F'|Abp:TaBand T | AF a: A, then we define pa as follows:

h/(pv a)*(7r2(7r1 (p) a))?

where 1/ (p,a) = B(z. 71 (71(p) x),a) "t ~ap(f. f a,m2(p)) « B(x.7, a).
Let us prove that (A\z.b) a = b/ (A\?z.b, a).((A\z.(z,b)) a) is homotopic to bla/z].
First, note that we have the following homotopy:
Bla.(z,b),a) : lds,.,5((Ar.(2,b)) a, (a, b[a/x])

)-
A standard argument implies that ap(p.m(p), 5(z.(x,b),a))«((Ax.(z,b)) a) is ho-
motopic to bla/x]. Thus, we just need to prove that ap(p.m1(p), B(x.(z,b),a)) is
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homotopic to h'(A\?z.b, a):
h'(\Nz.b,a) =
B(x. 7 (\x.(2,b)) x),a) "' «ap(f. f a, funext(z.h(b, x))) « B(z.2,a) ~
B(z. 7 (Ax.(2,0)) x),a) "' « h(b,a) - B(z.z,a) ~
ap(p. m1(p), B(x.(x, ), a)).

The first homotopy follows from funext] and the second one from the definition of
h(b,a).
Now, let (f,q) be a term of type II,.4B. Let us prove that \z.(f,q)z is
homotopic to (f,q). Let b =h'((f,q),x)«(m2(f x)). Then
o (f,q) x = (\x.(z,b), funext (z.h(b, x))).

By Y-extensionality, it is enough to construct a homotopy ¢ between f and Az.(z, b)
such that t.(q) is homotopic to funext(z.h(b,z)). We can define t as follows:

funext (z.Xext (R’ ((f, q), ), refl) « B(z.(x,b),2) ).
Note that t.(g) is homotopic funext(z.s) !« g, where
§ = B(I ﬂ-l(f .I), .I) " ap(p' 7T1(p$), t) " B(I ﬂ-l((/\x'(xa b)) I)a I)il'
This is easy to prove by the path induction on t. Thus, we just need to prove
that ¢ is homotopic to funext(z. s« h(b, x)). By funexty, it is enough to prove that
ap(f. f x,q) is homotopic to s« h(b, z).
We have the following sequence of homotopies:

~

ap(p. ™1 (p ),

ap(p.m1(p),ap(f. fz,t

ap(p. m1(p), ap(f. f x, funext(z. Sext (A’ ((f, ), ), refl) « B(a.(z,b),2) ")
ap(p. m1(p), Text(h'((f, q), x), refl) « B(z.(2,b), )~

W ((f,q),x) - ap(p. i (p), B(z.(2,b),2))~

This implies the existence of the required homotopy:

2

t
)
)

2

)
)
)
)

(b, x) ~
Bla.m(f x),x) ~ap(p. T (px),t) «ap(p. m1(p), B(x.(x,b), x)) « (x z,x)" !
Bla.mi(fx),x)«h'((f,q),2) - Bz.w,2)”
ap(f. fz,q).
The first homotopy easily follows from the definitions of s and h(b, z). The second
homotopy follows from the sequence above. The last homotopy follows from the
definition of 1/ ((f, q), z).

(2) & (3). A map ev: Homp (B4 xp A, B) corresponds to a map ev : Hom((d :
D,f:B%a: A).B). Then A\f.evo (f xp A) is an equivalence if and only if the
following function is an equivalence:

A Adza.evd(fdz)a: Hom((d: D,z : X). BY) = Hom((d: D,z : X,a: A).B).

If the function type I' | d : D - A — B exists, then we define B4 as A — B
and ev as Adfa. fa. The function Af.M\dza.evd(fdxz)a = Af. Adza. fdxa is an
equivalence by Lemma 6.1.

1o
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Conversely, suppose that the exponent B4 over D exists for all dependent types
P|ld:DFAand T |d: DFB. Let T | AF Aand T' | A - B be a pair of
dependent types. Since the theory has Y-types and unit types, we may assume
that A consists of a single type, that is A = (d : D). Then we can define A — B
as BA, f T |d:DF f: A= BandT | d: DF a: A then we define
P|d:DF fa: Basevdfa. Let r be the inverse of A\f.Adza.evd(fdx)a for
X=T.UT|d:D,x: At b: B, then we defineI' | d: DF \x.b: A — B as
r (Adza. bla/x]) dtt, where tt is the unique element of T. Then 3 and 7 equivalences
follow from the fact that r is the inverse of A\f.\dza.evd (f dz)a. O

7. LIMITS AND COLIMITS IN DEPENDENT THEORIES

In this section, we discuss the concepts of limits and colimits in indexed depen-
dent type theories.

7.1. Finite limits. Clearly, an indexed dependent type theory has a terminal type
if and only if it has a closed contractible type. For example, this is true when it
has the unit type. If an indexed dependent type theory has extensional identity
types and X-types, then it has pullbacks. Indeed, we can define a pullback of maps
f : Hom(A4,C) and ¢g : Hom(B,C) as A x¢ B = 3,43, 5ldc(f z,gy) with the
obvious projections 7; : Hom(A x¢ B, A), m3 : Hom(A x¢ B, B) and the obvious
homotopy between fom and goms: namely, Idext(p. w3(p)). We need to show that
the following map is an equivalence:

Hom(P,Ax¢c B) = Y > Id(foF,goG)
F:Hom(P,A) G:Hom(P,B)
As. (w1 05,m9 08, s % Idext(p. m3(p))).
The inverse of this map is defined as follows:
At Ap. (w1 (t) p, w2 (t) p, hap(ws(t), p))-
It is easy to see that these functions are inverse of each other using the fact that
s Idext(p. m3(p)) = Idext(p. m3(s p)).

Remark 7.1. The existence of X-types also implies the existence of products. Thus,
equalizers also can be constructed from X-types.

The following proposition shows that Hom(zy ... x,. —) commutes with 3-types
and identity types:

Proposition 7.2. If an indexed dependent type theory has extensional identity
types and X-types, then it has the following canonical equivalences:

Hom(zy ... xn.1da(a,a")) ~ Iduom(e, ..z, 4) (AZTL - Tno 0, ATy - 2. 0])
Hom(zy ... x,. ZB): Z Hom(zy ...xn. Blf 1 ... 20 /y]).
y: A f:Hom(z1...zp.A)

Proof. The first equivalence is simply the extensionality for identity types. The
second equivalence is defined as follows:

Ag.(Azq ooy T (ga1 oo ), AT Xy Ta(g X L Ty))
AP ALY X (T (p) X1 . T, m2(D) 1 L )

It is easy to see that these functions are mutually inverse. (I
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7.2. Initial types. Finite colimits can be defined in an indexed dependent type
theory as higher inductive types. We need to be careful since the usual definition
gives us finite colimits which are stable under pullbacks. If we want a definition of
general finite colimits, then we need to modify the rules for higher inductive types
slightly.

Proposition 7.3. Let 0 be a type in an indexed dependent type theory has exten-
sional identity types and X-types. Then 0 is initial if and only if the theory has the
following rule:

F'lz:0FD I'NAFa:0

I'| AF 0-elim(xz.D,a) : D]a/z]

Proof. If 0 is initial, then T' |  : 0 - hap(h, z).(m2(f «)) : D, where f is the unique
map Hom(0,X,.0D) and h is the unique homotopy between 71 o f and idg. Now,
we can define 0-elim(x.D, a) as hap(h, z).(m2(f x))[a/z].

Conversely, suppose that the theory has the the rule 0-elim. Then, for every
type D, we can define a map Ax.0-elim(y.D, z) : Hom(0, D). For all maps f,g :
Hom(0, D), we can define a homotopy between them as follows:

Idext(z. 0-elim(y. Idp(fy, gy),z)) : 1d(f, g).

O

We will say that the initial type 0 in an indexed unary type theory is stable under
pullbacks if, for every type B such that the product B x 0 exists, this product is
initial.

Proposition 7.4. Let 0 be a type in an indexed dependent type theory with exten-
sional identity types and %-types. Then the following conditions are equivalent:
(1) The theory has the following unstable rule:
I'NAz:0,EFD I'Aka:0
I'| A, Ela/z] F 0-elim” (xE.D, a) : D]a/x]
(2) The theory has the following unstable rule:
'lAFD I'NAFa:0
I'|AF 0-elim’(D,a): D
(3) For every map f : Hom(B,0), the type B is initial.
(4) The type 0 is a stable under pullbacks initial type.

Proof. (1) = (2) This is obvious since 0-elim’ is a special case of 0-elim”.

(2) = (3) For every type C, we can define a map Az. 0-elim’(C, f z) : Hom(B, C).
Let g1, g2 : Hom(B, C') be a pair of maps. Then we can define a homotopy between
them as follows:

Idext(z. 0-elim’(Id¢ (g1 , g2 @), f )) : 1d(g1, g2)-

(3) = (4) Since we have the map idy : Hom(0, 0), the type 0 is initial. Moreover,
since we have the projection 72 : Hom(B x 0, 0), every product B x 0 is also initial.

(4) = (3) Tt is enough to prove that B is equivalent to B x 0 since the latter
type is initial. We have maps (idp, f) : Hom(B,B x 0) and 7 : B x 0 — B. It is
clear that m o (idp, f) is homotopic to idg. The map (idg, f) o 71 is homotopic to
idpgxg since B x 0 is initial.
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(3) = (1) Let A =21 : Ay,...xpy : Ay and E = y1 : C,...y, : C,. Let
B =%(A,z:0,FE). Since we have the projection 7,41 : Hom(B,0), the type B is
initial. Thus, we have a map f : Hom(B, X;.5D’), where

D' = D[T"l (b)/:cl, e Wm(b)/xmv 7Tm+1(b)/xv 7Tm+2(b)/yla e 7Tm+n+1(b)/yn]-

We also have a homotopy h : Id(7; o f,idg). Now, we can define 0-elim”(zE.D, a)
as hap(h, p).(m2(f p)), where p = (21,...Zm,a,y1,. .. Yn). O

7.3. Dependent products. We defined strict products in subsection 4.2. We can
define even stricter version of products which we call strict dependent products in
indexed dependent type theories:
Ii:I|AFB
I'fAFTL., B

Ii:I|AFb:B
T[AF XNi.b:11L, B

;i ¢ FV(A)

i ¢ FV(A)

Ak f:[,,B Trj:I
T IAF fj:Blj/i]

(Ai. ) j = blj/i]
Ni.fi=f
Example 7.5. The canonical indexing of a dependent type theory over itself has
strict dependent products if and only if it has II-types.

Weak dependent products are defined in the same way except for the last two
equations which hold only propositionally. Obviously, if a theory has strict (resp.,
weak) dependent products, then it also has strict (resp., weak) products. We can
think of dependent products as wide pullbacks. Thus, to construct them from
ordinary products, we also need to assume the existence of finite limits:

Proposition 7.6. If a theory has X-types, unit types, extensional identity types,
and weak extensional products, then it also has weak unstable dependent products.

Proof. Let T',i : I | A+ B; be an indexed type. Since we have Y-types and unit
types, we may assume that A consists of exactly one type, that is A = (z : A). We
define I' | z : AF[],.; B; as follows:

Dle:AE > Tda(Nm(fi), M. 2).
JiIli; Ze:aBi
The construction of the abstraction and the application and proofs of 8 and 7
equivalences are the same as in Proposition 6.3. 0

7.4. Dependent coproducts. Coproducts can be defined in a more type-theoretic

way. The theory of (unstable) dependent coproducts consists of the following un-

stable rules:
Tyi:1|AF B;
r | At Hi:l Bi

T'kFg:1
r | A,JJ:B]' i—inj(:v) : Hi:IBi

i ¢ FV(A)

A z:11,,,B-D [i:I|A,z: Bt d: Dlin;(x)/z]
I'|A,z: 1], BF][]-elim(z.D,izx.d) : D
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H—elim(z.D,ia:.d)[inj(x)[b/x]/z] =d[j/i,b/x]
The theory of weak (unstable) dependent coproducts has the same rules except

for the last equality which holds only propositionally.

Example 7.7. The canonical indexing of a dependent type theory over itself always
has dependent coproducts since we always assume that the base theory has X-types.

Proposition 7.8. Dependent coproducts commute with X-types. More precisely,
the following map is an equivalence for every dependent type T',i: 1| A,d: D F B:

Az. H -elim(z. Z H B, ip.(m1(p),in;(z)[m2(p)/x])) : HomA(H Z B, Z H B).
d:D i:1 i d:D d:D i:1
Proof. The inverse of this map is defined as follows:
Ap. [ -elim(z. [T D Byib. ini(z)[(m1(p), b) /2]) [m2(p) /=].
ol d:D
It is easy to show that these maps are mutually inverse using the eliminator for
coproducts. O

Lemma 7.9. Suppose that an indexed dependent type theory has X-types, exten-
sional identity types, and dependent coproducts. Then the map T',i : I F in} :
Hom(X(A, B;), X(A,[1,.; Bi)) induced by in; makes X(A,[1,.; Bi) into a coproduct
of the family T',i: I |-+ 2(A, B;).

Proof. Let A =z : A1,...2, : Ay. Then in} is defined as follows:
ing = Ap.(m1(p), - .. ™ (p), iny (@) [Tnt1 (p) /2]).-
Let f be a map of the following form:
Tyi:ITF f:Hom(X(A, B;),C).
Then we define ' - [f];.; : Hom(X(A, [],.; Bi), C) as follows:
[l = Ap. [[-elim(=.C iz, f (71 (D), - - 7 (D), 2)) [nr1 (p)/2].
Let us prove that [f];.; oin} ~ f:
[flisz oinj =
Ap. H—elim(z.C, ix. f(m1(p),...7n(p), x))[in;(z)[mni1(p)/x]/2] ~
Ap. f(m1(p), .- Tns1(p)) ~
Ap-fp~
I
Finally, for every g : Hom(]],; B;,C), we need to prove that [g o in}];; ~ g.
It is enough to prove that, for all =y : Ay,...x, : Ap,z : [[,.; Bi, there is a

homotopy between [g o in}];.; (z1,...2n,2) and g (z1,...2n,2). To do this, we can
apply []-elim to z. Then we just need to construct a homotopy between [g o
in)i.r (z1,...2n,in;(x)) and g (21, ... 2, i0;(2)):

[goinl]is (z1,...2p,i0(7)) =

Ap. H—elim(z.C, ix. g (in; (x1,. .. 2y, 2)))[in;(x) /2] ~

g(x1,... .2y, in;(x)).
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O

This lemma implies that Homa ([ [,.; Bi, C) is a weak II-type II;,;Homa (B;, C).
We will say that dependent coproducts are extensional if this II-type satisfies func-
tional extensionality.

Lemma 7.10. Suppose that an indexed dependent type theory has X-types and
identity types. If [ and in are unstable constructions defined above and the map
i IFin} : Hom(X(A, B;), 2(A,[1,.; Bi)) induced by in; makes X(A,11,.; Bi)
into an extensional coproduct of the family T,i : I | - F X(A, B;), then the eliminator
is definable and this dependent coproduct is extensional.

Proof. Let A=x1: Ay,...2p: Ay andlet Tyi: I | A,z : B; b d: D]in;(z)/z] be a
term. Since X(A,[],.; Bi) is a coproduct of 3(A, B;), we have the following map:

t:Hom(S(A, [ B:), (A, 2 : [[ Bi, D))
il

: i1
t=[Ap.(x1,... .20, in;(x),d)[71(D)/21, ... T (D)) Ty Trp1(D)/2])i:1

Let mo : Hom(3(A, z : [1,.; Bi, D), X(A, 11,.; Bi)) be the obvious projection map.
Let n(q) be the following homotopy:

77((1) : Id(t q,(z1,. .. xn, ini(‘r)v d) [7T1 (Q)/xlv R WW(Q)/xm 7Tﬂ-‘d(‘])/x])'

Then 7(in} p) * 7o is a homotopy between g (¢ (in; p)) and in} p. By the universal
property of coproducts, there exists (a unique) homotopy h(q) between 7 (¢ ¢) and
q such that h(in} p) is homotopic to n(in/ p) * 7. Now, we can define the eliminator
[1-elim(z.D,iz.d) as h(x1, ... 2pn, 2) (T2t (T1, ... 20, 2))).

We need to construct the following homotopy:

Mz, ..z, ing(z)[b/x]) s (Trnae (t (21, . .. 2y, inj(z)[b/2]))) ~ d[j/i,b/z].

Since 7n(q) is a homotopy between X-types, the standard argument about such
homotopies shows that we have the following homotopy:

(i1} (5)) # 7o) (Rt (@1, s iny (@)[b/a])) ~ dlj /i, b/

Thus, we just need to prove that h(z1,...z,,in;(z)[b/x]) is homotopic to n(in} (b))
mp, but this is true by the definition of h.

The extensionality of dependent coproducts is equivalent to the extensionality
of the ordinary coproduct (A, [[,.; Bs). O

Proposition 7.11. If an indexed dependent type theory has X-types and extensional
identity types, then it has weak extensional dependent coproducts if and only if it
has extensional coproducts.

Proof. If the theory has weak dependent coproducts, then it has coproducts by
Lemma 7.9. If dependent coproducts are extensional, then coproducts are also
extensional since the latter is the special case of the former. Conversely, suppose
that the theory has extensional coproducts. Let I',i : I | A F B; be a dependent
type. If A is empty, then an extensional dependent coproduct of B; exists by
Lemma 7.10. Thus, we may assume that A is not empty. Since we have ¥-types,
we may also assume that it consists of a single type, that is A = (z : A).
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We define [[;; Bi as T' | A+ Sguq. s,a)lda((mlarp,x). T F j: 1, then
we define in; as I' | A,y : B; = (inj(z, y), refl(z)) : [[,.; Bi- Let in} be the following
map:

Ap-(m1(p), in; p,refl(x)) : Hom(X(A, B;), (A, p : HE(A, B;),Id a([m1]i.1 p, ))).
i1

By Lemma 7.10, we just need to prove that in; makes its codomain into an exten-
sional coproduct. Since the type (A, Id 4 ([m1]:1 p, z)) is contractible, the following
map is an equivalence:

o s Hom(2(A, p: [[2(A, Bi), 1da([miis p, HEAB
[

Since 3 o inj makes [[,.; £(A, B;) into an extensional coproduct of (A, B;) and
7o is an equivalence, this is also true for in/. O

If we assume the stability condition for in, then we can replace it with the
following stable rule:

IR F'|AFb:B;
TIAF(G0): 11 B

Indeed, in;(x) can be defined as (j, z). Conversely, (j,b) can be defined in terms of
in as in;(z)[b/z]. Since (—, —) is stable, these constructions are mutually inverse.

We will say that dependent coproducts are stable if [] and (—, —) are stable. We
will say that coproducts in an indexed unary type theory are stable under pullbacks
if, for all maps p : Hom([[,.; B;, D) and r : Hom(E, D), the canonical map from
LL.; 7" (B;) to r*(L1,.; B:) is an equivalence, where r*(X) is the pullback of X along
7.

If dependent coproducts are stable, then we can define the local version of their
eliminator:

I'Az:11,,Bi,EFD Tyi:I|Ax: B, E[(i,z)/z] b d: DI[(i,x)/z]
I'|A,z:[1,; Bi, EF []-elim(zE.D,izE.d) : D

[[-elim(zE.D,izE.d)[(j,b)/=] = d[j/i,b/x]

This is a strict version of the local eliminator. We can define its weak version as
usual by replacing the judgmental equality with a propositional one.

Proposition 7.12. Suppose that an indexed dependent type theory has X-types,
identity types, and dependent coproducts. If || and (—,—) are stable, then the local
weak unstable eliminator is definable and coproducts are stable under pullbacks.

Proof. First, let us prove that coproducts are stable under pullbacks. Let T',i : I |
- F B; be a dependent type and let p : Hom([[,; Bs, D) and r : Hom(E, D) be
maps. We define I'i : I | d: D+ B; as the fiber of B; over d. Then we have the
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following pullback squares:

[T, (Bi)

J

Hi:l Bl

~ ~

i es Eé [re/d] —11,; > a.p Bi

~ ~

>oer Lir 53; [re/d] —=>4.p 1l B

B D

The bottom square is a pullback since substitutions correspond to pullbacks. Ver-
tical maps in the second row are equivalences by Proposition 7.8. Vertical maps in
the first row are equivalences since B; ~ Xg.p B} and r*(B;) ~ B.[re/d].

Now, let us prove the existence of the local weak unstable eliminator. By
Lemma 7.10, it is enough to show that the following map makes its codomain
into a coproduct:

in; : Hom(X(z : By, E[(¢,2)/2]), HB“E

This follows from the fact that coproducts are stable under pullbacks since the
codomain of this map is a pullback of idjy, p, along the obvious projection from

Y(z: [ Bi, B) to [, Bi. O

7.5. Pushouts. Pushouts can be defined in a more type-theoretic way. The theory
of (unstable) weak dependent pushouts consists of the following unstable rules:

I'| At f:Hom(A, B) 'l At g:Hom(4,C)
T[AFBILC

I'|Ajy:BEinl(y): BIl4 C DA z:Ckinr(z): BIl, C

LA z: AF glue(z) : Id(inl(y)[f «/y], inr(z)[g 2/ 2])

To simplify the notation, we will write inl(b), inr(c), and glue(a) instead of
inl(y)[b/y], inr(z)[c/z], and glue(x)[a/x], respectively.
F'fAw:BII,CHD
I'|Ay: Bt dy: Dlinl(y)/w]
I'|A,z:Chkdy: Dlinr(z)/w]
I Az: At dy: M(ghe(e).(di[f o/y), dalg /7))
I'|Aw:BIls CF O-elim(w.D,y.dy, z.do, x.d3) : D

hi(b) : Id(II-elim(w. D, y.dy, z.dz, x.d3)[inl(b) /w], d1 [b/y])
ha(c) : Id(II-elim(w.D, y.dy, z.dg, x.d3)[inr(c) /w], d2[c/z])
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glue(a), (Il-elim(w. D, y.dy, z.da, x.d3)[inl( f a) /w]) == glue(a).(d1[f a/y])

[-elim(w.D, y.dy, z.da, x.d3)[inr(g a) /w)

dsfa/x]

dafg a/z]

h2(g a)

The last square must commute up to a homotopy hs(a). The top arrow in this
square is ap(z. glue(a).(z), h1(f a)) and the left arrow is defined by path induction
on glue(a).

Proposition 7.13. Dependent pushouts commute with Y-types. More precisely, the
following map is an equivalence for all maps f : Homa (A, B) and g : Homa (A, C):

HOIIIA((Z B) H(Ed:D A) (Z C), Z B HA C)
d:D d:D d:D
Aw. IT -elim (w. Z Bll4 C,(d,y).(d,inl(y)), (d, 2).(d,inr(2)), (d, z).d3),
d:D
where ds = (d,ap(w.(d, w), glue(x))).

Proof. The inverse of this map is defined as follows:

A(d, w).H-elim(w.(Z B)s, (Z C),y.(d,y), z.(d.2), x.ap(w.(d, w), glue(z))).
d:D d:D

It is easy to show that these maps are mutually inverse using the eliminator for
pushouts. O

Lemma 7.14. Suppose that an indexed dependent type theory has X-types and
extensional identity types. Let B1l4 C, inl, inr, and glue be unstable constructions
as defined above. Then the eliminator is definable if and only if the following square
s a pushout:

T(f)

Y(A, A) (A, B)
T(Q)\L J{T(Ay-inl(y))
(A, C0) (A, B4 C)

_—
T(Az.inr(z))
where T(h) = Ay ... xpx. (21,... 25, hT).

Proof. First, suppose that the eliminator is definable. Then we need to show that
the following canonical map is an equivalence:

Hom(X(A, B1I4 C), D) — Hom(X(A, B), D) Xtom(s(a,4),p) Hom(X(A, C), D).

The domain of this map is equivalent to Homa (B II4 C, D) and the codomain is
equivalent to Xy Hom (B,D) Xe:Homa (€, D) [dHoma (4,0) (ATZ. DT (f 1), \T2. T (g x)). It
follows that this map is an equivalence if and only if the following one is:
F :Homa(BIl4 C,D) — Z Z Id(A\Zz. bT (f ), \Tx.cT (g x))
b:Homa (B,D) c:Homa (C,D)
F = Ah. (ATy. hT (inl(y)), ATz. h T (inr(2)), Idext(Tz. ap(h T, glue(x))))
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The inverse of this function is defined as follows:
G: Y > 1d(\T2.bE(f ), ATx. cT (g x)) — Homa (B 114 C, D)
b:Homa (B,D) c:Homa (C,D)
G = A, ¢,p). \Tw. I -elim(w.D,y.bTy,z.cT z,x. hap(p, T, z))
For every triple (b, ¢, p), we need to show that F (G (b, c,p)) ~ (b,¢,p). It is easy to

construct this homotopy using h1, ha, and hs. For every map h : Homa (BI14C, D),
we need to show that G (F h) ~ h. We have the following homotopy:

G (F h) ~ Xzw. II-elim(w.D,y. hT (inl(y)), z. AT (inr(z)), z. ap(h T, glue(x))).

Let us denote the latter function by h’/. We can define a homotopy h’ and h as
follows:

Idext(zw. 1 -elim(w.Id(hK Tw, hTw),y. h1(y), z. ha(z), z. h5(z))),

where hj(x) is a homotopy between glue(z).(h1(f x)) and h2(g ). Since the former
term is homotopic to ap(h' Z, glue(x)) ~t+hy (f ) ~ap(h T, glue(x)), we can construct
R4 (z) using hs(z).

Now, let us prove the converse. Let D, dy, da, and d3 be arguments of II-elim.
Then we have the following commutative square:

S(A, A) ) S(A, B)
T(g)l lT(Ay-(inl(y),dl))
S(A, C) S(A,w: BIl, C, D)

T(Az.(inr(2),d2))
The commutativity of the square is witnessed by the following term:
Idext((z1, ... Zn, x). ap(p.(21, . . . Tn, p), Lext(glue(x), d3))).
By the universal property of pushouts, we have the following terms:
A,w: B4 CF s(w) : X(A,w: Bll4 C,D)

A,y BF R (y): 1d(s(inl(y)), (z,inl(y),d1))
A,z : CF hy(2) : 1d(s(inr(2)), (7, inr(z), d2))

and term hf(x) which witnesses the commutativity of the following square:

hy (f =)

s(inl(f z))

s(inr(g )

(T, inl(f x), di[f x/y])

ap(w.s(w),glue(z)) ap(p.(T,p),Text(glue(z),ds))

(fv inr(g .’L‘), da [g ,T/Z])

~

hy(g
Let mp be the obvious projection Hom(X(A,w : B4 C,D),%(A, B 14 C)). By
the uniqueness, we have the following terms:
A,w: B4 CF g(w) : Id(mo(s(w)), (T,w))
A,y: B q(y) : 1d(h(inl(y)), ap(mo, b ()))
A,z : CF qa(2) : 1d(h(inr(2)), ap(mo, h5(2)))
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and ¢3(x) which is a homotopy between two terms witnessing the commutativity
of the following square:

ol f ) =L

ap(w.mo(s(w)),glue(z))

(Z,inl(f x))

ap(p.(Z,p),glue(x))

mo(s(inr(gx))) (7, inr(g x))

q(inr(g )
One of this term is define by path induction on glue(z) and the other one is ob-
tained from h4(z), ¢1(f x), and ¢2(g ). We define II-elim(w.D, y.dy, z.dz, x.d3) as
¢« (mn+2(s)). Maps hi, he, and hs can be defined using h} and ¢, h} and g2, and
h% and g3, respectively. O

Proposition 7.15. If an indezed dependent type theory has ¥-types and extensional
identity types, then it has weak dependent pushouts if and only if it has pushouts.

Proof. Lemma 7.14 implies that the theory with weak dependent pushouts has
pushouts. Conversely, suppose that the theory has pushouts. Let I' | A + f :
Hom(A,B) and T' | A+ ¢g : Hom(A, C) be a pair of maps. If A is empty, then an
extensional dependent pushout of f and ¢ exists by Lemma 7.14. Thus, we may
assume that A is not empty. Since we have Y-types, we may also assume that it
consists of a single type, that is A = (u : U).

By the universal property of pushouts, there exists a map p : Hom(B 14
C,U) such that poinl ~ 7 and poinr ~ m;. We define BII', C as T | A I
Yu:Bi,cld(pw,w). By Lemma 7.14, to prove that B II'; C is a pushouts of f and
g, it is enough to show that X(A, BII'y C) is a pushout of T'(f) and T'(g). This
follows from the fact that (A, BII'y C) is equivalent to B 114 C. O

We will say that pushouts in an indexed unary type theory are stable under
pullbacks if, for all maps f : Hom(A, B), g : Hom(A, C), p: Hom(B 14 C, D), and
r : Hom(FE, D), the canonical map from r*(B) -4y 7*(C) to r*(B 114 C) is an
equivalence, where r*(X) is the pullback of X along r. If dependent pushouts are
stable, then we can define the local version of their eliminator:

I'NAw:BIl4,C,EFD

I'|Ay: B, Elinl(y)/w] F dy : D]inl(y)/w]

T'| A, z:C, Elinr(z)/w] F dy : Dlinr(z)/w]

T'|Ajz: A Elinr(gz)/w] F ds : 1d(d}, da[g x/z])

' Ayw:Blly C,E+F-elim(zE.D,2E.dy,yE.dy,wE.d3) : D
where F = 21 : Ey,...2, : By, d] = glue(z).(d1[p(glue(z)), f x/w]), and p(p) =
px '(2i)/ 2. The definitions of hy, he, and hs are modified appropriately.

Proposition 7.16. Suppose that an indexed dependent type theory has X-types,
identity types, and dependent pushouts. If B 114 C, inl, inr, and glue are stable,
then the local weak unstable eliminator is definable and pushouts are stable under
pullbacks.

Proof. First, let us prove that pushouts are stable under pullbacks. Suppose that
we have the following maps: f : Hom(A, B), g : Hom(A4, C), p : Hom(B 114 C, D),
and r : Hom(F, D). We define d : D - A’ as the fiber of A over d. Types B’ and C’
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and maps [’ : Homg.p(A’, B') and ¢’ : Homg.p(A’,C") are defined similarly. Then
we have the following pullback squares:

r(B) - (4 1 (C) BII, C

~ ~

(Xe:gB're/d)) H(EC,EA/E e/d)) (Be:pC'lre/d]) — (La.pB’) Ui, , a1y (Xa:pC”)

~ ~

Se.p(B M C)[re/d Ya.pB' Ta C'
_

E D

The bottom square is a pullback since substitutions correspond to pullbacks. Ver-
tical maps in the second row are equivalences by Proposition 7.13.

Now, let us prove the existence of the local weak unstable eliminator. By
Lemma 7.14, it is enough to prove that X(w : B1Il4 C, E) is a pushout of the
following maps:

Mz, Z). (f 2,Z) : Homa (X(x : A, Elinl(f z)/w]), 2(y : B, Einl(y)]))
Mz, Z). (g2, glue(x).(2)) : Homa (E(x : A, E[inl(f x)/w]), 2(z : C, Elinr(z)]))

This follows from the fact that pushouts are stable under pullbacks since ¥(w : BII 4
C, FE) is a pullback of idp11,¢ along the obvious projection from X(w : BIl4 C, F)
to B1l4 C. O

8. THE INITIAL TYPE THEOREM

The general adjoint functor theorem holds in the context of indexed categories
[7, IV.1] and in the context of co-categories [6]. Thus, it is natural to assume that
it also should hold in the context of indexed type theories. To properly state this
theorem, we need to define the notion of adjoint functors between models of such
theories. This paper focuses on internal properties of a single model of an indexed
type theory. So, we only consider the first step in the proof of the adjoint functor
theorems, which is known as the initial object theorem or the initial type theorem
in our case. This theorem is proved in [7, IV.1.1] for indexed categories and in [6,
Proposition 2.3.2] for co-categories.

8.1. h-initial types. In this subsection, we will prove an analogue of [6, Propo-
sition 2.2.2]. This proposition states that h-initial objects are initial in finitely
complete oco-categories. An object Z is h-initial if the space Hom(Z, X) is con-
nected (and inhabited) for all X. This proposition has two problems in the context
of indexed type theories. The first one is that it seems that it is not enough to
assume the existence of finite limits since this only implies that homotopy groups
of Hom(Z, X) vanish which might be not enough to conclude that this type is con-
tractible. For this reason, we replace this condition with the condition that all
powers exist. The second problem is that the definition of A-initial objects involves
the propositional truncation, but it might not exist in general. We solve this prob-
lem by replacing the condition of connectedness by a weaker condition which can
be formulated without the propositional truncation.
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First, for every type X, we define a weakening of the condition that X is in-
habited. Similar condition was defined in [3, Definition 5]: a type X is populated,
written isPop(X), if every constant endofunction on X has a fixed point. We will
say that X is weakly populated, written isWPop(X), if isProp(X) — X, that is if
X is inhabited whenever it is a proposition. Clearly, isWPop(X) is a proposition.

Proposition 8.1. We have the following sequence of implications:
X — | X| — isPop(X) — isWPop(X) — ——X.

Proof. The first implication is obvious and the second follows from the fact that
isPop(X) is a proposition. Suppose that X is populated. To prove that it is weakly
populated, we may assume that it is a proposition. Then the identity endofunction
on X is constant. Thus, there exists a point in X (namely, the fixed point of idx).
Finally, suppose that X is weakly populated and let us prove that =—X. Assume
that =X . This implies that X is a proposition. Since X is weakly populated, it is
inhabited, which is a contradiction. O

We will say that a type X is weakly connected if, for all x,2’ : X, the type
Id(x, 2’) is weakly populated. We will say that an indexed type Z is h-initial if, for
every indexed type X, the type Hom(Z, X) is weakly connected and inhabited.

Proposition 8.2. Let 0 be an indexed type in o locally small indexed unary type
theory such that, for every indexed type X, the type Hom(0, X) is weakly connected.
If the theory has extensional powers, then Hom(0, X) is a proposition for every X.

Proof. Since the theory has powers, there is a type X1om(0:X) guch that the type
Hom(0, X Hom(0:X)) ig equivalent to Hom(0, X) — Hom(0, X). This implies that
the type Hom(0, X) — Hom(0, X) is weakly populated. Let f, g : Hom(0, X) be a
pair of maps. We need to construct a homotopy between them.

First, let us prove the type Idgom(o,x)—Hom(0,x)(id, Az.g) is a proposition. Since
powers are extensional, the functional extensionality holds for the type Hom(0, X') —
Hom(0, X). Thus, we just need to prove that, for all  : Hom(0, X) b p : 1d(z, g)
and x : Hom(0, X) F ¢ : Id(z, g), there is a homotopy = : X F h : Id(p,q). Tt is
enough to prove that, for all 2 and ¢, there is a homotopy between ¢ and p.p[g/x] 1,
which follows by path induction.

Now, since Hom(0, X') — Hom(0, X) is weakly populated and Id (idxom(0, x), AZ.9)
is a proposition, the latter type is inhabited. If h is a homotopy between id and
Az.g, then hap(h, f) is a homotopy between f and g. O

Corollary 8.3. Any h-initial type in a locally small indexed unary type theory with
extensional powers is initial.

8.2. Split idempotents. An idempotent in a 1-category is a map h : B — B such
that hoh = h. In the setting of co-categories an idempotent consists of a map and
an infinite amount of coherence data. Lurie proved in [4, Lemma 7.3.5.14] that if
h is a map such that there exists a homotopy between h o h and h satisfying one
additional coherence condition, then h can be extended to an idempotent.

An idempotent h in a l-category is split if there are maps f : A — B and
g : B — A such that go f = ids and f o g = h. If the category is finitely
complete, then every idempotent is split since f can be defined as the equalizer
of h and idp and g exists by the universal property. It is no longer true that the
splitting of an idempotent in an co-category can be constructed as a limit of a finite
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diagram, but it is a limit of a countable diagram. This question in the context of
ordinary homotopy type theory was discussed by Shulman in [11]. We can repeat
this argument in the setting of indexed type theories.

Definition 8.4. A map h : Hom(B, B) in an indexed unary type theory consists
is idempotent if there are the following terms:

I: IdHom(B,B) (h, ho h)
J : Id1a(hon,hohon) (aP(— o b, I),ap(h o —, T))

Definition 8.5. An idempotent map h : Hom(B, B) is split if there exist maps
f :Hom(A, B) and ¢g : Hom(B, A) such that go f ~id4 and fog ~ h.

Proposition 8.6. If the base theory of a locally small indexed unary type theory
has natural numbers N and the indexed theory has equalizers and extensional powers
BY for some type B, then every idempotent on B is split.

Proof. We define the splitting of an idempotent map h : Hom(B, B) as the limit of
the following sequence:

N - Ny BNy -

More precisely, let e : Hom(A, BY) be the equalizer of id, ho —osuc : Hom(BY, BY).
Let d : Id(e, h o e(—) o suc) be the witness of the fact that e equalizes these maps.
Let f: Hom(A, B) be the following composite:

AL gy A0 B

By the universal property of equalizers, to define a map g : Hom(B, A), it is enough
to define a map ¢’ : Hom(B, BY) and a homotopy p : Id(¢’,h o g’(—) o suc). Let
g’ = Ab.Mn.hb. Since powers are extensional, to define p, it is enough to define a
homotopy between h and ho h, which we define as I. It is easy to see that fog ~ h.
Thus, we just need to prove that go f ~id4.

By the universal properties of equalizers, to construct this homotopy, it is enough
to prove that for every n : N, terms (e,d) and (¢’,d") of type X, qom(a,pyld(r, h o
r(—) o suc) are homotopic, where ¢/ = Xa.An.h(ea0) and d’ is the homotopy
between e’ and Aa.An.h(h(ea0))) obtained from I. First, we will construct a
homotopy between e and e’. By the universal property of extensional powers, it is
enough to prove that for every n : N, maps Aa. ean and Aa. h (e a0) are homotopic.
Let s(n) be the homotopy between Aa.ean and Aa.h(ea(n + 1)) obtained from
d. Then we define a homotopy between Aa.ean and Aa.h(ea0) as s(n) - T(n),
where T'(n) : Id(Aa.h(ea(n + 1)), a.h(ea0)) is defined by induction. Let us
write I(a.t) : Id(h o Aa.t,h o h o Aa.t) for ap(Af. Aa. f ot,I). Then we define T as
follows:

T(0)=I(a.eal)-ap(ho—,s(0)"")
T(n+1)=TI(a.ea(n+2))rap(ho—,s(n+1)"1) T (n)

Now, we need to construct a homotopy between the second components of pairs
(e,d) and (€¢’,d"). By the universal property of extensional powers, it is enough to
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prove that for every n : N, the following square commutes:

(ho—,s(n+1))

Xa.h(ea(n+1))= Xa. h(h(ea(n+2)))

T(n) ap(ho—,T'(n+1))

Aa.h(ea0)

Aa.h (h(ea0))

I(a.ea0)

By the definition of T'(n + 1), the top path is homotopic to ap(h o —,s(n + 1)
I(a.ea(n+2))-ap(ho—,s(n+1)"1)«T(n)). By J, we have a homotopy ap(h o
—,I(a.ea(n+2))) ~I(a.h(ea(n+2))). By path induction, we have a homotopy
ap(ho—,s(n+1))«I(a.h(ea(n+2)))-ap(hoho—,s(n+1)"1) ~ I(a.ca(n+1)).
Thus, we just need to prove that the following square is commutative:

I(a.ea(n+1))

Aa.h(ea(n+1)) Xa.h(h(ea(n+1)))

T(n) ap(ho—,T(n))

Aa.h(ea0)

Xa.h (h(ea0))

I(a.ea0)

We do this by induction on n. If n =0, then I(a.ea1)-ap(ho—,T(0)) ~ I(a.eal):
I(a.h(eal))-ap(ho—,s(0)~') and T(0)«I(a.ca0) = I(a.eal)-ap(ho—,s(0)"!).
I(a.ea0). By path induction on s(0), these terms are homotopic. If n = n’ + 1,
then the top and the bottom paths in the diagram are homotopic to the following
terms:

I(a.ea(n+1))«I(a.h(ea(n+1)))rap(hoho—,s(n)"')vap(ho—,T(n))
I(a.ea(n+1))ap(ho—,s(n)"1)«T(n')«I(a.ea0)

By the induction hypothesis, we have a homotopy T'(n’) « I(a.ea0) ~ I(a.ean)
ap(ho—,T(n')). Thus, we just need to prove that terms I(a.h (ea(n+1)))«ap(ho
ho—,s(n)~t) and ap(h o —,s(n)~1) « I(a.ean) are homotopic, which follows by
path induction on s(n). O

8.3. The initial type theorem. A weakly initial family of indezed types is a fam-
ily T'yi: |-+ W; such that, for every indexed type I' | - - B, there exists an index
Pri:Iand amap I' - b; : Hom(W;, B). We will prove the initial type theorem
for indexed dependent type theories. This is merely a technical convenience; the
theorem should also be true in unary theories.

Theorem 8.7. Suppose that a locally small indexed dependent type theory has
Y -types, extensional identity types, extensional dependent products, and split idem-
potents. If it has a weakly initial family of indexed types, then it also has the initial

type.

Proof. Let W be the product of a weakly initial family of indexed types. Then W
is weakly initial in the sense that, for every indexed type B, there exists a map
from W to B. Let Z be the following type:

> > 11 [ 1dMap(p,2),ap(f.h 1))

(@ W) (BT T sty 14(2.f ) (f:Hom(W,W) (p1d(f.fo )
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Let e : Hom(Z, W) be the first projection and let r : Hom(W, Z) be any map. We
will prove that h = r o e is idempotent. We define I : Id(h, h o h) as follows:

I =1dext(z.ap(r,m2 z (€ o 1))).
To construct a homotopy J, it is enough to define the following homotopy:
z:ZFJ Id(ap(r,m2 (h2) (eor),ap(hor,m 2z (eor))).
We define J’ as ap(r, —) applied to the following sequence:
72 (hz) (eor) ~ hap(Idext(w. e (rw) (eor)),ez) ~ap(eor,my z(eor)).

The second homotopy here is 73 z (€ o ) (Idext(w. w2 (rw) (e o 1)), e 2).

Since idempotents are split, there exist a type 0 and maps ¢ : Hom(0, Z) and
p : Hom(Z,0) such that po g ~idy and gop ~ r oe. Let us prove that 0 is initial.
For every type B, there exists a map 0 4 7 5 W — B. Thus, it is enough to
construct a homotopy between any two maps f, g : Hom(0, B). Since there exists a
map from W to the equalizer of fop and go p, there is a map ' : Hom(W, Z) such
that fopor’ ~ gopor’. Then Idext(z.m z (e or’)) is a homotopy between e and
eor’ oe. Then we have the following sequence of homotopies:

pO’f‘IOCNquOpOT‘IOCNpOTOeOT‘IOCNpOTOCNquOpNp,
It follows that f and g are homotopic:

f~Ffopog~ fopor'oeog~gopor'oeog~gopogn~g.

9. CLASSIFYING MORPHISMS

In this section, we will define the notion of classifying morphisms, discuss its
relationship to the notions of universes and factorization systems.

9.1. Truncated maps. Let f : Hom(A, B) be a map in an indexed unary type
theory and let n be an integer > —2. We will say that f is n-truncated if the map
fo—:Hom(X,A) - Hom(X, B) is n-truncated for all indexed types X. This
definition makes sense in models of indexed unary type theories, but the problem
is that it is not algebraic since it quantifies over indexed types. That is, we cannot
define a predicate on Hom(A, B) which corresponds to the notion of n-truncated
maps in models. But we can fix this problem if the indexed theory has pullbacks.
First, let us prove a few technical lemmas:

Lemma 9.1. In an indezed unary type theory, n-truncated maps are closed under
pullbacks.

Proof. Suppose that we have a pullback square in which the right arrow is n-
truncated:

A——=C
I
B D.

_—



36 VALERY ISAEV

Since Hom(X, —) preserves pullbacks, the following square is also pullback and the
right arrow is n-truncated by the definition of n-truncated maps in indexed type

theories:
Hom(X, A) —— Hom(X, C)

) |
Hom(X, B) — Hom(X, D).

Thus, we just need to prove that n-truncated maps are closed under pullbacks
in the base theory. Suppose that we have the following pullback square:

Eb:B P(Jf(b)) — Zd:D P(d)
B D.

If the right arrow is n-truncated, then its fibers P(d) are n-types for all d : D,
but this implies that fibers of the left arrow are also n-types; hence, it is also
n-truncated. (]

Lemma 9.2. Let B and C be base types over x : A. Then a function f: B — C' is
n-truncated if and only if the induced function f': Y. 4B — X,.4C is n-truncated.

Proof. By [12, Theorem 4.7.6], the fiber of f’ over a point (x, ¢) is equivalent to the
fiber of f over ¢. Thus, fibers of f’ are n-truncated if and only if fibers of f are
n-truncated. O

The following lemma is similar to [5, 5.5.6.15], which is proved in the context of
oo-categories.

Lemma 9.3. A map f : Hom(A, B) is n-truncated if and only if the map (ida,id ) :
Hom(A, A xp A) is (n — 1)-truncated.

Proof. Since Hom(X, —) preserves and reflects n-truncatedness and pullbacks, it is
enough to prove this fact for base types. By [12, Lemma 7.6.2], a function f : A — B
is n-truncated if and only if, for all a,a’ : A, the function ap(f,—) : Id(a,a’) —
Id(fa, fa') is (n —1)-truncated. By Lemma 9.2, the latter function is n-truncated
if and only if the induced function ¥, 4%, .41d(a,a’) — Ya.aXe.ald(fa, fa)
is (n — 1)-truncated. The latter function is equivalent to Aa.(a,a,refl) : A —
YaaXa.ald(f a, fa'), which is equivalent to (id4,ida) : Hom(A, A x5 A). O

The last lemma implies that if the theory has pullbacks, then we can define a
predicate on maps that corresponds to the notion of n-truncated maps by induction
on n.

9.2. Fibrations. Suppose that we have a class of families of propositions over all
indexed morphisms:
T'|-FA T|-FB Tk f:Hom(4,B)
[+ Fib(f)

We will call maps f together with an element of Fib(f) fibrations and denote them
by —. We will assume that Fib is closed under equivalences, that isif f : Hom(A, B)
is a fibration and e; : Hom(A’, A) and ez : Hom(B, B’) are equivalences, then
ez 0 foey is a fibration.
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Sometimes Fib(f) is not a type, but a finite number of judgments of the form
T, A; F A;. For example, we might want to define Fib(f) as isEquiv(C(f)) for some
morphism C(f). In general, this is not a type, but a collection of four judgments.
If the base theory has Il-types, then we can always replace such a collection of
judgments with a single type. Even if the base theory does not have Il-types, we still
can work with such definitions of Fib(f); we just need to replace judgments of the
form T'F b : Fib(f) with a finite collection of judgments of the form I'; A; F a; : A;.
For notational convenience, we will always assume that Fib(f) is a single type.

We can also define the dependent version of classes of fibrations:

'A+-B
'+ Fib(A.B)
We will also call dependent types B together with an element of Fib(A.B) fibrations.
It is often more convenient to work with the dependent version of this definition.
If the indexed theory has ¥-types and unit types, then, for every class of fibrations
Fib, we can define its dependent version as follows:

Fib(A.B) = Fib(m; : Hom( Z Bri(p)/z1, ... mn(p)/zn], 2(A))).
p:E(A)

Conversely, if the indexed theory also has identity types, then, for every dependent
class of fibrations Fib, we can define its non-dependent version:

Fib(f : Hom(A, B)) = Fib((y : B). Y _1d(f z,y)).
x:A

Example 9.4. If the indexed theory has finite limits, then we can define a class
of fibrations consisting of n-truncated maps (or n-truncated indexed types) as was
explained in the previous subsection.

For every dependent class of fibrations Fib, we can add a new sort of dependent
types I' | A+ A fib consisting of types satisfying the predicate Fib:

I'|AF A fib T'|AF Afib
T | A+ EI(A) T fp(A.A) : Fib(A. El(A))

T |EFf(AA,p,by,...b) fib
where A =21 : By,...xp : Bg.

El(rf(A.A,p, by, ... b)) = Albi /a1, ... bk /2]

We define equivalences between fibrations I' | A F A fib and T | A + B fib as
equivalences between underlying types El(A) and El(B). We will often omit the
function symbol EL

We can assume various closure conditions on the class of fibrations in the usual
way. For example, we can assume that Fib is closed under contractible types. This
is true if and only if it contains all identity morphisms. Similarly, Fib is closed
under n-types (as a dependent class) if and only if it contains all n-truncated maps
(as a non-dependent class).

Proposition 9.5. A class of fibrations is closed under X-types if and only if the
corresponding non-dependent class is closed under compositions.
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Proof. First, suppose that Fib is closed under compositions. If we have fibrations
FAFAand T | A,z : A+ B, then the type ¥,.4B corresponds to the following
map:

S(A,A,B) S > Blmilp)/zi] T (A, A) = Y Alm(p) /] T S(A).

p:3S(AA) p:3S(A)

The first and the third maps are equivalences and the second and the fourth maps
are fibrations by assumption. Thus, the type ¥,.4 B is also a fibration.

Now, suppose that Fib is closed under X-types. Let f : Hom(A, B) and g :
Hom(B, C) be fibrations. These maps correspond to the types y : B+ X, 41d(f z,y)
and z : C + ¥,.5Id(gy, 2). The first type is equivalent to the type z : C,p :
Yy:8ld(gy, 2) b 3By 41d(f z, 71 (p)). Since fibrations are closed under ¥-types, the
type z 1 C F (s, 51d(gy,2)) 2oza 1A(f 2, m1(p)) is a fibration. This type corre-
sponds to the following map:

VI Hom(z Z Zld(fx,m(p)),c).

20 (p:32, g ld(gy,2)) ©:A

Since this map is equivalent to g o f, the composite is a fibration. O

Proposition 9.6. Let Fib be a class of fibrations closed under pullbacks. Then it
is closed under identity types if and only if, for every fibration p : Hom(A, B), the
map (ida,id4) : Hom(A, A xg A) is also a fibration.

Proof. First, suppose that Fib is closed under identity types. Let a1 : A,a2: A, h:
Id(pai,pas) be an element of A xp A. The fiber over this element is the following

type:
>y > Td(ap(p, hy « ho), h) ~
a:A hi:1d(aq,a) hao:ld(a,az)

> Id(ap(p, '), h) ~

h’:1d(a1,a2)
Idza:A Id(pa1,pa) ((alv reﬂ), (a2a h))

Since Fib is closed under identity types, it is enough to show that ) ., Id(pai,pa)
is a fibration over a1, as, h. This follows from the fact that this type is a pullback
of the type >, ,1d(b,pa) over b : B which is a fibration since it is the fiber of p
over b.

Now, let us prove the converse. Let T' | A ¢; : C and T' | AF ¢o : C be a pair
of terms. Then the following square is a pullback:

Yp: (A)Id(claCQ)L'OI
ﬂ'li <ldcl,idc/>
BA) — = O X &
clc

where C' = 3,5 C[m;(p) /2] and ¢; = ¢;[m;(p)/z;]. Since T' | A F Id(e1, c2) is
equivalent to ' | p: X(A) F1d(c}, ¢b), it follows that Id(cy, c2) is a fibration. O
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The following proposition shows that if the class of fibrations is closed under
pullbacks and compositions, then there is another characterization of the condition
that it is closed under identity types.

Proposition 9.7. Let Fib be a class of fibrations in an indexed unary type theory.
If Fib is closed under pullbacks and compositions, then the following conditions are
equivalent:
(1) For every fibration p : Hom(A, B), the map (ida,ida) : Hom(A, A xg A) is
also a fibration.
(2) For every commutative diagram as below in which p and q are fibrations, f

is also a fibration.
! c
B

Proof. First, suppose that (1) holds. Consider the following diagram:

A !
iJ
AxgC—scxpo—LscC

_ |
| T
A C B
f q

A

C

i (id¢o,ide)

’

The map ¢’ o f’ is a pullback of go f = p, so it is a fibration. The map r is a fibration
since it is a pullback of (id¢,id¢), which is a fibration by (1). Since fibrations are
closed under compositions, ¢’ o f/ o r is also a fibration. Finally, f is a fibration
since f ~ ¢ o (idg,idg)o f ~¢ o f'or.

Now, suppose that (2) holds. Let f : Hom(A, B) be a fibration. Let ¢ be the
composite Axp A =5 A 1, B. Since fibrations are closed under pullbacks, the first
map is a fibration. Since they are closed under compositions, ¢ is also a fibration.
Since q o (id4,ida) = f is a fibration, (id4,id4) is also a fibration by (2). O

Lemma 9.8. Let Fib be a class of fibrations in an indexed unary type theory. If
Fib is closed under pullbacks and contains all identity morphisms, then (2) implies
(1).

Proof. Let f:Hom(A, B) be a fibration. Since m; : Hom(A x g A, A) is a pullback
of f, it is also a fibration. Moreover, id4 is a fibration by assumption. Now, the
claim follows from the fact that m o (id4,ids) ~ ida. O

Example 9.9. The class of n-truncated maps is closed under compositions, pull-
backs, m-types for m < n, 3-types, and identity types. This follows from Lemma 9.1,
Proposition 9.5, Proposition 9.6, and Lemma 9.3.

An external universe is a base type U(A) defined for all indexed context A
together with an indexed type El(c) over A for all ¢ : U(A):
T'ke:UA)
I'| A+ Elc)
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We have a function from Idy(a)(c, ¢’) to the type of equivalences between El(c) and
El(¢") over A defined as the transport of the identity morphism along the homotopy
Idy(a)(c, ). We will say that the universe U(A) is univalent if this function is an
equivalence. We will say that a universe classifies fibrations Fib if it is univalent,
the family El(c) satisfies Fib for all ¢, and every fibration is equivalent to a fibration
of the form El(c¢) for some c.

If a universe classifying Fib exists, then it is unique up to a canonical equivalence.
Indeed, let U and U’ be two universes classifying Fib. Then, for every indexed
context A over a base context I', we have a fibration El(z) over A in the context
I,z : U. This fibration is equivalent to a fibration of the form El'(¢) for some
D,z : U :U. Thus, we have a map A\x. ¢’ : U — U’. Similarly, we have a map
Ay.c: U — U. We need to construct a homotopy I',z : U - h : Id(c[¢' /y], z). By
univalence, it is enough to prove that El(c[¢//y]) is equivalent to El(z) over A. By
definition of ¢, we have an equivalence I',y : U’ | A F e : El(c) ~ El'(y). Tt follows
that we have the following equivalence: I',x : U | A e[ /y] : El(c[¢'/y]) ~ EI'(¢).
By definition of ¢/, EI'(¢/) is equivalent to El(z) over A. The composition of these
two equivalences gives us the required equivalence between El(c¢[¢’/y]) and El(x)
over A. A homotopy between ¢[¢/x] and y is constructed similarly.

Definition 9.10. We will say that a class Fib is locally small if it is classified by
an external universe.

Example 9.11. An indexed type theory is called well-powered if the class of
monomorphisms (that is, (—1)-truncated maps) is locally small. This definition
is analogous to the definition of well-powered indexed categories (see [2, Exam-
ple B1.3.14]).

9.3. Object classifiers. Let p : Hom(Z/A{,U) be a map in an indexed unary type
theory such that its pullbacks along all maps exist. Then we can define a map from
Iduom(awy (f, g) to the type of equivalences over A between pullbacks of p along f
and ¢ as the transport of the identity map along the homotopy between f and g.
An object classifier is a map p : Hom(?j ,U) such that its pullbacks exist and the
map defined above is an equivalence. We will say that an object classifier classifies
a class of fibrations if this class is closed under pullbacks, p is a fibration, and every
fibration is a pullback of p.

Example 9.12. A subobject classifier is an object classifier for monomorphisms.

Let p: Hom(LA{ ,U) be any map. We can think of such a map as a (non-univalent)
universe. We will say that the universe U contains a type A if there is a map
a : Hom(1,U) and an equivalence between A and the pullback of p along a. We will
say that U is closed under coproducts if, for all maps a, b : Hom(A, U), there is a map
a+b:Hom(A,U) and an equivalence over A between the pullback of p along a +b
and the sum of pullbacks of p along a and b. Similarly, we will say that U is closed
under 3-types if, for every map a : Hom(A,U) and every map b : Hom(A Xy Z}, u,
there is a map X(a,b) : Hom(A,U) together with an equivalence over A between
the pullback of p along X(a,b) and the composition of pullbacks of p along b and
a. The closure under other constructions is defined similarly.

In general, being closed under different construction is not a property of a map
but additional data on it. The following proposition shows that it is a property if
the map p is an object classifier:
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Proposition 9.13. Let p : Hom(l),b{) be an object classifier. Then the types
corresponding to the closure conditions listed above are propositions.

Proof. Such types consist of a map ¢ : Hom(A,U) for some fixed type A together
with an equivalence between the fiber of p over ¢ and some fixed type over A. Let
(c1,e1) and (c2,e2) be two such pairs. Since p is an object classifier, to define a
homotopy between these pairs, it is enough to define a homotopy e between fibers
of p over ¢ and ¢ together with a homotopy between eoe; and es. We can define
easeyoe; . O

An (internal) universe in an indexed dependent type theory is an indexed type
U together with an indexed type El(c) for all ¢ : U:
F'Arc:lU
T'| Ak Ele)
An internal universe is univalent if the obvious map from Idy(c,¢’) to the type
of equivalences between El(c) and El(¢') is an equivalence. Internal universes in

T|AFU

a theory with Y-types and identity types correspond to maps Hom(l} ,U) via the
construction m : Hom(X,El(x),U). Such a map is an object classifier if and only
if the corresponding universe is univalent.

Every internal universe U gives rise to an external one, namely Hom(A.l{). An
internal universe is univalent if and only if the corresponding external one is. More-
over, a class of fibration is classified by an internal universe if and only if it is clas-
sified by the corresponding external one. An internal universe classifying a given
class of fibrations is also unique up to a canonical equivalence. The proof is the
same as for external universes.

A universe U is weakly (resp., strictly) contains a type A if there is an element
a : U such that El(a) is propositionally (resp., judgmentally) equivalent to A.
A universe U is weakly (resp., strictly) closed under coproducts if, for all elements
a,b: U, there exists an element a+0b : U such that El(a+b) is propositionally (resp.,
judgmentally) equivalent to the coproduct of El(a) and E1(b). A universe U is weakly
(resp., strictly) closed under S-types if, for every element a : U and every function
b: El(a) — U, there exists an element X(a, z.b(x)) : U such that El(X(a, z.b(x))) is
propositionally (resp., judgmentally) equivalent to ¥,.gi(q)El(b(z)).

Proposition 9.14. A universe U is weakly closed under one of the constructions
listed above if and only if the map m : Hom(X 4./El(A),U) is closed under this
construction.

Proof. This follows from the fact that elements of ¢/ in a context A correspond to
maps Hom(A,U) and types of the form El(c) over A correspond to pullbacks of
71 : Hom(X 4.4El(A),U) along c. O

The following propositions discuss n-truncated object classifiers.

Proposition 9.15. Ifp: Hom(?jl,bl) is an n-truncated map which is also an object
classifier, then U and U are (n + 1)-truncated.

Proof. First, let us prove that U is (n + 1)-truncated. This is true if and only
if Hom(B,U) is (n + 1)-truncated for all B, which is true if and only if the type
Id(f, /) is n-truncated for all f, f’ : Hom(B,U). Since p is an object classifier, the
type Id(f, f) is equivalent to the type of equivalences over B between pullbacks of
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p along f and f’. By Lemma 9.1, pullbacks of p are n-truncated. Since the type
of equivalences over B is embedded into the type of maps over B, we just need to
prove that the type of such maps between n-truncated maps is n-truncated.

Let s : Hom(E, B) and s’ : Hom(E’, B) be n-truncated maps. The type of maps
over B is defined as ¥ f.tom (g, 5y Id(s o f, s). This type is the fiber of s’ o — over s,
which is n-truncated since s’ o — is n-truncated. N

Finally, since both p and U are (n+1)-truncated, U is also (n+1)-truncated. O

Proposition 9.16. Ifp: Hom(Z/A{, U) is an object classifier which is also a monomor-
phism, then U is subterminal. It is terminal if and only if identity morphisms are
classified by p.

Proof. Any commutative square of the form

B—s=0U

B——>Uu
is a pullback. To prove this, we need to show that the canonical map

r: Hom(X, B) — Z Z Id(to f,pog).

f:Hom(X,B) g:Hom(X,Z?)

is an equivalence for all X. Since ¢ is homotopic to p o s, the type Id(t o f,po g)
is equivalent to Id(po so f,po g). Since p is a monomorphism, it is equivalent to
Id(s o f,g). Since the type Eq Hom(X, u)Id(s o f,g) is contractible, r is indeed an
equivalence.

To prove that U is subterminal, we need to show that any two maps f1, fa :
Hom(B, u ) are homotopic. Since p is a monomorphism, it is enough to construct a
homotopy between p o f; and p o fo. We have two pullback squares as above with
s = f; and t = po f;. Since p is an object classifier, we have an equivalence between
Id(p o f1,po f2) and the type of equivalences between pullbacks of p along po fi
and p o fs. Since both pullbacks are just idp, they are equivalent; so, we have a
homotopy between po fi and po fs.

If p classifies identity morphisms, then, for every B, the map idp is a pullback of
D. In particular, there exists a map from B to u. Thus, U is terminal. Conversely,
if 1/ is terminal, then, for every type B, we have a commutative square as depicted
at the beginning of the proof. Since this square is a pullback, p classifies idg. [

Finally, let us prove another simple but useful result. Analogous result in the
context of higher categories was proved in [8, Theorem 3.28].

Proposition 9.17. Letp : Hom(ﬁ, U) be an object classifier and let f : Hom(U',U)
be any map. Then the pullback of p along f is an object classifier if and only if f
is a monomorphism.

Proof. Let us denote the pullback of p along f by p’ : Hom(i{\’,u' ). Then the
pullback of p’ along a map g : Hom(A,U’) is equivalent to the pullback of p along
fog. Thus, we have an equivalence between the type of equivalences between g7 (p’)
and g3 (p’) and the type of equivalences between (f o g1)*(p) and (f o g2)*(p). Since
p is an object classifier, the latter type is equivalent to Id(f o g1, f 0 g2). Thus, p’ is
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an object classifier if and only if the canonical function Id(g1, g2) — Id(fog1, foga)
is an equivalence. This function maps refl(g) to refl(f o g). This implies that it is
homotopic to Ah.ap(f o —, h), but this map is an equivalence if and only if f is a
monomorphism. 0

10. LOCALLY REFLECTIVE CLASSES OF FIBRATIONS

In this section, we discuss the notion of modalities in indexed type theories.
Several equivalent definitions of modalities were defined in [10] in the context of
ordinary homotopy type theory. We define the notion of locally reflective classes of
fibrations which is similar to the notion of a reflective subuniverse. This definition
makes sense in an indexed unary type theory. We also define a dependent version
of this notion which is similar to the notion of a higher modality.

10.1. Locally reflective classes in unary theories. Let Fib be a class of fi-
brations in an indexed unary type theory as defined in the previous section. We
will say that it is locally reflective if every map f : Hom(A, B) factors through a
fibration p : Hom(C, B) such that, for every factorization of f through any fibration
p' : Hom(C’, B), the type of lifts in the following square is contractible:

A——=(C'

L
% /
p P
e
C—=B
P
The factorization A — C' — B will be called the universal factorization of f. We

will say that Fib is stably locally reflective if the universal factorization of any map
is stable under pullbacks.

Lemma 10.1. IfA 5 C L, B is the universal factorization of f, then the following
conditions are equivalent:

(1) i is an equivalence.

(2) f is a fibration.

(3) i has a retraction over B.
Proof. 1f i is an equivalence, then f is a fibration since fibrations are closed under

equivalences and p is a fibration. If f is a fibration, then the lift in the following
square is a retraction of i over B.

C—=2~B
P
Let r be a retraction of ¢ over B. Consider the following commutative square:

A—sC

C —=B
p

It is easy to see that ide and ¢ o r are lifts in this square. Since lifts are unique up
to a homotopy, these maps are homotopic. Thus, ¢ is an equivalence. 1
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Lemma 10.2. Any locally reflective class of fibrations contains all identity mor-
phisms

Proof. Let A % B 2 A be the universal factorization of id A. Then p is a retraction
of i over A. By Lemma 10.1, id4 is a fibration. O

Lemma 10.3. Any stably locally reflective class of fibrations is closed under pull-
backs.

Proof. Let f be a fibration and let f = p o4 be its universal factorization. Since
the class of fibrations is stably locally reflective, the pullbacks of p and ¢ constitute
the universal factorization of a pullback of f. By Lemma 10.1, 7 is an equivalence.
Hence, its pullback is also an equivalence. Since the pullback of p is a fibration and
fibrations are closed under equivalences, the pullback of f is also a fibration. O

Lemma 10.4. Suppose that we have the following diagram, where the right square
s a pullback.

e

A—LsC—L5F
_
zl p lq
B——sD——F
d f

Then the type of lifts in the left square is equivalent to the type of lifts in the outer
rectangle.

Proof. Let Hy and Hs be the homotopies witnessing the commutativity of the left
and right square, respectively. By the universal property of pullbacks, the type of
lifts in the left square is equivalent to the following type:

> > > >

r1:Hom(B,D) ro:Hom(B,E) r3:1d(fory,qors) h:1d(d,r1)

> > 3 1d(hy, ha(Hy)).

h1:1d(r104,poc) ho:Id(eoc,r20i) hg:Id((hi*f)« (cxHs) » (haoxq),ixrs)
After reducing 71, h, hy, and the last homotopy we get the following equivalent
type:
Z Z Z Id((Hy * f)« (c* Ha) « (ha % q),i x13).
ro:Hom(B,E) r3:1d(fod,qors) ha:1d(eoc,rs01)

This type is equivalent to the type of lifts in the outer rectangle. O

Lemma 10.5. Let Fib be a locally reflective class of fibrations closed under pull-
backs. Let A > C 5 B be the universal factorization of a map f : Hom(A, B).
Then the type of lifts in every commutative square as below is contractible if v
factors through p.

Q<"
=1
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Proof. By assumption, v equals to C L B E for some map u. Consider the
<D

following diagram:
A C
RN

C—>>B—>E

_— /

The type of lift in the left square is contractible and Lemma 10.4 implies that this
type is equivalent to the type of lifts in the original square. 0

Proposition 10.6. Any locally reflective class of fibrations closed under pullbacks
satisfies the equivalent conditions of Proposition 9.6.

Proof. By Lemma 9.8 and Lemma 10.2, it is enough to prove condition (2) of
Proposition 9.7. Let f : Hom(A, D) be a map and let ¢ : Hom(D, B) be a fibration
such that g o f is also a fibration. We need to prove that f is a fibration. Let
A% ¢ L D be the universal factorization of f. By Lemma 10.1, it is enough to

show that i has a retraction over D. By Lemma 10.5, we have a hft in the following
square:

A

A
7
v

C——2B
qop

Both maps p and f o r are lifts in the following square:

A#D

Ik

C——2B
qop

By Lemma 10.5, we have a homotopy h between p and f or such that ¢ * h is
homotopic to the canonical homotopy between poi and f oroi. This implies that
r is a retraction of ¢ over D. O

10.2. Orthogonal factorization systems. In this subsection, we defined con-
nected maps and orthogonal factorization systems and prove that they are equiv-
alent to locally reflective classes of fibrations. Similar equivalence was proved in
[10], but our proof is more general since it applies to any (indexed) unary theory.
Moreover, the proof in [10] applies only to stable orthogonal factorization systems
and stably locally reflective classes of fibrations. The reason is that it is done in
the internal language of the theory and everything must be stable in this language.
We prove a more general equivalence between (non-stable) orthogonal factorization
systems and (non-stable) locally reflective classes of fibrations.

Definition 10.7. Let Fib be a locally reflective class of fibrations in an indexed
unary type theory. A map f is connected if the fibration in the universal factoriza-
tion of f is an equivalence.

Lemma 10.8. Let Fib be a locally reflective class of fibrations closed under com-

iy j P . . o .
positions. If A 5 B —» C is the universal factorization of some map, then i is
connected.
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Proof. Let A 7y B" % B be the universal factorization of i. We need to prove
that ¢ is an equivalence. Since fibrations are closed under compositions, po ¢ is a
fibration. It follows that we have a lift in the following square:

J
— s B

7
iPOq
C

BN

i

-

k s
v
7/

Sy

E——
p

Let hy : Id(j,k o i) and hy : Id(p o ¢ o k,p) be the homotopies witnessing the
commutativity of triangles in the diagram above.
Let us show that g o k is a lift in the following square:

s

3
—_—

qV

—_—
p

[ p

-~

<

Q

Let hg be the homotopy between ¢ and g o j. The homotopy between ¢ and qo ko1
is defined as hg » (h1 * ¢). The homotopy between po g ok and p is simply hs. The
fact that the combination of these homotopies is homotopic to the trivial homotopy
on p o ¢ follows from the fact that the combination of hy and ho is homotopic to
ho L% p. Since both idg and g o k are lifts in the square above, there is a homotopy
hs between them such that i hs is homotopic to hg « (h1 * q).

Let us show that k o ¢ is a lift in the following square:

The homotopy between j and k o g o j is defined as hy « (ho * k). The homotopy
between go kogq and ¢ is defined as ¢ * h3 ! The fact that the combination of these
homotopies is homotopic to the trivial homotopy on g o j follows from the fact that
i % h3 is homotopic to hg = (h1 * ¢). Since both idp: and k o ¢ are lifts in the square
above, these maps are homotopic. It follows that ¢ is an equivalence. Hence, 7 is
connected. O

Lemma 10.9. Let Fib be a stably locally reflective class of fibrations. Then con-
nected maps are closed under pullbacks.

Proof. Let f : Hom(A,C) be a connected map and let g : Hom(D,C) be an ar-
bitrary map. We need to prove that the pullback of f along g is connected. Let

A4 B L € be the universal factorization of f. Then we have the following
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diagram:
A ——= A
.
B ——=B
_
b
Since Fib is stably locally reflective, A” — B’ — D is the universal factorization

of A — D. Since f is connected, p is an equivalence. Hence, B’ — D is also an
equivalence. Thus, A’ — D is connected. O

Definition 10.10. Let f : Hom(A, B) and g : Hom(C, D) be maps in an indexed
unary type theory. We will say that f is left orthogonal to g and g is right orthogonal
to f if the type of lifts in squares of the form depicted below is contractible.

A——=C
7
fJ/ // lg
7/
B——D

Lemma 10.11. Let Fib be a locally reflective class of fibrations closed under pull-
backs. Then connected maps are left orthogonal to fibrations.

Proof. Let i : Hom(A, B) be a connected map and let p : Hom(C, D) be a fibration.
Consider a commutative square of the following form:

At ¢

The type of lifts in this square is
> > > 1d((hy#p) - (i x ha), H),
r:Hom(B,C) hy:1d(f,roi) ha:Id(por,g)

where H is the homotopy witnessing the commutativity of the square. Let us denote
this type by L. We need to prove that L is contractible.

Let A% B’ % B be the universal factorization of i. By Lemma 10.5, the type
of lifts in the following square is contractible:

f

A——C

7
—
., // P
o l
—

B'——B——1D
The type of lifts in this square is defined as follows:

> > ST LA p)+ (% By), H « (H * g)),

r’:Hom(B’,C) h):Id(f,r"0i’) ha:1d(por’,goq)



48 VALERY ISAEV

where H' is the homotopy between i and g oi’. Let us denote this type by L. It is
enough to prove that L and L’ are equivalent.

We have an obvious map s : L — L’ which maps (r, hq, ha, h3) to (rogq, hy« (H'
), q * ho, h%), where h% is the following homotopy:

((hy « (H" 7)) %p)« (i’ x q* ha) ~
((hi#p)« (H *15p))« (' % qx ha) ~
(h1#p)« (H' % hg) ~

((hy *p) - (l*h2)) (H' *g)
H - (H' *g)

where we use hs at the last step and other steps are usual interchange laws.

To prove that this map is an equivalence, it is enough to show that it is an
equivalence on each component. Since i is connected, ¢ is an equivalence. This
implies that functions — o ¢ and g * — are equivalences and these functions are
the first and the third component of s, respectively. The second component of s

— « (H' % r), which is also an equivalence. Finally, the third component of s
is an equivalence since it is a function that concatenates its argument with fixed
homotopies. 0

~

)

Let £ and R be a pair of classes of maps closed under equivalences such that
maps in L are left orthogonal to maps in R. Then a factorization of a map into a
map in L followed by a map in R is essentially unique. The pair (£, R) is called
an orthogonal factorization system if such a factorization exists for every map.

Lemma 10.12. If (£, R) is an orthogonal factorization system, then R is a locally

reflective class of maps. Moreover, if A= B — C is the universal factorization of
some map, then i belongs to L.

Proof. Obviously, any factorization of a map into a map in £ followed by a map in
R is a universal factorization. The second assertion follows from the facts that the
universal factorization is essentially unique and £ is closed under equivalences. [

Proposition 10.13. If (£, R) is an orthogonal factorization system, then L and
R contains all identity morphisms.

Proof. By Lemma 10.12 and Lemma 10.2, R contains all identity morphisms. Since

A 44y 4 940 4 s the universal factorization of id4, Lemma 10.12 implies that
id4 belongs to L. O

Proposition 10.14. If (£, R) is an orthogonal factorization system, then R is
precisely the class of maps which are right orthogonal to L and L is precisely the
class of maps which are left orthogonal to R.

Proof. We prove the first assertion; the other one follows by a dual argument. Maps
in R are right orthogonal to £ by definition. Let f : Hom(A, C) be a map which is
right orthogonal to £. We need to prove that f belongs to R. By Lemma 10.12, R

is a locally reflective class of maps. Let A % B L C be the universal factorization
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of f. By Lemma 10.12, 7 belongs to £. Hence, we have a lift in the following square:

A A
/4
|l
/
B C

e ——
P

By Lemma 10.1, f belongs to R. O

Corollary 10.15. Let R be a class of maps. Then a class of maps L such that
(L,R) is an orthogonal factorization system is essentially unique. That is, if L4
and Lo is two such classes, then a map belongs to one of them if and only if it
belongs to the other. Dually, a class of maps R such that (L, R) is an orthogonal
factorization system for a fized L is essentially unique.

Proposition 10.16. If (£,R) is an orthogonal factorization system, then R and
L are closed under compositions.

Proof. We prove this for R; the assertion about £ follows by a dual argument. Let
f : Hom(A, B) and g : Hom(B, (') be maps in R. By Lemma 10.12, there exists a

universal factorization A % D & C of go f such that i € £. By Lemma 10.1, to
prove that g o f belongs to R, it is enough to show that i has a retraction over C.
Since ¢ € L, we have two lifts in the following diagram:

A=——A
A
/if
/

il "/ B

4
7
/, g

/s

D——C
p

Then r is a retraction of 7 over C. O

Proposition 10.17. If (£, R) is an orthogonal factorization system, then R is
closed under pullbacks and L is closed under pushouts.

Proof. We prove this for R; the assertion about £ follows by a dual argument. Let f
be a pullback of a map g € R. Since g is right orthogonal to £, Lemma 10.4 implies
that f is also right orthogonal to £. Proposition 10.14 implies that f € R. (]

Now, we are ready to prove that orthogonal factorization systems are equiva-
lent to locally reflective classes of maps which are closed under compositions and
pullbacks:

Theorem 10.18. Let Fib be a class of fibrations. If Fib is locally reflective and
closed under compositions and pullbacks, then (C,Fib) is an orthogonal factorization
system, where C 1is the class of connected maps. The converse is also true in the
sense that if (L,Fib) is an orthogonal factorization system for some class of maps
L, then Fib is locally reflective and closed under compositions and pullbacks.

Proof. If Fib is locally reflective and closed under compositions, then connected
maps are left orthogonal to fibrations by Lemma 10.11 and the factorization exists
by Lemma 10.8. Thus, (C, Fib) is an orthogonal factorization system. Conversely, if
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we have an orthogonal factorization system (£, Fib), then Fib is locally reflective by
Lemma 10.12 and it is closed under compositions and pullbacks by Proposition 10.16
and Proposition 10.17, respectively. O

10.3. Locally reflective classes in dependent theories. We can reformulate
the definition of locally reflective class of fibrations in dependent theories with
identity types, X-types, and unit types. Let Fib be a dependent class of fibrations.
A factorization of a map in a unary theory can be turned into a factorization of
a dependent type A F A, which consists of a dependent type A F ||A|| and a
map 74 : Homa (A, ||A|]). Then Fib is locally reflective if and only if, for every
dependent type A, there exists its factorization such that the following function is
an equivalence for every fibrant type A F B:

Af. fona : Homa(||A4|, B) — Homa (A4, B).
This condition holds if and only if the type of lifts in the following diagram is
contractible for every fibrant type A - B and every map Homa (A, B):

A——=B

7
s
na .

7
1Al

The constructions || — || and 7 are unstable, that is they are not stable under
substitutions. An (unstable) higher modality consists of a class of fibrations Fib
closed under identity types together with the following unstable rules:

'NAFA 'NAFA

T'|AF|A| fib T |Az: AFna(z): ||A

L'|Az:|A||lF D fib F'|Ax:Abd: Dna(z)/z]
LA z:||A||lF ||A]|-elim(z.D,x.d) : D

I'|Az:||A|F D fib I'|Ajx:AFd: Dna(z)/z]
T |Ajz: AF ||A|-elimy (2. D, 2.d) : Id(||Al]-elim(z.D, z.d)[na(x)/z], d)
The following proposition shows that unstable higher modalities are the same as
locally reflective classes of fibrations:

Proposition 10.19. Let Fib be a class of fibrations closed under substitutions and
Y-types and let || — ||, n be a pair of unstable constructions as described above.
Then this pair extends to a higher modality if and only if it makes Fib into a locally
reflective class.

Proof. First, suppose that Fib is locally reflective class. By Proposition 10.6, Fib is
closed under identity types. Let j : Hom(Z(A, z : A),3(A, z : [|4]])) be the obvious
map defined in terms of 7. Since Fib is closed under X-types, Proposition 9.5
implies that it is also closed under compositions. Then Lemma 10.8 implies that
j is connected. A term A,z : A+ d: D[na(z)/z] determines the top map in the
following diagram:

YAz A)——= (A, z: ||A|, D)
7

—
. —
—
J —
—
—

(A, z - ]|A]) Z(A, z A
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The right map is the obvious projection, which is a fibration since D is fibrant
over A,z : ||A|l. Since j is connected, we have a lift in this square. This lift
determines a term A,z : ||A]| b ||A|-elim(z.D,2.d) : D. The commutativity of
the upper triangle implies the existence of a term A,z : A F ||Al|-elimy, (z.D, z.d) :
Id(||Al|-elim(z.D, z.d)[na(x)/z], d).

Now, suppose that Fib extends to a higher modality. Let B be a fibrant type over
A. We need to prove that the type of lifts in the following diagram is contractible:

A—".B

7
s
A .

7
1Al

We can define a lift in this diagram as Az. || A||-elim(z.B, z. bx). The commutativity
of the triangle is witnessed by the term Az. | Al-elimy, (z.B, . bx).

Let A,z : ||A||F fi: B, A,z A hy  1d(fi]|z|/2], bx) be lifts in this diagram
for i € {1,2}. We need to construct a homotopy between them. Since Fib is closed
under identity types, the type Id(f1, f2) is fibrant over A,z : ||A]|. Thus, we have
a homotopy between f; and fo:

A,z JJA||E ||A]-elim(z. 1d( f1, f2), x. hq « hz_l) cId(f1, f2).

Let us denote this homotopy by H. We need to prove that H[|x|/z]71 « hy is
homotopic to hs. This homotopy can be constructed from the following one:

A,z AF || All-elimy, (2. Td(f1, f2), . hy «hy V) : TA(H[|2|/2], by « b b).
0

Corollary 10.20. A class of fibrations closed under substitutions and X-types is
locally reflective if and only if it extends to a higher modality.

If we assume the stability condition for 7, then we can replace it with the fol-
lowing stable rule:

F'|AFa:A
FTAFfal 4]
Indeed, na(z) can be defined as |z|. Conversely, |a| can be defined in terms of 14
as na(z)[a/x]. Since | — | is stable, these constructions are mutually inverse.
We will say that a higher modality is stable if | — || and | — | are stable. The

underlying class of fibrations of a stable higher modality is stably locally reflective.
The converse does not hold since the stability under substitutions is a stricter
condition, then the stability under pullbacks.
If a higher modality is stable, then we can define the local version of its elimi-
nator:
L'|Az:||A|l,EF D fib T|Ax: A FEl|z|/z]Fd: D[|x|/z]
T |A z:||All, E* ||Al-elim(zE.D,zE.d) : D

'|Az:||A|l,EF D fib T |Ax: A FEl|z|/z] b d: D[|x|/z]
I'|Ax: A El|lx|/2] F |All-elimy, (2 E.D, zE.d) : Id(d'[|x|/ =], d)
where d' = ||A]|-elim(zE.D, zE.d).
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Proposition 10.21. Let Fib be a class of fibrations closed under X-types and let
=1, | =1 be a pair of stable constructions as described above. Then the following
conditions are equivalent:

(1) The pair || — ||, | — | makes Fib into a (stably) locally reflective class.

(2) The pair || — ||, | — | makes Fib into a (stable) higher modality.

(3) The class Fib is closed under identity types and the unstable local eliminator
is definable.

Proof. The equivalence between (1) and (2) holds by Proposition 10.19. Obviously,
(3) implies (2) since the (global) eliminator is a special case of the local one. Let
us prove that (1) implies the existence of the unstable local eliminator. Consider
the following pullback square:

(A x A,§[|x|/z]) ——=3(A,z: A)

| I

(A, z AL BE) ——E(A, z - [|A]]),

where the bottom and top maps are the obvious projection and the left and right
maps are defined in terms of | —|. Since Fib is closed under X-types, Proposition 9.5
implies that it is also closed under compositions. Then Lemma 10.8 implies that
7 is connected. Since Fib is stably locally reflective, Lemma 10.9 implies that 7 is
also connected.

Any term A,z : A, E[|x|/z] - d : D[|z|/z] determines the top map in the follow-
ing diagram:

S(A,x: A El|z|/2]) ——= 2(A, 2 : ||A||, E, D)

- 7
. -
i -
_
_

(A, z: AL B) =——=—=X%(A, z: | Al E)

The right map is the obvious projection, which is a fibration since D is fibrant over
A,z :||All, E. Since i is connected, we have a lift in this square. This lift determines
aterm A,z : ||All, EF ||A|-elim(zE.D,xE.d) : D. The commutativity of the upper
triangle implies the existence of a term A, x : A, E[|z|/z] & || A]-elimy (2 E.D, xE.d) :
Id(||Al|-elim(zE.D, zE.d)[|z|/ 2], d). O

Example 10.22. Since the class of n-truncated maps is closed under identity types,
it is locally reflective if and only if we have the weak version of the n-truncation
operation.
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