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Abstract

Let k.(n,d) be the minimum number of r-cliques in graphs with n
vertices and minimum degree §. We evaluate k,(n,d) for 6 < 4n/5
and some other cases. Moreover, we give a construction, which we
conjecture to give all extremal graphs (subject to certain conditions
on n, § and r).

1 Introduction

Let f.(n,e) be the minimum number of r-cliques in graphs of order n
and size e. Determining f.(n,e) has been a long studied problem.
The case r = 3, that is counting triangles, has been studied by various
people. Erdés [3], Lovasz and Simonovits [7] studied the case when
e = (5)/2+1 with 0 < I < n/2. Fisher [4] considered the situation
when (3)/2 < e < 2(3)/3, but it was not until nearly twenty years
later that a dramatic breakthrough of Razborov [9] established the
asymptotic value of f3(n,e) for a general e. The proof of this used
the concept of flag algebra developed in [10]. Unfortunately, it seemed
difficult to generalise Razborov’s proof even for f4(n,e). Nikiforov [§]
later gave a simple and elegant proof of the asymptotic values of both
fa(n,e) and f4(n,e) for general e. However, the asymptotic value of
fr(n,e) for r > 5 have not yet been determined, and the best known
lower bounds was given Bollobds [2].

In this paper, we are interested in a variant of f.(n,e), where
instead of considering the number of edges we consider the minimum
degree. Define k.(n,d) to be the minimum number of r-cliques in
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graphs of order n with minimum degree §. In addition, k. (n,d) is
defined to be the minimum number of r-cliques in J-regular graphs
of order n. It should be noted that there exist n and ¢ such that
k.-(n,8) = 0, but k,“(n,6) > 0. For example, if r = 3, n odd and
2n/5 < dn < 2, then it is easy to show that k3(n,d) = 0. However, a
theorem of Andrasfai, Erdés and Sés [1] states that every triangle-free
graph of order n with minimal degree greater than 2n/5 is bipartite.
Since no regular graph with an odd number of vertices can be bipartite,
k5% (n,d) > 0 for n odd and 2n/5 < § < n/2, whilst k3(n,d) = 0. The
author [5] evaluated k5%(n,8) for n > 107 odd and 2n/5 + /n/5 <
d<nj2.

Let 6 = (1 — B)n with 0 < 3 < 1 and p = [$~!] — 1. Throughout
this paper, § and gn are assumed to be a rational and an integer
respectively. Note that p is defined so that by Turén’s Theorem [I1]
kr(n,(1 — B)n) > 0 for all n (such that fn is an integer) if and only
if r < p+ 1. Since the case § = 1 implies the trivial case § = 0,
we may assume that 0 < § < 1. Furthermore, we consider the cases
1/(p+1) < B < 1/p separately for positive integers p. Hence, the
condition p = 2 is equivalent to 1/3 < 5 < 1/2, that is, n/2 < ¢ <
2n/3.

Next, we definite a family G(n, 5) of graphs, which gives an upper
bound on k,(n,d), where 6 = (1 — §)n and integers r > 3.

Definition 1.1. Let n and (1 — B)n be positive integers not both odd
with 0 < B < 1. Define G(n, B) to be the family of graphs G = (V, E)
of order n satisfying the following properties. There is a partition
of V into Vo, Vi,..., Vo1 with |Vo| = (1 — (p — 1)B)n and |V;| = Bn
for1<i<p-—1, where again p= [371] —1. For0<i<j<p-—-1,
the bipartite graph G[V;,V;] induced by the vertex classes V; and V;
is complete. For 1 < i < p—1, the subgraph G[V;] induced by V; is
empty and G[Vp] is a (1 — pB)n-regular graph such that the number
of triangles in G[Vy| is minimal over all (1 — pB)n-regular graphs of
order |[Vo| = (1 — (p—1)B)n.

Note that G(n, ) is only defined if n and (1—)n are not both odd.
Thus, whenever we mention G(n, 3), we automatically assume that n
or (1 — fB)n is even. Furthermore, we say (n,() is feasible if G[Vp]
is triangle-free for G € G(n,3). Note that G[Vp] is regular of degree
(I—pB)n < (1—=(p—1)pB)n/2 = |Vp|/2. Thus, if |Vp| is even, then
G[Vp] is triangle-free. Therefore, for a given 3, there exist infinitely
many choices of n such that (n, ) is a feasible pair. If (n, ) is not
a feasible pair, then |Vj| is odd. Moreover, it is easy to show that
ks(GIVo]) = k5% (no, do) = o(n?), where ng = |Vo| = (1 — (p — 1)B)n,
0o = (1 — pB)n and k,(H) is the number of r-cliques in a graph H.



By Definition [Tl every G € G(n,3) is (1 — f)n-regular. In par-
ticular, for positive integers r > 3, the number of r-cliques in G is
exactly

(6 =0+ (7

)(1 ) s GV,

—or @+ (U7 )@= 8 o), (1)

where ng = (1 — (p — 1)B)n, do = (1 — pB)n and
w®) ="+ (P2 1) 0= -1y

+5(P5)a-m - - ns)e
with (z) defined to be 0 if z < y or y < 0. Since k5 (ng, &p) = o(n?),
(@) becomes k.(G) = (g-(8) + o(1))n". In fact, most of the time,
we consider the case when (n, ) is feasible, i.e. k3(G[Vh]) = 0 and
k- (G) = g-(B)n". We conjecture that if (n, 3) is feasible then G(n, f)
is the extremal family for k,(n,d) with 6 = (1 — f)n and 3 < r <

p+1=[67"].

Conjecture 1.2. Let n and § be positive integers. Then

kr(n,0) = g-(B)n",

where § = (1 — B)n and r > 3. Moreover, for 3 <r <p+1=[B71]
equality holds if and only if (n, () is feasible and the extremal graphs
are members of G(n, 3).

By Turdn’s Theorem [11], the above conjecture is true when p = 1
orr>p+1. g =1/(p+1) and (p + 1)|n, then G(n,1/(p + 1))
only consists Tpy1(n), the (p + 1)-partite Turdn graph of order n.
Bollobés [2] proved that if (p+1)|n and e = (1 —1/(p+1))n?/2, then
fr(n,e) = k. (Tp+1(n)). Moreover, Tp,1(n) is the only graph of order
n with e edges and f,.(n,e) r-cliques. Hence, it is an easy exercise to
show that Conjecture [[.2is true when 8 =1/(p + 1).

It should be noted that since G(n, ) defines a family of regular
graphs, we also conjecture that k.“/(n,d) is achieved by G € G(n, ),
where § = (1—)n. However, we do not address the problem &, (n, )
here. For the remainder of the paper, all graphs are also assumed to be
of order n with minimum degree 6 = (1 — #)n unless stated otherwise.



2 Main results

By our previous observation, Conjecture is true for the following
three cases: p=1,r>p+1and d = (1 —1/(p + 1))n. That leaves
the situation when 3 <r < p+1 and § > n/2. In Section [3] we prove
Conjecture for n/2 < 6 < 2n/3, as follows.

Theorem 2.1. Let n and § be positive integers with n/2 < § < 2n/3.
Then

k3(n,d8) > g3(B)n’,

where 6 = (1 — B)n. Moreover, equality holds if and only if (n,[) is
feasible and the extremal graphs are members of G(n, ().

The ideas in the proof, which is short, form the framework for
our other results. The next simplest case is that of K, o-free graphs.
Notice that, by the definition of p, G must contain K,,1’s but need
not contain K,;o. Conjecture is proved for K, o-free graphs by
the next theorem.

Theorem 2.2. Let n and 0 be positive integers. Let G be a K, 4o-free
graph of order m with minimum degree §, where 6 = (1 — 8)n and
p=[B"1]—1. Then,

5(G) > go(B)n"

for positive integers r. Moreover, for 3 < r < p+ 1 equality holds
if and only if (n, ) is feasible, and the extremal graphs are members

of G(n, B).

Theorem is proved in Section Bl after some notations and basic
inequalities have been set up in Section 4. It shows that the difficult in
proving Conjecture is in handling (p + 2)-cliques. We discuss this
situation in Section [ for the case p = 3, and by a detailed analysis of
5-cliques in Section [, proving Conjecture for 2n/3 < 6 < 3n/4,
as follows.

Theorem 2.3. Let n and § be positive integers with 2n/3 < 6 < 3n/4.
Then

kr(n,6) = g-(B)n",

for positive integers v and 6 = (1 — f)n. Moreover, for 3 < r < 4
equality holds if and only if (n, ) is feasible and the extremal graphs
are members of G(n, 3).

This theorem is the hardest in the paper. We have in fact proved
Conjecture for 3n/4 < 6 < 4n/5 by a similar argument. It is
too complicated to be included in this paper, but it can be found



n [6]. For each positive integer p > 5, it is likely that by following the
arguments in the proof of Theorem 2.3 one could construct a proof for
Conjecture L2 when (1 —1/p)n <d < (1—-1/(p+1))n.

We give two more results in support of Conjecture in Section [§]
and Section @ The first is that for every positive integer p, Conjec-
ture holds for a positive proportion of values of 9.

Theorem 2.4. For every positive integer p, there exists a (calculable)
constant €, > 0 so that if n and 0 are positive integers such that
(1—-1/(p+1) —e)n <6< (1—1/(p+1))n, then

kr(n,6) = gr(B)n",

for positive integers r and § = (1 — B)n. Moreover, for 3 <r <p+1
equality holds if and only if (n, ) is feasible and the extremal graphs
are members of G(n, 3).

Finally, using a different argument, we can show that Conjec-
ture holds in the case = p + 1 (the largest value of r for which
r-cliques are guaranteed).

Theorem 2.5. Let n and & be positive integers. Then

karl (’I’L, 6) > Ip+1 (ﬁ)np—H’

where 6 = (1 — B)n and p = [B~'] — 1. Moreover, equality holds
if and only if (n,B) is feasible and the extremal graphs are members

of G(n, ).

3 Proof of Theorem [2.7]

Here we prove Theorem 2] that is Conjecture[[2for n/2 < 6 < 2n/3,
s0o1/3< < 1/2and p=2.

Proof of Theorem[21. Let G be a graph of order n with minimum
degree 0. Since G has at least n/2 = (1 — 3)n?/2 edges,

(1 —28)Bnky(G) > (1 —28)(1 — B)Bn®/2 = g3(B)n®.

Thus, in proving the inequality in Theorem [2.1], it is enough to show
that kg(G) > (1 — QB)ﬁnkQ(G)

For an edge e, define d(e) to be the number of triangles containing e
and write D(e) = d(e)/n. Clearly,

n Z Zd ) = 3k3(Q).

e€cE(G)



In addition, D(e) > 1 — 2§ for each edge e, because each vertex in G
misses at most Sn vertices. Since § < 1/2, D(e) > 0 for all e € E(G)
and so every edge is contained in a triangle. Let T" be a triangle in G.
Similarly, define d(7") to be the number of 4-cliques containing 7" and
write D(T) = d(T')/n. We claim that

> D(e)>2-38+ D(T). (2)

ecE(T)

Let n; be the number vertices in G with exactly i neighbours in T" for
1=0,1,2,3. Clearly, n = ng + ni + ns + ns. By counting the number
of edges incident with T', we obtain

3(1=pP)n < Z d(v) = 3ns + 2ng + n1 < 2ng + ng + n. (3)
veV(T)

On the other hand, ng = d(T) and nz + 3n3 = 3 cp(q) d(e). Hence,
(@) holds. Notice that if equality holds in (2)) then d(v) = (1 — )n for
allveT.

For an edge e, define D_(e) = min{D(e), 5}. We claim that

Y D.(e)>2-33 (4)

ecE(T)

for every triangle T. If D(e) = D_(e) for each edge e in T', then (@)
holds by ([2). Otherwise, there exists ey € E(T) such that D(ey) #
D_(ep). This means that D_(ep) = . Recall that for the other two
edges ein T, D(e) > 1—28,s0 >, D_(e) > f+2(1 —28) =2 —30.
Hence, (@) holds for every triangle 7'

Next, by summing () over all triangles T in G, we obtain

WY D =3 Y D) @-39k(G). ()

ecE(G) T ecE(T)

We are going to bound > D_(e)D(e) above in terms of > D(e), which
is equal to 3k3(G)/n, by the following proposition.

Proposition 3.1. Let A be a finite set. Suppose f,g : A — R with
fla) < M and g(a) > m for alla € A. Then

Y fla)gla) <m Y fla)+ MY gla) - mM]|A]

acA acA acA
with equality if and only if for each a € A, f(a) = M or g(a) = m.

Proof. Observe that - . (M — f(a))(g(a) —m) > 0. O



Recall that D(e) > 1 — 25 and D_(e) < . By Proposition B
taking A = E(G), f=D_, g=D, M = and m =1 — 23, we have

n Y D(e)D_(e)<(1—28n > D_(e)+p8n Y Dle)—(1—28)Bnk(G)

ecE(G) ecE(G) e€E(G)
<@-B8n Y. D(e)~(1-28)Bnka(G)  (6)
e€E(Q)
n Y D(e)D-(e) <3(1 = Hks(G) — (1 - 28)8nk2(G). (7)
e€E(Q)

After substitution of (1) into (B]) and rearrangement, we have
k3(G) = (1 = 28)Bk2(G)n.

Thus, we have proved the inequality in Theorem 211
Now suppose equality holds, i.e. k3(G) = (1 — 28)5k2(G)n. This
means that equality holds in (@), so (since 5 < 1/2) D(e) = D_(e) for
all e € E(G). Because equality holds in @), >_.c p(r) D(e) = 2—38 for
triangles T'. Hence, D(T') = 0 for every triangle T by ([2]), so G is K-
free. In addition, by the remark following [2)), G is (1 — 8)n-regular,
because every vertex lies in a triangle as D(e) > 0 for all edges e. Since
equality holds in Proposition B] either D(e) =1 — 25 or D(e) = 3
for each edge e. Recall that equality holds for (2], so every triangle T
contains exactly one edge e; with D(e;) =  and two edges, es and
es, with D(ey) = D(e3) = 1 — 3. Pick an edge e with D(e) = 8 and
let W be the set of common neighbours of the end vertices of e, so
|W| = fBn. Clearly W is an independent set, otherwise G' contains
a Ky. For each w € W, d(w) = (1 — f)n implies N(w) = V(G)\W.
Therefore, G[V (G)\W] is (1 — 28)n-regular. If there is a triangle T" in
G|V (G)\W], then T Uw forms a K, for w € W. This contradicts the
assumption that G is Ky-free, so G[V(G)\W] is triangle-free. Hence,
G is a member of G(n, 8) and (n,3) is feasible. Therefore, the proof
is complete.
U

4 Degree of a clique

Denote the set of t-cliques in G[U] by K(U) and write k,.(U) for |IC,.(U)|.
If U = V(G), we simply write I, and k.

Define the degree d(T') of a t-clique T to be the number of (¢ + 1)-
cliques containing 7. In other words, d(T') = [{S € Ki11 : T C S}|. If
t =1, then d(v) coincides with the ordinary definition of the degree for
a vertex v. If ¢ = 2, then d(uv) is the number of common neighbours

7



of the end vertices of the edge uwv, that is the codegree of u and wv.
Clearly, > pc, d(T) = (t + 1)kyyq for t > 1. For convenience, we
write D(T') to denote d(T')/n.

Recall that p = [87'] =1L and 1/(p+1) < 8 < 1/p. Let Go €
G(n, B) with (n, 3) feasible. Let T be a t-clique in Gy. It is natural to
see that there are three types of cliques according to |TNVy|. However,
if we consider d(T'), then there are only two types. To be precise

D(T) = 1—t5 if [V(T)NnV,| =0,1 and
Ce—t+1B i VTNV =2,

for T € Ki(Gp) and 2 <t < p+ 1. Next, define the functions D and

D_ as follows. For a graph G with minimum degree § = (1 — f)n,
define

D_(T) = min{D(T), (p — t +1)8}, and
D.(T) = D(T) = D_(T) = max{0, D(T) — (p— t +1)5}

for T € Ky and 1 <t < p+ 1. We say that a clique T is heavy

if Dy(T) > 0. The graph G is said to be heavy-free if and only if

G does not contain any heavy cliques. Now, we study some basic
properties of D(T'), D_(T) and D (T).

Lemma 4.1. Let 0 < 3 < 1 and p = [B7'] — 1. Suppose G is a
graph of order n with minimum degree (1 — 3)n. Suppose S € Ky and
T € K¢(S) for 1 <t <s. Then

(i) D(S)>1-sp,
(i) D(S) = D(T) = (s = 1)B,
fiii) for s < p+1, Dy(T) < D+ (S) < Dy (T) + (s — ),
(iv) if T is heavy and s < p+ 1 then S is heavy, and
(v) if T is not heavy and s < p+ 1, then Dy(S) < (s —t)5. In
particular, if t = s — 1 < p, then D4(S) < f.
Moreover, G is Kpyo-free if and only if G is heavy-free.
Proof. For each v € S, there are at most 8n vertices not joined to v.

Hence, D(S) > 1 — s, so (i) is true. Similarly, consider the vertices
in S\T', so (i) is also true. If s <p+1 and D4 (T) > 0, then we have

Di(S) +(p—s+1)B =D(S)
>D(T)— (s —t)B
=D (T)+(p—t+1)B—(s—1)85,



so the left inequality of (iii) is true. Since D(S) < D(T), the right
inequality of (7i7) is also true by the definition of D, (S) and D4 (T).
Hence, (iv) and (v) are true by the left and right inequality in (ii7)
respectively. Notice that D(U) = D4 (U) for U € K,y1. Hence, by
(iv), G is Kpqo-free if and only if G is heavy-free. O

Now we prove the generalised version of (2)), that is, the sum of
degrees of t-subcliques in a s-clique.

Lemma 4.2. Let 0 < 8 < 1. Let s and t be integers with 2 <t < s.
Suppose G is a graph of order n with minimum degree (1— [3)n. Then

TEICZt(S)D(T) == ﬁ)sc:f) - =1 (S ; 1) T (j:;)D(S)

for S € Ks. Moreover, if equality holds, then d(v) = (1 — B)n for
allv e S.

Proof. Let n; be the number of vertices with exactly ¢ neighbours in S.
The following three equations :

Zni =n, (8)

Zini = Z d(v) > s(1 - B)n, 9)
i veV (S)

3 @ =Y DT, (10)
: TEK(S)

follow from a count of the number of vertices, edges and (¢+ 1)-cliques

respectively. Next, by considering (¢ — 1)(8;1) ®) — (i:f)(lgl) + (I0),
we have

S DT> ((1—ﬁ)s<j:f> —(t—1)<5;1>>n+ Sz,

TeK(S) 0<i<s

whete ;= () + (¢ )(*7") ~i(;73). Notice that o, = aiss + (;75) -

(i)zxi+1f0r0§i§s—2. For i = s — 1, we have

(7))
:t<8;1>—(3—1)<i:f> o



For i = s, ny = D(S)n and
N
L6
:<s_t+1><j:i>_s<j:f>
:(s—t+1)<i:§> —(t—1)<i:f>

In particular, if equality holds in the lemma, then equality holds in (3.
This means that d(v) = (1 — 8)n for all v € S. O

Most of the time, we are only interested in the case when s = t+ 1.
Hence, we state the following corollary.

Corollary 4.3. Let 0 < 8 < 1. Suppose G is a graph or order n with
minimum degree (1 — 3)n. Then

> D(T)=2—(t+1)8+ (t—1)D(S)
TeK:(S)

for S € Kiy1 and integer t > 2. Moreover, if equality holds, then
d(v) =(1—B)n for allv e S. O

In the next lemma, we show that the functions D in Lemma
can be replaced with D_.

Lemma 4.4. Let 0 < 3 < 1 and p = [B~'] — 1. Let s and t be
integers with 2 <t < s < p+ 1. Suppose G is a graph of order n with
minimum degree (1 — B)n. Then, for S € K

S D= ( —5)s<i:f> . (t—1)<“’:1> + (j:§>D(S).

TEK:t(S)

Proof. Since D (S) > D (T) for every T' € K(S) by Lemmald.T] (ii4),
there is nothing to prove by Lemma if there are at most (‘;:;)
heavy t-cliques in S. Now suppose there are more than (‘;:g) heavy t-
cliques in S. In particular, S contains a heavy t-clique, so S is itself
heavy with D_(S) = (p + 1 — s)8 by Lemma [Tl (iv). Thus, the
right hand side of the inequality is (7)(1 —t3) + (ijg)((p +1)p—1).
By Lemma ATl (i) we have that D_(T) > (1 — tB) for T € K4(S5).

10



Furthermore, by Lemma 1] (iv) D_(T) = (p —t 4+ 1)8 if T is heavy,
so summing D_(T') over T € Ky(S) gives

> oz EE- e+ ((7)-w©)a-m

TeK(S)
= () -9+ K S+ 05 -,

This completes the proof of the lemma. U
Define the function D : Ki+1 — R such that
D)= Y D(T)- (2 — DB+ (t— 1)D_(5))
TeK:(S)

for S € Ky11 and 2 <t < p. Hence, for s = t + 1, Lemma (4] gives
the following corollary.

Corollary 4.5. Let 0 < 3 < 1 and p = [B~Y] — 1. Let t be integer
with 2 < t < p. Suppose G is a graph of order n with minimum
degree (1 — B)n. Then D(S) >0 for S € Kit1. O

Next, we bound }ger, ., D(S) from above using Proposition 311

Lemma 4.6. Let 0 < 3 <1 andp = [B~Y] — 1. Let t be an integer
with 2 < t < p. Suppose G is a graph of order n with minimum
degree (1 — B)n. Then

S D)< (t—1+(p—2t+2)E+1)B) ke +(t—1) > Di(S)

Seki+1 Selis1
k
—(1—tB)(p—t+1)Bnk, — (t — 1)(t+2)t—+2 —(1—tB)n Y Du(T
TeK:

Moreover, equality holds if and only if for each T € Ky, either D_(T') =
1—tBorD_(T)=(p—-t+1)8.

Proof. Notice that the sum 5(5) over S € K41 is equal to

> > b — 2= (t+ DBk —(t—1) Y D(S).

SeKi+1 TeK(S) Sekit1
(11)

Consider each each term separately. Since D(S) = D_(S) + D4(S),

S ps)= 3 - S s = L S p ()

n
SGICt+1 SE’Ct.H SGK1+1 SE’Ct.H

11



By interchanging the order of summations, we have

> Y D(T)=n)_ D (T)D(T)

SEK 41 TeK(S) TekK:

and by Proposition Bl taking A=K, f=D_,g=D, M =(p—t+
1)fand m=1—1tp

<A=tBn > D (T)+(p—t+1)8n > D(T)— (1 —tB)(p—t+1)Bnk
TekK: Tek:
=1+ (p—-2t+1)B)n ZD —(1—tB)n ZD+T —tB)(p —t + 1)Bnk,
=(1+(p—2t+1)B)(t + k1 — (1 —tp) nZD+ T)—(1—=1tB)(p —t+1)Bnk.

Hence, substituting these identities back into (III), we obtain the de-
sired inequality in the lemma.

By Proposition Bl equality holds if and only if for each T' € Ky,
either D(T)=1—tBor D_(T)=(p—t+1)5. O

To keep our calculations simple, we are going to establish a few
relationships between ¢;(3) and gy11(5) in the next lemma.

Lemma 4.7. Let 0 < 3 <1 and p = [B~Y] — 1. Let t be an integer
with 2 <t <p. Then

(t + 1Dger1(B) =(1 —t8)g(B)

+5(125) @+ 0810 - - Do - )5
(12)
(8) = (1 —=t8)(p—t+1)Bge(B) + (t — 1)(t + 2)g1+2(B)
Il = E—1+(t+1)(p—2+2)8 '
(13)
Moreover
o) _ 1 Bgp-1(6')
1(3) B <1 - ﬁ)gpw')) | 9

where 8" = /(1 — B).

Proof. We fix 8 (and p) and write g; to denote g;(). Pick n such that
(n, B) is feasible and let G € G(n, ) with partition classes Vo, Vi, ..., Vp—1
as described in Definition [Tl Thus, for T' € K, D(T) = 1 — 8
or D(T) = (p—t+1)8. Since D(T) = (p —t+ 1)B if and only if
|[V(T) N Vp| = 2, there are exactly

%(Zt): 21> 1-p-18)01 - pﬂ),@t_Qnt

12



t-cliques T with D(T) = (p — t + 1)3. Also, we have

(t+ Dgran'™ = (t+ Dkepr =n Y D(T).
TeK:

Hence, (I2) is true, by expanding the right hand side of the above
equation. For 2 < s < p, let fs and fsy1 be (I2) with ¢ = s and
t = s+ 1 respectively. Then (I3) follows by considering (p—s+1) fs —
(5 - 1)/8fs+1-

Now let G = G\V,p—1. Notice that G’ is (1 — 28)n-regular with
(1 — B)n vertices. We observe that G’ is a member of G(n', '), where
n' = (1 —B)n and ' = B/(1 — B). Observe that [3'~!] -1 =p—1,
so 1/p < B8 < 1/(p —1). Recall that ki(G) = g;(8)nt for all 2 <
£ < p, 50 s 1(G)p(8) = Ep(G)gpsr (B)n. Similaxly, ky(G')gp1(8) =
kp—1(G")gp(B')n. By considering K,,(G) and Kp11(G), we obtain the
following two equations :

kp1(G) = Pnky(G), (15)
gp-1(8)kp(G)

kp(G) = Brky—1(G') + kp(G') = B o) kp(G')
(e 2 Y
(1+ & 25037 1o
By substituting (I5) and (8] into k,(G)n/kp+1(G) = 95(B8)/gp+1(B),
we obtain ([I4]). The proof is complete. O

5 K, o-free graphs

In this section, all graphs are assumed to be K1 o-free. Lemmald.Tlim-
plies that these graphs are also heavy-free. This means that D, (T) =
Oand D(T) < (p—t+1)p forall T € K; and t < p+ 1. We prove
the theorem below, which easily implies Theorem as g2(B)n? =
(1 —B)n?/2 < ka(G).

Theorem 5.1. Let 0 < 8 < 1 and p = [B~Y] — 1. Suppose G is a
Ky o-free graph of order n with minimum degree (1 — B)n. Then
kS(G) > kt(G)
gs(B)n® — gi(B)nt

holds for 2 <t < s <p-+ 1. Moreover, the following three statements
are equivalent:

(i) Equality holds for some 2 <t <s<p+1.
(ii) Equality holds for all2 <t <s<p+1.

(17)
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(iii) The pair (n,f3) is feasible and G is a member of G(n, ).

Proof. Fix 8 and write g; to denote g+(3). Recall that Dy (T") = 0 for
cliques T'. By Corollary and Lemma [4.6] we have

(1 —tB)(p —t+ 1)Bnk, + (t — 1)(t + 2)kir2/n
F— 1t (p—2+2)(+ 18

kiy1 > (18)
First, we are going to prove (I7). It is sufficient to prove the case

when s =t + 1. We proceed by induction on ¢ from above. For t = p,
kpy2 = 0 and so (I8) becomes

(p—1—(p—2)p+1)B)kpr1 > (1 —pB)Bnk,.

Since gp2 = 0, we have kyi1/gp41nP™ > k,/g,nP by (@3). Hence,
(I7) is true for t = p. For t < p, (I8) becomes

(t—1+(t+1)(p— 2t +2)8) ki1
>(L—t8)(p+ 1 — t) Bk, + (t — 1)(t + Dkesa/n

by the induction hypothesis

>(1=tB)(p+1—1)Bnke+ (t — 1)t + 2)ge42ke1/gee1- (19)

Thus, (I7) follows from (I3)).

It is clear that (ii¢) implies both (i) and (i7) by Definition [[.T] and
the feasibility of (n, ). Suppose (i) holds, so equality holds in (I7]) for
t =tg and s = sg with tg < sg. We claim that equality must also hold
for t = p and s = p+ 1. Suppose the claim is false and equality holds
for t = tg and s = sg, where sg is maximal. Since equality holds for
t = to, by (1), equality holds for ¢t = tg,...,s9 — 1 with s = s9. We
may assume that ¢t = sp—1 and so # p+1 and ksy+1/9sg+11 > ksy/ s -
However, this would imply a strictly inequality in (I9) contradicting
the fact that equality holds for s = sy and ¢t = sy — 1. Thus, the proof
of the claim is complete, that is, if (i) holds then equality holds in
[I7) for t =p and s =p+ 1.

Therefore, in order to prove that (i) implies (ii7), it is sufficient
to show that if kp1/gp+1nPT! = kp/g,nP, then (n,B) is feasible and
G is a member of G(n,3). We proceed by induction on p. It is true
for p = 2 by Theorem 3, so we may assume p > 3. Since equality
holds in (IT), we have equality in (I8]), Corollary and Lemma
Since D is a zero function, equality in Corollary implies equality
in Corollary 3] and so G is (1 — )n-regular as every vertex is a
(p + 1)-clique. In addition, for each T" € IC,, either D(T') =1 — pf or
D(T) = B by equality in Lemma [£.6l Moreover, Corollary [£3] implies

14



that > rex gy D(T) =2 — (p+1)B for S € Kpy1. Thus, there exists
T € K,(S) with D(T) = B. Pick T € K, with D(T) = f and let
W =(|{N():veV(S)} so |W|= . Since G is Kpyo-free, W is
a set of independent vertices. For each w € W, d(w) = (1 — 8)n, so
N(w) = V(G)\W. Thus, the graph G' = G[V(G)\W] is (1 — pg')n’
regular, where n’ = (1 — 8)n, 8/'n' = (1 —28)n and B’ = /(1 — B).
Note that [8/71] —1 = p — 1. Since G is Ky ao-free, G' is K,1-free.
Also, kp11(G) = Bnk,(G') and

_ gp-1(8") oy @ gp(B)B
= (1 + 5(1 — 5)9;;(5’)) ky(G) ) k,(G'). (20)

+ kp(G)

Hence,

0(8)Bky(€) = oDy Q) 7T gy (B k(@) S p(8) By,

Therefore, we have k,(G")/g,(8')n"? = kyp_1(G")/gp-1(8)nP~L. By
the induction hypothesis, G’ € G(n', 8'), which implies G € G(n, 3).
This completes the proof of the theorem. O

6 k.(n,d) for 2n/3 < § < 3n/4

By Theorem [2.2] in order to prove Conjecture it remains to han-
dle the heavy cliques. However, even though both Corollary and
Lemma are sharp by considering G € G(n, 3), they are not suffi-
cient to prove Conjecture [[.2]even for the case when 2n/3 < 6 < 3n/4
by the observation below. Let 2n/3 < 6 < 3n/4,1/4 < < 1/3 and
p = 3. By Corollary and Lemma [4.6] we have

(1+38)ks + > Do(T) > 2(1 — 28)Bnks + k4+ (1—28)n )" Dy(e),

Teks ec€ls
(21)
(2—4B)ks+2 Y Dy(S) > (1 —38)Bnks + —k5+ (1-38)n > D(T
Seky TeKs
(22)
for t = 2 and t = 3 respectively. Since D_ is a zero function on
4-cliques,
> Dy(S)= Y D(S) =5ks/n.
Seky Seky
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Hence, the terms with k5 and | D (S) cancel in ([22]). Also, (1-25) >
0, so we may ignore the term with Y Dy (e) in (2I). Recall that

g2(B8) = (1 — B)/2 and g3(B) = (1 — 2B)?8. After substitution of (22
into (2I)) replacing the k4 term and rearrangement, we get

k3(G) > g3(B)n® — 4w _—51 > D(D).

1
TeKs

However, (46 — 1) > 0 only if 3 = 1/4. Hence, we are going to
strengthen both (22) and (2I). Recall that (2I]) is a consequence of
Corollary and Lemma for t = 2. Therefore, the following
lemma, which is a strengthening of Corollary [4.5] for ¢t = 2, would lead
to a strengthening of (21]).

Lemma 6.1. Let 1/4 < g < 1/3. Suppose G is a graph of order n
with minimum degree (1 — B)n. Then, for T € K3

- 2 48 —1 D4 (e)
B(r) > (1 o m) D) - (1= 29) eegjm S

Moreover, if equality holds then T is not heavy and d(v) = (1 — B)n
forallveT.

Proof. Let ¢ be (1 —2/(29 —758))(48 — 1)/(1 — 2B). Corollary
gives D(T) > 0, so we may assume that T is heavy. In addition,
Corollary [4.3] implies that

D(T)+ Y Di(e) > Dy(T). (24)
eeko(T)

Since ¢ < 1, we may further assume that 7" contains at least one heavy
edge or else @3) holds as ) becomes D(T) > D (T) > c¢D4(T).
Let eg € Ko(T') with D4 (ep) maximal. By substituting (24]) into (23]),
it is sufficient to show that the function

(1122 N\ By (e 1228
7= (1 ity 138) PO~ (0~ Dy 23) oD
is non-negative.

First consider the case when D, (T) < 1 — 35. Lemma 1] (i)
implies D4 (eg) < D4 (T) <1 — 3. Hence,

1-28 J1-28

Dife)+28 718 .

16



Also, 1 — 28 < 28 < Dy (eg) + 28. Therefore, f > 0 by considering
the coefficients of D(T) and D(T). Hence, we may assume D (T) >
1 —33. Since T is heavy, D_(T) = (. Therefore, by the definition
of 5, we have

DT)= 3 D-(e)—2(1-5). (25)

ecko(T)

We split into different cases separately depending on the number of
heavy edges in T'.

Suppose all edges are heavy. Thus, ﬁ(T) = 2(456 — 1) by (29,
because D_(e) = 23 for all edges e in T'. Clearly D (T) = D(T)—p <
1 — (. Hence, (23)) is true as

D(T) =2(48 — 1) > (48 = 1)(1 — B)/(1 = 2B) > D (T).

Thus, there exists an edge in T' that is not heavy and D, (T) < 8 by
Lemma 1] (v).

Suppose T' contains one or two heavy edges. We are going to show
that in both cases

D(T) > 2(D4(T) — (1 - 38)).

First assume that there is exactly one heavy edge in T. Let e; and
es be the two non-heavy edges in T. Note that D_(e;) = D(e;) >
D(T) = D4(T) + B for i = 1,2. Thus, (25) and Lemma A.1] imply
that D(T) > 2(D,(T) — (1 — 383)). Assume that T contains two
heavy edges. Let e; be the non-heavy edge in 7. Similarly, we have
D_(e1) > D4(T)+ 5. Recall that D, (T') < 3, so (25) and Lemma [.]

imply
D(T) 2(46 + D(T) = (1 - 34))

45— 1+ D(T) — (1-38) > 2D, (T) — (1 - 38)).
Since D(T) > 2(D4(T) — (1 — 34)), in proving (23), it is enough to
show that

D(eo)f =(D+(eo) +28)f

>2(D(eo) +48 = (D1 (T) — (1 = 38))
— ((D4(eo) +2P)c — (1 = 28)) D4(T) (26)

is non-negative for 0 < Dy(eg) < Dy (T) and 1 —38 < D (T) < .

Notice that for a fixed D, (T) it is enough to check the boundary
points of D4 (eg). For Dy (ep) = 0, we have

D(eo)f >(2(3 — ) — 1D (T) — 2(45 — 1)(1 - 38)
>(48 — 1)(D4(T) — (1 - 38)) > 0.
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For D, (eg) = D4 (T), the right hand side of (26]) becomes a quadratic
function in D, (T'). Moreover, both coefficients of Dy (T)? and D, (T)
are positive. Thus, it enough to check for D (T) = 1 — 33. For
D, (T) = D4(eo) =1 — 383, (26) becomes

D(eo)f = (1~ ¢~ (2~ )B)(1 - 36) > 0.

Hence, we have proved the inequality in Lemma

It is easy to check that if equality holds in (23) then D, (T) = 0.
Thus, for all edges e in T, Dy (e) = 0 by Lemma Il Furthermore,
equality holds in (24]), so equality holds in Corollary 3l as D, (T) =
0 = D4(e). Hence, d(v) = (1 — B)n for v € S. This completes the
proof of the lemma. O

Together with Lemma [£.6] with ¢ = 2, we obtain the strengthening

of (21)).

Corollary 6.2. Let 1/4 < 8 < 1/3. Suppose G is a graph of order n
with minimum degree (1 — B)n. Then

2 45 —1 k4

holds. Moreover, if equality holds, then G is (1 — B)n-regular and for
each edge e, either we have D(e) =1 — 28 or D(e) = 2. O

Note that by mimicking the proof of Lemma [G.I, we could ob-
tain a strengthening of Corollary for t = 3. It would lead to a
strengthening of (22]). However, it is still not sufficient to prove the
Conjecture when £ is close to 1/3. Instead, we prove the follow-
ing statement. The proof requires a detailed analysis of K5, so it is
postponed to Section [7l

Lemma 6.3. Let 1/4 < 8 < 1/3. Suppose G is a graph order n with
minimum degree (1 — 8)n. Then

48 — 1
(2 — 45)]{4 > (1 - 3,3)571]{3 + (1 — 35 + m) nTg’;S D+(T)

(27)
Moreover, equality holds only if (n, ) is feasible, and G € G(n, f3).

By using the two strengthened versions of ([2I)) and (22]), that is,
Corollary and Lemma [6.3] we prove the theorem below, which
implies Theorem 2.3
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Theorem 6.4. Let 1/4 < 5 < 1/3. Let s and t be integers with 2 <
t < s <4. Suppose G is a graph of order n with minimum degree (1 —
B)n. Then

ks(G) S ki (G)
gs(B)n® ~ gi(B)nt
Moreover, the following three statements are equivalent:
(i) Equality holds for some 2 <t < s < 4.
(i) Equality holds for all 2 <t < s < 4.
(iii) The pair (n, ) is feasible, and G is a member of G(n, ().

Proof. Recall that p=3as1/4 <3< 1/3, so

92(8) = (1= B)/2, g3(8) = (1 —2B)*B and g4 = (1 —2B)(1 — 38)5°/2.

Note that in proving the inequality, it is sufficient to prove the case
when s = ¢t + 1. Lemma states that (2 — 45)ks > (1 — 35)Snks.
This implies k4/g4(8)n* > k3/g3(8)n® by ([[3) with ¢t = 3. Hence, the
theorem is true for ¢t = 3. For ¢t = 2, by substituting Corollary [6.2] into
Lemma [6.3] we obtain

48 -1
(1+38)ks + (1 —-38+ m) T%;S D4 (T) > 2(1 — 28)Bnk;

1-23

+m ((1 — 36)Bnks + (1 - 368+ %) nZD+(T)> :

Observe that the > Dy (T') terms on both sides cancel. Hence, af-
ter rearrangement, we have (1 — B)ks > 2(1 — 28)?Bnks. Thus,
Ks/g5(B)n* > ka/ga(B)n® as required.

This is clear that (i7i) implies (7) and (i7) by the construction
of G(n,3) and the feasibility of (n, ). Suppose (i) holds, so equality
holds for some 2 < t < s < 4. It is easy to deduce that equality
also holds for s = 4 and ¢t = 3. By Lemma [6.3] (n, ) is feasible, and
G € G(n,p). O

7 Proof of Lemma

In this section, T, S and U always denote a 3-clique, 4-clique and
5-clique respectively. Before presenting the proof, we recall some ba-
sic facts about 7', S and U. Observe that D_(S) = 0 for S € Ky,
so D4 (S) = D(S). Recall that D(S) = Ypexy ) D-(T) — (2 = 48),
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Let T1,...,Ty be triangles in S with D(T;) < D(T;41) for 1 <i < 3.
Since D_( ) < [, we have

2(43 — 1) if k3 (S) =4,
D(S) =48 -1+ (D(T)) — (1 —38)) if ki (S) =3, (28)
D(Ty) + D(Ty) —2(1 = 38) if ki (S) =2,

where k3 (S) is the number of heavy triangles in S. Also recall that
D(T) > 1 — 35 by Lemma [£1] (i). We will often make reference to
these formulae throughout this section.

Proof of Lemmal6.3. Define the function 7 : K4y — R to be

s e 481 D, (T)

for S € K4. Recall that for a heavy triangle T, D(T) = D (T) + 5.
Thus, only heavy 3-cliques in S contribute to > D, (T')/(D+(T) + B).
We now claim that it is enough to show that » g, n(S) > 0. If
> sei, M(S) > 0, then Lemma [£6] with ¢ = 3 implies that

0< > n(S) =Y D(S)- T %anm

Seks Seky

<(2—4B)ks — (1 = 3p)Bnks — (1 R 755) 2. i

TekKs

+2 )" Dy(S) — 10ks/n,
Seka

where the last inequality is due to Lemmald.6lwith ¢ = 3. Observe that
Yosexcs D+(S) = Xsexc, P(S) = 5ks/n, so the terms with > D, (95)
and k5/n cancel. Rearranging the inequality, we obtain the inequality
in Lemma

Suppose ) gcic, 1(S) < 0. Then, there exists a 4-clique S with (S) <
0. Such a 4-clique is called bad, otherwise it is called good. The sets
of bad and good 4-cliques are denoted by Kﬁad and ICZOOd respectively.
In the next claim, we identify the structure of a bad 4-clique.

Claim 7.1. Let S be a bad 4-clique. Let
A=(1-33)(1+e¢) and e = (48 —1)/(1508% — 1378 + 30).

Then, the following hold
(1) S contains exactly one heavy edge and two heavy triangles,

(17) 0 < D(S) < A,
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(i7i) D(T) + D(T") < 2A, where T and T are the two non-heavy
triangles in S.

Proof. Let Ty,...,Ty be triangles in S with D(T;) < D(Tj4+1) for 1 <
i < 3. We may assume that D, (Ty) > 0, otherwise S is good
by Corollary as n(S) = ]_N?(S) > 0. Hence, S is also heavy by
Lemma ATl (iv). We separate cases by the number of heavy triangles
in S.

First, suppose all triangles are heavy. Hence, D(S) = 2(48 — 1)
by ([28). Clearly, D4 (T;) <1—ffor 1 <i <4, so

4ﬁ - D (T)
n(S) =2(48 - 1) — PN
29 — 758 rens P+ + 8
21-5)\ _ 2048 —1)(27 - 735)
22(45 - 1) (1 29— 755) - 29 — 753 =0

This contradicts the assumption that S is bad. Thus, not all triangles
in S are heavy, so 0 < D(S) < 8 by Lemma [A1] (v). Also, D (T") <
D, (S)=D(S) <p. N

Suppose all but one triangles are heavy, so D(S) > 48 —1 by (28).
Hence,

45—1
0(S) 246 =1 - —— 755 Z D+ 5

3 D(S)
2(45-1) (1 29— 758 D(S) + ﬁ)
3 _5(48 — 1)(11 — 305)
2(45-1) (1 ©2(29 — 755)) -

which is a contradiction.

Suppose there is only one heavy triangle, Ty, in S. Corollary .3
implies that D(S)+ D (Ty) > 2D, (S) = 2D(S). Note that D (Ty) <
D, (S) = D(S), so D(S) > D(S). Thus,

2(29 — 7503) 20,

46-1  Do(Ty) 46-1  D(S)
n(S) 2D(8) = 59—23 Dy (Ty) + B 20 — 756 D(S) + 5

—(1- 461 __ 41
- <1 (29 — 758)(D(S) + ﬁ)) Dis) = (1 (29 — 755)ﬁ> D(8) > 0.

Hence, S has exactly two heavy triangles, namely 73 and 7Tj.

> D(S) —
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If D(S) > A, then

w9 om0 3130105 (i )

2(48 —1) D(S)
29 — 758 D(S) + 3

>2(D(5) = (1=3p)) -

248 -1) A
>2(1_3ﬁ)6_2(s£75ﬁ)A+5
>2(1 — 383)e — 25-1)a___,

(29 — 758)(1 — 25)

Thus, D(S) < A. If D(T}) + D(T) > 2A, then D(S) > 2(A — (1 —
30)) = 2(1 — 3p8)e by ([28). Moreover, since D (T;) < D(S) < A for
i =34,

2048 —1) A 2(48 — 1)A

>2(1—38)e — (20 — 753)(1 — 28)

=0.
29758 A+3 =

n(S) >2(1 = 3B)e —

Thus, (i) is true.

We have shown that S contains exactly two heavy triangles. There-
fore, to prove (i), it is sufficient to prove that S contains exactly
one heavy edge. A triangle containing a heavy edge is heavy by
Lemma [£1] (4v). Since S contains two heavy triangle, there is at
most one heavy edge in S. It is enough to show that if S does not
contain any heavy edge and D(S) < A, then S is good, which is a
contradiction. Assume that S contains no heavy e~dge. Let e; = T;NT}
be an edge of Ty for i = 1,2,3. We claim that D(S) > D, (T4). By
Corollary [£3] taking S = Ty and ¢t = 2, we obtain

D(el) + D(eg) + D(eg) >2—-308+ D(T4)
D(e1) + D(e2) 22 — 4B + D4 (Ty).

as D(eg) <28 and D_(Ty) = . By Lemma [A.1] (i7), we get
D(T1) + D(T2) = D(e1) + D(e2) — 28 = 2(1 — 3B) + D (14).

Hence, D(S) > D, (Ty) by ([@8). Therefore,

§(S) 2D (Ty) — o0 — L Z

29 — 75ﬁ + 5
s4f— 1) )
>1- D (T.
- ( @ =550 +5)
2(45 - 1)
>(1———"——) D (T 0
—< <29—75/3)ﬁ> =
and so S is good, a contradiction. This completes the proof of the
claim. 0
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Since a bad 4-clique S must be heavy, that is, D(S) > 0, it is
contained in some 5-clique. A 5-clique is called bad if it contains at
least one bad 4-clique. We denote Kg“d to be the set of bad 5-cliques.
Define 77(S) to be n(S)/D(S) for S € K4 with D(S) > 0. Clearly,

nYy nS)=y > 7 > - (29

Seky Ueks Sek4(U) S€K4:D(S)=0

Recall that our aim is to show that } g -, 17(S) > 0. Since D(S) = 0
implies that S is good, we have 1(S) > 0. Hence, it is enough to show
that > gcxc, 1) 1(S) = 0 for each bad 5-clique U.

Now, we give a lower bound on 7(S) for bad 4-cliques S. By

Claim [Z1]

451 2(48—-1) D(S)
n(S) > — 29— 753 ICZ(S D +ﬁ2 29 — 7568 D(S) + B’
Hence,
HS) > — 2(48 — 1) G ) (30)

(29 = 758)(D(S) + B) (29— 758)8°

Next, we are going to bound D(S) above for S € K4(U)\K4¢ and
U € Kb, Let S° € K424(U). Observe that SN S? is a 3-clique. Then,
by Lemma [£T] and Claim [T}, we have

D(S)<D(SNSY) =D (SNS")+B< DS +8 <A+ (31)

Recall that a bad 4-clique S contains a heavy edge by Claim [7.]] and
hence so does a bad 5-clique U. We split Kgad into subcases depend-
ing on the number of heavy edges in U. The next claim studies the
relationship between the number of heavy edges and bad 4-cliques in
a bad 5-clique U.

Claim 7.2. Let U € /Cg“d with h > 2 heavy edges and b bad 4-cliques.
Then b < 2h/(h — 1) = 2+ 2/(h — 1). Moreover, if there exist two
heavy edges sharing a common vertex, b < 3.

Proof. Define H to be the graph induced by the heavy edges in U.
Write ug for the vertex in U not in S € Ky (U). This defines a bijection
between V(U) and K4(U). If S is bad, ug is adjacent to all but
one heavy edges by Claim [T.Il By summing the degrees of H, 2h =
ZSeIQ;(U) d(ug) > b(h —1). Thus, b < 2h/(h —1).

If there exist two heavy edges sharing a common vertex in H, then
every bad 4-clique must miss one of the vertices of these two heavy
edges. Hence, b < 3. O
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Claim 7.3. Let U € K2 with two heavy edges. Then Yoserca ) N(S) >
0.

Proof. Let e and €’ be two heavy edges in U, and let b be the number
of bad 4-cliques in U. We consider the cases whether e and ¢’ are
vertex disjoint or not separately. First, assume that e and ¢’ are
vertex disjoint. Notice that ZseKiad(U) n(S) > —by by B0), where
v =248 —-1)/(29 — 758)8 and b < 4 by Claim Also, there is
exactly one heavy 4-clique S containing both e and e’. Therefore,
it is sufficient to prove that n(S) > bD(S)y. Since S contains two
disjoint heavy edges, all triangles in S are heavy by Lemma E.T] (iv).
Thus, D(S) = 2(48 — 1) by ([@8). Observe that T = SN S is a
triangle for S” € K4(U)\S. Moreover, D, (T) < D (S") = D(S’) by
Lemma [AT] (¢ii). Hence,

48 —1 3 D(S)
20-750 , o= D) +7

-0 (2 g (555 45

by Claim [(T] (7) and (BI]). Therefore, n(S) — bD(S)7y is at least

1 bA (4 —b)(A+B)
(4ﬁ—1)<2—29_75ﬁ<A+ﬁ+ A+ 728 >>—b(A+B)7

4A
>(4B - 1) <2—(29_755)(A+ﬁ)>—4(A+5)7>0.

n(S) 22(45 — 1) —

Thus, if U contains two vertex disjoint heavy edges, > SeKa(U) n(S) >
0. Similar argument also holds for the case when e and e’ share a
common vertex. |

Recall that a bad 5-clique contains at least one heavy edge. Thus,
we are left with the case U € Kg“d containing exactly one heavy edge.

Claim 7.4. Suppose U € Kg“d with exactly one heavy edge e. Then,
2sercawy M(S) > 0.

Proof. Let uy,...,us be the vertices of U with usus is the heavy edge.
Write S; and n; to be U — u; and n(S;) respectively for 1 < i < 5.
Similarly write T; ; to be U —u; —u; for 1 <14 < j < 5. Recall that
a bad 4-clique contains a heavy edge by Claim [TT] (). Hence, S; is a
bad 4-clique only if ¢ < 3. Without loss of generality, S1,...,S5, are
the bad 4-cliques in U.

Since S3 contains a heavy edge, it contains at least 2 heavy tri-
angles by Lemma 1] (iv). If S3 contains either three or four heavy
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triangles, then S5 is not bad by Claim [Z1] (¢). By a similar argument
as in the proof of Claim [[3] we can deduce that 73 > 2yD(S3), where
as before v = 2(48 — 1)/(29 — 758)3. Therefore, 3 gcc, @) 1(S) > 0
as b < 2. Thus, we may assume that there are exactly two heavy tri-
angles in S; for 1 < ¢ < 3. By Lemmal[ZTl (v), D(S;) < Bfor1 <i <3.
For 1 <i<b,

D(Tia) + D(Ti5) < 2A = 2(1 — 38)(1 + ¢)

by Claim 711 (iii). For b < i < 3, D(S;) = D(T;.4)+ D(T;5)—2(1—30)
by (28). Thus,
D(Ti4) + D(Ti5) =mi +2(1 = 38) + 2;”_;% Z
TeK3(S;)
YBD(S;)
D(S;) + 8
<ni +2(1 —38) +~8/2.

After applying Corollary to Sy and S5 taking t = 3, and adding
the two inequalities together, we obtain

22-48) < Y (D_(Ti4) + D_(Ti5)) + 2D (Ty5)

<n; +2(1-3B) +

1<i<3
22-58) < Y (D(Tia) + D(Ty5)) + > (D(Tya) + D(Ti5))
1<i<b b<i<3
<A -30)(1+e)+ D mi+ (2(1 = 38) +75/2)
b<i<3
2048 — 1) <2b(1 —3B)e + Y mi+ (3 —b)yB/2 (32)
b<i<3

If b = 3, the above inequality becomes 2(45—1) < 6(1—-30)e < 2(48—
1), which is a contradiction. Thus, b < 2. Notice that n; > —D(.S;)y >
—~ for 1 < ¢ < b. Hence, ZSGKZad(U) n(S) > —by. Also, recall that
D(S;) < B for 1 <i< 3. It is enough to show that >, ;41 > byf3.

Suppose the contrary, so >, <i<3Mi < byB. Then, B2) becomes
2(48 — 1) <2b(1 — 3B)e + (3 + b)vB/2 < 4(1 — 3B)e + 5vB/2 < 2(48 — 1),
which is a contradiction. The proof of the claim is complete. O

Hence, by Claim[Z.3]and Claim [T.4], 29) becomes ) g, 7(S) > 0,
so the inequality in Lemma holds. Now suppose equality holds
in Lemma Claim [3] and Claim [Z4] imply that no 5 clique is
bad, so no 4-clique is bad. Furthermore, we must have 7n(S) = 0 for
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all S € 4. It can be checked that if the definition of a bad 4-clique
includes heavy 4-cliques S with 1(S) = 0, then all arguments still hold.
Thus, we can deduce that G is K5-free. Hence, G is also K5-free. By
Theorem 4 taking s = 4 and ¢t = 3, we obtain that (n, ) is feasible
and G € G(n, B). O

8 Proof of Theorem 2.4

Here, we prove Theorem 24l Since the proof of theorem uses similar
arguments in the proof of Theorem E.1] and Lemma 61l we only give
a sketch of the proof.

Sketch of Proof of Theorem[2.4. For 2 <t <pand1/(p+1) <p <
1/p, define

AP(8) =(t = 1)((p + 1)B — 1)CP(B), and
BY(8) =((p+ 1)8 — )C(B),

where C() satisfies the recurrence

Ci(B) +1=(p—t+1)BC;-1(B)
with the initial condition Cp(8) =0 for 1/(p+1) < 5 < 1/p. Explic-
itly, C)_;(B) = Yo<icj 139 /4! for 0 < j < p — 2. These functions
will be used as coeflicients in corresponding statements of Lemma
for 2 < t < p. Define the integer r(f) to be the smallest integer at
least 2 such that for r <t < p, AY(B) <1 and BY(B) < (p —t)B. Let

Bp =sup{Bo:r(B) =2forall 1/(p+1) < B < fo}
and €, = B, —1/(p + 1). Observe that A;(5), B:(8) and Cy(5) are
right continuous functions of §. Moreover, both A;(3) and B;(f) tend
to zero as [ tends 1/(p+ 1) from above, so 8, > 1/(p+1) and €, > 0.
By mimicking the poof of Lemma [6.1], we have

= D (T)
D(S) > A, (AD+(5) - BYB) Y Tpom
TeK:(S)
for S € i1, 1/(p+1) <5 < Bp and 2 <t < p. Then, following the
arguments in the proof of Theorem B.J] we can deduce that
ks(G) _ k(G) 1—t8 — BY(B)
> D (T
2@ > T T8t Dag i 2 D+

TekK:

for2<t<s<p+land1l/(p+1) < <, Since1—t8—BP(B) >0,
the proof of theorem is completed. O

Clearly, €, defined in the proof is not optimal. Generalising the
proof of Lemma would lead to an improvement on €.
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9 Counting (p + 1)-cliques

In this section, we are going to prove the below theorem, which implies
Theorem

Theorem 9.1. Let 0 < 3 < 1 and p = [B71] — 1. Suppose G is
a graph of order n with minimum degree (1 — B)n. Then, for any
nteger 2 <t < p,

Bpa(G)  k(G)
G (BT = (Bt

Moreover, fort =2, equality holds if and only if (n, 3) is feasible, and
G is a member of G(n, 3).

For positive integers 2 <t < s < p + 1, define the function ¢ :
Ks — R such that

s D_(S) ift=s, and
S) —
#(5) {teKH(s) THU) ift<s
for S € IC5. Observe that for Gy € G(n, 5) with (n, 5) feasible,
b5(S) (s =1 —1tp) if |[V(S)nVy|=0,1
P @ =tB)s/t + (p+1)B—1)(s — 2)/(t —2)! i [V(S) N V| =2

for s-cliques S in Gp. Let ®;(S) = min{¢;(S),¢f} for S € Ks and
2<t<s<p+1, where

o = (L—tB)s!/t+ ((p+ 1B —1)(s = 2)!/(t = 2)!.

to be the analogue of D_ for ¢f. The next lemma gives a lower bound

on ®7(S) for S € Ks.

Lemma 9.2. Let 0 < 3 <1 andp =[] — 1. Let G be a graph of
order n with minimum degree (1 — 8)n. Then,

03(S) > (1 —tB)s!/t! + (D_(S) — (1 — sB)) (s — 2)!/(t — 2)!

for S e Ks and 2 <t < s <p+1. In particular, for s = p+ 1 and
t=p

e O R (R A L e

7! (t
SeKpi1

(33)
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Proof. Fix § and t and we proceed by induction on s. The inequality
holds for s =t + 1 by Corollary Suppose s > t + 2 and that the

lemma is true for ¢,...,s — 1. Hence
G(S)= Y iD= DY, eI
TeKs—1(5) TeKs—1(S)

and by the induction hypothesis,

> > ((1 1)t ;1)! (D)~ (1 - (s— 1)8) ¥ = 3).!>

TeKs—1(9)

—a-)+ S S b s (s 09

(t B 2)! Teks—1(S)
>(1—tB)s!/t!+ (D_(S) — (1 — s8)) (s — 2)!/(t — 2)!,

where the last inequality comes from Corollary witht = s—1. The
right hand side is increasing in D_(S). In addition, the right hand
side equals to ¢f only if D_(S) = (p — s+ 1)38. Thus, the proof of the
lemma is complete. O

Now, we bound } g ®7(S) from above using Proposition B.1]
to obtain the next lemma. The proof is essentially a straightforward
application of Proposition Bl with an algebraic check.

Lemma 9.3. Let0 < 3 <1 andp = [B~'] — 1. Let G be a graph of
order n with minimum degree (1 — S)n. Then, for2 <t <s<p+1

s—1 . s—1
S () <o sk + 2+ 05 - 1) 3 | G=grkee T4

Seks 1=t+1 Jj=t

s—1
+((t+ Dk — (p—t+ 1Bk n* ] (1 = 4B).

J=t

Proof. Fix 8 and t. We proceed by induction on s. Suppose s = t+1.
Note that ®/1(S) < > rexi(s) P-(T). By Proposition 3.1} taking
A=Ky, f=D_,9g=D, M=(p—-t+1)8and m=1—1tp,

Yoooffts)< > Y. D.(T)=n )Y D(T)D-
Sett1 SEKt41 TeK(S) Tek:

<(p—t+1)pn > D(T)+(1—tB)n Y _ D (T)—(1—tB)(p—t+1)Bnk

TeK: Tek:
S+ = (p—2t + 1)B)keg1 — (1 —tB)(p — t + 1) Bnky.
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Hence, the lemma is true for s = ¢t + 1. Now assume that s > t + 2
and the lemma is true up to s — 1. By Proposition B.Il taking A = K,
f= <I>f_1, g=D, M = gpf_l and m=1— (s —1)3, we have

Y ®iS)=n Y DT T)

Seks TeKs—1
<pi7t D D)+ (- (s=1Bn Y &;HT) — ¢ (1 - (s — 1)B)nks
TeKs—1 TeKs—1
= sky + (1 — (s —1)B)n Z O5NT) — (1 — (s — 1)B)nks_1.

TeKs-1
Next, we apply induction hypothesis on 3" ®:~!(T). Note that
(s — i — ™ = 2((p+ 1)8 — 1)(s — 1/ (¢t — 2).
After collecting the terms, we obtain the desire inequality. U

Now we are ready to prove Theorem The proof is very similar
to the proof of Theorem .11

Proof of Theorem [0l We fix § and write g; to be ¢(8). We pro-
ceed by induction on ¢ from above. The theorem is true for ¢ = p
by Lemma and Lemma Hence, we may assume ¢t < p. By
Lemma 0.3]

DSOS <o el + 20+ 05 -1) 35 = iglkmﬂu - iB)
+((t+ Dkpa — (p— t+ 1)Bnk) n?~ [ J(1 = 58),
j=t

and by the induction hypothesis

<o+ Dy + 2 np-1) S [ s EZ3 P g

S\ e (B 2) j=i
kp+1 p—t a :
+ {4+ 1) g — (p—t+1)Bnk | P [ (1= 38).
gp+1 =t

Substitute the above inequality into (33]) and rearranging to obtain
the desire inequality.

Now suppose that equality holds, so equality holds in ([B3]). There-
fore, D(S) = D_(S) =0 for all S € K,41. Thus, G is Kjo-free. By
Theorem 511 (n, 5) is feasible, and G € G(n, ). This completes the
proof of the theorem. O
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