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Series-Parallel Graphs

e Series-parallel extension of a tree or forest

Series-extension: . o —> o~ o o

. [ ® —
Parallel-extension: ~~



Series-Parallel Graphs

e EX(K4) ... no K4 as a minor

e [Treewidth <2



Series-Parallel Graphs

Theorem 1 [D.4+Giménez+Noy]

Gn ...

JAV

random vertex labelled SP-graph with n vertices

maximum degree of G,

An

logn

> C

in probability

and




Series-Parallel Graphs

Remark 1. A corresponding result holds for 2-connected and con-
nected SP-graphs:

c~ 3.679771 for 2-connected SP-graphs,
c~ 3.482774 for connected and all SP-graphs.

Remark 2. p; ... (limiting) probability that a random vertex in a
random SP-graph has degree k.
g~1 ... radius of convergence of p(w) = Y ppw®.

k>1

1

“ T log(1/q) |




Series-Parallel Graphs

Heuristically: Ay, concentrated around level kg which satisfies \npg, ~ 1|

e p;. has “geometric” behaviour: logpg ~ klogq (for 0 < ¢ < 1)
1

— Ap~clogn, c=
" log(1/q)

(E.g. plane trees)

e pr. has “Poisson” behaviour: pp ~ aFe=2/k!

(E.g. labelled trees)



Historic Remarks

e Gao 4+ Wormald: precise distribution of maximum degree in planar
maps and triangulations.

e McDiarmid + Reed: clogn < A, < Clogn whp for random planar
graphs.

e Bernasconi 4+ Panagiotou + Steger: concentration results for de-
gree distribution (uniform up to k < Clogn)
+ conjecture for max-degree of SP-graphs.



Maximum Degree

Relation to number of vertices of given degree
fzk) ... number of vertices of degree k in Gy.

xR — x B L x(k+2) L humber of vertices of degree
> k.

A, ... Mmaximum degree:

An>k — xRS0

P{A, > k} = P{X{®) > 0}




Maximum Degree

First moment method

Y ... a discrete random variable on non-negative integers.

— |P{Y >0} <min{l,EY}

Second moment method

Y is a non-negative random variable with finite second moment.

(EY)?
E(Y?2)

—> |[P{Y >0} >




Maximum Degree

First and second moment method

(E X7g>k))2

E (X5)?

<P{A, >k} < min{1,EX{

(>k)  number of vertices of degree > k.



Maximum Degree

First moments

Pnk --- Probability that a random vertex in G, has degree k

k
EX?SJ ) = " Pn.k

— EX{M=FE (Z X?gf)) =n) Poys
0>k 0>k

Precise asymptotics for p, ;. are needed that are uniform in n and k.



Maximum Degree

Second moments

Pn ke --- Probability that two different randomly selected vertices
in G, have degrees k£ and /.

E(XPX() =n(-Dpppe G#0

2
— E(X7§>’“))2=IE(Z X§j>> =n) Ppetnn—1) >  puee

1>k >k l1,4>>k

Precise asymptotics for p,, . p are needed that are uniform in n, k, and
l.



Maximum Degree

Bounds for the distribution of A,

2
n? (gzkpnl)
N :
<P{A,>Ek}<min<1l,n)d p,se.
n Y ppetn(n—1) S pyg { gﬁ "
>k b1, 4>>k

“Master Theorem’” Suppose that

k
Pnk ~ ck®q
2 k-4
Pnk,t ™~ Pn,kPnyg ™~ C (k£)%q T

Ay 1

> in probabilit
logn  log(1/q) " Y




Maximum Degree

Remark 1 More precisely we need

Pk ~ ck®"* uniformly for k < C'logn
and

Pnk = O(g") uniformly for all n,k > 0

for some g and g with O0<g¢g<g<1
(and similar conditions for p,, 1. ¢).

Remark 2 (Thanks to Kosta Panagiotou)
The relations for Pn ke CaAN be replaced by proper estimates for the

covariance of X,,Sk)Xf,ge). For example, if G, has many small blocks
whp then the degrees of two independently chosen vertices will be
almost independent since they will be in different blocks whp.



Series-Parallel Graphs

Generating functions

bn.m ... number of 2-connected labelled series-parallel graphs with

n vertices and m edges, bn = >, bn.m
xn
B(z,y) = Z bn,m—lym
n,m n!
cnm ... humber of connected labelled series-parallel graphs with n
vertices and m edges, cn = ), cn.m
xn
C(z,y) = Z Cn,m—lym
nm n!

gn.m -.. humber of labelled series-parallel graphs with n vertices and
m edges, gn = >, In.m

xn
G(z,y) = > _ gn,mmym

n,m



Series-Parallel Graphs

Generating functions

G(z,y) = /")

oC(x,y) — e <8B (x(?C(a:,y) y))

ox oz ox

OB(z,y) _ 221+ D(x,y) _ 2% 5(ry)
oy 2 1+y 2

D(z,y) = (1 4+ y)e5@¥) 1,



Series-Parallel Graphs

Series-parallel networks: series-parallel extension of an edge

Series-extension: . o —> - o o
RN

. ® ® —
Parallel-extension: ~~
0 00)

There are always two poles (0,c0) coming from the original two ver-
tices.



Series-Parallel Graphs

Series-parallel networks

Parallel decomposition of a Series-parallel network:

=S

Series decomposition of a series-parallel network

e




Series-Parallel Graphs

Series-parallel networks
dn.m ... humber of SP-networks with n + 2 vertices and m edges

sn,m ... humber of series SP-networks n + 2 vertices and m edges

n n

X X
D(xv y) — Z dn,m_lyma S(ZC,y) — Z Sn,m_lyma
n,m n: n,m n:

D(CE, y) = eS(:I:,y) — 1 —I— yes(xay)



Series-Parallel Graphs

2-connected SP-graphs

A SP-network network with non-adjacent poles (which is counted by
es($>y)) is obtained by distinguishing, orienting and then deleting any
edge of an arbitrary 2-connected series-parallel graph:

OB(x,y) _ 22 s5(ay)
oy 2
z? 1+ D(z,vy)
2 14y




Series-Parallel Graphs

Connected SP-graphs

All SP-graphs

G(z,y) = )



Series-Parallel Graphs

Asymptotic enumeration

s _D
bnzb-plnn 2n!<1—|—O —
n

()
en = c- p3"n"3n! (1 +0 (1)
)

Y

)
;)
)

Y

5 1

gn=g-py 'm 2n! (1 + O (—

n

p1 = 0.1280038...
po = 0.11021...,

b= 0.0010131...

c = 0.0067912...
g = 0.0076388...



Series-Parallel Graphs

Asymptotic enumeration

xD(x,y)?
14+ axD(x,y)

D(z,y) = (1 + 1) exp( ) _ 1= &(z,y, D))

—  D(a,y) = g(z,y) — (=, y>\/1 _ T

with p(1) = p; = 0.12800....



Series-Parallel Graphs

Asymptotic enumeration

OB(z,y) x°1+4 D(z,y)

— oy 2  1+y
= g2(z,y) — ho(z, ?/)\/ p(y)
i = B(z,y) = g3(z,y) + h3(z,y) (1_(—)>j

5
—> |bp~b-p(1) "n" 2n!




Series-Parallel Graphs

Asymptotic enumeration (C’ := axC)

C'(z,y) = B @C@EWY) | y(a,y) = 2C'(z,y), P(z,y,v) = 2BV

—  |v(z,y) = P(z,y,v(z,y))

— o(a,y) = 2C'(z,y) = gala, y) — halz, y>\/1 _
pz(y)

with p>(1) = 0.11021.... (Note that v(p) = 0.1279695... < py ')
3

— c<x,y>=g5<x,y>+h5<x,y>(1— z )
p2(y)

oy D
—> |cn~cps; n2nl




Series-Parallel Graphs

Asymptotic enumeration

3
C(z,y) = g5(x,y) + hs(z,y) (1 S )
p(y)

—  G(z,y) = @Y = go(a,y) + he(x, ) (1— - )
p2(y)

., _5
p— gnwganin




Root Degree

Random vertex versus root vertex
Gn ... random vertex labelled SP-graph with n vertices

Gy ... random vertex labelled SP-graph with n vertices, where one
vertex is distinguished (= root)

Pn k. = Probability that a random vertex in Gp has degree k

= probability that the root in G} has degree k



Root Degree

Generating functions

;k ... humber of rooted 2-connected labelled series-parallel graphs
with n vertices and root-degree k.

n

B®(x,w) —ank—wk

c;k ... humber of rooted connected labelled series-parallel graphs

with n vertices and root-degree k.
o o xn
C®°(z,w) = chn,kaw
n’

g, . --- humber of rooted labelled series-parallel graphs with n ver-
tices and root-degree k.

k

° x"
G(ZC w)_E:gnk w
n,k

k



Root Degree

Computation of p,, ;.

ahi _ [0 G (e, w)

ngn [z G®(x, 1)




Root Degree

Generating functions

G®(x,w) = C'(m,w)ec(x),
C*(z, w) = €B°(:I;C’(x),w)’

waﬂB%x,w) =) kB (z)w® = zweS (TW)
w

k>1
D®*(z,w) = (1 + w)eS.(x’w) -1,

S®(z,w) = (D*(z,w) — S*(z,w))zD(x,1).



Root Degree

Series-parallel networks

d;b - number of SP-networks with n-+ 2 vertices, where the first pole
has degree k

Sp.m --- humber of series SP-networks n + 2 vertices, where the first

pole has degree k

" "
° ° ° °
D (CU,’y) — Zdn’kmw ) S (xay) — an’kmw )
: n.k :

n,k

D*(z,w) = (1 +w)eS @w) _ 1

S®(z,w) = (D*(z,w) — S*(z,w))xzD(x, 1)



Root Degree

2-connected SP-graphs

A SP-network network with non-adjacent poles (which is counted by
eS°(x7w)) is obtained by distinguishing, orienting and then deleting any
edge of an arbitrary 2-connected series-parallel graph:

waiB%a:,w) = Z kBk(a:)wk = a:es.(x’w),
w

k>1
14+ D%z, w)
- 1+ w




Root Degree

Connected SP-graphs

C*(z, w) = €B°(acC”(:c),w)

All SP-graphs

G (z,w) = C*(z,w)el®)



Degree Distribution

Theorem 2 [D.4+Giménez+Noy]

Let Pk be the probability that a random vertex in a random 2-
connected, connected or unrestricted series-parallel graph with n ver-
tices has degree k. Then the limit

pr = lim Pn.k

n—oo

exists. The probability generating function

p(w) = Y prw®

k>1

can be computed explicitly and we have asymptotically

3
pp ~ cq” k2.



Degree Distribution

k

For 2-connected series-parallel graphs the series p(w) = ) ppw” is
k>1
given by:
(w) B1(1,w)
w) — ,
i B1(1,1)

where Bq1(y,w) is given by the following procedure ...



Degree Distribution

2
Eo(y)® _ (Iog 1+ Eo(y) Eo(y)) |

Eo(y) — 1 o 14+ R(y)
_V1-1/E(y) -1
) = Eo(y) ’
Er(y) = — ( 2R(y)Eo(y)?(1 + R(y)Eo(y))? )5
(2R(y)Eo(y) + R(v)2Eo(y)2)2 4+ 2R(y)(1 + R(y)Eo(y)) )

R(y)Eq(y)

Do(y,w) = (1 + yw)el+n<y>Eo<y>D°(y’w) -1,
(1 + Do(y, w))R(y)El(y)Do(y,w)

N W) — 1+ R(y)Eo(y) :
) = T o W) R EG
Bo(y,w) = R(y)Do(y,w)  R(y)*Fo(y)Do(y, w)?
’ 1+ R(y)Eo(y) 2(1+ R(y)Eo(y))
Bi(y,w) = R(y)D1(y,w)  R(y)*Eo(y)Do(y, w)D1(y, w)

T 1+ R(y)Eo(y) 1+ R(y)Eo(y)
~ R(y)*E1(y) Doy, w)(1 + Do(y, w)/2)
(1 + R(y)Eo(y))? '




Degree Distribution

Remark 3 [D.+Giménez+Noy] Xék) satisfies a central limit theorem
with

IEXT(lk) ~ pupn  and Vquk) ~ J%n.

Remark. pp. = p;.



Asymptotic Analysis

We know

pp = 1im p,~cq k2

n—oo

We need (uniformly for £ < Clogn)

L, 3
Pnk~cq k 2.

The goal is to extend Theorem 2 to a bivariate asymptotics.



Asymptotic Analysis

Series-parallel networks

€T €T 2
D(z,1) = 2exp (1 —I—DagD’(laj) 1)) —1=®(x,D(x,1))
— D(z,1) = g1(z) — h1(z), /1 — —,
P1

with p; = 0.12800....

[Repetition of the previous case with y = 1].



Asymptotic Analysis

Series-parallel networks

xD(x,1)D®(x,w)
1+ axD*(x,w)

D®(x,w) = 2exp ( > —1=d(z,w,D(x,1), D*(z,w))

p(z, D(z,1))’

— D*(z,w) = go(x,w,D(x,1)) — ho(z, w, D(x, 1))\/1 —

with

T

p(z,D(z,1)) =g(z) — h(z),/1 — —
P1



Asymptotic Analysis

2-connected SP-graphs
0B*(z,w) 1+ D®*(z,w) _,

— Ow 14+ w D, w)
= g3(=, w, D(x,1)) — ha(z,w, D(z, 1))\/1  p(z,D(z, 1))
s B'(:U,w) = g4(z,w,D(x,1)) + ha(z,w,D(x, 1)) (1 N p($7 D(x, 1)))
= G(x,w) + H(z,w) (1 — y(ilf)’w)%
with

y(@) = p(a, D(x,1)) " = g(2) — h(x)\/1 - z/p1,
G(z,w) = ga(z,w, D(z,1)) = G1(z,w) — Galz,w)\/1 —z/p1,
H(xz,w) = hg(z,w,D(x,1)) = Hi(z,w) — Hg(a:,w)\/l —x/p1.




Asymptotic Analysis

Connected SP-graphs

— C'(m,w) — eB’(a:C"(:c),w)

= |Gz, w) + H(z,w) (1 — g(z)w)?

with

y(z) = y(xC'(2)) = g(a) — h(z)\/1 — z/po,
G(z,w) = G1(z,w) — Calz,w)\/1 —z/po,
H(z,w) = Hi(z,w) — Ho (=, w)\/l —x/p>.




Asymptotic Analysis

Lemma 1
flz,w)y= Y fora"w"
n,k>0
= |G(z,w) + H(z,w) (1 — y(w)w)% :
where

y(z) = g(x) — h(z)\/1 — x/x0,
G(z,w) = G1(z,w) — Gg(x,w)\/l — x/xQ,

H(x,w) = Hi(z,w) — Hg(m,w)\/l — x/xg.
with analytic functions g, h,G1,G>, H1, Hy
(4+ some technical conditions)

— | fop = 3h($o)H($§;T0 1/g9(x0)) (xc))k_lwank_gn_g (1 10 (%))

uniformly for £ < C'logn (for any constant C > 0) and

e =0 ((g(a0) + ) "n72).




Asymptotic Analysis

Application

B*(z,w) = G(z,w) + H(z,w) (1 — y(z)w)3

_3
2,

3
p— ’kwclqkwank_in

with ¢ = g(xg) < 1.

bn o —
i bxy'n~ 2 (from above)
b® 3
— Pnk = n,k ~ qu kL2
’ b?’L




Double Rooting

Generating Functions

G*®(z,w,t) = ec(x)G°(a:, w)G®(x,t) + ec(“’)C’"(:ﬁ, w,t),
Y . L 0 ° 3 °
C (CE,’U),t) - (CCC’(.CC))’@%C (wvw)amc (:Cat)

+ B**(xC'(z),w, t)C®*(z, w)C®(z, 1),
o

wa—wB"(ﬂfa w, 1) = wted1 @) 4 peS @0 g, (4w, 1),

D1i(z,w,t) = (1 + wt)esl(m’w’t) — 1,

S1(z,w,t) = x(D*(z,w) — S*(z,w))D®*(x,t),

Do(z,w,t) = (1 + wt)eSQ(x’w’t),

So(x,w,t) = x(Do(x,w,t) — So(x,w,t))D(x,1)
+ z(D1(z,w,t) — S1(x,w,t))D*(x,t)
+ 2 (D*(x,w) — S*(x,w))D>(x,1,t).



Asymptotic Analysis

.o G(x,w,t) + H(x,w, )W + I(x,w,t)T + J(z,w,t)WT
B®**(x,w,t) = \/1 ;
—z/p1

with the abbeviations

Wz\/l—y(az)w and T=\/1—y(:1:)t

and with

y(@)g(z) — h(z)\/1 —z/p1,

Gz, w,t) = G1(z,w,t) — Ga(z,w,t)\/1 —z/p1,
H(z,w,t) = Hy(z,w,t) — Ha(z,w,t)\/1 - 2/p1,
I(z,w,t) = I1(x,w,t) — IQ(:c,w,t)\/l —x/p1,
J(x,w,t) = J1(z,w,t) — Jg(x,w,t)\/l —x/p1.

The analytic behaviour of C**(x,w,t) is of the same kind.



Asymptotic Analysis

Lemma 2
flwt) = 3 fp e wt
n,k.,l
G(x,w,t) + H(x,w, )W + I(z,w,t)T + J(x,w,t) WT

\/1 — x/xQ

with the abbeviations W = /1 — y(z)w and T = /1 — y(z)t, wher

y(z)g(x) — h(z)\/1 — /0,

G(x,w,t) = G1(x,w,t) — Gg(a:,w,t)\/l — x/x,
H(z,w,t) = Hy(z,w,t) — Ha(z,w,t)\/1 — /0,
I(z,w,t) = I (z,w,t) — In(z,w,t)\/1 — /o,
J(x,w,t) = J1(x,w,t) — Jg(w,w,t)\/l —x/xQ

with analytic functions g,h,G1,Go, H1, Ho, 11, 15, J1, Jo
(4+ some technical conditions)



Asymptotic Analysis

Lemma 2 (cont.)

J ajO?O) 1 9 1 3 1
= | [n ke ™ ( 4i%x/02) g("m)) g(zo)*Tlag™(ke) 2072

uniformly for k,¢ < C'logn (for any constant C > 0) and

fae =0 ((9(0) + ) Hiag"n2)

uniformly for all n,k,¢ > 0 for every € > 0.

3
Remark This proves p,, ;. o ~ c2g" 14 (ke)72.



Proof of Lemma 1

1. Singularity Analysis
(following Flajolet-Odlyzko)

Suppose that

y(@) = (1 -z /o) |

Then

a—1
n n

yo = 2"ly(@) = (D" F)ab = £ e+ 0 (n*ap).




Proof of Lemma 1

1. Singularity Analysis

Cauchy’'s formula:

(—1)”(_na)x8 = %L(l —z/zg) Yz " Lda.

X/

¥ ="71Ur2Ur3Una:

. 2
- {x:xo<1—7’+('og”) t :ogtgoogn)?},

|
—N—
8
|
8
o
VR
—
|
|
Q)
J
o
N———
|
N
VA
-
VA
SIE
——

72

Y3 = {:1: = x0 (1 —+
and ~4 is a circular arc centred at the origin and making ~v a closed
curve.




1. Singularity Analysis

Path of integration

~
u

\/




1. Singularity Analysis

Substitution for x € v1 U vy U~3:

t t2
m/x0=1+—:>w_n_1 (1—I—O< >>
n n
With Hankel's integral representation for 1/I («)
1 no&— 1 n
——7/0 (1 —z/zg) Yz " ldz = /~( )" Yetdt
21 y1Uy2U~y3 271

n®— 2x8
_ —t) ¢ —t. O t2 dt
T 271 /H( ) € ( )

1 n
= R o).

A
\d

H={t||t|=1,Rt <0}U{t|0 < Rt <log?n,It = +1}:



1. Singularity Analysis

Remark

x ey Uy Uz

p—




Asymptotic Analysis

Lemma 1 (the same as before)

flz,w)y= 3 fupz"w”

n,k>0

= |G(z,w) + H(z,w) (1 — y(w)w)%

~»

where

y(z) = g(x) — h(z)\/1 — x/x0,
G(z,w) = G1(z,w) — Gg(x,w)\/l — x/xQ,

H(x,w) = Hi(z,w) — Hg(m,w)\/l — x/xg.
with analytic functions g, h,G1,G>, H1, Hy
(4+ some technical conditions)

[ = PCOHCO0 50D it i3 (140 (1))

uniformly for £ < C'logn (for any constant C > 0) and

e =0 ((g(a0) + ) "n72).




Proof of Lemma 1

2. Cauchy’s formula

dx dw

fnk_

1 f(z,w)
N (271)2 /7

r gLl k1

Integration with respect to xz: v = v1 U~y U~vy3 U4, Where

{azzwg (1_i—|—(logn)2—t> 0<t< (logn)z},

n
2 = foman(1-2):Zeo<)
V3 = {w=azo(1+7’+t) 0<t S(Iogn)Q},

and ~4 is a circular arc centred at the origin and making ~ a closed
curve.

71




2. Cauchy’s formula

Integration with respect to w: I =T Ul>Ul3UIl 4, where
4+ (log k)2 —
M = {w:w()(l—z_l_( 9 k) T>:O§S§(|ng)2}’

k
> = {w = wp (l — 1e_w> << }
k 2= ’

3 = {w=w0< Lt s ):OSSS(Iogk)Q},

and [ 4 is a circular arc centred at the origin and making I a closed
curve.

(wo = 1/g(z0))

| 3

@h
@h




2. Cauchy’s formula

Remark

revyiUyUygandwel{UlLUI 3:

| 2 1 log k)2
lg 1% S(Ogn) and =< 1_£§( gk)
n xQ n k wQ k
For £k < C'logn we thus have
X . w
X = ‘/1—— IS much smaller than W =1- —
0 wQ




Proof of Lemma 1

3. Local expansion around the singularity

y(z) = g(z) — h(z)\/1 — /g

w=wo+ w—wg = wo(l—-W)

= g(z0) — h(zo)X +

O(X?)

1 —y(2)w =W + h(zo)weX + O(X?)

(1 - y()w)3

— (W + h(zo)woX + O(X2)>

3/2

— 3/2 (1 n (3/2)h(z0)woX

= w32 4 gh(fﬁo)wo

%%

XWl/Q

wo (i)

+0 (X2W1/ 2)



3. Local expansion around the singularity

1 1
xwl2=(1-2) (1)
L0 wo

. Cauchy integration provides the asymptotic leading term

1 1. _3._3
4—:1:Onwokn 2k 2
T




Random Planar Graphs

Conjecture for maximum degree A,

A 1
LSRN in probability
logn  log(1/q)
and
logn
EA, ~
" log(1/q)

1
where ¢ = 0.6734506... appear in the asymptotics of pi ~ ck™ 2¢*:
1/10g(1/q) = 2.529464248...



Random Planar Graphs

Degree Distribution

Theorem [D.+Giménez+Noy]

Let p,  De the probability that a random vertex in a random planar
graph R, has degree k. Then the limit

liMm
n—00

P -—

Pn.k

exists. The probability generating function

p(w) = Y ppw®
k>1
1
can be explicitly computed; |p; ~ ck~2¢"| for some ¢ > 0and 0 < g < 1.
p1 p2 p3 b4 Ps Pe
0.0367284 | 0.1625794 | 0.2354360 | 0.1867737 | 0.1295023 | 0.0861805




Random Planar Graphs

Counting Generating Functions

G(z,y) = exp (C(z,y)),
oC(x,y) — exp (83 (xﬁC’(a:,y) y))

ox ox ox
OB(z,y) _ x2 14 D(z,y)

oy 2 14y
M(z,D) og (LD D2
242D 09 14y 1+ 2D’

1 1

M (x, == 2( —+ —

) =\ 1y Y1y

U=zy(1l+ V)Q,
V =qy(1+U)2

LA+ 02+ V)2

(1+U+V)3

).



Random Planar Graphs

Asymptotic enumeration of planar graphs

—n I 1
bnzb-plnn 2nl (1—|—O<5>>,

n I 1
cn=c-py 'm 2n! (1—I—O(g>>,

n I 1
gnzg'Pan 2n/! (1+O(g)>

p1 = 0.038109...,
p> = 0.03672841...,
b= 0.3704247487...- 107>,
¢ = 0.4104361100... - 107>,
g = 0.4260938569... - 107°



Random Planar Graphs

Generating functions for the degree distribution of planar graphs
C® = %—g ... GF, where one vertex is marked
w ... additional variable that counts the degree of the marked vertex

Generating functions:

G*(z,y,w) all rooted planar graphs

C®*(x,y,w) connected rooted planar graphs
B®*(x,y,w) 2-connected rooted planar graphs
T*(z,y,w) 3-connected rooted planar graphs



Random Planar Graphs

G*(z,y,w) = exp (C(=x,y,1)) C*(z,y,w),
C*(z,y,w) = exp (B®* (zC*(x,y,1),y,w)),

B*
ow
1

D(z,y,w) = (1 + yw) exp (S(w,y,w) + 2D (s, 7. 0) X

x T* <a:,D(:1:,y, 1), g({;’;’ Z g)) ~1

S(x7 y7 w) — xD(:U7 y7 1) (‘D('CU7 y) w) T S(:E7 y? w)) 9
$2y2w2 1 n 1
2 l4+wy 14 xy
(w4 1)? (—w1(u,0,w) + (u = w+ 1)y fwz(u,0,0))
B 2w(vw + u?2 +2u+ 1)(1 +u + v)3 ,

1
22D (z,y, w)

T° (:U, D(x,y,1), D(z,y, w))

D(z,y,1) )

T*(z,y,w) =

u(z,y) = zy(l +v(z,v))?,  v(z,y) =y(1 +ulz,y))?



Degree Distribution

with polynomials wy = wi(u,v,w) and wo = wo(u,v,w) given by

w1 = — wow? + w(l 4 4v + 3uv? + 502 + u? + 2u + 203 + 3uv 4 Tuww)
+ (u+ 1)?(u+2v+ 1 +02),

wo =uv?w? — 2wuv(2u?v + 6uv + 203 + 3uv® + 502 +u? + 2u+4v 4+ 1)
+ (u+ 1)°(u+2v + 14+ v?)>.



Random Planar Graphs

Singular structure of B®*(z,1,w)

B*(z, 1

ow
x=/1-2 w=1-=
X0 wQ

L(X,W) = X3h1 (W) 4+ X°Why(X,W) + 0 4+ W3ha(W)



Random Planar Graphs

Lemma 1.2

flz,w) =Y f,pz"w”

n,k>0

~

= | K(X,W) +/L(X, W)

where X = \/1 —x/xg and W =1 — w/wg and

L(X, W) = X3hi(W) + X°Who(X, W) + 0+ W3ha(W)

with analytic functions K, hq, ho, hg
(+ some technical conditions)

1 1
—> | far=cxgy" wakkin_% (1 + O (E))




Random Planar Graphs

Work in progress...
e Generating functions for double rooting
e Singular structure of generating functions

e Lemma 2.2



T hank You for Your Attention!



