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The present paper gives a mathematical, in particular, syntaz-independent, formulation
of intensionality and dynamics of computation in terms of games and strategies.
Specifically, we give a game semantics for a higher-order programming language that
distinguishes programs with the same value yet different algorithms (or intensionality),
equipped with the hiding operation on strategies that precisely corresponds to the
(small-step) operational semantics (or dynamics) of the language. Categorically, our
games and strategies give rise to a cartesian closed bicategory, and our game semantics
forms an instance of a generalization of the standard interpretation of functional
programming languages in cartesian closed categories. This work is intended to be the
first step towards a mathematical (both categorical and game-semantic) foundation of
intensional and dynamic aspects of logic and computation; our approach should be
applicable to a wide range of logics and computations.

1. Introduction

In (Girard et al., 1989), J.-Y. Girard mentions the dichotomy between the static and the
dynamic viewpoints in logic and computation; the former identifies terms (i.e., proofs or
programs) with their denotations (i.e., results of their computations in an ideal sense),
while the latter focuses on their senses (i.e., algorithms or intensionality) and dynamics
(i.e., proof-normalization or reduction). This distinction has been certainly reflected in
the two mutually complementary semantics of programming languages: denotational and
operational ones (Amadio and Curien, 1998} [Winskel, 1993} |(Gunter, 1992)). He points out
that a mathematical formulation of the former has been well-developed, based on Scott’s
beautiful domain theory (Scott, 1976;|Gierz et al., 2003;[Abramsky and Jung, 1994)), but
it is not the case for the latter; the treatment of senses has been based on ad-hoc syntactic
manipulation. He then emphasizes the importance of mathematics of senses:

The establishment of a truly operational semantics of algorithms is perhaps the most impor-

tant problem in computer science (Girard et al., 1989)).

The present work addresses this problem; specifically, it gives an interpretation []p
of a programming language £ with a small-step operational semantics — and a syntax-
independent operation H that satisfy the following dynamic correspondence property
(DCP) Ml — M2 if and only if (a.k.a. lﬁ) [[Mlﬂp 75 [[M2HD and H([[Mlﬂp) = [[Mg]]p
for any programs M; and My of £. Note that the ‘only if” and ‘if’ directions correspond
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respectively to certain soundness and completeness properties of the interpretation H of
—. Note also that the interpretation []p is finer than the usual (sound) denotational
semantics because M; — My implies [M1]p # [M2]p. Thus, the interpretation [_]p and
the operation H capture intensionality and dynamics of computation, respectively.
Although our framework is intended to be a general approach, being applicable to a
wide range of logics and computations, as the first step, we focus on a finite fragment of
the programming language PCF (Scott, 1993; [Plotkin, 1977) customized for our aim.

1.1. Game Semantics

Our approach is based on game semantics (Abramsky et al., 1997; [Hyland, 1997), a par-
ticular kind of denotational semantics of logic and computation, in which formulas (or
types) and proofs (or programs) are interpreted as games and strategies, respectively.

We employ game semantics for its conceptual naturality and mathematical precision,
which has been demonstrated by various full completeness and full abstraction results
(Curien, 2007) in the literature, leading to a conceptually and mathematically deeper
understanding of logic and computation. Also, game semantics is very flexible: It has
modeled a wide range of formal systems and programming languages by simply varying
constraints on strategies (Abramsky and McCusker, 1999)), which enables us to compare
and relate various concepts syntax-independently. We hope that these advantages of game
semantics are true also for intensionality and dynamics of logic and computation.

A game, roughly, is a certain kind of a rooted forest whose branches represent possible
‘developments’ or (valid) positions of a ‘game in the usual sense’ (such as chess, poker,
etc.). Moves of a game are nodes of the game, where some moves are distinguished and
called initial; only initial moves can be the first element (or occurrence) of a position of the
game. Plays of a game are (finitely or infinitely) increasing sequences (e, my, myma, ... ) of
positions of the game, where € is the empty sequence. For our purpose, it suffices to focus
on rather standard sequential (as opposed to concurrent (Abramsky and Mellies, 1999)),
unpolarized (as opposed to polarized (Laurent, 2004)) games played by two participants,
Player, representing a ‘computational agent’, and Opponent, representing an ‘environ-
ment’; in each of which Opponent always starts a play (i.e., unpolarized), and then they
alternately and separately perform moves (i.e., sequential) allowed by the rules of the
game. Strictly speaking, a position of each game is not just a finite sequence of moves:
Each occurrence m of Opponent’s or O- (resp. Player’s or P-) non-initial move in a po-
sition is assigned or points to a previous occurrence m’ of P- (resp. O-) move in the
position, representing that m is performed specifically as a response to m’.

A strategy on a game, on the other hand, is what tells Player which move (together with
a pointer) she should make at each of her turns in the game. Hence, a game semantics
[-]g of a programming language £ interprets a type A of £ as a game [A]g that specifies
possible plays between Player and Opponent, and a term M : Al of £ as a strategy [M]g
on the game [A]g that describes for Player how to play on [A]g; an execution of the
term M is then modeled as a play of the game [A]g in which Player follows [M]g.

T For simplicity, here we focus on closed terms, i.e., ones with the empty context.



Dynamic Game Semantics 3

Let us consider a simple example. The simplest game is the terminal game T, which
has no moves, and thus it has only the trivial position e.

As another example, consider the natural number game N, which is the following
rooted tree (which is infinite in width):

A

in which a play starts with Opponent’s question ¢ (‘What is your number?’) and ends
with Player’s answer n € N (‘My number is n!”), where N is the set of all natural numbers,
and n points to ¢ (though this pointer is omitted in the above diagram). A strategy 10
on N, for instance, that corresponds to 10 € N can be represented by the map g — 10
equipped with a pointer from 10 to ¢ (though it is the only choice). In the following,
pointers of most strategies are obvious, and thus we often omit them.

As yet another example, consider the game N — N of linear functions (Girard, 1987)
(also written informally Ny —o N[yj) on natural numbers, whose typical maximal position
is q1)qpo)n0ymp), where n,m € N, and (_);) for i = 0,1 are arbitrary, unspecified ‘tags’
to distinguish the two copies of N (in the rest of the paper, we employ a similar notation
for three or more copies of a game in the obvious manner too), or diagrammatically@:

Ny = Np

q[1)
q[0] /

( n[o]

mpj
which can be read as follows:

1 Opponent’s question gpj for an output (‘What is your output?’);

2 Player’s question gy for an input (‘Wait, what is your input?);

3 Opponent’s answer, say, njg to gy (‘OK, here is an input n.”);

4 Player’s answer, say, my;) to g (‘Alright, the output is then m.’).

A strategy succ on this game that corresponds to the (linear) successor function can
be represented by the map gp1; — qqo, q11q[0)P o] — 7 + 1[1), Where n ranges over N, or
diagrammatically:

succ

Ny — Npj

q[1)
n

(0]

n—l—lm

¥ The diagram is depicted as above only to clarify which component game each move belongs to; it should
be read just as a finite sequence, namely, q[1)q[ojn[0]™[1], equipped with the pointers represented by
the arrows in the diagram.
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1.2. Static Game Semantics

Game semantics is often said to be an intensional, dynamic semantics for a category of
games and strategies is usually not well-pointed, and plays of a game may be regarded
as ‘intensional, dynamic interactions’ between the participants of the game. However, it
has been employed as denotational semantics, and thus it is in particular sound: If two
programs evaluate to the same value, then their denotations in conventional game seman-
tics are identical. Consequently, conventional game semantics [_]g is actually extensional
and static in the sense that if there is a reduction M; — M; in syntax, then the equation
[M1]g = [M2]g holds in the semantics (i.e., it does not capture the dynamics My — M,
or the intensional difference between My and My). In other words, it is not intensional
or dynamic in the sense that it does not satisfy DCPs.

Therefore, to establish mathematics of senses, we need to introduce a more dynamic,
intensional refinement of games and strategies so that it satisfies DCPs for logical systems
and programming languages. To get some insights to develop such games and strategies,
let us see how conventional game semantics fails to be dynamic or intensional. The point
in a word is that ‘internal communication’ between strategies for their composition is a
priori ‘hidden’, and thus the resulting strategy is always in ‘normal form’. For instance,
the composition succ; double : N —o N of strategies succ : N —o N and double : N —o N,
implementing the successor and the doubling (linear) functions, respectively,

succ double

Ny — Ny Ng — — Nis)
an) q[3]
djo] / q12] /
(mm n[2)
m + 1[1] 2. n[3)

is formed as follows. First, by ‘internal communication’, we mean that Player plays the
role of Opponent in the intermediate component games Njj; and Njg) just by ‘copy-
catting’ her last moves, resulting in the following play:

suce double

Ny — Ny Nig) —o Nig)

n+ 1[1]

djo]
no]

n —+ 1[2]
2 (n+ 1)
where each move for ‘internal communication’ is marked by a square box just for clarity,
and the pointer from gq; to gz is added because the move g[;) is no longer initial.
Importantly, it is assumed that Opponent plays on the game Njg —o Nj3), ‘seeing’ only
moves of N or N3). The resulting play is to be read as follows:
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Opponent’s question g3 for an output in Njg) — Njg) (‘What is your output?’);
Player’s questlon m by double for an input in Ny — Nz (‘What is an input?’);
triggers the question for an output in Njg) — Nppj (‘What is an output?’);
Player’s question g by succ for an input in Njg) — Npgj (‘Wait, what is an input?’);
Opponent’s answer, say, njy to qp) in Njo) — Nz (‘Here is an input n.’);

Player’s answer W‘ to lm by succ in Njg) — Npjj (‘The output is then n+1.");
n + 1y | triggers the answer m to W in Npg —o Npg (‘Here is the input
n+1.7);

8 Player’s answer 2 - (n + 1)3 to g3 by double in Njgj — N3 (‘The output is then
2-(n+1)P).

Next, ‘hiding’ means to hide or delete every move with a square box from the play,
resulting in the strategy for the (linear) function n — 2 - (n + 1) as expected:

N O Ot = W N

succ;double

No) —o Nyg)

/ q[3
q[0)

( n[o]

2. (n + 1)[3]
Note that it is ‘hiding’ that makes the resulting play a valid one on the game N — N.
Now, let us plug in the strategy 57 : qs) + 9j5) on the game Ty — N5, which
coincides with N up to ‘tags’. The composition 57; succ; double : T —o is computed
again by ‘internal communication’:

57 succ double

Ty — Ny N — Ny Ng  — Ny

e
djo]
/-

5[5
6[2
plus ‘hiding’:

§ Composition of strategies is associative (Abramsky et al., 1997} Hyland, 1997}
Abramsky and McCusker, 1999)); thus, the order of applying composition does not matter.
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QT;succ;double
Tiy — Nig
3]
125)

In syntax, on the other hand, assuming that there are a (ground) type ¢ of natural
numbers, a numeral n of type ¢ for each n € N, and constants succ and double of type ¢
for the successor and the doubling functions, respectively, equipped with the operational
semantics succn — n+ 1 and doublen — 2-n for all n € N in an arbitrary functional

df.
programming language, the program p; = Ax.(Ay. doubley)((Az.succz)x) represents the
syntactic composition succ;double. When it is applied to the numeral 5, we have the
following chain of reductions:

p15 —" (Ax. double (succx)) 5
—"* double (succb)
—* double 6

—*12.

Therefore, it seems that reduction in syntax corresponds in game semantics to ‘hiding
internal communication’. As seen in the above example, however, this game-semantic
normalization is a priori executed and thus invisible in conventional game semantics [_]g.
As a result, the two programs p; 5 and 12 are interpreted by [_]g as the same strategy.
Moreover, observe that moves with a square box describe intensionality or step-by-step
processes to compute an output from an input, but they are invisible after ‘hiding’. Thus,

df.
e.g., a program ppy = Ax.(Ay. succy)(Av.(Az. succz)((Aw. doublew) v) x), representing the
same function as p; yet a different algorithm double; succ; succ is modeled as:

[p2]¢ = [double; succ; succ]g = [succ; double]g = [p1]g-

To sum up, we have observed the following;:

1 (REDUCTION AS HIDING). Reduction in syntax corresponds in game semantics to
‘hiding intermediate moves (i.e., moves with a square box)’;

2 (A PRIORI NORMALIZATION). However, the ‘hiding’ process is a priori executed in
conventional game semantics, and thus strategies are always in ‘normal form’;

3 (INTERMEDIATE MOVES AS INTENSIONALITY). Also, ‘intermediate moves’ constitute
intensionality of computation; however, they are not captured in conventional game
semantics again due to the a priori execution of the ‘hiding’ operation.

1.3. Dynamic Games and Strategies

From these observations, we have obtained a promising solution: to define a variant of
games and strategies, in which ‘intermediate moves’ are not a priori ‘hidden’, representing
intensionality of logic and computation, and the hiding operations H on the games and
strategies that ‘hide intermediate moves’ in a step-by-step fashion, interpreting dynamics
of logic and computation. Let us call such a variant of games (resp. strategies) dynamic
games (resp. dynamic strategies).
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In doing so, we shall develop mathematical structures that are conceptually natural and
mathematically elegant. This effort is to inherit the natural, intuitive nature of conven-
tional game semantics so that the resulting interpretation would be insightful, convincing
and useful. Also, mathematics often leads to a ‘correct’ formulation: If a definition gives
rise to neat mathematical structures, then it is likely to succeed in capturing the essence
of concepts and phenomena of concern, and subsume various instances (n.b., recall that
our aim is to establish mathematics of senses). In fact, dynamic games and strategies are
a natural generalization of conventional games and strategies, and they satisfy beautiful
algebraic laws; as a consequence, they form a cartesian closed bicategory (CCB) in the
sense of (Ouaknine, 1997 LDG (Definition [A]), in which 0- (resp. 1-) cells are certain
dynamic games (resp. dynamic strategies), and 2-cells are the extensional equivalence
between 1-cells; the countably-infinite iteration of the hiding operations H on dynamic
games and strategies induces the 2-functor H* : LDG — LMG, where the CCC LMG
of conventional games and strategies can be seen as an ‘extensionally collapsed’ £LDG.

1.4. Dynamic Game Semantics

We then give, as the main result of the present work, a game semantics [-]pg of finitary
PCF (i.e., the simply-typed A-calculus equipped with the boolean type) in £LDG that
together with the hiding operation H satisfies the DCP (Corollary [£1]), which we call
dynamic game semantics as it captures dynamics and intensionality of computation
better than conventional ones. We select finitary PCF as our target language since a
simple language would be appropriate for the first work on dynamic game semantics.

Note that it does not make much sense to ask whether full abstraction holds for
dynamic game semantics as its aim is rather to capture intensionality of computation.

Also, the semantics does not satisfy faithfulness: The semantic equation is of course
finer than B-equivalence but also coarser than a-equivalence, e.g., non-a-equivalent terms
(Ax.0)1 and (Ax.0) 2 are interpreted to be the same in dynamic game semantics, which
is because the semantic equation captures algorithmic difference of terms, while a-
equivalence distinguishes how they are constructed even if their algorithms coincide (n.b.,
this point calls for (syntax-independent) mathematics of senses).

On the other hand, it makes sense to ask if full completeness holds for dynamic game
semantics. In fact, we shall establish dynamic full completeness (Corollary [£.2)).

1.5. Our Contribution and Related Work

To the best of our knowledge, the present work is the first syntax-independent charac-
terization of dynamics and intensionality of computation in the sense of DCPs.

The work closest in spirit is Girard’s geometry of interaction (Gol) (Girard, 1989
Girard, 1990; (Girard, 1995; |Girard, 2003} |Girard, 2011} |Girard, 2013)). However, Gol ap-
pears mathematically ad-hoc for it does not conform to the standard categorical semantics

9 N.b., for the present work, it suffices to know that a CCB is a generalized CCC in the sense that the
equational axioms of CCCs are required to hold only up to 2-cell isomorphisms.
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of type theories (Lambek and Scott, 1988} [Pitts, 2001} [Crole, 1993} [Jacobs, 1999); also,
it does not capture the step-by-step process of reduction in the sense of DCPs. In contrast,
dynamic game semantics refines the standard semantics and does satisfy a DCP.

Next, the idea of exhibiting ‘intermediate moves’ in the composition of strategies is
nothing new; there are game-semantic approaches (Dimovski et al., 2005} [Greenland, 2005}
Ong, 2006) that give such moves an official status. However, because their aims are rather
to develop a tool for program analysis and verification, they do not study in depth math-
ematical structures thereof, give an intensional game semantics that refines the standard
categorical semantics or formulate a step-by-step ‘hiding’ process. Therefore, our contri-
bution for this point is to study algebraic structures of games and strategies when we do
not a priori ‘hide intermediate moves’ and refine the standard categorical semantics in
such a way that satisfies DCPs.

Also, there are several approaches to model dynamics of computation by 2-categories
(Seely, 1987 [Hilken, 1996} [Mellies, 2005)). In these papers, however, the horizontal com-
position of 1-cells is the normalizing one, which is why the structure is 2-categories rather
than bicategoriesm In addition, the 2-cells of their 2-categories are rewriting, while the
2-cells of our bicategory are the external equivalence between 1-cells; note that 2-cells in
a bicategory cannot interpret rewriting unless the horizontal composition is normalizing
since associativity of non-normalizing composition with respect to such 2-cells does not
hold Thus, although their motivations are similar to ours, our bicategorical approach
seems novel, interpreting an application of terms by non-normalizing composition, the
extensional equivalence of terms by 2-cells and rewriting by the hiding operation .
Moreover, their frameworks are categorical, while we instantiate our categorical model
by game semantics. Furthermore, neither of the previous work establishes a DCP.

Finally, note that the present work has some implications from theoretical as well as
practical viewpoints. From the theoretical perspective, it enables us to study dynamics
and intensionality of computation as purely mathematical (or semantic) concepts, just
like any concepts in pure mathematics such as differentiation and integration in calculus,
homotopy in topology, etc. Thus, we would be able to rigorously analyze the essence of
these concepts, ignoring superfluous syntactic details. From the practical point, on the
other hand, it might become a useful tool for language analysis and design, e.g., our
variant of finitary PCF would not exist without the present work.

1.6. Structure of the paper

The rest of the present paper proceeds as follows. This introduction ends with fixing
some notations. Then, Section 2] formulates our target programming language and its
bicategorical semantics that satisfies the DCP so that it remains to establish its game-
semantic instance. Next, Section [3]introduces dynamic games and strategies and studies
their basic algebraic structures, and Section M gives dynamic game semantics of the
language. Finally, Section [b] draws a conclusion and proposes some future work.

I'N.b., the unit law on the nose does not hold if the composition is non-normalizing.
ft N.b., there is no rewriting between 1-cells (f; g); h and f; (g; h) if the composition is non-normalizing.



Dynamic Game Semantics 9

Notation. We use the following notations throughout the paper:

— We use bold letters s, t, u, v, etc. for sequences, in particular € for the empty sequence,
and letters a, b, c,d, m,n,x,y, z, etc. for elements of sequences;

— Given k € N, we write k for the finite set {1,2,...,k} C N (n.b., 0 = 0);

— We often abbreviate a finite sequence s = (x1,22,...,25|) as 2122 ... x5, where |s]
denotes the length (i.e., the number of elements) of s, and write s(i), where i € |s],
as another notation for x;;

— A concatenation of sequences is represented by the juxtaposition of them, but we
often write as, tb, ucv for (a)s, t(b), u(c)v, etc., and also write s.t for st;

df.
— We define s” = ss---s for a sequence s and a natural number n € N;
~——

— We write Even(s) (rnesp. Odd(s)) iff s is of even-length (resp. odd-length);

— We define SP & {s € 5| P(s)} for a set S of sequences and P € {Even, Odd};

— s <t means s is a prefix of t, i.e., t = s.u for some sequence u, and given a set S of
sequences, we define Pref(S) & {s|3teSs=<t}

— For a poset P and a subset S C P, Sup(S) denotes the supremum of S;

x4 {z122.. .25 | n EN,Vi € M. x; € X } for each set X;

— For a function f : A — B and a subset S C A, we define f [ S : S — B to be the
restriction of f to S, and f* : A* — B* by f*(aiaz...an) =5 flar)f(az)... f(an) €
B* for all ajas...a, € A*;

— Given sets X7, Xo,..., X, and i € 7, we write m; (or Win)) for the i*-projection
function X1 X Xg x -+ x X,, = X; that maps (z1, o, ...,2,) — x;;

— ~ denote the Kleene equality, i.e., z ~ y & (xlAydAhaz=y)V(zTAy?T), where
we write x | if an element x is defined, and x 1 otherwise.

2. Dynamic Bicategorical Semantics

Let us first present a categorical description of how dynamic games and strategies capture
dynamics and intensionality of logic and computation, and show that it is a refinement of
the standard categorical semantics of type theories (Lambek and Scott, 1988} [Pitts, 2001}
Crole, 1993; |Jacobs, 1999).

2.1. Beta-Categories of Computation

The categorical structure for our interpretation of logic and computation is 3-categories
of computation (BoCs), a certain kind of bicategories whose 2-cells are the extensional
equivalence between 1-cells, equipped with an evaluation satisfying certain axioms.

Let us first introduce a more general notion of 3-categories, which are categories up to
an equivalence relation on morphisms:

Definition 2.1 (3-categories). A 3-category is a pair C = (C,~) that consists of:

— A class ob(C) of objects, where we usually write A € C for A € ob(C);

— A class C(A, B) of B-morphisms from A to B for each pair A, B € C, where we
often write f: A — B for f € C(4, B) if C is obvious from the context;
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— A (class) function C(A, B) x C(B,C) 5 C(A,C), called the 3-composition on
B-morphisms from A to B and from B to C, for each triple A, B,C € C;

— A S-morphism id4 € C(A, A), called the B-identity on A, for each A € C;

— An equivalence (class) relation ~4 p on C(A, B), called the equivalence on /-
morphisms from A to B, for each pair A, B € C

where we also write C(B,C) x C(A, B) REE S C(A,C) for the B-composition ;4 p ¢ and
often omit the subscripts on ;4 B ¢, 0a,B,c and ~4 g, such that it satisfies:

(f;9)ih = fi(g:h)
[ridp >~ f
idas f = f
f=f'Nng=g = fig=[g
for any A,B,C,D €C, f,f':A— B, g, : B— C and h : C — D. Moreover, it is
cartesian closed iff:
— There is an object T' € C, called a B-terminal object, equipped with a S-morphism
la: A— T, called the canonical B-morphism on A, for each A € C that satisfies:

la~tforanyt: A—T;

— There is an object A x B € C for each pair A, B € C, called a 8- (binary) product of
A and B, equipped with S-morphisms wf’B : AxB — Aand w?’B : AxB — B, called
the first and the second B-projections of A x B, respectively, and an assignment
(_, ) of a B-morphism <a,b>g_’B : C — A x B, called the B-pairing of a and b, to
given C € C,a:C — A and b : C — B, that satisfies:

(a,0)G gimi? ~a
(a,b)G pimy ¥ = b
<h;7Ti4’B,h;7Té4’B>g)B ~hforany h:C - Ax B
a~a ANb~b = (a,b) ~ (a',b) forany a’ : C — A and V' : C — B;

— There are an object C® € C and a B-morphism evp ¢ : C8 x B — C, called the 3-
exponential and the B-evaluation of B and C, respectively, for each pair B,C € C,
equipped with an assignment A of a S-morphism A4 p.c(k) : A — CP (also written

Af’c(k) or A4(k)), called the B-currying of k, to given A€ Cand k: Ax B — C,
that satisfies:

A A
(m3 ’B; Aapcok),m ’B>é§%; evp o~k

AB.; _AB\AxB . - i B
Aago({my751, )C;B, evgc)~lforanyl: A— C

k~k = Aapc(k)~Aapc(k) forany k' : Ax B—C

where we often omit the sub/superscripts on 7TZA’B, - _>g)B, evp,c and Ay B .c.

That is, a (resp. cartesian closed) S-category C = (C,~) is a (resp. cartesian closed)
category up to ~ (i.e., the equation = on morphisms is replaced with the equivalence rela-
tion ~ on 1-cells), where the prefix ‘8-’ signifies the compromise ‘up to ~’. Alternatively,
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regarding objects and S-morphisms of C as 0-cells and 1-cells, respectively, and defining 2-
af. J{=} ifd~g

RV otherwise
is any singleton set, we may identify C with a (resp. cartesian closed (Ouaknine, 1997))

cells by C(A, B)(d, ¢) forany A,B € C and d,c: A — B, where {~}

bicategory whose 2-cells are only the trivial one.
We are now ready to define 8-categories of computation (BoCs):

Definition 2.2 (BoCs). A B-category of computation (BoC) is a [3-category C =
(C,~) equipped with a (class) function & on S-morphisms of C, called the evaluation
(of computation), that satisfies:

— (SUBJECT REDUCTION). £(f): A— Bforall AABeCand f: A— B;

— (TERMINATION). f | forall A/ BeCand f: A— B;

— (B-IDENTITIES). ida € Ve(A, A) for all A € C;

— (EVALUATION). f ~ ' & Jv € Ve(A,B). f L vAf | vforall A/B € C and
f.ftA—B

where V¢ (A, B) & {veC(A4, B)|Ew) = v}, whose elements are called values from A
to B, and we write f |, or specifically f | E™(f), if E™(f) € Ve (A, B) for some n € N
It is cartesian closed, which we call a cartesian closed BoC (CCBoC), iff so is C
as a [-category, all the canonical S-morphisms, the S-projections and the S-evaluations
of C are values, and all the B-pairing and the S-currying of C preserve values.

Convention. Since the equivalence ~ of a BoC C may be completely recovered from
the evaluation &, we usually specify the BoC by a pair C = (C,&). If f | £™(f) for some
n € N, then we call £"(f) the value of f and also write E¥(f) for it.

The intuition behind Definition 2.2 is as follows. In a BoC C = (C, £), S-morphisms are
(possibly intensional but not necessarily ‘effective’) computations with the domain and
the codomain (objects) specified, and values are extensional computations such as func-
tions (as graphs). The -composition is ‘non-normalizing composition’ or concatenation
of computations, and S-identities are unit computations (they are just like identity func-
tions). The execution of a computation f is achieved by evaluating it into a unique value
E¥(f), which corresponds to dynamics of computation In addition, the equivalence
relation ~ witnesses the extensional equivalence between S-morphisms modulo £¥. The
four axioms then should make sense from this perspective. In this way, a BoC provides
a ‘universe’ of dynamic, intensional computations.

It is easy to see that a BoC C = (C, £) induces the category Ve given by:

— Objects are those of C;
— Morphisms A — B are elements in V¢ (A, B), i.e., values from A to B in C;

H Note that if E"1(f), E”2(f) € Vc(A, B) for any ni1,n2 € N, then clearly £ (f) = £™2(f), where &7
denotes the n-times iteration of £ for all n € N.

88 In the present work, every dynamic strategy (or B-morphism) becomes a value by a finite iteration of
the hiding operation (or evaluation) due to the axiom on labeling functions (Definition [3]), and thus
the axiom Termination (Definition 22]) makes sense. Of course, if we consider another, in particular
finer, evaluation of computations (which is left as future work), then this point may no longer hold.
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— The composition of morphisms u: A — B and v: B — Cis £ (u;v) : A — C}
— Identities are S-identities in C.

Regarding the BoC C as the trivial bicategory as already specified above, and the category
Ve as the trivial 2-category, the evaluation £ induces the 2-functor £ : C — V¢ that
maps A — A for 0-cells A, f — E¥(f) for 1-cells f, and ~ +— = for 2-cells ~. Clearly, Ve is
cartesian closed if so is C, where canonical morphisms into a terminal object, projections,
evaluations, pairing and currying of V¢ are respectively the corresponding ‘3-ones’ in C.

The point here is that we may decompose the standard interpretation [_]s of functional
programming languages in a CCC V¢ (Lambek and Scott, 1988} [Pitts, 2001} [Crole, 1993;
Jacobs, 1999) as a more intensional interpretation [_Jp in a CCBoC C = (C, &) and the
full evaluation £ : C — V¢, i.e., []s = £“([-]p), and talk about intensional difference
between computations: Terms M and M’ are interpreted to be intensionally equal if
[M]p = [M]p and extensionally equal if [M]p ~ [M']p. Also, the one-step evaluation £
is to capture the small-step operational semantics of the target language, i.e., to satisfy
the DCP (see Definition [2Z.5] for the precise definition specialized to our target language).

2.2. Finitary PCF

Next, let us introduce our target programming language for dynamic game semantics.

First, recall that there is a one-to-one correspondence between PCF Béhm trees (i.e.,
terms of PCF in n-long normal form) (Amadio and Curien, 1998) and innocent, well-
bracketed strategies (Hyland and Ong, 2000;[Abramsky and McCusker, 1999} Curien, 2006));
this highlight in the literature of game semantics is called strong definability. Naturally,
we would like to exploit the strong definability result to establish the first instance of
dynamic game semantics as the task would be easier than otherwise.

On the other hand, the higher-order functional programming language PCF' (Scott, 1993;
Plotkin, 1977) has the natural number type and the fized-point combinators, which make
PCF Bohm trees infinitary in width and depth, respectively. However, we would like to
select, as the first target language for dynamic game semantics, the simplest one pos-
sible because then the idea and the mechanism would be most visible. For this reason,
let us choose finitary PCF), i.e., the finite fragment of PCF that has only the boolean
type as the ground type (or equivalently, the simply-typed A-calculus (Church, 1940;
Serensen and Urzyczyn, 2006) equipped with the boolean type).

We then define a simple small-step operational semantics (or reduction strategy) of
finitary PCF whose execution order is obvious from types and has an immediate coun-
terpart in dynamic game semantics.

Remark. Note that an execution of linear head reduction (LHR) (Danos and Regnier, 2004)
corresponds in a step-by-step fashion to an ‘internal communication’ between strategies
(Danos et al., 1996). Hence, one may wonder if it would be better to employ LHR. as the
operational semantics of finitary PCF; however, note that:

— The correspondence is not between terms and strategies;
— LHR is executed by linear substitution, which makes the calculus very different from
the usual A-calculus with S-reduction.
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By these two points, we have conjectured that it would require significantly more work
than the present work to establish a game-semantic DCP with respect to LHR, and
therefore we leave it as future work.

In the following, we give the precise definition of the resulting target programming
language (viz., finitary PCF equipped with the small-step operational semantics).

Notation. We employ the following notations:

— Let 7 be a countably infinite set of variables, written x, y, z, etc., for which we assume
the wvariable convention (or Barendregt’s convention (Hankin, 1994);

— We use sans-serif letters such as ', A and a for syntactic objects and = for syntactic
equality up to a-equivalence, i.e., up to renaming of bound variables.

Definition 2.3 (FPCF). The finitary PCF (FPCF) is a functional programming
language defined as follows:

— (TYPES). A type A is an expression generated by the grammar:
df.
A=o | A= A

where o is the boolean type and A; = A, is the function type from A; to Ay (=
is right associative). We write A, B, C, etc. for types. Note that each type A may be
written uniquely of the form A; = A, = --- = Ax = o, where k € N.

— (RAW-TERMS). A raw-term M is an expression generated by the grammar:

M x| tt | f | case(M)[My; Ma] | AX2.M | MyM,

where x ranges over variables, and A over types. We call tt, ff, Ax*.M and M;M,
respectively the true constant, the false constant, an abstraction and an appli-
cation. We write M, P, Q, R, etc. for raw-terms and often omit A in an abstraction
AxA; an application is always left-associative, e.g., M{MaM3z may be written informally
(M1M2)M3. The set Z¥' (M) C ¥ of all free variables occurring in a raw-term M
is defined by the following induction on M:

V() = {x}
v(tt) L ) Lo
FY (case(M)[My1; My)) = ZF¥ (M)U ZF¥ (M) UFY¥ (My)
FY (M) = Z¥ (M) \ {x}
) = FV (M) UFYV (My).

o e e e
= = |\- 1=

H&

TV (MM,

— (CONTEXTS). A context is a finite sequence x; : Aj,xa : Az, ..., Xk : A of (variable :
type)-pairs with x; # x; if i # j, where 4,7 € k. We write I', A, ©, etc. for contexts.

99 Ie., we assume that in any term of concern every bound variable is chosen to be different from any
free variable occurring in that mathematical context.
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— (TERMS). A term is an expression of the form ' - M : B, where I is a context, M
is a raw-term, and B is a type, generated by the following typing rules:

A=A=>A = = A=o0 FEA,G
VieE.I'I—V;:Ai/\ﬁ(V;)zo/\xgﬁ“l/(Vi)
be ftrff) )\ YIERTE W0 AKW) = 0Ax g FH (W)

b0 VA A BT caselViVa Vi) Wi Wil -0
<C2)|_|—|\/|:0 Vje2THP:o0 (L) Nx:AFM:B
I+ case(M)[P1;P2] : 0 rN-x»AM:A=B
rMN=M;:A=B IT'EMy:A
(A)

MN=MiM;:B

where §(I' = M : B) € N, often abbreviated as (M), is the ezecution number of each
term I = M : B defined by the following induction on ' - M : B:

— 4b) L 0ifb e {tt, ff};

— f(case(xV1Vz ... Vi) [W1; Wa]) £ 0;

f(case(M)[P1; P2]) E 0;

S0AM) S E(M);

— #(MiM2) = max(p(Ma), #(My)) + 1

We write [ = {M}, : B for the term I' = M : B such that §(M) = e. Also, we often
omit the context and/or the type of a term if it does not bring confusion. A program
(resp. a value) is a term generated by the rules B, C1, L and A (resp. B, C1 and L).

A subterm of a term ' = M : B is a term that occurs in the deduction of ' - M : B,
where note that a deduction (tree) of each term of FPCF is clearly unique.

Remark. The rules C2 above and 94 below are necessary for ‘intermediate terms’
during an evaluation of a program into a value.

— (BY-REDUCTION). The BY-reduction — 3y on terms is the contextual closure, i.e.,

the closure with respect to the typing rules, of the union of the following five rules:

(Ax. M)P —3 M[P/X]
case(tt)[My; Ma] —9, My

case(ff)[My; Ma] —y, M2
case(case(xV)[W1; W2 ])[M1; Ma] —y, case(xV)[case(W1)[M1; M2]; case(Ws) [My; M2]]
case(case(M)[P1; P2])[Q1; Q2] —v, case(M)[case(P1)[Q1; Qa]; case(P2)[Q1; Q2]
where M[P /x| denotes the capture-free substitution (Hankin, 1994) of P for x in M,
and xV abbreviates xV1V3 ...V of the rule C1. We write nf (M) for the normal form

of each term M with respect to — gy, i.e., nf(M) is a term such that M —7%, nf(M)
and nf(M) /9 M’ for any term M’, which uniquely exists by Theorems 2:2] and [2.3]
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given below. The parallel BY-reduction =3y on terms evaluates each term M in a
single-step to its normal form nf(M).

— (OPERATIONAL SEMANTICS). The (small-step) operational semantics (or the
reduction strategy) — on programs M is the ‘simultaneous execution’ of =gy on
all subterms of M with the execution number 1, or more precisely — is defined by:

\Y ifM= MlMQ, ﬂ(Mle) =1 and M1M2 3,&9 V;
M — M/IM/Q ifMEMlMQ, ﬁ(M1M2)>2and M.—>MI/ fori=1,2;
MA M ifM=MA M and M — M.
Remark. The operational semantics — of FPCF might appear a bit unusual, but as

we shall see, it has a natural game-semantic counterpart, i.e., it makes sense from the
game-semantic point of view.

Eq(FPCF) is the equational theory that consists of judgements ' - M = M’ : B, where
NEM:Band T'H M : B are terms of FPCF such that nf(M) = nf(M’).

Note that values of FPCF are PCF Bohm trees except that the ‘bottom term’ 1 and
the natural number type ¢ are excluded; the S¥-reduction — gy is essentially taken from
Section 6 of the book (Amadio and Curien, 1998).

Remark. Let A= A; = Ay = - = A = o0 be an arbitrary type of FPCF. Note that
an expression of the form A;x: A, © F x: A is not a term of FPCF, but instead there
is another A,x: A, © F x* : A, where x* & )\xﬁlxéz . .xfk. case(xx1Mxo™2 . .. x M) [tt; ff],
which is a term of FPCF. We often write x for x if it does not bring confusion.

Thus, FPCF computes as follows. Given a program ' - {M}. : B, it produces a finite
chain of finitary rewriting

M—=M;—My— - — M (1)

where M, is a value. Note that the program M is constructed from values by a finite
number of applications, and the computation () is executed in the first-applications-
first-evaluated fashion, e.g., if M = (V1V2)((V3V4)(VsVe)) and e = 3, where V1, Vs, ..., Ve
are values, then the computation (]) would be of the form

(V1V2)((V3V4)(V5V6)) — V7(V8V9) — V7V10 — V11

where V7 = nf (V1V2), Vs = nf(V3Va4), Vo = nf (VsVe), V1o = nf (VsVo) and Vi1 = nf (V7 Vo).
The rest of the present section is devoted to showing that the computation () of FPCF
in fact correctly works (Corollary 2.T]).
First, by the following Proposition 1] and Theorem 1], it makes sense that — gy is
defined on terms (not on raw-terms):

Proposition 2.1 (Unique typing). If I - {M}, : Band I + {M}. : B’, then e = ¢’
and B=B'.

Proof. By induction on the construction of ' = M : B. [
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Lemma 2.1 (Free variable lemma). If - M : B, and x € ¥ occurs free in M, then
x : A occurs in I for some type A.

Proof. By induction on the construction of ' = M : B. [

Lemma 2.2 (EW-lemma). If x; : A;,x2: Ag, ..., xk : Ak F {M}, : B, then:

L Xo(1) t As(1)s Xo2) : A(2)s -+ s Xo(k) * Ask) F {M}c : B for any permutation o of k;
2 xp: A% Agy Xk Ak Xkrt : Axgr B {M}. : B for any variable xx+1 € ¥ and type
Ak+1 such that xxp1 Zx fori =1,2,...,k.

Proof. By induction on the construction of x; : A;,x : Ag,...,xx : Ak F M : B. ]
Lemma 2.3 (Substitution lemma). If [)x: A F {P}. : Band I - Q : A, then
M+ {P[Q/x}.:B.

Proof. By induction on |P| with the help of Lemmata [Z1] and 0
Theorem 2.1 (Subject reduction). If T M : B and M —gy R, then ' - R : B.

Proof. By induction on the structure M — gy R with the help of Lemma ]

Next, we show that =gy is well-defined (Theorems 22 and 2.3)).

Lemma 2.4 (Hindley-Rosen). Let R; and Rs be binary relations on the set T of all
terms, and let us write — g, for the contextual closure of R; for i =1,2. If -, and —p,
are Church-Rosser, and satisfy VYM,P,Q € T.M =g PAM —¢ Q= 3IRe€T.P =g RA
Q —g, R, then — g, uR, is Church-Rosser.

Proof. By simple ‘diagram chase’; see (Hankin, 1994) for the details. ]

Theorem 2.2 (Church-Rosser). The fv-reduction — gy is Church-Rosser.

Proof. First, it is easy to see that the J-reduction —y & U?Zl —y, satisfies the
diamond-property, and thus it is Church-Rosser.
Also, we may show that:

M—=gPAM—=yQ=3RP—-5RAQ—5R (2)

for all terms M, P and Q, where note the asymmetry of —y and —g3, by a case analysis
on the relation between 5- and ¥-redexes in M:

— If the -redex is inside the ¥-redex, then it is easy to see that (2]) holds;

— If the ¥-redex is inside the body of the function subterm of the S-redex, then it suffices
to show that —» commutes with substitution, but it is straightforward;

— If ¥-redex is inside the argument of the S-redex, then it may be duplicated by a finite
number n, but whatever the number n is, [2)) clearly holds;

— If the 8- and J-redexes are disjoint, then (2] trivially holds.

It then follows from (2] that:
M—=gPAM—=5Q=3RP—-5RAQ—5R (3)
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which in turn implies that:
M—=5PAM—=5Q=3RP—=5RAQ—5R (4)

for all terms M, P and Q. Applying Lemma 24 to [ ) (or equivalently by the well-known
‘diagram chase’ argument on —7% and —%), we may conclude that the Sd-reduction
—p9 =—3 U —>y is Church-Rosser, completing the proof. ]

Now, we show strong normalization of — gy, i.e., there is no infinite chain of —gy:
Theorem 2.3 (SN). The f9-reduction — gy is strongly normalizing (SN).

Proof. By a slight, straightforward modification of the proof of strong normalization
of the simply-typed A-calculus in (Hankin, 1994). ]

Thus, it follows from Theorems and 23] that the normal form nf (M) of each term
M of FPCF (with respect to —gg) uniquely exists. Moreover, we have:

Theorem 2.4 (Normal forms are values). The normal form nf (M) of every program
M (with respect to —gy) is a value.

Proof. It has been shown in (Amadio and Curien, 1998) during the proof to show that
PCF Bo6hm trees are closed under composition. ]

Therefore, we have shown that the operational semantics — is well-defined:

Corollary 2.1 (Correctness of operational semantics). If - {M}, : B is a
program, and e > 1 (resp. e = 1), then there exists a unique program (resp. value)
I {M'}._1 : B that satisfies M — M.

Proof. By Theorems 211 2.2 2.3] and 2.4 ]

2.3. Dynamic Bicategorical Semantics of Finitary PCF

Next, we present a general, categorical recipe to give semantics of FPCF in a CCBoC in
such a way that satisfies the DCP.

Definition 2.4 (Structures for FPCF). A structure for FPCF in a CCBoC C =

(C,€) is atuple S = (%,1, x,m,=, ev, It, ff ,J) such that:

— A e,

— 1, (x,m1,m2) and (=, ev) are respectively a (-terminal object, a S-product (with
B-projections) and a S-exponential (with S-evaluations) in C;

— i, ff 1= PBandV: B x (B x B)— P are values in C.

The interpretation [_]S of FPCF induced by S in C assigns an object [A]S € C to each

type A, an object [I]S € C to each context I', and a S-morphism [M]S : [I]S — [B]S to

each term ' H M : B as follows:

— (Types). [o]§ € 2 and [A = B[S £ [A]S = [B]S;

— (ConTEXTS). [e]$ L 1 and [I,x: AJS L [F]S x [A]S;
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— (TERMS).

[T+t o]S S &% (s 1)
[F+ff:o)S & £ (s )
[T 2xM: A = BIS S Agrps ags.gegs (ITx : A= M2 BIE)
[FEMN:BIS L(r-M:A=BJS,[T-N: A]@%[EBWAM; eViALS (8IS

[T F case(xV)[W1; Wa] : 0] & €< ([T FxV : o]S, ([T - Wi : oS, [T F W, : o]$)):9)

[T+ case(M)[Py; Po] < 0§ L £2(([T M : oS, ([T + Py : 0], [T F P2 : o]3)); 0)
where [ x: A]S : [[]8 — [A]S (n.b., T Fx: A is not a term of FPCF, but we need
it for the application xV) is the obvious (possibly iterated) S-projection.

Moreover, the structure S is standard iff it satisfies the following five axioms:

1 The maps Aa p,c and (., _)iB in C are bijections for each triple A, B,C' € C;

2 The object %, a B-product and a [-exponential of C are pairwise distinct;

3 Each S-composition that occurs as the interpretation of a term is not a value;

4 A B-currying and a S-composition of C that occur as the interpretations of terms
never coincide;

5 The B-evaluation ev 4 p for any A, B € C is a mono with respect to the S-composition,
ie., fievap=fevap=f=fforany C€Cand f, f':C — BA x Ain C.

Clearly, the interpretation [-]§ followed by £, i.e., £¥([-]8), coincides with the stan-
dard categorical interpretation of the equational theory Eq(FPCF) in the CCC V¢ (Lambek and Scott, 1988}
Pitts, 2001; |Crole, 1993} [Jacobs, 1999)). In this sense, we have refined the standard cate-
gorical semantics of type theories.
At this point, let us recall the DCP (see Section []) specifically for the interpretation
of FPCF induced by a structure in a CCBoC:

Definition 2.5 (DCP for FPCF). The interpretation []S of FPCF induced by a
structure S for FPCF in a CCBoC C = (C, £) satisfies the dynamic correspondence
property (DCP) iff for any programs M; and My of FPCF we have:

M1 —= Mz & [Mi]Z # [M2]E A E([M]E) = [M2]Z.
Now, we reduce the DCP for FPCF to the following:

Definition 2.6 (PDCP for FPCF). The interpretation []S of FPCF induced by a
structure S for FPCF in a CCBoC C = (C, £) satisfies the pointwise dynamic corre-
spondence property (PDCP) iff for each term I' - {M}, : B it satisfies:

Ao E([P]E) if M = Mx.P;
£(MIS) = [W]§ such that [W]g # [M]S if M=UV,e=1and UV - W;
T ELS), E(RIS)): ev ifM=LRande > 1;

M]E otherwise.
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Lemma 2.5 (P-lemma). If the interpretation [_]¢ induced by a standard structure S
for FPCF in a CCBoC C = (C, &) satisfies the PDCP, then £([M]3) # [M]S < #(M) > 1
for all terms M.

Proof. By induction on the construction of M, where the first and the fifth axioms on
standardness of S is essential. ]

Theorem 2.5 (Standard bicategorical semantics of FPCF). The interpretation
[-]8 of FPCF induced by a standard structure S for FPCF in a CCBoC C = (C,€)
satisfies the DCP if it satisfies the PDCP.

Proof. In the following, we abbreviate [_]S as [.]. Assume that [.] satisfies the PDCP.
We show M — M" & [M] # [M'] A E([M]) = [M] for any programs ' - {M}. : B and
I {M’}¢ : B of FPCF by induction on the construction of M:

— If M = tt or M = ff, then there is no term M’ such that M — M’ and there is no
B-morphism f’ in C such that [M] # f' A E([M]) = f because E([M]) = [M].

— If '+ M = case(xV1Va... Vi) [W1;Wa] : 0, then it can be handled in the same manner
as the above case.

— IfTFM=XMAP: A= C, then we have:

M — M < M = Ax.P’ AP — P’ for some program P’ and variable x
< M = M.P' A[P] #[P']AE([P]) = [P'] for some P’ and x
(by the induction hypothesis)
& [P]# A (M) A E(IP]) = A~ (IM])
(n.b., for <=, A=Y([M']) | implies that M’ must be a currying as S is standard)
& ATH(IM]) £ A~ (IM) A A o (M) = A~ (IMT) (as E(IM]) = A o £(P]))
& [M] # [M] AE(IM]) = [M] (by the bijectivity of A).

— If M =LR, #(L) > 1 and #(R) > 1, then we have:

M—-MeM=LRAL—L AR = R for some programs L’ and R’
&M =LURALL] #VTAE(LD) = [VTA[R] # [RTAE(R]) = [R]
for some L" and R” (by the induction hypothesis)
& [M] = (E([LD), E([R])); ev A [L] # E(IL) A [R] # £([RD)
(n.b., <= holds by the third and the fourth axioms on standardness of S)
& [M] = E([LR]) A [L] # E(IL]) A [R] # E(IRD)
(because the interpretation [.] satisfies the PDCP)
< [M'] = &([M]) (by Lemma [27)
< [M] = E(M]) A E([M]) # [M] (again by Lemma 2.
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— If M =LR, (L) = 0 and #(R) > 1, then we have:

M— M & M =LR AR — R’ for some program R’
& M =LR A[R] # [R] AE([R]) = [R'] for some R’
(by the induction hypothesis)
& [M] = (L], £([RD)); ev A [R] # E([R])

(n.b., < holds as in the above case)

& [M] = (IL]. £([R)); ev (by Lemma 2.3)

& [M] = &([M]) (by Lemma 25 and the PDCP of the interpretation [_])
& [M] = E(M]) A E(IM]) # [M] (again by Lemma 2.5]).
(
(

— If M =LR, (L) > 1 and #(R) = 0, then it is handled similarly to the above case.
— If M =LR, (L) = 0 and #(R) = 0, then we have:

M — M" & E([M]) = [M’] (since the interpretation [] satisfies the PDCP)
& E(IM]) = [MTAE(IM]) # [M] (by Lemma EZT)
which completes the proof. ]

To summarize the present section, we have defined bicategorical ‘universes’ of dynamic,
intensional computations, viz., (CC)BoCs, presented the simple functional programming
language FPCF, and given an interpretation of the latter in the former as well as a
sufficient condition, namely, the PDCP, for the interpretation to satisfy the DCP. Hence,
our research problem (described in Section [I]) has been reduced to giving a standard
structure for FPCF in a game-semantic CCBoC that satisfies the PDCP.

3. Dynamic Games and Strategies

The present section introduces dynamic games and strategies and studies their algebraic
structures. The main idea of dynamic games and strategies is to introduce the distinction
between internal and external moves to conventional games and strategies; internal moves
constitute ‘internal communication’ between dynamic strategies, representing intension-
ality of computation, and they are to be a posteriori ‘hidden’ by the hiding operation,
capturing dynamics of computation. Conceptually, external moves are ‘official’ ones for
the underlying game, while internal moves are supposed to be ‘invisible’ to Opponent for
they represent how Player ‘internally’ computes the next external move.

Dynamic games and strategies are based on the variant given in (Abramsky and McCusker, 1999),
which we call static games and strategies (more generally, to distinguish our ‘dynamic
concepts’ from conventional ones, we add the word static in front of the corresponding no-
tions in (Abramsky and McCusker, 1999), e.g., static arenas, static legal positions, etc.);
this choice is because the variant combines good points of the two best-known variants:
AJM-games (Abramsky et al., 2000) and HO-games (Hyland and Ong, 2000): It inter-
prets the linear decomposition of implication (Girard, 1987), and it is flexible enough to
model a wide range of programming features (Abramsky and McCusker, 1999). We have
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chosen this variant with the hope that our framework is also applicable to various formal
systems and programming languages.

3.1. Dynamic Arenas and Legal Positions

Just like static games (Abramsky and McCusker, 1999)), dynamic games are based on
(the ‘dynamic generalizations’ of) arenas and legal positions. An arena defines the basic
components of a game, which in turn induces a set of legal positions that specifies the
basic rules of the game. Let us first introduce these preliminary concepts.

Definition 3.1 (Dynamic arenas). A dynamic arena is a triple
G = (Mg, e, Fa)

such that:

— Mg is a set, whose elements are called mowves;
— A¢ is a function Mg — {O,P} x {Q,A} x N, called the labeling function, that
satisfies pu(G) & Sup({A\&(m) | m € Mg }) € N;
— k¢ is a subset of ({*}UM¢) x Mg, where x is an arbitrary element such that x € Mg,
called the enabling relation, that satisfies:
— (E1). If x ¢ m, then Ag(m) = OQ0 and n = x whenever n kg m;
- (E2). If mFg n and AgA(n) = A, then )\gA(m) = Q and A} (m) = A} (n);
— (E3). If m kg n and m # *, then A2 (m) # A2 (n);
(E4). If m g n, m # % and A% (m) # AR(n), then ASF(m) = O

in which ASP L riodg : Mg — {0, P}, /\8A L orodg : Mg — {Q,A} and A}, &

m30Ag : Mg — N. A move m € Mg is initial if x b m, an O-move (resp. a P-mowve)
if Ao (m) = O (resp. if A& (m) = P), a question (resp. an answer) if /\8A(m) =Q
(resp. if \&*(m) = A), and internal or A, (m)-internal (resp. external) if \f(m) > 0
(resp. if AY(m) = 0). Any s € M{, is d-complete if it ends with a move m such that
A (m) =0V A (m) > d, where d € NU {w}, and w is the least transfinite ordinal.

Recall that a static arena G (Abramsky and McCusker, 1999) determines possible
moves of a game, each of which is Opponent’s/Player’s question/answer, where the third
parity )\g is not included, and specifies which move n can be performed for each move
m by the relation m Fg n (and * F¢ m means that m can initiate a play). The axioms
on a static arena are the following:

— (E1). An initial move must be Opponent’s question, and an initial move cannot be
enabled by any move;

— (THE FIRST POINT OF E2). An answer must be performed for a question;

— (E3). An O-move must be performed for a P-move, and vice versa.

Thus, a dynamic arena is a static arena equipped with the priority order /\EI; on
moves that satisfies additional axioms on the priority order; it is called so for it deter-
mines the ‘priority order’ of moves to be ‘hidden’ by the hiding operations on dynamic
games (Definition BI4) and on dynamic strategies (Definition B.26). We need all natural
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numbers for A}, not only the internal/external (I/E) distinction, to define a step-by-step

execution of the hiding operations. Conversely, dynamic arenas are generalized static

arenas: A static arena is equivalent to a dynamic arena whose moves are all external.
The additional axioms for dynamic arenas G are intuitively natural ones:

— We require a finite upper bound pu(G) of the priority orders for it is conceptually nat-
ural and technically necessary for concatenation of dynamic games (Definition [B.2T])
to be well-defined and for the hiding operation on dynamic games to terminate;

— The axiom E1 adds the equation A}, (mg) = 0 for all mg € M7 & {m e Mg | *xFm}
since Opponent cannot ‘see’ internal moves;

— The second requirement of the axiom E2 states that the priority orders between a
‘QA-pair’ must coincide, which is intuitively reasonable;

— The additional axiom E4 states that only Player can make a move for a previous one
if they have different priority orders for internal moves are ‘invisible’ to Opponent
(as we shall see, if AN (m1) = k1 < k2 = A}, (m2), then after the ki-many iteration of
the hiding operation, m; and ms become external and internal, respectively, i.e., the
I/E-parity of moves is relative, which is why E4 is not only concerned with I/E-parity
but more fine-grained priority orders).

Convention. Henceforth, an arena refers to a dynamic arena by default.
Example 3.1. The terminal arena T is given by T & (0,0,0).

Example 3.2. The flat arena flat(S) on a given set S is given by Mg,(s) & {¢}US,
where ¢ is any element with ¢ € S; Agar(s) : ¢ = OQO,(m € S) — PAO; Faqus) dt
{(x,q)} U{(g,m) | m € S}. For instance, N 4t flat(N) is the arena of natural numbers,
and 2 & flat(B), where B . {tt, ff }, is the arena of booleans.

As already mentioned, interactions between Opponent and Player in a (dynamic or
static) game are represented by certain finite sequences of moves of the underlying
arena, equipped with pointers (Definition B3]) that specify the occurrence of a move
in the sequence for which each occurrence of a non-initial move in the sequence is per-
formed. Technically, pointers are to distinguish similar but different computations; see
(Abramsky and McCusker, 1999; [Curien, 2006) for this point.

Definition 3.2 (Occurrences of moves). Given a finite sequence s € M¢ of moves
of an arena G, an occurrence (of a mowve) in s is a pair (s(i),4) such that i € [s].
More specifically, we call the pair (s(i),i) an initial occurrence (resp. a non-initial
occurrence) in s if x F¢ s(i) (resp. otherwise).

Definition 3.3 (J-sequences (Hyland and Ong, 2000;|Abramsky and McCusker, 1999)).
A justified (j-) sequence of an arena G is a pair s = (s, Js) of a finite sequence s € M

and a map J, : |s| — {0} U|s| — 1 such that for all i € |s| Ju(i) = 0 if * F¢ s(i), and

0 < Js(i) <iNns(Ts(i)) Fa s(i) otherwise. The occurrence (s(Js(4)), Js(4)) is called the

justifier of a non-initial occurrence (s(i),7) in s. We also say that (s(i),4) is justified

by (s(Js(i)), Ts(i)), or there is a pointer from the former to the latter.



Dynamic Game Semantics 23

The idea is that each non-initial occurrence in a j-sequence must be performed for a
specific previous occurrence, viz., its justifier, in the j-sequence.

Convention. By abuse of notation, we usually keep the pointer structure Js of each
j-sequence s = (s, s) implicit and often abbreviate occurrences (s(i),7) in s as s(i).
Also, we usually write J5(s(7)) = s(j) if Js(i) = j. This convention is mathematically
imprecise, but it does not bring any serious confusion in practice.

Notation. We write #¢ for the set of all j-sequences of an arena G. We write s = ¢ for
any s,t € Zq if s and t are the same j-sequence of G, i.e., s =t and Js = J;.

Definition 3.4 (J-subsequences). Given an arena G and a j-sequence s € g, a
j-subsequence of s is a j-sequence t € _Z¢ that satisfies:

— t is a subsequence of s, for which we write ¢ = (s(i1), s(42), ..., s(ij¢));

— Ji(s(ir)) = s(4;) iff there are occurrences s(j1), 8(j2), ..., 8(ji) in s eliminated in ¢,
where I,7,k € Nand 1 <1 < r < [¢, such that Js(s(ir)) = s(j1) A Ts(s(j1)) =
8(j2) N+ A Ts(8(Gr-1)) = 8(ik) A Ts(s(k)) = s(ir).

We now consider justifiers, j-sequences and arenas from the ‘external point of view’:

Definition 3.5 (External justifiers). Let G be an arena, and assume s € _#g and
d € N U {w}. Each non-initial occurrence n in s has a unique sequence of justifiers
mmims...mgn (k > 0), ie., Ts(n) = mg, Ts(mr) = mg—1, ..., Js(m2) = my and
Js(m1) = m, such that AR (m) =0V AR (m) > d and 0 < A\X(m;) < d fori=1,2,... k.
We call m the d-external justifier of n in s.

Notation. We write J2%(n) for the d-external justifier of n in a j-sequence s.

Note that d-external justifiers are a simple generalization of justifiers because 0-external
justifiers coincide with justifiers (as there is no ‘O-internal’ move). More generally, d-
external justifiers are justifiers after the d-times iteration of the hiding operation, as we
shall see shortly.

Definition 3.6 (External j-subsequences). Let G be an arena, s € Z¢ and d €
N U {w}. The d-external j-subsequence H%(s) of s is obtained from s by deleting
occurrences of internal moves m such that 0 < )\g(m) < d and equipping it with the
pointers JH%(S) :n = J9%n) (more precisely, JH%(S) is the obvious restriction of J29).

Definition 3.7 (External arenas). Let G be an arena, and d € NU {w}. The d-
external arena H(G) of G is given by:

— My & {m € Mg | N(m) = 0v \i(m) > d };

— iy EAGE T My, where A9 & (AP A 1 s A(n) O d), and n© d =
n—d ifn>d;
for all n € N;
0 otherwise
—m FHd(G) n g dk € Nymy,ma,...,mop_1, Mok € Mg \ MHd(G).m Fag mi AV €

k.mo;_1 g mo; Amar Fan (<:> mbgnif k= 0)



N. Yamada 24

That is, the d-external arena H%(G) is obtained from the arena G by deleting internal
moves m such that 0 < )\g(m) < d, decreasing by d the priority orders of the remaining
moves and ‘concatenating’ the enabling relation to form the ‘d-external’ one.

Convention. Given d € NU {w}, we regard H¢ as an operation on dynamic arenas G,
and 7—[% as an operation on j-sequences s € _Zq.

Now, let us establish:

Lemma 3.1 (External closure lemma). If G is an arena, then, for all d € NU {w},
so is HY(G), and HE(s) € Fya() forall s € _fgq.

Proof. The case d = 0 is trivial; thus, assume d > 0. Clearly, the set My () of moves
and the labeling function Aya(g) are well-defined. Now, let us verify the axioms for the
enabling relation Fyq(q):

— (E1). Note that x Fya(q) m < x =g m (because < is immediate, and = holds by
E4 on G as initial moves are all external). Thus, if x Fya(g) m, then Ayagy(m) =
254 (m) = 0QO, and n Faaey m = n = x.

— (E2). Assume m by n and )\Hd(G)( n) = A. If m kg n, then )\Hd(G)(m) =
A (m) = Q and )"Hd(G)( m)=A(m)od=N\(n)od= /\Hd(G) (n). Otherwise, i.e.,

there are some k € N* & {neN|n >0} and my, my,...,map € Mg\ My such

that m bFg mi AV € k.mai—1 Fa ma; Amak Fa n, then in particular moy ¢ n with

A2 (n) = A, but AN (mar) # AN (n), a contradiction.

— (E3). Assume m Fyag) n and m # % If m g n, then /\%'Z(G) (m) = Ao (m) #

igp( ) )\’?{E(G)( ) If Jk € N+,m1,m2, .., Mo € Mg \ M’Hd(G). mbg mi AV €

k.ma;—1 Fg ma; A Moy Fg n, then )\OP(G)(m) = Agp(m) = Agp(mg) = Agp(m4) =
= Agp(m%) # Agp( ) = )‘%Z(G)( n).

— (BE4). Assume m kg n, m # x and A}, G)( m) # A G)( n). Then, we have
A (m) # AX(n). If m g n, then it is trivial; otherwise, i.e., there are some k € Nt
my,Ma,...,Max € Mg\ Mja @y with the same property as in the case of E3 above,
)\HZ(G)( ) AOP (m) = O by E3 on G since A (m) # AF(m;).

Hence, we have shown that the structure H?(G) forms a well-defined arena.

Next, let s € f¢; we have to show H&(s) € Zya(). Assume that m is a non-initial

occurrence in H& (s). By the definition, the d-external justifier mq & jﬂé(s)(m) occurs
in H%(s). If m is a P-move, then the sequence of justifiers mg g m1 Fg -+ Fg meg Em
satisfies Even(k) by the axioms E3 and E4 on G, so that mg Fya(g) m by the definition.
If m is an O-move, then the justifier my & Js(m) satisfies AR (m{)) = A& (m) by the
axiom E4 on G, and so m{ Fya(g) m by the definition. Since m is arbitrary, we have
shown that H&(s) € A14(c), completing the proof. ]

Next, let us introduce a useful lemma:

Lemma 3.2 (Stepwise hiding on arenas). Given an arena G, we have ﬁZ(G) =
H!(G) for all i € N, where H* denotes the i-times iteration of H*.
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Proof. By induction on 1. ]

Thus, we may just focus on H': Henceforth, we write H for H' and call it the hiding
operation (on arenas); H' for each i € N denotes the i-times iteration of H.
We may establish a similar inductive property for j-sequences:

Lemma 3.3 (Stepwise hiding on j-sequences). Given a j-sequence s € Z¢ of an
arena G, we have Hel' () = Hji ) (H(8)) for all i € N.

Proof. By induction on i, where note that ngl(s),%}m(c) (H&(s) € Fuiviq) by
Lemmata 3] and U

Lemma implies that the equation
HZG(S) = Hf}_{i—l(c) o H’}.{i—Q(G) O---0 IH%,“(G) o Hé(s) (5)

holds for any arena G, s € _Z¢ and ¢ € N (n.b., the equation (B means s = s if ¢ = 0).
Thus, we may focus on the operation Hé on j-sequences, where G ranges over all arenas.
Henceforth, we write Hg for ’H,é and call it the hiding operation on j-sequences of
G; ML, for each i € N denotes the operation on the right-hand side of ().

Now, to deal with external j-subsequences in a mathematically rigorous manner, let us
extend the hiding operation on j-sequences to that on j-subsequences (Definition B.4):

Definition 3.8 (Point-wise hiding on j-sequences). Let s € _Z¢ be a j-sequence
of an arena G. Given an occurrence m in s, we define ’;Qg(s) to be the j-subsequence of
s that consists of occurrences in s different from m if m is 1-internal, and s otherwise.
Moreover, given a subsequence t = myms ... my, of (the underlying finite sequence of) s

. T 77 df. 57m Sm ~Sm
and a permutation o on &, we define H5 (s) = Hp ™ o0 Hy @ o He" @ (s).

The point here is that the hiding operation on j-sequences can be executed in the
‘move-wise’ fashion in any order:

Lemma 3.4 (Move-wise lemma). Let G be an arena, and s € _Z¢.

1 ’gg"l (s) = ﬁéf’z (s) for any subsequence t of s and permutations oy and o2 on [¢];
2 H%(s) = He(s) for any permutation o on |s|.

Proof. Immediate from the definition. [

By Lemma [3.4] we have established the ‘move-wise’ procedure to execute the hiding
operation H¢g on j-sequences of a given arena G, where the order of deleting moves is
irrelevant. Then, e.g., it follows that Hg(stuv) = He” o He' o HE™ o HE (stuw) for

any arena G and stuv € _Z¢, where o, 7, u and v are arbitrary permutations on |s|, m,
|u| and |v|, respectively, which will be useful in the rest of the paper.

Convention. Thanks to Lemma [3.4] we henceforth dispense with the notation ’;QE’U,
where G ranges over arenas, s over j-sequences of GG, and o over permutations on E,
implicitly admitting any order of ‘move-wise’ execution of the operation Heg. Also, we
write, abusing notation, Hq (s).He (). He (w). Ha(v) for HGY o Hit o HE™ o HE (stuw)
given above, so that Hg(stuv) = Ha(s) Ha(t). Ha(u) Ha(v).
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Next, let us recall the notion of ‘relevant part’ of previous moves, called views:

Definition 3.9 (Views (Abramsky and McCusker, 1999))). Given a j-sequence s
of an arena G, the Player (P-) view [s]|¢ and the Opponent (0-) view |s]g (we
often omit the subscript G) are given by the following induction on |s|:

df.
— lele = €
m¢a & fs}G m if m is a P-move;
sm ]G = m if m is initial;
df.
le =€
df. e
— |sm|¢ = |s]g.m if m is an O-move;

— [s

—

— [smitn]a & [s]g.mn if n is an O-move with JTsmen(n) = m;
— le

— |smtn|a & |s]g.mn if n is a P-move with Jsmn(n) = m

where the justifiers of the remaining occurrences in [s] (resp. | s|) are unchanged if they
occur in [s] (resp. |s]), and undefined otherwise. A view is a P- or O-view.

The idea behind Definition B.9] is as follows. For a j-sequence tm of an arena G such
that m is a P-move (resp. an O-move), the P-view [t] (resp. the O-view [t]) is intended
to be the currently ‘relevant part’ of ¢ for Player (resp. Opponent). That is, Player (resp.
Opponent) is concerned only with the last O-move (resp. P-move), its justifier and that
justifier’s P-view (resp. O-view), which then recursively proceeds.

We are now ready to introduce a ‘dynamic generalization’ of static legal positions:

Definition 3.10 (Dynamic legal positions). Given an arena G, a dynamic legal
position of G is a j-sequence s € f that satisfies:

— (ALTERNATION). If s = symnsa, then A2 (m) # A2 (n);

— (GENERALIZED VISIBILITY). If s = tmu with m non-initial, and d € NU {w} satisfy
Ag(m) =0V AE(m) > d, then JP%(m) occurs in [HE(£)]34(g) if m is a P-move, and
it occurs in [HE(t)]ya(q) if m is an O-move;

— (IE-swritcH). If s = symnsz with AR (m) # AR (n), then m is an O-move.

Notation. % denotes the set of all dynamic legal positions of a dynamic arena G.

Recall that a static legal position (Abramsky and McCusker, 1999) of a static arenais a
j-sequence of the arena that satisfies alternation and wisibility (i.e., generalized visibility
only for d = 0). It specifies the basic rules of a static game in the sense that every
‘development’ or (valid) position of the game must be a legal position of the underlying
arena (but the converse does not necessarily hold):

— In a position of the static game, Opponent always makes the first move by a question,
and then Player and Opponent alternately play (by alternation), in which every non-
initial move must be made for a specific previous move;

— The justifier of each non-initial move occurring in the position must belong to the
‘relevant’ part of previous moves occurring in the position (by visibility).

The additional axioms on dynamic legal positions are conceptually natural ones:
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— Generalized visibility is a generalization of visibility, which requires that visibility
must hold after any iteration of the hiding operation on j-sequences;

— IE-switch states that only Player can change a priority order during a play as internal
moves are ‘invisible’ to Opponent, where the same remark as the one in the axiom
E4 is applied for the finer distinction of priority orders than the I/E-parity.

Note that a dynamic legal position of a static arena, seen as a dynamic arena whose
moves are all external, is clearly a static legal position, and vice versa. Hence, dynamic
legal positions are in fact a generalization of static legal positions.

Convention. Henceforth, a legal position refers to a dynamic legal position by default.

3.2. Dynamic Games

We are now ready to define the central notion of dynamic games:

Definition 3.11 (Dynamic games). A dynamic game is a quintuple
G = (Mg, X\, Fa, Pa,~q)

such that:
— The triple (Mg, Ag,F¢) forms an arena (Definition B.Tl);
— Pg is a subset of £, whose elements are called (valid) positions of G, that satisfies:
— (P1). Pg is non-empty and prefix-closed;
— (DP2). If smn € PE"*" and Al\(n) > 0, then Ir € Mg. smnr € Pg;
- (DP3) Given tr, t'r' e Pgdd and i € N such that i < AR (r) = A&(r), if HL(¢) =
He(t'), then Hi,(tr) = He(t'r);
— ~¢ is an equivalence relation on Pg, called the identification of (valid) positions,
that satisfies:
- (I1). s~g t = |s| = |t];
— (12). sm~g tn = s ~g t AAg(m) = Ag(n) A (m,n € ME*V (3i € |s]. Tsm(m) =
(i) A Ten(n) = 1(4)));
— (DI3). Vd € NU{w}. s ~4 t Asm € Pg = Ftn € Pg. sm ~% tn, where
u~% v L v € Poou’ ~q v ANHE (W) = HE (u) A HE (v') = HE(v) for all
u,v € Pg.
A play of G is an finitely or infinitely increasing sequence of positions (€, m1, mima,...)
of G. A dynamic game whose moves are all external is said to be normalized.

Recall that a static game (Abramsky and McCusker, 1999) is a quintuple similar to a
dynamic game except that the underlying arena is static, and it only satisfies the axioms
P1, I1, 12 and I3 (i.e., DI3 ounly for d = 0). The axiom P1 corresponds to the natural
phenomenon that a non-empty ‘moment’ or position of a game must have the previous
‘moment’. Identifications of positions are originally introduced in (Abramsky et al., 2000
and also employed in Section 3.6 of (McCusker, 1998)). They are to identify positions up
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to inessential details of ‘tags’ for disjoint union, particularly for ezponential ! (Defini-
tion B.T9)); each position s € Pg of a game G is a representative of the equivalence class
[s] & {t € Ps |t ~¢ s} € Pg/~¢ which we take as primary. For this underlying idea,
the three axioms I1, I2 and I3 should make sense.

The additional axioms DP2 and DP3 are in order to enable Player to ‘play alone’, i.e.,
Opponent does not have to choose odd-length positions, for the internal part of a play
since conceptually Opponent cannot ‘see’ internal moves; technically, the axiom DP2
is to preserve totality of dynamic strategies under the hiding operation (Corollary 3.4,
and the axiom DP3 is for external consistency of dynamic strategies: A dynamic strategy
behaves always in the same manner from the viewpoint of Opponent, i.e., the external
part of a play by a dynamic strategy does not depend on the internal part (Theorem B.7]).
Note that the axiom DP2 is slightly involved to be preserved under the hiding operation
(Theorem [B]); it is necessary to generalize the axiom I3 to DI3 for the same reason.

Remark. It is certainly simpler to dispense with the identification ~¢ of positions for
each game G by adopting a simpler formulation of exponential ! as in (McCusker, 1998);
however, it would be mathematically ad-hoc because the cartesian closed structure of
games and strategies would not arise via the standard Girard translation. Recall that
the aim of the present work is to establish mathematics of dynamics and intensionality
of logic and computation, where ‘good” mathematics should be robust and general, not
ad-hoc; also, it is interesting as future work to extend the present work to linear logic
and computation. For these reasons, we have decided to retain ~¢ as a structure of each
game G. Moreover, we shall establish various reasonable properties on identification of
positions, which adds credibility of the notions of dynamic games and strategies.

Convention. Henceforth, a game refers to a dynamic game by default.
Example 3.3. The terminal game T % (0,0,0,{€}, {(e, €)}) is the simplest game.

Example 3.4. The flat game flat(S) on a given set S is defined as follows. The triple
flat(S) = (Mpai(s)s Miat(s), Friat(s)) is the flat arena in Example B.2L Ppqqy(s) 4 {€,q} U
{gm | m € S}, and ~pq ) & {(s,8) | s € Pay(s) }. For instance, N & flat(N) is the
game of natural numbers sketched in the introduction, and 2 =5 flat(B) is the game of

booleans. Also, 0 4t flat(0) is the empty game.
Also, let us define a substructure relation between games:

Definition 3.12 (Subgames). Given games G and H, we say that H is a (dynamic)
subgame of G, written H < G, iff My C Mg, Ay = Mg | My, by C ke N(({*}U
MH) X MH), Py C Pg, Vd € NU {UJ} 2?{ e Z(é; ﬂ(PH X PH) and ILL(H) e ,LL(G)

For H < G, the condition on the identifications of positions is required for all numbers
d € NU {w} so that the dynamic subgame relation < is preserved under the hiding
operation (Theorem B.1)); the last equation pu(H) = p(G) is to preserve the relation <
under concatenation of dynamic games (Definition B.21]).

We shall later focus on well-founded games:
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Definition 3.13 (Well-founded games (Clairambault and Harmer, 2010)). A
game G is well-founded if Fg is well-founded downwards, i.e., there is no countably
infinite sequence (m;);cn of moves m; € Mg such that x g mo AVi € Nom; Fg miqq.

Now, let us define the hiding operation on games:

Definition 3.14 (Hiding operation on games). Given d € NU {w}, the d-hiding
operation (on games) maps each game G to its d-external game H?(G) given by:
— The triple (M3a(Gy, Aya(c)> Frie)) is the d-external arena H(G) of the underlying
arena G (Definition B17);
df.
— Pae) = {HE(s) | s € Pa
— HE(8) ~qa(q) HE(t) &g ~d ¢

Now, we give the first main theorem of the present work:

Theorem 3.1 (External closure of games). Given d € NU{w}, (resp. well-founded)
games are closed under the operation H¢, and H < G implies H¢(H) < H(G).

Proof. Let G be a game, and assume d € N U {w}; we have to show that H¢(G) is a
game. By Lemma[3.]] it suffices to show that j-sequences in Py () are legal positions of
the arena H?(G), the set Pya(c) satisfies the axioms P1, DP2 and DP3, and the relation
~ya(q) 18 an equivalence relation on Pya(g) that satisfies the axioms I1, 12 and DI3.
Since p(G) € N, we assume d € N.

For alternation, assume symnsz € Pja(g); we have to show /\%'Z(G)(m) # )\%E(G)(n).
We have Hé(tlmmlmg ...mgnty) = symnsg for some tymmims ... mpnta € Pg, where
HL(t1) = s1, HE(t2) = s2 and HE(mims ... mg) = €. Note that (AR (m) = 0V AK(m) >
d) A (A (n) =0V AL(n) > d) and 0 < AX(m;) < d for i = 1,2,..., k. By the axioms E3
and E4 on G, k must be an even number, and thus /\%'Z(G)(m) = AP (m) = A& (mz) =
AP (ms) = -+ = AP (i) £ AP (1) = AR ) ().

For generalized visibility, let tmu € Pya(g) with m non-initial. We have to show, for
each e € NU {w}, that if tm is e-complete, then:

— if m is a P-move, then the justifier (729)9¢(m) occurs in [Hpa () ) T2 (a6

— if m is an O-move, then the justifier (7°9)9¢(m) occurs in [Hga () () 30 (312(6))-
Again, for u(G) € N, we may assume without loss of generality that e € N. Note that
the condition is then equivalent to:

— if m is a P-move, then the justifier 75 (") (m) occurs in (HdG'Fe(t'ﬂHﬁe(@;

Jse(d+e)(m) occurs in [HE (') | yare(q)

— if m is an O-move, then the justifier
where t'm € Pg such that H&(¢m) = tm. It holds by generalized visibility on G.

For IE-switch, let symnsz € Pya(q) such that )\id(G)(m) # /\l"\jtd(c) (n). Then, there
is some tymunty € Pg such that Hé(tlmuntz) = symnssg, where note that /\lg (m) #
A (n). Therefore, if u = €, then we clearly have /\%'Z(G) (m) = O by IE-switch on G;
otherwise, i.e., u = lu/, then we have the same conclusion as A (m) # AR (1).

We have established Pya(q) C £a(q)- Next, we verify the axioms P1, DP2 and DP3:
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— (P1). Because € € Pg, we have € = H (€) € Pya(); thus, Pya(g) is non-empty. For
prefix-closure, let sm € Pya(g); we have to show s € Pya(gy. There must be some
tm € Pg such that sm = H&(tm) = HE(t)m. Thus, s = HE(t) € Pya(q).-

— (DP2). If smn € P?E‘ge("G) and X}, G)( n) > 0, then there is some tmun € PE"*" such
that H& (tmun) = smn and AY\(n) > d > 0. Hence, by the axiom DP2 on G, there is
some tmunr € Pg such that A} (r) = A} (n) > d by IE-switch on G. Therefore, we
have found smnr = H%(tmunr) € Pya(q), establishing DP2 on H(G

)-
— (DP3). Assume tr,t/v' € P93 . and i € N such that i < )\’Hd(G)( T)

€ Pi = Nae) (')
and M, G)( ) = H;‘Ld(c)( ’). We have some ur,u’r’ € Pg with H&(u) = t and
Hd( ') = t'. Then, IHdH( ) = H’Hd(g)(HG(u)) = %Hd(G)(t) = Hd(G)(t/) =

Hd(G)(’Hd( u’)) = HE (u'). Hence, by the axiom DP3 on G, we have r = ' and
T r) = T\ () = O (1) = F5% (), establishing DP3 on HY(G).

Next, ~34(¢ is a well-defined relation on Pya(q) since HE(s) ~ya(q) Hé(t) does not
depend on the choice of representatives s,t € Pg. Also, it is straightforward to see that
~y4(g) is an equivalence relation. Now, we show that >~ () satisfies the axioms I1, 12
and DI3. Note that I1 and 12 on ~3,a () immediately follow from those on ~¢. For DI3 on
~ya(c)s if HE(S) ~5a(G) HE(t), and HE(s).m € Pyag), where we may assume e # w,
then 3s’'m € Pg. H(s'm) = H(s).m, and so HdG+e(s') = HE(s) Sgydte() HETE(t).
By DI3 on ~g, we may conclude that Jtn € Pg. s'm Nd+e tn, whence we obtain
HE(t).n € Pya(c) such that H&(s).m = HE(s'm) ~ ~51a(G) HG(tn) HEL(t).n.

Finally, the preservation of the dynamic subgame relation < under the operation H¢
is clear from the definition, completing the proof. ]

Corollary 3.1 (Stepwise hiding on games). For any game G, we have H!(H!(G)) =
HHL(G) for all i € N.

Proof. By Lemmata3.2land[3.3] it suffices to show the equation ~y1 (3:(q))= ~xit1(q)-
Then, given s,t € Pg, we have:

g qu_”(c)(’y'-[é(s)) ZHL(HI(G)) H%{i(c) (ch(t))
& FH(S"), H (t') € Pri(a)- H'(8") i) HI (') A iy (H(87)) = Higi oy (H'(s))
A Higiiay(H(#)) = Higo o) (H' (1))
& 38"t € Po.s" ~g " NHF ' (s") =HT () NHT () = HIT'(t)
& HE(S) gy HE (@)
which establishes the required equation. ]

By the corollary, we may just focus on H!:

Convention. We write H for H! and call it the hiding operation (on games); H'
denotes the i-times iteration of H for all ¢ € N.

Corollary 3.2 (Hiding operation on legal positions). Given an arena G and a
number d € NU {w}, we have {H&(s) | s € L6} = La).-



Dynamic Game Semantics 31

Proof. Since there is an upper bound u(G) € N, it suffices to consider the case d € N.
Then, by Lemmata and [3.3] we may just focus on the case d = 1.

The inclusion {Ha(s) | s € Lo} € L) is immediate by Theorem B.Il For the other
inclusion, let t € £ (q); we shall find some s € £ such that
1 Hels) =t
2 l-internal moves in s occur as even-length consecutive segments mims ... may, where

my; justifies m;4q fore=1,2,...,2k —1;

3 s is l-complete.

We proceed by induction on |¢|. The base case t = € is trivial. For the inductive step, let
tm € 2y q)- Then, t € £, (), and by the induction hypothesis there is some s € Zg
that satisfies the three conditions (n.b., the first one is for t).

If m is initial, then sm € Zs, and sm satisfies the three conditions. Thus, assume
that m is non-initial; we may write tm = tyntam, where m is justified by n.

We then need a case analysis:

— Assume n Fg m. We take sm, where m points to n. Then, sm € % since:
— (JUSTIFICATION). It is immediate because n kg m.

— (ALTERNATION). By the condition 3 on s, the last moves of s and ¢ just coincide.
Thus, the alternation condition holds for sm.

— (GENERALIZED VISIBILITY). It suffices to establish the visibility on sm, as the
other cases are included as the generalized visibility on tm. It is straightforward
to see that, by the condition 2 on s, if the view of ¢ contains n, then so does the
view of s. And since tm € Z3;(), the view of ¢ contains n. Hence, the view of s
contains n as well.

— (IE-swiTCH). Again, the last moves of s and ¢ coincide by the condition 3 on s;
thus, IE-switch on tm can be directly applied.

Also, it is easy to see that sm satisfies the three conditions.
— Assume n # x and 3k € N*,my, ma,...,mox € Mg \ My ) such that
nktgmi AVYi € k. Mo;_1 Fg ma; A mar Fa m.
We then take smims...mogm, in which my points to n, m; points to m,;_1 for
1=2,3,...,2k, and m points to mog. Then, smims ... mopm € £ because:
— (JUSTIFICATION). Obvious.

— (ALTERNATION). By the condition 3 on s, the last moves of s and ¢ just coincide.
Thus, the alternation condition holds for smimsy ... morm.

— (GENERALIZED VISIBILITY). By the same argument as the above case.
— (IE-swiTcH). It clearly holds by the axiom E4.
Finally, it is easy to see that smims ... morm satisfies the three conditions.

We have completed the case analysis. [
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3.3. Constructions on Dynamic Games

Next, we show that dynamic games accommodate all the standard constructions on
static games (Abramsky and McCusker, 1999)), i.e., they preserve the additional axioms
for dynamic games, as well as some new constructions. This result implies that the notion
of dynamic games (Definition BIT]) is in some sense ‘correct’.

Convention. For brevity, we usually omit ‘tags’ for disjoint union of sets. For instance,
we write x € A+ B iff x € A or z € B (not both); also, given relations R4 C A x A and
Rp C B x B, we write R4 + Rp for the relation on the disjoint union A + B such that
(x,y) € Ra+ Rp & (x,y) € RaV (z,y) € Rp (not both).

Let us begin with tensor (product) ®. Roughly, a position of the tensor A® B of games
A and B is an interleaving mixture of a position of A and a position of B, in which an
AB-parity change is made always by Opponent. Formally:

Definition 3.15 (Tensor of games (Abramsky and McCusker, 1999)). Given
games A and B, the tensor (product) A® B of A and B is defined by:

— Magp = Ma + Mp;

— Mes E A, As);

— Faes T Fa+ Fp;

— Puop L {s€ Lagp|s| A€ Pa,s|BePg);

—32A®Bt§:f>'s A~pgt | AANS | B~pt| BAVieN.s(i) e My < t(i) € Ma
where s | A (resp. s | B) denotes the j-subsequence of s that consists of occurrences of
moves of A (resp. B).

In fact, as explained in (Abramsky et al., 1997), in a position of a tensor A ® B, only
Opponent can switch between the component games A and B (by alternation).

Example 3.5. Consider the tensor N ® N of the natural number game N with itself,
whose maximal position is either of the following forms:

No ® Ny No ® Ny
(mm iRy
N|o] m1]
aMn) q10)
(m[l] (TL[O]

where n,m € N, and (_);; (¢ = 0,1) are again arbitrary, unspecified ‘tags’ such that
[0] # [1] to distinguish the two copies of N, and the arrows represent pointers. Henceforth,
however, we usually omit ‘tags’ (_)}; unless it is strictly necessary.

Theorem 3.2 (Well-defined tensor of games). (Resp. well-founded) games are
closed under tensor ®.

Proof. Since static games are closed under tensor ® (Abramsky and McCusker, 1999),
it suffices to show that ® preserves the condition on labeling function and the axioms
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(Pl,OE) 4714 (OE OE (OE,Pl)

o N ]

(0',08) 4 (PE,OF) (0F, PE) 2 (OF, o)

Table 1. The double parity diagram for the tensor A ® B.

El, E2, E4, DP2, DP3 and DI3 (n.b., ® clearly preserves well-foundedness of games).
However, non-trivial ones are just DP3 and DI3; thus, we just focus on these two axioms.
Let A and B be any games. To verify DP3 on A ® B, let slmn, s'l'm'n’ € P33, and
i € N such that Hyg5(slm) = Hiygp(s'l'm’) and i < Migz(n) = A 5(n/). Note
that Mg z(m) = Aigp(n) = Nigp(n/) = Migp(m') by IE-switch. At a first glance, it
seems that A ® B does not satisfy DP3 as Opponent may choose to play in A or B at
will. It is, however, not the case for internal moves for slmn € POd 5 With m internal
implies m,n € M4 or m,n € Mp. This property immediately follows from Table [I] which
shows all the possible transitions of OP- and IE-parities for a play of A ® B, where a
state (XY, Z") indicates that the next move of A (resp B) has the OP-parity X (resp.
Z) and the IE-parity Y (resp. W). Note that m = m’ and J3' (m) = J,l,m, (m') as

Lep(sl)m = Hiygp(slm) = Hiyg g(s'l'm') = HYygg(s'l’).m’. Thus, m, n, m’ and n’
belong to the same component game. If m,n,m',n’ € My, then (sl | A).mn,(s'l' |
A).min’ € P iy (sl | A)m) = Hiyg p(slm) | HI(A) = Hiyy p(s'lm) | Hi(A) =
Hiy (s’ | A).m/) and i < A (n) = A (n'); thus by DP3 on A, we conclude that n = n/
and J5! (n) = j(sl (1) = ‘7((.3’il’[A).m’n’( n') = JGp. (). The other case is
completely analogous, showmg that A ® B satisfies DP3.

Finally, to show that A ® B satisfies DI3, assume s 2?4@3 t and sm € Pygp for some
d € N; we have to find some tn € Pjgp such that sm 2?4@3 tn. Assume m € My
for the other case is symmetric. Since s :A®B t, we have some 8’ ~4gp t’' such that
Hiep(8') = Higp(s) and Higp(t') = Higp(t). Thus, 8" [ A=at/ [ A, HY(s [ A) =
Hiop(s) | HUA) = Mo p(s)) | HUA) = HY(s" | A) and HL(E | A) = Hiop(®) |
HI(A) = HA®B( N1 HYA) = HE (' | A), whence s | A ~4 ¢ | A. Similarly, s | B ~%
t| Bwiths' | B~pt' | B, H}(s | B) = HL(s' | B) and HE (¢ | B) = HL(E | B).
Now, since (s [ A).m = sm | A € P4, we have some (¢ | A).n € P4 such that
(s | A).m ~4 (t | A).n, ie., some u ~4 v such that H%(u) = H4((s | A).m) and
HE (v) = HE((t | A).n). By Table[ll we may obtain a unique § € Pagp from u and s’ | B
and a unique £ € Pagp from v and ¢’ | B such that § ~agp t, Hi, 5(5) = H g p(sm)
and H4, 5 (f) = H% 5(tn), establishing sm ~4 , tn. O

Next, let us recall linear implication —o, which has been illustrated by examples in
Section[Il The linear implication A — B is intended to be the ‘space’ of linear functions
from A to B in the sense of linear logic (Girard, 1987), i.e., they consume exactly one
input in A to produce an output in B (strictly speaking, they consume at most one input
since it is possible that no moves of A are performed at all during a play of A — B).

One additional point for dynamic games is that we need to apply the w-hiding operation
H* to the domain A since otherwise the linear implication A — B may not satisfy the
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axiom DP2 or DP3. It conceptually makes sense too for the roles of Player and Opponent
in A are exchanged, and thus Player should not be able to ‘see’ internal moves of A.

Definition 3.16 (Linear implication between games (Abramsky and McCusker, 1999)).
The linear implication A — B from a game A to another B is defined by:

dt.
— Ma—p = Myw(a) + Mp;

df

S (N ) A Ay (a))> and AP (m) =

df. — Ee—
— M oB = [A’H“’(A)u)‘B]u where /\HW(A) He (A)) M (A))

{P if ASP(m) =0

" for any game G;
O otherwise

—*I—A_OBm%*I—Bm;

— mbaopn (m#x*) & (m Fyeoay )V (mEpn)V (xbFp m AxbFyeay n);

— PrpE{se Ly a)—p | 8 T HY(A) € Pyoay,s | B€ Ppl;

— s oa gt B s | HU(A) ey ¢ T HY(A)As | Bgt | BAVI € N.s(i) €
My (ay (i) € My (a)

where pointers from an initial occurrence of H*(A) to that of B in s are deleted.

Dually to A® B, it is easy to see that during a play of A — B only Player may switch
between H“(A) and B (again by alternation); see (Abramsky et al., 1997) for the details.

Example 3.6. See again the examples of linear implication in Section [ to see how
Definition [3.16] actually works.

Theorem 3.3 (Well-defined linear implication between games). (Resp. well-
founded) games are closed under linear implication.

Proof. Again, it suffices to show the preservation property of the additional conditions
on the labeling function and the axioms E1, E2, E4, DP2, DP3 and DI3. For brevity,
assume that A is normalized and consider A — B. Again, non-trivial conditions are just
DP3 and DI3, but DI3 may be shown in a way similar to the case of tensor.

To verify DP3, let i € N and slmn,s'l'm'n’ € P$¥, such that HYy _z(slm) =

Yp(s’Um/) and i < A\ __5(n) = A __ 5(n’). Again, m and m’ are both internal, and
som, n, m’ and n’ all belong to B. Thus, (sl [ B).mn, (s’l' | B).m'n’ € P3% such that
Hiy (sl | B).m) = Hiy_p(slm) | Hi(B) = Hy_p(s'U'm') | Hi(B) = Hi (0 | B)m)
and i < Mi(n) = MI(n’); thus, by DP2 on B, we may conclude that n = n/ and
js?rlnn(n) = ‘Z?ZFB).mn(n) = «Z?ZrB).mn(n/) = js?;;zn(nl)' ]

Next, product & forms the categorical product in the categories of static games and
strategies (Abramsky and McCusker, 1999). A position of the product A& B is simply a
position of A or B:

Definition 3.17 (Product of games (Abramsky and McCusker, 1999)). Given
games A and B, the product A& B of A and B is defined by:

— Magp & My + Mp;
df.
— AgB = [Aa, AB;
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—Fags T Fa+ bg;
— Paep L {s€ Lagp|(s|AcPsAs|B=€V(s| A=eAs|BePg)}
782A&Bt§:10582,4t\/823t.

Example 3.7. A maximal position of the product 2& N is either of the following forms:

2 & N 2 & N
q q

b’) nj

where b € B and n € N.
Now, for our game-semantic CCBoC (given in Section M), let us generalize product:

Notation. Given a function f : X — Y and asubset Z C X, wewrite f | Z: X\Z =Y
for the restriction of f to the subset X \ Z C X.

Definition 3.18 (Pairing of games). The pairing (L, R) of games L and R such
that H¥(L) < C — A and H*(R) < C — B for some normalized games A, B and C is
defined by'
— My, R) L Mo+ (Mp\ Mc)+ (Mg \ Mc), where ‘tags’ for the disjoint union is chosen
in such a way that H*((L, R)) < C — A&B holds;
— MNemy E ey A | Mo, Mg | Mc);
qt.
— m F(L,R} n < (att<L7R>(m) = att<L7R>(n) V att LR}( ) = C\/ att<L,R>(n) = O) A\
(peelr,, gy(m) b1 peel f, gy(n) V peel r, gy(m) g peel gy (n));
— Pop S {scLiwr|(sILeP As|R=€)V(s|L=€eAs| Re Pg)};
—segmtE (s L=—ect|L=eAs| Lyt LAs|Rept|R
where the map peel<L7R> : Mp,ry — Mp U Mpg is the obvious left inverse of the
‘tagging’ for My, gy, s [ L (resp. s [ R) is the j-subsequence of s that consists of
moves z such that peel; py(z) € My (resp. peel;; py(z) € Mpg) yet changed into
peel(r, gy(x), and the map att(y gy : My ry — {L,R,C} is given by att(y, gy(m) &
L if peelf, gy(m) € ML, \ Mc;
R if peel(y py(m) € Mg\ Mc;
C  otherwise (i.e., if peel f, gy(m) € Mc).

Pairing of games is indeed a generalization of product for we have (T' — A, T — B) =
T — A&B for any games A and B, where note that each game G coincides with the
linear implication ' — G up to ‘tags’. Also, we shall see that the (generalized) pairing
(0, T) of strategies o : L and 7 : R forms a strategy on the pairing (L, R) (Definition B.35]).

Theorem 3.4 (Well-defined pairing of games). If (resp. well-founded) games L and
R satisfy H¥(L) < C' — A and H¥(R) < C' — B for normalized games A, B and C, then
the pairing (L, R) is a (resp. well-founded) game that satisfies H¥((L, R)) < C — A&B.

Proof. Similar to and simpler than the case of tensor. [
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Now, let us recall exponential !, which is essentially the countably-infinite iteration of
tensor, i.e., !A and A® A® ... coincide up to ‘tags’. Precisely, it is defined as follows:

Definition 3.19 (Exponential of games (Abramsky et al., 2000; McCusker, 1998)).
Given a game A, the exponential !A of A is defined by:

— Mg % M4 xN;

— 14 : (a,i) — /\A(a);

— x k14 (a,1) & Fa a;

— (a,i) b4 (d/,7) Li=i'Natad;

— PaL{seLa|VieNs|icPs);

— st &I e PIN).Vi € Nos [ (i) at [iATE(S) = (pom)*(t)

where s [ ¢ is the j-subsequence of s that consists of occurrences of moves of the form
(a,1) yet changed into a, and P(N) is the set of all permutations of natural numbers.

Example 3.8. A typical position of the exponential !2 is as follows:
12

(¢, 10)
((#,10)
(q, 100)
((#,100)

Now, it should be clear, from the definition of ~ 4, why we have equipped each game
with an identification of positions: A particular choice of the ‘tag’ (_, ¢) for an exponential
1A should not matter; since this identification may occur locally in games in a nested form,
e.g., |(lA® B), !A — B, etc., it gives a neat solution to define a tailored identification
~¢ of positions as part of the structure of each game G. It was first introduced by
(Abramsky et al., 2000) and also employed in (McCusker, 1998]).

Exponential enables us, via Girard’s translation (Girard, 1987) A = B g - B, to
model the construction = of the usual implication (or the function space).

Example 3.9. In the linear implication 2&2 — 2, Player may play at most only in one
2 out of the domain 2&2:

2 & 2 —o 2 2 & 2 —o 2
q q
q/ q/
(p (3
b b2

where b b2 € B. On the other hand, however, positions of the implication 2&2 =
= 1(2&2) — 2 are of the expected form; for instance:
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(2 & 2) —~ 2
q
(¢,0)
( (M, 0)
(¢,1)
(6@ 1)
b(3)

(g,100)
( (™, 100)

p®

where b 52 p(3) p(*) p() € B. Hence, e.g., Player may play as conjunction A : BxB —
B or disjunction V : B x B — B on the implication 2&2 = 2 in the obvious manner,
but not on the linear implication 2&2 — 2. This example illustrates why the standard
notion of functions corresponds in game semantics to implication =, not linear one —o.

For the game-semantic CCBoC, let us generalize exponential of games as follows:

Definition 3.20 (Promotion of games). Given a game G such that H*(G) <!4A — B
for some normalized games A and B, the promotion G of G is defined by:

— Mgt € (Mg \ Mia) x N) + Mya;

— Agt ((m,z) S (MG \ MgA) X N) — Ag(m), ((a,]) S M[A) — Ag(a,j);

— xbar (myi) B xtgm for all i € N;

— (m, i) bgr (n,j)% (i=jAm,n € Mg\ MiaAmbgn)
\/(iszml—An)\/(meMg\MgA/\(n,j) € Mia Amlg (n,])),

— P L se L |VieNsliePgl)

— s t &3 e PN).Vi e Nus [ (i) ~g t [ ATE(s) = (¢ o m)*(¢)

where s | i is the j-subsequence of s that consists of moves (m, i) with m € Mg \ Ma,

or (a,(i,7)) with a € M4 A j € N, yet changed into m or (a, j), respectively.

Note that we have (T — A)T = !T — 1A for any game A, and therefore promotion
of games is indeed a generalization of exponential. Also, we shall see later that the
(generalized) promotion ¢! of a strategy ¢ : G forms a strategy on the promotion G'.

Example 3.10. Let us consider the promotion (!4 — B)T, where A and B are arbitrary
normalized games. If there is the following position of !A — B:

1A —o B
pD
(a(1)7 i)
(a®, i)

b(2)
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then there is the following position of the promotion (!4 — B)f, where note that j, j' € N
are arbitrarily chosen by Opponent:

1A —o !B

®M, 4)
(@, i) —

(@, (i, 7))

0, 5)
(b, 7"
(@O, (i gy) —
(@, (i, ")
(b®, 71

Theorem 3.5 (Well-defined promotion of games). If a (resp. well-founded) game
G satisfies HY(G) < !A —o B for some normalized games A and B, then G is a (resp.
well-founded) game that satisfies H*(G)T <14 — |B.

Proof. Similar to the case of tensor. ]

Now, let us introduce a new, central construction on games, which formalizes the
construction for ‘internal communication’ between strategies sketched in Section [

Definition 3.21 (Concatenation and composition of games). Given games J and
K that satisfies H¥(J) < A — B and H¥(K) < B — C for some normalized games A,
B and C, the concatenation J 1 K of J and K is defined by:

— Mk & My + Mg, where ‘tags’ for the disjoint union is chosen in such a way that
HY(J 1K) <A — C holds;

— ik Z[As | Mp, AJ" T Mpy A 1 Mg, Ak | Mp,], where By and By are
the copies of B that belong to J and K, respectively, A" 4t (AP, )\gA, n > AN (n)+u)
(Gis Jor K),and p & max(p(J), u(K)) + 1;

_*l_JiKm%*I_K m;

— mbgig n (m#*) Lok, nvVmbgnV(xbp, mAxtp, n);

— Prik 4t {se€ Znkxl|slJeP;,s|KE&cPk,s|Bpn,Bpg €prg};

— st & (VieNs() e My o tli)e M)As [Tyt | JAs|K~gt]| K

where prg & {s € Ppy—ny | Vt < s. Even(t) = t | By =t [ By }. Moreover, the

composition J; K (or Ko J) of Jand K is given by:

J; K L 1o (1 K).

Example 3.11. A typical maximal position of the concatenation (2 — 2) 1 (2 — 2) is:
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(20 — 23) 1 (2 — 2p)

q[3
T

q[1)
qo]
( bl
by}

@)
by

3)
b

where b 52 b3) € B. We have marked internal moves by a square box just for clarity.

We shall see that the ‘non-hiding composition’ or concatenation ¢k of strategies ¢ : J
and k : K forms a strategy on the concatenation J I K. It generalizes the particular case,
where J = A — Band K = B — C, so that ;s = HY(tik) : H*(J 1K) = J; K =
A —o C (as we shall establish shortly), which reformulates conventional composition of
static strategies as concatenation plus hiding of dynamic strategies.

Theorem 3.6 (Well-defined concatenation and composition of games). (Resp.
well-founded) games are closed under concatenation and composition.

Proof. By Theorem B.1] it suffices to focus on concatenation, where well-foundedness
is clearly preserved under concatenation. We first show that the arena J i K is well-
defined. The set Mj;x and the function Aj;x are clearly well-defined, where the finite
upper bounds u(J) and p(K) are crucial. For the relation sk, the axioms E1 and E3
clearly hold. For the axiom E2, if m i3 n and A3y (n) = A, then m,n € M \ Mg,
m,n € Mp,, m,n € Mp,, or m,n € M;\ Mg, . In either case, )\CJQiAK(m) = Q and
/\%K(m) = /\%K(")'

For the axiom E4, let m 3k n, m # % and /\%K(m) # /\%K(n). We proceed by
a case analysis. If (m Fx n) A (m,n € Mg \ Mp, Vm,n € Mp,), then we may just
apply E4 on K. It is similar if (m b; n) A (m,n € M;\ Mp,, Vm,n € Mg, ). Note that
the case * Fp, m A* Fp, n cannot happen. Now, consider the case m Fx nAm €
Mg\ MB[Q] An € MB[Z]. If m is external, then m € M¢, and so E4 on J I K is satisfied
by the definition of B — C if m is internal, then we may apply E4 on K. The case
mbgnAnée Mg\ MB[Q] Am E MB[Q] is simpler as m must be internal. The remaining
casesmbynAme MJ\MB[I] An € Mp, andmby;nAne€ MJ\MB[I] Am € Mp,
are analogous. Hence, we have shown that the arena J I K is well-defined.

Next, we show that Py C £k . For justification, let sm € Pyyx with m non-initial.
The non-trivial case is when m is initial in J. But in this case, m is initial in By, and
so it has a justifier in Bpyj. For alternation and IE-switch, similarly to Table [l for tensor
®, we have Table 2l for J I K, in which the first (resp. the second) component of each
state is about the OP- and IE-parities of the next move of J (resp. K). For readability,
some states are written twice, and the dotted arrow indicates two necessarily consecutive
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(P|7OE) """""""""" (OE PE) - (OE’ol)
Bpy} i By l I

J{ IJ Bpyg §B[1]B[1]B[] KK

(OlvoE) —_— (PE,OE) ................. (OE7PI)

Al

(P!, 0F) «—2 (OF,0F)

Table 2. The double parity diagram for the concatenation J i K.

moves of B. Then, alternation and IE-switch on J I K immediately follows from this
diagram and the corresponding axioms on J and K.

For generalized visibility, let sm € Pjix with m non-initial and d € NU{w} such that
sm is d-complete. Without loss of generality, we may assume d € N as s is finite. It is not
hard to see that H%K (sm) € Pyayyina(x) if H(J1K) is not normalized; thus, this case
is reduced to the (usual) visibility on H%(J)$H?(K ). Otherwise, it is no harm to select the
least d € Nt such that H%(J i K) is normalized; then ’Hfﬁ}((sm) € PA—Bpy))H(Bpy—0C):
and thus the visibility of ’H%K(sm) = Hya—1(51K) (7—[%}1( (sm)) can be shown completely
in the same way as the proof that shows the composition of strategies is well-defined (in
particular it satisfies visibility) (McCusker, 1998} [Harmer, 2004). Consequently, it suffices
to consider the case d = 0, i.e., to show the (usual) visibility.

For this, we need the following:

Lemma 3.5 (Visibility lemma). Assume that t € Py and t # e.

1 If the last move of ¢ is of M\ Mp,,,, then [t T J)y 2 [tlsx [ Jand [t ] J]; =
[t)sr [

2 If the last move of t is of My \ Mp,,, then [t [ K|k < [t|six [ K and [t [ K]
[t]ir [ K

3 If the last move of ¢ is an O-move of Mp, U Mg, then [t [ B, Bo| By—By
[t]sirc | Bpy, By and [t [ By, Byl Byy—Boy = [tlstk | By, Bl

Proof of the lemma By induction on [¢| with case analysis on the last move of ¢t. [

PN

PN

Note that we may write sm = s1nsa2m, where n justifies m. If so = €, then it is trivial;
so assume sz = s5r. We then proceed by a case analysis on m:

— Assume m € M; \ Mp,,. Then, n € M; and v € M; by Table 2l By Lemma [3.5]
[s1J]<[s]]Jand [s[J] = [s][J. Also, for (s [ J).m € P; and visibility on J,

n occurs in [s | J] if m is a P-move;

n occurs in |s [ J] if m is an O-move.

Hence we may conclude that n occurs in [s] (resp. |s]) if m is a P- (resp. O-) move.
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— Assume m € Mg \ M By~ This case can be handled in a completely analogous way
to the above case.

— Assume m € Mpg,,;. If m is a P-move, then n,r € M; and so it can be handled in
the same way as the case m € M\ Mp,; thus, assume that m is an O-move. Then,
r € Mp, and it is a ‘copy’ of m. Since r is an O-move of Bj;j — Bjg), by Lemma
B3 [s | Bpy, Bzl = [s] | By, Bjg)- Note that n is a move of By or an initial
move of Bjy). In either case, we have (s | By, Bjz)).m € Pp,,j—op,; thus, n occurs in
[s [ By, Bygj|. Hence we may conclude that n occurs in |s].

— Assume m € Mp, . It m is a P-move, then n,r € Mg; so it can be dealt with in
the same way as the case m € Mg \ M By - Thus, assume m is an O-move. By Table

2l we have r € Mp,, and it is an O-move of Bj;) — Bjy. Thus by Lemma [3.5]

|—S [ B[l]vB[2]] = LSJ [ B[l],B[Q]. Then again, (S [ B[l],B[Q]).m € PBD]HJB[Z]; thus, n
occurs in [s [ By, Bjgj], and so n occurs in |s].

Next, we verify the axioms P1, DP2 and DP3. For P1, € € Pjix is clear; for prefix-
closure, let sm € Pyyx. If m € M; \ Mp,, then (s | J).m = sm [ J € Py; thus,
sl JeP;,s|K=sm|KEeEPkand s | By, Bjg = sm | By, B € prg, whence
s € Prik. The other cases may be handled similarly. For DP2, assume smn & Pﬂ’%‘ and
/\I}IiK(n) > 0. If n ¢ Mp,, U Mp,,, then we may just apply DP2 on J or K; and the
remaining case is trivial by the definition of J { K.

For DP3, let ¢ € N and sm,s'm’ € P?f}% such that i < A, (m) = AJp(m/)
and HSIK(S) = HSIK(S’). Without loss of generality, we may assume ¢ = 0 and
Ak (m) =1 = N, (m') because if A, x(m) = N, (m') = j > 1, then we may con-
sider H?};Il((sm),H‘ggll((s’m’) € Pyi-1(pymi—1(k) (n.b., the justifiers of m and m' have
the same priority order). Thus, s = s’ and m,m’ € M;V m,m’ € Mg. If m,m’ € M;
(resp. m,m’ € Mx), then (s | J).m, (s' | J).m' € P94 (resp. (s | K).m, (s’ | K).m' €
P24), and so we may just apply DP3 on J (resp. K).

Finally, the axioms I1, I2 and DI3 on ~j;x can be verified similarly to the case of
tensor, completing the proof. ]

For completeness, let us explicitly define the rather trivial currying of games:

Definition 3.22 (Currying of games). Given a game G such that H*(G) < A® B —
C for some normalized games A, B and C, the currying A(G) of G is G up to ‘tags’
that satisfies H*(A(G)) < A — (B — C).

Trivially, (resp. well-founded) games are closed under currying.
Next, we show that these constructions as well as the hiding operation preserve the
subgame relation < (Definition B.12):

Notation. We write &;cr, where I is {1} or {1, 2}, for any of the constructions on games
introduced so far, i.e., &;es is either ®, —o, (_,_), ()T, § or A.

Lemma 3.6 (Preservation of subgames). Let &;c; be a construction on games, and
assume H; < G; for all i € I. Then, ;e H; < &icrGi.

Proof. Let us first consider tensor. It is trivial to check the conditions on the sets of
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moves and the labeling functions, and so we omit them. For the enabling relations:
P, = FH + Fa,
€ (Fe, N (({#} U Mnu,) x Mu,)) + (Fe, N (%} U Ma,) x Ma,))
= (Fe: N (({x} U Mp,o1,) X Mu,gn,)) + (Fe. N ({5} U Mb,en,) X Mu,en,))
= (Fa, + Fe.) N ({7 U Ma,0m,) X Mu,gH,)
=Faea N ({3} UM, en,) X Mb,om,)-
For the positions, we have:
Puion, = {8 € Lu,on, | Vi € {1,2}.s | H; € Py,}
C{se Loz, |Vie{l,2}.s G, € Pg,}
= Pe.ec.-

For the identifications of positions, given d € NU {w}, we have:

s 2?11®H2 t< s’ t' € Py,gn,-8 ~moH, t' A 7—[?{1®H2(s') = H?I1®H2(s)

A H?{1®H2 (t/) = H?{1®H2 (t)

& Vj € {1,2}.3s},t) € Py, s ~on, th ANHY (sh) =HE (s | Hj)
NHE () =Hi (¢ | Hj) AVk € Nosp, € My,  t), € Mp,

e Vje{l,2}.s | Hy ~4 t | Hj A\Vk € N.sp. € My, <ty € Mp,

. d

Ve {1,2}.8 [Gj,t [GJ EPHj NS [GJ =g, t [G]
AVE € N.sp € Mg, &t € Mg,

& s,t e PH1®H2 NS :dG1®G2 t.

Finally, we have p(H1®Hz) = max(u(H), p(Hz2)) = max(pu(G1), p(Gz)) = p(G1®G2),
showing that H1 ® H2 S] G1 & GQ.

Linear implication and promotion are similar, and pairing and currying are even sim-
pler; thus, we omit them. Next, let us consider concatenation. Assume that H*(H;) <
A — B, H*(H3) < B — C, H*(G1) < D — E, H*(G2) < E —o F for some normalized
games A, B, C, D, E and F'; without loss of generality, we assume that these normal-
ized games are the least ones with respect to <. By Theorem Bl H¥(H;) < H¥(G1) <
D — FE and H*(Hs) < H¥(G2) < E — F, which in turn implies A < D, B < E and
C  F. First, we clearly have My, 1g, € Mg, ic, and Ag,ic, | Mu,1H, = AH,1H,, Where

w(H;) = p(G;) for i = 1,2 ensures that the priority orders of moves of B coincide.
Next, for the enabling relations, we have:

*bFmig, mexkp,me&xFem=xkFrm & xtgig, m

as well as:
mbmgim,nembg nVmbg, nV(x FBymAxERg,, n)
= mbg, nVmbg, nV(xFgy, mAxkg, n)

< m |_G1IG2 n
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for any m,n € My, +n,. For the positions, we have:

Pu,sn, = {8 € Zuytn, | s 1 Hi1 € Py,,s | Hy € Pu,,s | By, By € prg }
C{se faic,|s1G1€Pg,,sGa€ Pg,,s| Ep),Epg €prg}

= Pc,16,-

Finally, we may show, in the same manner as in the case of tensor, the required
condition on the identifications of positions, completing the proof. ]

At the end of the present section, we establish the following useful lemma:

Lemma 3.7 (Hiding lemma on games). Let &;c; be a construction on games and
G; a game for all ¢ € I. For each d € NU {w}, we have:

1 HY(ic1Gi) = dicrHY(G)) if dier # 1

2 HY(G1)1(G2)) < A —o C if HYG1 1 Ga) is normalized, where A, B and C are
normalized games such that H*(G1) < A — B and H*(G2) < B — C, and in
particular (A — B); (B — C) = A — C}

3 HYGy tG2) = HUG1) 1 HY(G2) otherwise.

Proof. Since there is an upper bound of the priority orders of each game, it suffices
to consider the case d € N. But then, as H'*! = H o H® for all i € N, we may focus on
d = 1. We focus on tensor as the other constructions may be handled similarly.

We have to show H(G1 ® G2) < H(G1) ® H(G2). Their sets of moves and labeling
functions clearly coincide. For the enabling relations, we have:

* Fyci0es) M & *Faiec, M & *x g, mVxlg, m
&k F’H(G1) mV x F’H(Gz) m

S * P2 (G eH(Ga) T

as well as:

mbaciecs) 1 (M # %)

& (mbaga,n)V Ik € NT my,ma, ..., ma € Mg o, \ Ma(c,0c,)-
mbFg,ec, M1 AVi € k. ma;i_1 Faioa, Moi A Amak Faeg, 1

& (mbg, nVmbg,n)Vv3ie{l,2},ke N my,mg,....,mo € Mg, \ My c,)-
mbg, mi AVi€ k.mai_1 Foioa, Mo A mok g, n

s Jdie{l,2}.mbg, nV Ik e NT my,ma,...,ma € Mg, \ My
mbg, mi AVi€ k.mai_1 Foioa, Mo Amok g, n

< m by c)ena.) N

Thus, the arenas H(G1 ® G2) and H(G1) ® H(G2) coincide.
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For the positions, we have:

s € PH(G1®G2)

< It € Lage, Hewa,(t) =sAVie {1,2}.t] G; € Pg,

&S dt e ZG1®G2- Ha oG, (t) =sAVi¢€ {1, 2}-7_[@7; (t [ GZ) S P’H(Gi)

& It € Lo96, Haoa,(t) =sAVi € {1,2} He, o, (t) | H(G;) € PH(Gi)
(n.b., < is by induction on |¢|)

= 8 c fH(G1®G2) = XH(G1)®H(G2) AVi e {1, 2} S [H(Gz) S P’H(Gi)

5 € Pycnen(cs)-

Finally, for the identifications of positions, given d € NU {w}, we have:

Hero6:(8) 2y cioc,) Harea(t)
& 3"t € Po,06, Moo (8) 2u(crocs) Haroa, (') NHE L6 (8)) = HET L 6. (s)

ANHE b6, () = HE e, ()

’ d+1 _ d+1

@VJE{I 2} HSJ, JEPG HGJ-(SJ) )Hg( ) (])—H (SrGj)

NHEES) = HE (&1 Gy) AVE €N, Hdc:r}@c (s(k)) € MHd+l(G1) & HE ba, (t(k) € My,
& Ve {1, 2}.8 [ Gj Zétl t] Gj AVEk € NIHéJFéG ( (k)) S M’Hd+1 G1) Hét(lng (t(k)) S MHd+1(G1)
& Hare6:(8) yanen(a) Haiee () AHa e, (8), Haoa,(t) € Pyciec,)

which completes the proof. ]

3.4. Dynamic Strategies

Dynamic strategies, another central notion of the present work, is just static strategies
(Abramsky and McCusker, 1999) on dynamic games:

Definition 3.23 (Dynamic strategies). A dynamic strategy on a (dynamic) game
G is a subset 0 C PCE;"e", written o : G, that satisfies:

— (S1). Tt is non-empty and even-prefiz-closed (i.e., smn € o = s € 0);
— (S2). It is deterministic on even-length positions (i.e., smn,s’'m'n’ € o A sm =
s'm' = smn = s'm/n’).

A dynamic strategy o : G is said to be normalized if Vs € 0,Vi € |s]. \}\(s(i)) = 0.

Clearly, a normalized dynamic strategy on a normalized dynamic game is equivalent
to a static strategy.

Convention. Henceforth, a strategy refers to a dynamic strategy by default.

As positions of a game G are identified up to ~¢, we must identify strategies on G if
they behave in the same manner up to ~¢, leading to:

Definition 3.24 (Identification of strategies (Abramsky et al., 2000; McCusker, 1998))).
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The identification of strategies on a game G, written ~¢, is the relation between
strategies o, 7 : G given by:

Ung%VSEU,tET,Sm,tl € Pg.sm ~qg tl = Vsmn € o. dtlr € 7. smn ~g tir

AVtlr € 7.dsmn € o. tlr ~g smn.
We are particularly concerned with strategies identified with themselves:
Definition 3.25 (Validity of strategies). A strategy o : G is valid if 0 ~¢ 0.

Since internal moves are conceptually ‘invisible’ to Opponent, a strategy ¢ : G must be
externally consistent: If smn, s'm'n’ € o, A& (n) = A& (n/) = 0 and HE (sm) = HE (s'm/),
then n = n’ and JS,(n) = J5%,, ,(n'). Moreover, external consistency of strategies
should hold with respect to identification of positions as well. In fact, we now proceed to

establish a stronger property (Theorem B.7T).

Lemma 3.8 (O-determinacy). Let 0,7 : G such that 0 ~g 7, and d € NU {w}.

1 If sm,s'm’ € Pg are d-complete, s, € o, and H&(sm) = HL(s'm’), then sm =
Slml,

2 If sm,tl € P are d-complete, s € o, t € 7, and H&(sm) ~904(G) HE(tl), then
sm ~¢q tl.

Proof. Let us focus on the first statement for the second one can be proved similarly.
We proceed by induction on |s|. The base case s = € is trivial: For any d € NU {w}, if
HL(sm) = HE (s'm/), then HE (s'm/) = HL(sm) = m, and so s'm’' = m = sm.

For the induction step, let d € NU{w} be fixed, and assume H& (sm) = H&(s'm’). We
may suppose that sm = tirm, where [ is the rightmost O-move occurring on the left of
m in s such that AR(1) = 0V A} (1) > d. Then, HE(s'm’) = H& (sm) = HL(t).L.HL (rm),
and so we may write s'm’ = t}.l.th.m’. Now, t,t] € o, tl,t}l € Pg, HL(t) = HL(t,1),
and ¢l and t'l" are both d-complete; thus, by the induction hypothesis, ¢/ = 7. Thus,
HE (t).LHL (tym') = HL(s'm') = HL (sm) = HEL(t).1. HL(rm), whence t} is of the form
rt4y by the determinacy of o. Hence, sm = tlrm and s'm’ = tirtdm’. Finally, if r is
external, then so is m by IE-switch, and so s’m’ = sm; if r is j-internal (j > d), then so
is m, and we apply the axiom DP2 for i = j — 1 to s and s/, whence sm = s'm/. O

Theorem 3.7 (External consistency). Let 0,7 : G such that o ~¢ 7, and d € NU{w}.

1 If smn,s'm'n’ € o are d-complete, and H& (sm) = H&(s'm’), then smn = s'm/n’;
2 If smn € o,tlr € T are d-complete, and HE (sm) ~4a(q) HE(E), then smn ~¢ tlr.

Proof. Let us first prove the first statement. Let o : G be a strategy, smn, s'm'n’ € o
and d € NU {w}, and assume that smn,s’m/n’ are both d-complete and H&(sm) =
HL(s'm’). By the first statement of Lemma 3.8 we have sm = s’/m/; thus, by the axiom
S2 on o, we have n = n’ and Jsmn(n) = Tsrmm ('), whence JOL (n) = 5%, (n').

Similarly, the second statement is proved by the second statement of Lemma [3.8]
completing the proof. ]

Corollary 3.3 (Stepwise identification of strategies). Any strategies o,7 : G such
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that o ~¢ 7 satisfy o ~% 7 for all d € NU {w}, where:

a:dGTgVSEU,tET,sm,tZ € Pg.sm ~% tl = Vsmn € 0. 3tlr € 7. smn ~& tir

AVt € 7.3smn € o. tlr ~& smn.

Proof. Immediate from Theorem [3.7 ]

Hence, for any strategies o, 7 : GG, we have:
oc~gTeVdeNU{w}.o~d 7

which will be useful later in the paper.
Let us proceed to show that the relation ~¢ on strategies on any game G is a PER.

Lemma 3.9 (PER lemma). Given 0,7 : G such that o ~¢ 7, we have:
(Vseo.FterT.s~gt)\N(VteT.Is € 0.t ~¢g 3).

Proof. By symmetry, it suffices to show Vs € 0.3t € 7.5 ~¢ t. We prove it by induction
on |s|. The base case is trivial; for the inductive step, let smn € o. By the induction
hypothesis, there exists some t € 7 such that s ~¢ t. Then, by the axiom DI3 on ~g,
there exists some tl € 7 such that sm ~¢ tl. Finally, since 0 ~g 7, there exists some
tlr € T such that smn ~¢g tlr, completing the proof. ]

Proposition 3.1 (PERs on strategies). Given a game G, the identification ~¢ of
strategies on GG is a PER, i.e., a symmetric, transitive relation.

Proof. We just show the transitivity as the symmetry is obvious. Let o, 7, : G such
that o ~¢ 7 and 7 ~¢ p. Assume that smn € o, u € p and sm ~¢ up. By Lemma 3.9
there exists some t € 7 such that s ~¢ t. By the axiom DI3 on ~¢, there exists some
tl € Pg such that sm ~¢ tl, whence tl ~¢ up. Also, since o0 ~¢ 7, there exists some
tlr € T such that smn ~¢g tir. Finally, since 7 ~g u, there exists some upq € i such
that tir ~g upq, whence smn ~g upq, completing the proof. ]

Therefore, given a game G, we may take the equivalence classes [0] & {r:G|lo~gT}
of valid strategies o : GG; these equivalence classes, rather than strategies themselves, have
interpreted proofs and programs (Abramsky et al., 2000; McCusker, 1998]).

At this point, let us note that even-length positions are not necessarily preserved under
the hiding operation on j-sequences (Definition B.6]). For instance, let smnt be an even-
length position of a game G such that sm (resp. nt) consists of external (resp. internal)
moves only. By IE-switch on G, m is an O-move, and so Hg (smnt) = sm is of odd-length.

Taking into account this fact, we define:

Definition 3.26 (Hiding operation on strategies). Let G be a game, and d €
NU{w}. Given s € Pg, we define:

siHd dr. HL(s) if s is d-complete (Definition Bl);
“ t otherwise, where H&(s) = tm.
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The d-hiding operation H? (on strategies) is then given by:
HY: (0:G) = {stHE |s€o ).

Let us proceed to establish a beautiful fact: o : G = H%(0) : HH(G) for all d € NU{w}.
For this task, we need the following lemma:

Lemma 3.10 (Asymmetry lemma). Let o : G be a strategy, and d € NU{w}. Assume
that smn € H%(o), where smn = tmunviH% with tmunv € o not d-complete. Then,
smn = H(tmun) = H(t).mn.

Proof. Since tmunv € o is not d-complete, we may write v = wvilvyr with /\g (1) =
OVAR() >d, 0 <AX(r) <dand 0 < A}(z) < d for all moves z in vy or vo. Then, we
have smn = tmunvilverfHE = HE (E)mHE (u)n = HE (t)mn. U

We are now ready to establish:
Theorem 3.8 (Hiding theorem). If ¢ : G, then H% (o) : H¥(G) for all d € NU {w}.

Proof. We first show H%(o) C P,E‘ge("c). Let s € H%(0), i.e., s = t§HL for some t € 0.

Let us write t = t'm as the case t = € is trivial.

— If t is d-complete, then s = thHE = HE(t) € Pya(g). Also, since s = HE(t')m and
m is a P-move, s must be of even-length by alternation on H%(G).

— If t is not d-complete, then we may write t = t"””mqm; ... my, where my = m, t/mq is
d-complete, and 0 < A} (m;) < d fori =1,2,..., k. By IE-switch, mg is an O-move,
and thus s = H&(t"”) € Pya(g) is of even-length.

It remains to verify the axioms S1 and S2. For S1, H%(o) is non-empty as € € H¢ (o).

For the even-prefix-closure, let smn € H%(o); we have to show s € H¢(c). We have some

tmunv € o such that tmunviHE = smn. By Lemma BI0, smn = HL(t)mn, whence

s = H&L(t). For tm is d-complete, so is t by IE-switch. Thus, s = H&(t) = ttHL € H (o).

Finally for S2, let smn, smn’ € H%(o); we have to show n = n’ and J5%(n) = J5(n').

Clearly, smn = tmunviH, smn’ = 'mu’'n'v'iHE, for some tmunv,t'mu'n'v’ € o.

Then, by Lemma BI0, smn = HL(tmu)n and smn’ = HL(¥'mu’)n’. Therefore, by

Theorem B0, n = n’ and J2% (n) = J9¢ ,(n'), completing the proof. O

smn

Next, let us review standard constraints on strategies. First, recall that a programming
language is total if its computation always terminates in a finite period of time. This
programming concept is interpreted in game semantics by totality of strategies in the
sense similar to totality of partial functions:

Definition 3.27 (Totality of strategies (Abramsky et al., 1997)). A strategy o :
G is total if it satisfies Vs € 0,sm € Pg.dsmn € o.

Nevertheless, it is well-known that totality of strategies is not preserved under composi-
tion due to the problem of ‘infinite chattering’ (Abramsky et al., 1997;[Clairambault and Harmer, 2010).
For this point, one usually imposes a condition on strategies stronger than totality, e.g.,
winning (Abramsky et al., 1997), that is preserved under composition. We may certainly
just apply the winning condition of (Abramsky et al., 1997), but it requires an additional
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structure on games, which may be criticized as extrinsic and/or ad-hoc; thus, we prefer
another, simpler solution. A natural idea is then to require that strategies should not
contain any strictly increasing (with respect to <) infinite sequence of positions. However,
we have to relax this constraint: The dereliction der 4 (Definition B34), the S-identity
on a game A in the game-semantic CCBoC given in Section [4] satisfies it iff so does A,
but we cannot impose it on games as the operation = = !(_) —o () on games, which is
the pB-exponential construction in the CCBoC, does not preserve it.
Thus, instead, we apply the same idea to P-views, arriving at:

Definition 3.28 (Noetherianity of strategies (Clairambault and Harmer, 2010)).
A strategy o : G is noetherian if it does not contain any strictly increasing (with respect
to <) infinite sequence of P-views of G.

It has been shown in (Clairambault and Harmer, 2010) that total, noetherian static
strategies are closed under composition.

Next, recall that one of the highlights of HO-games (Hyland and Ong, 2000) is to give
a one-to-one correspondence between PCF Bohm trees and innocent, well-bracketed static
strategies (on static games modeling types of PCF). That is, the two conditions narrow
down the hom-sets of the codomain of the interpretation functor, i.e., the category of
HO-games, so that the interpretation becomes full. Roughly, a strategy is innocent if its
computation depends only on P-views, and well-bracketed if every ‘question-answering’
by the strategy is achieved in the ‘last-question-first-answered’ fashion. Formally:

Definition 3.29 (Innocence of strategies (Hyland and Ong, 2000)). A strategy
o : G is innocent if Ysmn,t € o,tm € Pg.[tm] = [sm] = tmn € o A [tmn] = [smn].

Definition 3.30 (Well-bracketing of strategies (Hyland and Ong, 2000)). A
strategy o : G is well-bracketed (wb) if, given sqta € o, where A\ (¢) = Q, A& (a) = A
and Jsqtq(a) = ¢, each occurrence of a question in ¢/, defined by [sqt]q = [sq]a.t/, jus-
tifies an occurrence of an answer in ¢’.

Now, let us show that the standard constraints on strategies except totality are all pre-
served under the hiding operation, which implies that dynamic strategies are a reasonable
generalization of static strategies in a certain sense.

Corollary 3.4 (Preservation of constraints on strategies under hiding). If a
strategy o : G is valid, innocent, wb or noetherian, then so is H¢(o) : H%(G), and if
another 7 : G satisfies 0 ~¢ 7, then H%(0) ~3,4(q) H(7), for all d € NU {w}.

Proof. Let d € NU {w} be arbitrarily fixed. We have H% (o) : H%(G) by Theorem B.8

— Preservation of validity is by Lemma [3.8] Corollary 3.3l and the axiom DI3 on ~¢;

— Preservation of innocence and noetherianity holds because W—[‘é(smﬂﬂd(c) is a j-
subsequence of H&([sm]¢) for any sm € P4,

— Well-bracketing is preserved under the d-hiding operation H¢ because both of the
question and the answer of each ‘QA-pair’ are either deleted or retained.

Finally, preservation of identification of strategies is proved similarly to that of validity,
completing the proof. ]
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Remark. Totality of strategies is not preserved under the d-hiding operation H? on
strategies for all d € N U {w}. For instance, consider any total strategy that always
performs a 1-internal P-move, which is no longer total when # is applied. As we shall see
shortly, it is why totality is preserved under concatenation of strategies but not under
composition (i.e., composition coincides with concatenation plus hiding).

At the end of the present section, we establish an inductive property of the d-hiding
operation on strategies for each d € NU {w}:

Notation. Given o : G and d € NU {w}, we define o & {s € 0| s is d-complete } and

df.
O'? =0\ Jf.

Lemma 3.11 (Hiding and complete positions). Let o : G. Given i,d € N such that
i > d, we have H'(0) = (o) & {stiHE [ s eaf}

Proof. Hi(af) C Hi(o) is obvious. For the opposite inclusion, let s € Hi(o), i.e.,
s = tyH,, for some t € o; we have to show s € Hi(af). Ifte Uf, then we are done;
thus, assume otherwise. If there is no external or j-internal move with j > i other than
the first move mg in ¢, then s = € € Hi(of); so assume otherwise. As a result, we may
write ¢ = motymntar, where tar consists only of j-internal moves with 0 < j < 7, and
m and n are P- and O-moves, respectively, such that A}(m) = AR(n) = 0V A} (m) =
)\g (n) > i. Take motim € Uf such that motlmh’f{g = mng (t1)m =ty ZG = s, whence
s€ Hi(af). ]

We are now ready to show:

Lemma 3.12 (Stepwise hiding on strategies). Given o : G, we have H'T1 (o) =
HY(Hi(o)) for all i € N.

Proof. We first show the inclusion H*!(s) C H!(H!(c)). By Lemma BIIl we may
write any element of the set H*1 (o) as siH " for some s € Ui“. Then observe that:

SEHE =M () = Hagi () (HG(8)) = (SEHG)H () € H' (' (0)).

For the opposite inclusion H!(H!(c)) C H'™!(0), again by LemmaB.I1] we may write
any element of H!(H!(c)) as (sh?—l@)h%}rﬁ(c) for some s € of. We have to show that
(StHEL)EHE iq) € Ht (o). If s € Ji“, then it is completely analogous to the above
argument; so assume otherwise. Also, if an external or j-internal move with j > i+ 1 in
s is only the first move my, then (sh?—[é)h?—[%{i(@ =€ € H'(0); thus assume othewise.
Now, we may write:

S = s'mnmlmg o MoET

where /\g(r) =1i+1, my,ma,...,maog are j-internal with 0 < j < i+ 1, and m and n are
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external or j-internal P- and O-moves with j > i + 1, respectively. Then,

(stHe) M0 () = Ha(8)1Hag @)
= Hai(a)(H&(s).m
= ’Hg‘l(s').m (by Lemma [3.3))
=stHI' e H (o)

which completes the proof. ]

Thus, as in the case of games, we may focus on the operation H':

Convention. Henceforth, we write H for H! and call it the hiding operation (on
strategies); H' denotes the i-times iteration of H for all i € N.

3.5. Constructions on Dynamic Strategies

Next, let us recall standard constructions on strategies (Abramsky and McCusker, 1999).
Note that since (dynamic) strategies are simply ‘static strategies on (dynamic) games’,
they are clearly closed under all the constructions on static strategies.

Nevertheless, the CCBoC of games and strategies given in Section M has normalized
games as 0-cells and strategies ¢ : G such that H¥(G) < A = B as l-cells A — B,
and therefore we need to generalize pairing and promotion of static strategies; in fact,
we have generalized product and exponential of static games respectively to pairing and
promotion of dynamic games for this purpose. Also, we shall decompose and generalize
composition of static strategies as concatenation plus hiding of dynamic strategies, for
which we have introduced concatenation of dynamic games.

Let us begin with recalling tensor @ of strategies:

Definition 3.31 (Tensor of strategies (Abramsky and McCusker, 1999)). Given
games A, B, C and D, and strategies ¢ : A — C and @) : B — D, the tensor (product)
¢ ® 1 of ¢ and ¢ is given by:

6@ % {8 € Lagpocan| s A,CEeds|BDEY}
Intuitively the tensor ¢ @Y : A B —oC® D of ¢ : A — C and ¢ : B — D plays by

¢ if the last O-move is of A or C', and by v otherwise.

Example 3.12. The tensor succ® double : NQN — NN, where succ, double : N — N
are given in Section [ plays, e.g., as follows:
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N

succ@double succ@double
N ® N —o N ® N N ® N —o N ®
// q // q
q q
q ( )
q
( 2 q
4 q /
2 ( 7
3 8

Lemma 3.13 (Well-defined tensor of strategies). Given games A, B, C' and D,
and strategies ¢ : A —o C and ¢ : B — D, ¢ ® ¢ is a strategy on AQ B — C® D. If
¢ and 1 are innocent (resp. wb, total, noetherian), then so is ¢ ® 1. Given ¢’ : A — C
and ¢ : B —o D with ¢ ~4_oc ¢ and ¥ ~p_op V', ¢ ® Y ~agB—ocep ¢’ @Y’

Proof. Straightforward; see (McCusker, 1998; [Abramsky et al., 2000]). ]
We proceed to recall pairing of strategies:

Definition 3.32 (Pairing of strategies (Abramsky and McCusker, 1999)). Given
games A, B and C, and strategies ¢ : C' — A and ¢ : C — B, the pairing (¢, ) of ¢
and 1 is defined by:
($.0) L {s € Loonen| (s CLAEGAS | B=€)V(s|C,BepAs| A=c¢)}.
That is, the pairing (¢,v) : C' — A&B of ¢ : C'— A and ¢ : C — B plays by ¢ if the
play is of C — A, and by 1 otherwise.
Example 3.13. The pairing (succ, double) : N —o N& N plays as either of the following:

(succ,double) (succ,double)

N —o N & N N —o N & N

o —

n+1 2-n

where n € N, depending on the first O-move.

Lemma 3.14 (Well-defined pairing of strategies). Given games A, B and C, and
strategies ¢ : C — A and ¢ : C — B, (¢, ) is a strategy on C — A&B. If ¢ and
¥ are innocent (resp. wb, total, noetherian), then so is {(¢,v). Given ¢’ : C — A and
Y"1 C —o B with ¢ ~c o4 ¢’ and ¢ ~c—op V', (¢,9) ~c—oaen (¢',9').

Proof. Straightforward; see (McCusker, 1998} [Abramsky et al., 2000]). O
Next, let us recall promotion of strategies:

Definition 3.33 (Promotion of strategies (McCusker, 1998])). Given games A
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and B, and a strategy ¢ : !A — B, the promotion ¢! of ¢ is defined by:
ot L {seLfaup|VieNsicp).

That is, the promotion ¢! : 1A — !B of ¢ : A = B plays, during a play s of |4 — !B, as
@ for each j-subsequence s | ¢ or thread. We could have defined noetherianity of strategies
in terms of positions, but then it would not be preserved under promotion by the obvious
reason; it is why we have defined it in terms of P-views (Definition B.28g]).

Example 3.14. Let succ : N = N be the successor strategy (n.b., it is on the implication
=, not the linear implication —o), which specifically selects, say, the ‘tag’ (_,0) in the
domain !N. Then, the promotion succt : IN — IN plays, e.g., as follows:

SUCCT

IN —o IN

(q,17)
(0.6.0) —
(i, (3,0

(n+1,4)

(¢,7)
(0.G.0) —

(g, k)
(0. (k.0) —

(1+1,k)
(m, (4,0))
(m+1,5)

where i, 7, k,n,m,l € N such that ¢ # j, i # k and j # k, and they are all selected by
Opponent. Note that succ! consistently plays as succ for each thread.

Lemma 3.15 (Well-defined promotion of strategies). Given games A and B, and
a strategy ¢ : A —o B, the promotion ¢! is a strategy on !4 —o | B. If ¢ is innocent (resp.
whb, total, noetherian), then so is ¢f. Given ¢ : !4 — B with ¢ ~4 o5 @, T ~1a_ap &

Proof. Straightforward; see (McCusker, 1998} [Abramsky et al., 2000]). O

We proceed to recall a simple kind strategies, which are [-identities of our game-
semantic CCBoC given in Section @t

Definition 3.34 (Derelictions (Abramsky et al., 2000; [McCusker, 1998))). The
dereliction der 4 : !A — A on a normalized game A is defined by:

dera % {s € PE |Vt < s.Even(t) = (t [ 1A) [0=¢t[ A}.
Note that any ‘tag’ (-, ¢) such that i € N would work; our choice (-, 0) does not matter.

Lemma 3.16 (Well-defined derelictions). Given a normalized game A, der4 is a
valid, innocent, wb, total strategy on !A — A. It is noetherian if A is well-founded.
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Proof. We just show that der 4 is noetherian if A is well-founded for the other points
are trivial, e.g., validity of der4 is immediate from the definition of ~y4_.4. Given
smm € dery, it is easy to see by induction on |s| that the P-view [sm] is of the form
mimimems ... mpmem, and thus there is a sequence x =4 m1 4 mo- -4 mp Fam
of enabling pairs. Therefore, if A is well-founded, then der 4 must be noetherian. O

Let us proceed to introduce some generalizations of existing constructions. Note that
tensor, pairing and promotion of static strategies have been already generalized slightly
because they allow non-normalized dynamic games and strategies. However, for the game-
semantic CCBoC in Section [ we need further generalizations:

Definition 3.35 (Generalized pairing of strategies). Given strategies ¢ : L and
¥ : R such that H¥(L) < C — A and H“(R) < C' — B for some normalized games A,
B and C, the (generalized) pairing {(¢,1)) of ¢ and 1) is defined by:

(0.0) E{s€Lm|(sILesAs|R=e)V(s|ReEYAs[L=2e)}

Theorem 3.9 (Well-defined generalized pairing of strategies). Given strategies
¢ : L and ¢ : R such that (L) < C — A and H“(R) < C — B for some normalized
games A, B and C, (¢, 1) is a strategy on (L, R). If ¢ and 1 are innocent (resp. wb, total,
noetherian), then so is (¢, ). Given ¢’ : L and ¢’ : R such that ¢ ~j, ¢’ and ¢ ~p ',

we have <¢a 1/}> 2(L,R) <¢/a 1//>
Proof. Straightforward. [
Convention. Henceforth, pairing of strategies refers to the generalized one.

Definition 3.36 (Generalized promotion of strategies). Given a strategy ¢ : G
such that H*(G) < !A — B for some normalized games A and B, the (generalized)
promotion ¢! of ¢ is defined by:

cpT(g'{se.,?GMVieN.s[ieso}.

Theorem 3.10 (Well-defined generalized promotion on strategies). Given a
strategy ¢ : G such that H“(G) < !A — B for some normalized games A and B,
o' is a strategy on GT. If ¢ is innocent (resp. wb, total, noetherian), then so is '. Given
@' : G such that ¢ ~g ¢, we have ¢f ~q ¢'T.

Proof. Straightforward. ]
Convention. Henceforth, promotion of strategies refers to the generalized one.

Next, let us introduce a new construction on strategies, which plays a fundamental
role in the present work:

Definition 3.37 (Concatenation of strategies). Let ¢ : J and k : K be strategies
such that H*(J) < A — B and H¥(K) < B — C for some normalized games A, B and
C. The concatenation ¢ 1 x of v and k is defined by:

Li/ﬁd:f' {SE/,11K|S [JEL,s KEk,s fB[l],B[g] Eprg}.
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Theorem 3.11 (Well-defined concatenation of strategies). Let ¢ : J and k : K
be strategies such that H¥(J) < A — B and H¥(K) < B — C, where A, B and
C are normalized games. Then, ¢ Ik : J 1 K and HY(¢); HY (k) = HY(t 1K) : A —o
C, where H“(1); H¥ (k) is the composition of H“(1) : A — B and H¥(k) : B — C
(Abramsky and McCusker, 1999). If . and & are innocent (resp. wb, noetherian, winning),
then sois tik. Given ¢/ : J and &' : K with ¢ ~; ¢/ and k ~g «/, we have tix ~jx V' IK'.

Proof. We just show the first statement as the other ones are straightforward. It then
suffices to prove ¢ Ik : J I K and H¥(¢ { k) = t;k since it implies t;x = HY(L I k) :
HY(J 1K) < A —o C by Lemmata B7 and B8 However, H“(¢ I k) = ¢; k is immediate
from the definition of concatenation; thus, we focuson ¢ x: J I K.

First, we have 1 I K C Pyix as any s € ¢ I  satisfies s € Znk, s [ J € v C Py,
s | K € rx C Pk and s | By, Bpg] € prg. It is also immediate that such s is of even-
length. It remains to verify the axioms S1 and S2. For this, we need:

(&) Each s € ¢ 1 k consists of adjacent pairs mn such that m,n € My or m,n € M.

Proof of the claim { By induction on |s|. The base case is trivial. For the inductive
step, let smn € tik. If m € My, then (s | J).m.(n | J) € o, where s | J is of even-length
by the induction hypothesis. Thus, we must have n € M ;. If m € Mg, then n € Mg by
the same argument. ]

— (S1). Since € € v k, we have ¢ k # (). For even-prefix-closure, assume smn € ¢ I .
By the claim <, either m,n € Mj or m,n € M. In either case, it is straightforward
to see that s € Pjyk, s[J €1, 8| K € kand s | By, By € prp, ie., s € ik

— (S2). Assume smn, smn’ € 1 I k. By the claim ¢, either m,n,n’ € M; or m,n,n’ €
Mp. In the former case, (s | J).mn,(s [ J).mn' € v. Thus, n = n' and Jsmn(n) =
T(s17).mn (1) = T(s10).mn' (') = Tsmns (n") by S2 on ¢, where note that n and n' are
both P-moves and thus non-initial in J. The latter case may be handled similarly.

Therefore, we have shown that ¢t x: J 1 K. ]

Note that totality of (dynamic) strategies is not preserved under composition, but it
is preserved under concatenation. This phenomenon is essentially because totality is not
preserved under the hiding operation as already remarked above.

For completeness, let us explicitly define the rather trivial currying of strategies:

Definition 3.38 (Currying of strategies). Given o : G with H“(G) < A® B — C
for some normalized games A, B and C, the currying A(c) : A(G) of o is o up to ‘tags’.

Proposition 3.2 (Well-defined currying of strategies). Strategies are closed under
currying, and currying preserves totality, innocence, well-bracketing, noetherianity and
identification of strategies.

Proof. Obvious. ]

Now, as in the case of games, we establish the hiding lemma on strategies (Lemmal3.T8]).
We first need the following:
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Lemma 3.17 (Hiding on legal positions in the second form). For any arena G
and number d € NU {w}, we have Lya(q) = {siHE | s € Lo }.

Proof. Observe that:
{stHL | s € Lo} = {sthHL | s € Lg, s is d-complete }
= {HL(s) | s € ZLa, s is d-complete }
= {HL(s) | s € L5} (by the same argument as above)
= Zya(q) (by Corollary [3.2))
completing the proof. ]

Notation. We write #;cy, where I is {1} or {1,2}, for any of the constructions on
strategies introduced so far, i.e., #;er is either ®, (O)f, (), 1, ; or A.

Lemma 3.18 (Hiding lemma on strategies). Let #;c; be a construction on strate-
gies, and o; : G; for each ¢ € I. Then, for all d € NU {w}, we have:

1 Hd(‘ielaz‘) = QieIHd(Ui) if #er is ®, (—)Tv () or A;
2 HY oy To2) = HUoy) T HUo2) if HY(o1 T 02) is not normalized;
3 HU o1 t0o2) = HUo1); H(02) otherwise.

Proof. As in the case of games, it suffices to assume d = 1. Here, we just focus on
pairing since the other constructions may be handled analogously.

Let 0, : G;, i = 1,2, be strategies such that H“(G1) < C — A, H¥(G2) < C — B for
some normalized games A, B and C. For H({o1,02)) C (H(01), H(02)), observe that:
CES H(<O’1,0’2>) =dt e <0’1,0’2>.thH%G17G2> =8

= dt e $<G17G2>'tuH%Gl,Gg> =8 A ((t [ Gieoi Nt fGQ = 6) \Y (t [ Go€oy At [ Gi1 = 6))
=S8 c gﬂ(<c1,G2>) A(s | H(G1) € H(o1) As | H(G2) =€)
V (s | H(G2) € H(o2) As | H(G1) = €)) (by Lemma BI7)
= s € (H(o1), H(o2)).
Next, we show the converse:
s € (H(o1),H(02)) = 8 € Lycr.c0) N (8 I H(G1) € H(o1) As | H(G2) =€)
V(s | H(G2) € H(o2) As [ H(G1) =€)
= (Ju o utHg, =s [H(G1) Au | G =€)
V (3w € o viHG, = s | H(G2) Av [ H(Gy) =€)
= Jw € <01,02>.wh7{%G1)G2> =s
= 8 & H(<O’1,0’2>)
which completes the proof. ]

Finally, as a technical preparation for the next section, let us define:

Definition 3.39 (Dereliction games). The dereliction game on a game G is the
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subgame =g < G = G given by M~G = Mgﬁg, Azg & Ae=a, Fz=g & Fo=q, P:G =
df.

{8 S PG[O]:>G[1] | YVt < s.Even(t) =t | G[ =t G[l]} and ~=z, = ~g=q | P=, X P=,.

Given normalized games A and B, we define:

— H{L"B < A&B = A to be =4 up to ‘tags’, where we often abbreviate it as I1y;

— H;"B < A&B = B to be Zp up to ‘tags’, where we often abbreviate it as Ils;

— TaB < BA&A = B to be Za_p up to ‘tags’, where we often abbreviate it as 7.

That is, the dereliction game =g on a game G is the subgame of G = G, in which
only plays by the dereliction derg are possible.

Lemma 3.19 (D-lemma). Given normalized games A, B,C, L I C = A, R<1C = B,
P<LC = A&B, U QA&B = C and V < A = CB, we have:
(LRI =1L
(L,RY; 113"5 = R
(Pt P, PT-HA’B> =P
(IS AU), 1P T e = U
AUV P T 0) = V.

Proof. Straightforward. [

4. Dynamic Game Semantics of Finitary PCF

This section is the climax of the present work. We first define a game-semantic CCBoC
LDG (Definition [A)) and a standard structure Sg for FPCF in £LDG (Definition [£2) in
Section [l Then, as the main result, we show that the induced interpretation [[_ﬂ‘zgpg
satisfies the PDCP (Theorem [1.2]), and thus the DCP by Theorem [Z3] in Section [£2]
giving the first instance of dynamic game semantics.

4.1. Dynamic Game Semantics of Finitary PCF
Let us give the CCBoC LDG of dynamic games and strategies:

Definition 4.1 (The CCBoC LDG). The CCBoC LDG = (LDG,H) is defined by:

— Objects are normalized, well-founded games;

— A B-morphisms A — B is a pair (J, [¢]lw) of a game J such that H(J) < A = B
and the equivalence class [¢]w 4t {¢p: J | ¢ is winning, ¢ ~; ¢ } of a valid, winning
strategy ¢ : J;

— The S-composition A —¢>]W) B (K[—w> C is the pair (JT1 K, [¢! T ¢¥]w);

— The S-identity id4 : A — A on each object A is the pair (=4, [derA]W),

— The evaluation # maps morphisms (J, [¢]w) : A — B to H(J, [#lw) T (H(J]), [H(d)]w);

— The S-terminal object is the terminal game T' (Example 3.3));

— pB-product and B-exponential are respectively given by A x B L A&B and BA &
A = B =1A — B for any objects A, B € LDG;
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— B-pairing is given by (L, [alw), (R [Bw)) % (L, R), [{a, 8)w) : C — A&B for any
objects A, B,C € £DG, and morphisms (L, [a]w) : C — A and (R, [Blw) : C — B;
— The (B-projections m; : A&B — A and 7y : A&B — B are respectively the pairs

(U{4 B [wi4 Blw) and (Ué4 B [wé4 Blw) for any objects A, B € £LDG, where wf"B :

Hf’B and w?’B : Hf’B are respectively the derelictions der s and derp up to ‘tags’;

— B-currying is given by A(G, [¢]w) & (A(G), [A(p)lw) : A — (B = C) for any objects

A, B,C € LDG, and morphism (G, [¢lw) : A&B — C;
— The B-evaluation evp o : CB&B — C for any objects B,C € LDG is the pair
(Ys.c,[vB,clw), where vp ¢ : T ¢ is the dereliction derp—.c up to ‘tags’.

Note that we have made the underlying game of each S-morphism in £LDG explicit in
order to take the equivalence class of strategies. Also, we have focused on well-founded
games and winning strategies for the full completeness result (Corollary [.2]), where note
that games must be well-founded for derelictions to be noetherian (Lemma [B.16).

Theorem 4.1 (Well-defined £DG). The structure £LDG forms a CCBoC.

Proof. First, for S-composition, let A, B,C € LDG, (J,[¢]lw) : A — B and (K, [¢]w) :
B — C'in LDG. Then, ¢ : JT by TheoremB.10, and H*(JT) <!A —o !B by Theorem 3.5
thus, we may form ¢! 4 : JT § K such that H*(J' {1 K) < A = C by Theorem B.I1l
Also, promotion and concatenation both preserve validity and winning of strategies (by
Theorems 310 and B.1T). Hence, the pair (JT 1 K, [¢f $¢]w) is a f-morphism A — C' in
LDG. Note that the composition does not depend on the representatives ¢ and .

Moreover, (-composition preserves ~: For any A, B,C € LDG, (J,[]w), (J,[w) :
A — B and (K, [slw), (K, [&lw) : B = C in LDG, if H*(J,[]w) = H*(J, [f]w) and
He (K, [5w) = H (K, [fw), then H(JT 1 K) = M= ()T HE(K) = H (F) Mo () =
H@(JT 1K) by LemmaB7T, and H* (i} 1 k) g (gtir) HY (i 1%) by Corollary[3.4] whence
HE(T K, I 1 mhw) = MO R T2 1 Rw).

Then clearly, associativity of S-composition up to =~ holds: Given D € LDG, and
(G,[¢]) : C = D in LDG, by Lemma [B7] we have:

HY((JTEK)T1G) = (MY (IT); 1O (K)) 5 HY(G)
= (H(N)HY ()N H2(G)
=H ()T (R () 12 (G))
=HY(JT); (HO(KT); HY (@)
=H(JTH(KT1Q))
as well as by Lemma
H (o7 )T 1) = (H2 (o) 1Y ()T 1 ()
= (H2(6"); H(v) 1) 1 ()
= (H(@"): (- (1) H ()

1
whence ((J, [glw); (K, [{lw)); (G, [elw) ~ (J, [g]w); (K, [¢¥]w); (G, [#]w))-
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Similarly, unit law up to ~ holds; we leave the details to the reader.

Also, H clearly satisfies the four axioms of BoC (Definition 2.2)), having shown that
LDG is a BoC. It remains to verify its cartesian closed structure up to ~.

The universal property of the S-terminal game T up to ~ is obvious, where we define

1y & (A=T, [{e}lw) : A — T for each A € LDG. The B-projections are clearly values
in £LDG. Given S-morphisms (L, [a]w) : C — A and (R,[flw) : C — B in LDG, i.e.,
a:L,B:R,HY(L) < C = A and H¥(R) < C = B, we may obtain the valid, winning
pairing (o, 8) : (L, R) such that H*((L, R)) < C' = A& B by Theorem B4l Hence, the
pair ({L, R), [{«, B)]w) is a S-morphism C — A&B in £DG, which does not depend on
the representatives « and . Note also that the S-pairing clearly preserves values in LDG.
Also, we have by Lemmata 3.7 and
H (L R ILY) = (12 (L), 1 (R)) T 117 = He (L)

as well as by Lemma 318

He (o, B) 1w P) = (H2 ()T, H2 (B) ) oy
=H(a).

Similarly, H“({L, R)' iH{‘ ) H(R) and H*((a, B)1 T w5"®) = H“(8). Hence,

(L, [a]w), (R, [Blw)); m ~ (L, | ]_)and (L, [adw), (R, [Blw)); m2 = (R, [B]w) hold.
Next, given any [- HlOI‘phlSHl (P, [plw) : C — A&B in LDG, we have:
)

) = (He(P)' 1P 4 (P 115 F)
=H“(P)
again by Lemmata 3.7 and 319, as well as by Lemma
H(p" 1o Tt g P)) = (M2 () 1P 12 () 03 )
=H"(p).

Hence, ((P, [p]); 71, (P, [p]); m2) =~ (P, [p]) holds.
It is also straightforward to check that S-pairing in £LDG preserves ~: Given any (-
morphisms (L, [a]w), (L, [&]lw) : C = A and (R, [Blw), (R, [flw) : C — B in LDG such

that H* (L, [a]w) = H*(L, [a]w) and H* (R, [Blw) = H“(R, [Blw), we have:
HE (L [edw), (R, [Blw))) = (H* >) [H* (e, 8))Iw)

(
(

H(L

He((Ph B, Pty P

(
(
(
=

Finally, the requirements for S-exponentials, S-currying and [-evaluations are proved
more or less similarly to the case of S-products, S-pairing and S-projections, and thus
we leave the details to the leader. [

We proceed to give a standard structure (Definition 2.4) for FPCF in £DG:
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Definition 4.2 (Standard structure in £DG). The standard structure
Sg = (27 T7 &7 7T7 :>7 6U7E7ﬁ7 /(9)

of games and strategies for FPCF in £DG is given by:

— 2 is the game of booleans (Example B4)), and T is the terminal game (Example B3);
— & is product of games, and ﬂ'f’B & (Hf’B, [wf’B]W) (t=1,2) for any A, B € LDG;
— = is function space of games, and ev4, g dt. (Ya.B,[va,Blw) for any A, B € LDG;
— 1t (T = 2, [Pref({g.tt})®w), ff T (T = 2, [Pref({q.ff})*"w) : T — 2;

— 9 L (2&(2&2) = 2,[caselw) : 2&(2&2) — 2, where case : 2&(2&2) = 2,
is the standard game semantics of the case-construction (Hyland and Ong, 2000;
Abramsky and McCusker, 1999) modified to a normalized strategy in the obvious

manner.

Lemma 4.1 (Standardness of Sg). The structure Sg for FPCF in £LDG is standard
in the sense defined in Definition 24

Proof. Straightforward. [

4.2. Game-Semantic Dynamic Correspondence Property for FPCF
At last, we are now ready to prove that our game semantics satisfies a DCP:

Theorem 4.2 (PDCP-theorem). The interpretation [[_ﬂ‘zgpg of FPCF (Definitions 2.4
and (1)) satisfies the PDCP (Definition [2.6]).

Proof. To establish the PDCP, the only non-trivial case is to show for any reduction of
FPCF of the form (Ax*. V)W — U, where V, W and U are values, H([[(AXA.V)W]}‘ZQDQ) =
[[Uﬂ‘zgpg (n.b., [(AA. V)W]]‘ngg + [[Uﬂ‘zgpg is immediate from the first component of each
B-morphism in £LDG and the third axiom on standardness of Sg); the other conditions

for the PDCP follow from Lemmata 3.7 and Let us focus on the non-trivial case, for

which we define the height Ht(B) € N of each type B by Ht(0) & 0 and Ht(B; = B,) &

max(Ht(B1)+1, Ht(B2)). We proceed by induction on the height of the type A of W.
Below, given S-morphisms (H, [r]w) : C = (A = B) and (G, [o]w) : C — A in LDG,
we define the S-morphism (H, [r]w)|(G, [c]w)] & (G, H)T 1 Ya g, [(1,0)t tvaBlw) :
C— Bin LDG. If (H,[Tlw):C — (A1 = A2 = --- = A, = B) and (Gy, [oi]w) : C —
A; for i = 1,2,...,k, then we write (H, [T]w)[(G1,[o1]w), (G2, [o2]w), - - -, (Gk, [ok]wW)]
for (H, [Tlw)[(G1,[o1]w) ]| (Ge,[o2]lw)] - - [(Gk, [ok]w)]| : C — B. We abbreviate in this
proof the interpretation [[_ﬂ‘z%g as []. Let T be the context of (AxA. V)W (as well as U).
In the following, we abbreviate each S-morphism (G, [o]w) in LDG as [o] for brevity,
and focus on the second components (i.e., the equivalence classes of strategies); the
corresponding equations on the first components (i.e., games) may be obtained, thanks
to Lemmata [3.7 and [3.19] similarly to the ways for the first components shown below.
For the base case, assume Ht(A) =0, i.e., A = o. By induction on |V|, we have:
— If V = tt, then (M. tt)W — tt, and clearly H([(MA. tt)W]) = (A([tt]), [W])T; [v] =
[tt]. The case of V = ff is analogous.
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— IfV = A\y©. V', then (AxAYC. VOW — AyC.U’ with (WA VW — U’ (for nf (AWAYC. V)W) =
nf (A\yC. V[W/x]) = \yC.nf(V[W/x]) = \y©. nf (AA.V)W)). Then, we have, by the
induction hypothesis, H([(Ax*.V/)W]) = [U’]. Hence, we get:

H(IVW]) = H({Aga (Mg (VD) WD) T £ [v])
= (Apa (A (IV'D))s WD) 5 [v] (by Lemma BIS)
= A ((Apag (IV'D), IWD) T [0])
= Ay (H({(Agap (IV'D), WD T £ [0]))
= A (H([(A V)W)
= A (V')
= AU

— If V = case(yVy ... Vi)[V1; Vo] with x # y, then (Ax*.V)W — U, where
U = case(ynf (Vi[W/x]) ... af (Vi W/X]) [nf (V1 [W/X]); f (V1 [W/x])].
By the induction hypothesis and the interpretation of the variable y, we have:

[(A VW]
= H Ay (YILIVaD, - - - IV, [V, IV2D)) 4 [ease]) (WD)
= H ((Agag (YD LIWD [Agag (IVaD LWL, -, Agag (IVRD) LIWIL, (A gag (VA1) LIWI,
Agap(IV2D) LIWID)T £ [case])
= H* ([ Y)W L% V)W, . .., [(x. VoW, (T Vi)W, [(Ax. V2)W)T 1 [case])
= H (YL (VAW /DT, - Tnf (VW ST (s (V2 WD) Tnf (VoW DD § [ease])
= [ul-

— If V = case(x)[V1; V2], then (Ax*.V)W — U, where
U = case(W)[nf (V1 [W/x]); nf (V2[W/x])].
By the same reasoning as the above case, we get H([(Ax*.V)W]) = [U].

Next, for the inductive step, assume Ht(A) = h + 1. We may proceed in the same
way as the base case, i.e., by induction on |V|, except that the last case is generalized to
V = case(xVs .. .Vk)[\71;\72], where A= A; = Ay = - = Ac = o (K > 0). We have to
consider the additional case of k > 1; then we have (A\x*. V)W — U, where

U = case(nf (W(V1[W/x]) ... (Vi W/x]))[nf (V1 [W/x]); nf (V2 [W/x])].
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We then have the following chain of equations:
H[(Ax.V)W]
= HAM(KILVAD, - Vs (VD [V2D)) T [ease]) [IW]))

= A (A LIWI LAV D LW, - AV LWL AV LWL AV2D) LIWD) £ [ease])
= H(([Ox )WL VWD, ., [ VigWI L, (IO V)W [(Ax. Vo) WD) [case])
(

= H (WL (VAW - - Tnf (VWD (T (VaIW /)T T (V2[W/X)T)) T £ [ease])
(by the induction hypothesis with respect to |V|)

= H((Inf WV IW/X) - (VW) (Dnf (VW /DT, Tnf (V2 [W/)D)) T 4 [ease])
(by the induction hypothesis (applied k-times) with respect to the hight of types A)

= [case(nf (W(V1[W/x]) ... (Vi W/x]))[nf (V1 [W/x]); nf (V2 [W /)]
= [v]

which completes the proof. ]

Corollary 4.1 (Dynamic game semantics of FPCF'). The interpretation [[_]]‘Z%g of
FPCF and the hiding operation #H satisfy the DCP in the sense of Definition

Proof. By Lemma 1] and Theorems [Z.5] [£.1] and ]

The relation between the syntax and the semantics of FPCF is actually tighter than
Corollary [T} Exploiting the strong definability result (Amadio and Curien, 1998} [Hyland and Ong, 2000)),
FPCF can be seen as a formal calculus for computations in the CCBoC LDG. In ad-
dition, FPCF represents every computation in £DG by the following full completeness
result (Curien, 2007): Any strategy on a game that interprets a type of FPCF is the
denotation of some term of FPCF:

Corollary 4.2 (Dynamic full completeness). Let G be a game such that for some
strategy o : G the pair (G,[o]w) is the interpretation [+ M : Bﬂ‘zgpg of a program
=M : B of FPCF. Then, for any strategy ¢ : G, there is a program [ = M : B of FPCF
such that [+ M : B]2%; = (G, [6]w).

Proof. Note that the game G is constructed along with the construction of type B of
FPCF. We proceed by induction on the construction of G (or B).

First, since values of FPCF are PCF Bohm trees except that the natural number type
¢ is replaced with the boolean type o, and the bottom term L is deleted, the conventional
full completeness and the strong definability hold for values of FPCF in the same way as
that of the conventional game semantics of PCF, where the winning condition on strate-
gies excludes the denotation of the bottom term _L; see (Abramsky and McCusker, 1999;
Curien, 2006)) for the details.

It remains to consider the rule A for applications, i.e., the case where G is of the form
(U, V)1 1 7. But then, note that only plays by the dereliction (up to ‘tags’) are possible
in 7 (Definition [B.39), and therefore we may just apply the induction hypothesis. [
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5. Conclusion and Future Work

We have presented a mathematical (and syntaz-independent) formulation of dynamics
and intensionality of computation in terms of bicategories as well as games and strategies.
From the opposite angle, we have developed bicategorical and game-semantic frameworks
for dynamic, intensional computation with a convenient formal calculus.

Let us emphasize that the dynamic, intensional nature of our semantics stands in sharp
contrast to the static, extensional nature of conventional (categorical or game) semantics.
In particular, our semantics satisfies the highly non-trivial DCP with respect to FPCF.

Note also that the present work refines and generalizes standard categorical and game
semantics of type theories. For instance, composition of static strategies is decomposed
and generalized as concatenation plus hiding of dynamic strategies. Also, standard con-
structions and constraints on static games and strategies are naturally accommodated in
the framework of dynamic games and strategies. Moreover, from the category-theoretic
point, the present work refines the standard CCC-interpretation of type theories by
the CCBoC-interpretation. In this sense, our approach is natural and general, achieving
mathematics of dynamics and intensionality of computation as promised in Section [l

Let us remark that our result does not contradict the standard result (Danos et al., 1996),
i.e., the correspondence between the execution of linear head reduction (LHR) and the
step-by-step ‘internal communication’ between conventional strategies. In fact, LHR is a
finer reduction strategy than the operational semantics of FPCF (Definition [2Z3]), and the
work by Danos et al. implies that LHR corresponds in conventional game semantics what
should be called a ‘move-wise’” execution of the hiding operation. On the other hand, our
operational semantics is executed in a much coarser, ‘type-wise’ fashion, and thus it may
be seen as executing at a time a certain ‘chunk’ of LHR in a specific order. Our dynamic
game semantics captures such a coarser dynamics of computation, and therefore it does
not contradict the work (Danos et al., 1996)). Of course, it is highly interesting to refine
the present work to capture LHR or another, finer reduction strategy such as ezxplicit
substitution (Rose, 1996) and the differential A-calculus (Ehrhard and Regnier, 2003),
which we leave as future work.

More generally, the most immediate future work is to apply the framework of dy-
namic game semantics to various logics and computations as in the case of conventional
game semantics. Also, it would be interesting to see how accurately our game-semantic
approach can measure the computational complexity of (higher-order) programming.

Finally, the notion of (CC)BoCs can be a concept of interest in its own right. For
instance, it might be fruitful to develop it further to accommodate various models of
computations in the same spirit of (Longley and Normann, 2015) but on computation,
not computability. Also, it might be interesting to consider their relation with computa-
tions as monads in the sense introduced by Eugenio Moggi (Moggi, 1991)).
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