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ON THE WIDOM-ROWLINSON OCCUPANCY FRACTION IN
REGULAR GRAPHS

EMMA COHEN, WILL PERKINS, PRASAD TETALI

ABSTRACT. We consider the Widom—Rowlinson model of two types of interacting particles
on d-regular graphs. We prove a tight upper bound on the occupancy fraction, the expected
fraction of vertices occupied by a particle under a random configuration from the model. The
upper bound is achieved uniquely by unions of complete graphs on d + 1 vertices, K441's.
As a corollary we find that K441 also maximises the normalised partition function of the
Widom-Rowlinson model over the class of d-regular graphs. A special case of this shows
that the normalised number of homomorphisms from any d-regular graph G to the graph
Hwr, a path on three vertices with a loop on each vertex, is maximised by K44+1. This
proves a conjecture of Galvin.

1. THE WIDOM—ROWLINSON MODEL

A Widom—Rowlinson assignment or configuration on a graph G is a map x : V(G) —
{0,1,2} so that 1 and 2 are not assigned to neighbouring vertices, or in other words, a
graph homomorphism from G to the graph Hwpg consisting of a path on 3 vertices with
a loop on each vertex (the middle vertex represents the label 0). Call the set of all such
assignments Q(G). The Widom—Rowlinson model on G is a probability distribution over
Q(G) parameterised by A € (0,00), given by:

Py AX100+X2(0)

where X;(x) is the number of vertices coloured ¢ under y, and

Pa()) = Z AX100+X2(00)
XEQG)

is the partition function. Evaluating Pg(\) at A = 1 counts the number of homomorphisms
from G to Hwgr. We think of vertices assigned 1 and 2 as “coloured” and those assigned 0
as “uncoloured” (see Figure 1).

The Widom-Rowlinson model was introduced by Widom and Rowlinson in 1970 [13], as
a model of two types of interacting particles with a hard-core exclusion between particles of
different types: colour 1 and 2 represent particles of each type and colour 0 represents an
unoccupied site. The model has been studied both on lattices [9] and in the continuum [11, 2]
and is known to exhibit a phase transition in both cases.

The Widom—Rowlinson model is one case of a general random model: that of choosing a
random homomorphism from a large graph G to a fixed graph H. In the Widom—Rowlinson
case, we take H = Hwg. Another notable case is Hj,q, an edge between two vertices,
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2 EMMA COHEN, WILL PERKINS, PRASAD TETALI

FI1GURE 1. A configuration for the Widom—Rowlinson model on a grid. Ver-
tices mapping to 1 and 2 are shown as squares and diamonds, respectively
(corresponding to Figure 2).

Hwr = ?—g—g Hing = l—@

2 1 0

F1GURE 2. The target graphs for the Widom—Rowlinson model and the hard-
core model.

one of which has a loop (see Figure 2). Homomorphisms from G to Hj,q are exactly the
independent sets of G, and the partition function of the hard-core model is the sum of A!I
over all independent sets I. An overview of the connections between statistical physics models
with hard constraints, graph homomorphisms, and combinatorics can be found in [1].

For every such model, there is an associated extremal problem. Denote by hom(G, H) the
number of homomorphisms from G to H. Then we can ask which graph G from a class of
graphs G maximises hom(G, H), or if we wish to compare graphs on different numbers of
vertices, ask which graph maximises the scaled quantity hom(G, H )1/ VG,

Kahn [8] proved that for any d-regular, bipartite graph G,
(1) hom(G, Hipg) < hom(Kdyd,Hind)\V(G)\/Qd’

where K 4 is the complete d-regular bipartite graph. Equality holds in (1) if G is Kg4 or a
union of K 4’s. In other words, unions of K, 4’s maximise the total number of independent
sets over all d-regular, bipartite graphs on a fixed number of vertices.

In a broad generalisation of Kahn’s result, Galvin and Tetali [7] showed that in fact, (1)
holds for all d-regular, bipartite G and all target graphs H (including, for example, Hwg).
And using a cloning construction and a limiting argument, they showed that in fact the
partition function of such models (a weighted count of homomorphisms) is maximised by
K 4; for example, for a d-regular, bipartite G,

(2) PG(/\) < PKd,d(/\)W(G)l/Mv

where Pg()) is the Widom-Rowlinson partition function defined above or the independence
polynomial of a graph. Note that the case A = 1 is the counting result.

There is no such sweeping statement for the class of all d-regular graphs with the bipar-
titeness restriction removed. In [14] and [15], Zhao showed that the bipartiteness restriction
on G in (1) and (1) can be removed for some class of graphs H, including Hj,q. But such an
extension is not possible for all graphs H; for example, K41 has more homomorphisms to
Hwmr than does K, 4 (after normalising for the different numbers of vertices). In fact Galvin
conjectured the following:
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Conjecture 1 (Galvin [5, 6]). Let G be a any d-regular graph. Then
hom(G, Hywgr) < hom(Kgy1, Hyg)V (@1 @1

The more general Conjecture 1.1 of [5] that the maximising G for any H is either Ky 4 or
K441 has been disproved by Sernau [12].

The above theorems of Kahn and Galvin and Tetali are based on the entropy method (see

[10] and [6] for a survey), but in this context bipartiteness seems essential for the effectiveness
of the method. We will approach the problem differently, using the occupancy method of [3].

We first define the occupancy fraction ag(\) to be the expected fraction of vertices which
receive a (nonzero) colour in the Widom—Rowlinson model:

E[Xl + XQ]

V@ -
where X; is the number of vertices coloured ¢ by the random assignment x. A calculation
shows that ag () is in fact the scaled logarithmic derivative of the partition function:

X PLY A (log Pa(N)
(3) N =@ By V(E)]

Our main result is that for any A, ag(A) is maximised over all d-regular graphs G by Ky41.

ag(N) =

Theorem 2. Let G be any d-regular graph and A > 0. Then
aG(/\) < AKgq (/\)
with equality if and only if G is a union of Kg11's.
We will prove this by introducing local constraints on random configurations induced by

the Widom—Rowlinson model on a d-regular graph G, then solving a linear programming
relaxation of the optimisation problem over all d-regular graphs.

Theorem 2 implies maximality of the normalised partition function:

Corollary 3. Let G be a d-reqular graph and A > 0. Then

log Pg()\) log PKd+1 ()\)

1 1
V(G| ~d+1
or equivalently,

Ps(\) < pKdH()\)\V(G)\/(dH)’

with equality if and only if G is a union of Kg411's.

The quantity ‘V(l el log Pe(A) is known in statistical physics as the free energy per unit

volume. Corollary 3 follows from Theorem 2 as follows: ﬁ log P (0) = 0 for any G, and
SO

1
———log Pg (A / (log P (t
V(G V(@)

1
!/
< /O (log Py, (1) dt = ——Tog Pre,,, (N

where the inequality follows from Theorem 2 and (1). Exponentiating both sides gives Corol-
lary 3.

By taking A =1 in Corollary 3, we get the counting result:
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Corollary 4. For all d-regular G,
hom(G, Hwg) < hom(Kqy1, Hyg)!V @/ @+1)

with equality if and only if G is a union of Kg4i11's.

This proves Conjecture 1.

Discussion and related work. The method we use is more probabilistic than the en-
tropy method in the sense that Theorem 2 gives information about an observable of the
model; in some statistical physics models, the analogue of ag(\) would be called the mean
magnetisation. We also work directly in the statistical physics model, instead of counting
homomorphisms.

Davies, Jenssen, Perkins, and Roberts [3] applied the occupancy method to two central
models in statistical physics: the hard-core model of a random independent set described
above, and the monomer-dimer model of a randomly chosen matching from a graph G. In
both cases they showed that K4 maximises the occupancy fraction over all d-regular graphs.
In the case of independent sets this gives a strengthening of the results of Kahn, Galvin and
Tetali, and Zhao, while for matchings, it was not known previously that unions of Kgg4
maximises the partition function or the total number of matchings.

The idea of calculating the log partition function by integrating a partial derivative is not
new of course; see for example, the interpolation scheme of Dembo, Montanari, and Sun [4]
in the context of Gibbs distributions on locally tree-like graphs. The method is powerful
because it reduces the computation of a very global quantity, Pg()), to that of a locally
estimable quantity, ag()).

Some partial results towards the Widom—Rowlinson counting problem were obtained by
Galvin [5], who showed that a graph with more homomorphisms than a union of K;,1’s must
be close in a specific sense to a union of Kgy1’s.

2. PROOF OF THEOREM 2

2.1. Preliminaries. To prove Theorem 2, we will use the following experiment: for a d-
regular graph G, we first draw a random x from the Widom—Rowlinson model, then select
a vertex v uniformly at random from V(G). We then write our objective function, the oc-
cupancy fraction, in terms of local probabilities with respect to this experiment, and add
constraints on the local probabilities that must hold for all G. We then relax the optimisa-
tion problem to all distributions satisfying the local constraints, and optimise using linear
programming.

Fix d and . Define a configuration with boundary conditions C = (H, L) to be a graph
H on d vertices with family of lists £ = {Ly }yen, where each L, C {1, 2} is a set of allowed
colours for the vertex u. Here H represents the neighbourhood structure of a vertex v € V(G)
and the colour lists L, represent the colours permitted to neighbours of v, given an assignment
x on the vertices outside of N(v) U {v}. (See Figure 3.) Denote by C the set of all possible
configurations with boundary conditions in any d-regular graph.

We now pick the assignment x at random from the Widom—Rowlinson model on a fixed d-
regular graph G, pick a vertex v uniformly at random from V' (G), and consider the probability
distribution induced on C.
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F1GURE 3. An example configuration with boundary conditions based on a
colouring y. The graph H consists of the four neighbours of v along with the
black edges, and the list L, is shown above each vertex v of H. The colours
assigned by x to v and its neighbours are immaterial and so are not shown.

For example, if G = K411 then with probability 1 the random configuration C' is H = Ky
with L, = {1,2} for all w € V(H). If G = K44 then H is always d isolated vertices and the
colour lists can be any (possibly empty) subset of {1,2}, but the lists must be the same for
all w e V(H).

For a configuration C' = (H, L), define
aﬂc)zph()Zilﬂ

uEV H)

where the probability is over the Widom—Rowlinson model on G given the boundary condi-
tions L. Note that the spatial Markov property of the model means that these probabilities are
“local” in the sense that they can be computed knowing only C. Let o’ (C) = of(C) +a5(C)
and a*(C) = o} (C) + a4 (C). Then we have

0 aG<A>:W(G), > By € {1,2)] = Eclo*(0)
veV(Q)
— T 7.3 TP € (1.2} = Eefa' @),

where the expectations are over the probability distribution induced on C by our experiment
of drawing x from the model and v uniformly at random from V(G), and the last sum is
over all neighbours of v in G. Equality of the two expressions for a follows since sampling a
uniform neighbour of a uniform vertex in a regular graph is equivalent to sampling a uniform
vertex. We will show that this expectation is maximised when the graph G is Ky 1.

We can in fact write explicit formulae for o¥(C') and a*(C). For a configuration C = (H, L),
let Péo) (M) be the total weight of colourings of H satisfying the boundary conditions given by
the lists £ (corresponding to the partition function for the neighbourhood of v conditioned on
x(v) = 0). Also, write Pg) (A) for the total weight of colourings of H satisfying the boundary
conditions and using only colour i and 0 (corresponding to the partition functions for the
neighbourhood of v conditioned on x(v) = 7). Finally, let Péw)()\) = Pc(‘l)()‘) + Pg)()\) and
let

Po(d) = PO+ APSP (V)
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be the partition function of N(v) U {v} conditioned on the boundary conditions given by C.
Note that if £ has a; lists containing 1 and as lists containing 2, then Pg)(A) = (14 \)%.

Now we can write

(0)y/ (12)y,
Y. oy - AEEY +xEy)
(5) a’(C) = P and o (C) = iF ,

where P’ is the derivative of P in A\. We will suppress the dependence of the partition
functions on A from now on.

For G = K41, we have
Prg, =21+ -1
2A(1 + N\)?
oV = g a1

If G = Kgy1 then the only possible configuration is Ck,. ,, the complete neighbourhood
K4 with full boundary lists, so we also have o"(Kq) = a'(Kq4) = ak,,,(A) (we can also
compute these directly). Since this quantity will arise frequently, we will use the notation
A — ()é](d_~_1 ()\)

2.2. A linear programming relaxation. Now let ¢ : C — [0, 1] denote a probability distri-
bution over the set of all possible configurations. Then we set up the following optimisation
problem over the variables ¢(C'), C' € C.

(6) o = max Z q(C)a’(C) subject to
ceC
> a(C) =
ceC
Y a(O)[a’(C) —a"(C)] =0
ceC

q(C) >0 VC eC.

Note that this linear program is indeed a relaxation of our optimisation problem of max-
imising ag () over all d-regular graphs: any such graph induces a probability distribution on
C, and as we have seen above in (2.1), the constraint asserting the equality Ea’(C) = Ea*(C)
must hold in all d-regular graphs.

We will show that for any A > 0 the unique optimal solution of this linear program is
q(Cky4,,) = 1, where Ck, , is the configuration induced by Ky.1: H = K4 and L, = {1,2}
for all u € H.

The dual of the above linear program is
a® =minA, subject to
Ay + A(a¥(C) — a¥(C)) > a®(0) VC e,
with decision variables A, and A..

To show that the optimum is attained by Ck,, ,, we must find a feasible solution to the
2A(1+2)%
(AN IFI 1
Ck,., holds with equality for any choice of A.. In other words, it suffices to find some convex

dual program with A, = ax = Note that with A, = ax the constraint for
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combination of the two local estimates a* and o which is maximised by Ck,,, over all

CecC.

Let Cy be a configuration with L, = ) for all u € H (in which case the edges of H are
immaterial, and so abusing notation we will refer to any one of these configurations as Cj).
We find a candidate A, by solving the constraint corresponding to Cy with equality:

ak = Ac(a”(Co) — a”(Cy)) + a”(Co)

2\
=(1-A
( <) 1+2X
This gives
(6776 (6776 (1 + )\)d —1
Ac=1——(04+2\)= ———"F——
¢ 2)\( +2) 20 (1+ M)
With this choice of A., the general dual constraint is
ag (1+ )\)d —1

a*(C) + 2K (1 4+ 2x)a7(C).

K=o 1+ ) 2

Using (2.1), this becomes

(PG +MPEPY _d(1+ )

(7) ZPéO) _ Pém) SO nd—1°

From this point on we may assume that C' has some non-empty colour list, since otherwise
the configuration is equivalent to Cy and the constraint holds with equality by our choice of

A.. This assumption tells us, among other things, that (Péo))’ >0 and 2Pé0) — Péw) > 0.
Our goal is now to show that (2.2) holds for all C. We consider the two terms separately.

Claim 5. For any C # Cy,

APS?Y _ AN
O (e

with equality if and only if the lists L, are all equal and C' has no dichromatic colourings.

Proof. Since the partition function Péo) is at least the total weight P((Jl) +Pé2) —1 of monochro-
matic colourings (with equality when C' has no dichromatic colourings), we have
(Pé12))/ . (Pé12))/ _ ar(1+ )\)al—l +as(l+ )\)az—l
op) — PP T PP 2 (LN + (14 A)%2 -2

(where, as above, a; is the number of vertices in H allowed colour ¢ under the given boundary
conditions), and so we need to show that

(8) ar(1+ M) a1+ A=t d(l+ )"
1+N)2+(1+N)2-2 — (1+N)F-1"

In general, to show that (a+b)/(c+d) <t it suffices to show that a/c <t and b/d < t. Thus
it is enough to show that

(9)

a(l+ N _ d(1+ 1)
I+N -1~ (1+MNi—1
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whenever 1 < a < d. (Note that if either a; = 0 or ag = 0 then (2.2) reduces to (2.2), and if
both aj, as = 0 then the configuration is Cp). Indeed, it is not hard to check via calculus that
the left hand side of (2.2) is increasing with a. This completes the proof of the inequality in
Claim 5.

We have equality in this final step when a1 = as = d or when one is 0 and the other is
d. So we have equality overall whenever the lists are all equal and there are no dichromatic
colourings (recall that we are assuming C has some non-empty colouring list). (|

Claim 6. For any C # Cp,

(PG _ d(1+ 2T
R eV

with equality if and only if the lists L, are all equal and C has no dichromatic colourings.

Proof. We can write
0 0 0
AEDY  MpYy Py
0 12 0 0 1 0 2
2Py — PSP BY (P - PY)+ (B~ BY)
__ Eo[Xi] 4+ Ec[Xo]
Pc[Xl > 0] +P0[X2 > 0]’
where now X; is the number of vertices coloured ¢ in a random colouring chosen from the

Widom-Rowlinson model on C'. Noting that Ec[X;] = 0 whenever Po[X; > 0] = 0, it suffices
as above to show that whenever colour 1 is permitted anywhere in C,

Ec[Xi] Ad(1 4+ \)d-1
(10) m =Ec[X1 [ X1 >0] < TrNi—1

and similarly for Xa, but this will follow by symmetry.

:EKd[Xl | X1 > 0],

We can decompose the expectation as

Eo[X1 | X1>0/= Y Polx '(2)=5|X1>0-Ec[X1 | X1 >0Ax"(2) =5].
SCV(H)
The partition function restricted to colourings satisfying X; > 0 and x~!(2) = S is just
Ps(\) = MSI((1 + X\)®s — 1), where ag is the number of vertices in H \ S which are allowed
colour 1 and are not adjacent to any vertex of S. The conditional expectation is then
asA(1+ A)es—! A1+ M)t
(1+Nas —1 = (1+N)d-1
with equality precisely when S is empty and 1 is available for every vertex. That is,
dA(1+ X471 Ad(14 A)4?
(1+N4—1  (14+Nd-1"

Ec[X1 | X1 >0Ax"1(2) =9]=

Ec[X:| X1>01< > Polx '(2)=5|X: >0
SCV(H)

as desired. We have equality in (2.2) when Pcolag = d | X1 > 0] = 1, which holds for the
configurations where 1 is available to every vertex but which have no dichromatic colourings.
That is, for equality to hold in the claim C' must have no dichromatic colourings, and any

colour which is available to some vertex u must be available to every vertex (so the lists must
be identical). O
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Adding the inequalities in Claims 6 and 5 shows that (2.2) holds for all C, proving opti-
mality of Kgi1.

2.3. Uniqueness.

Lemma 7. The distribution induced by Kgy1 is the unique optimum of the LP relaxation
(2.2).

Proof. Complementary slackness for our dual solution says that any optimal primal solu-
tion is supported only on configurations C' with identical boundary lists and no dichromatic
colourings. These fall into three categories:

Case 0: L, = () for all u. In this case the edges of H are immaterial, as none of H can
be coloured. This is the configuration Cy above.

Case 1: L, = {i} for all u (for i = 1 or 2). The edges of H are again immaterial, as
every colouring of H with only colour ¢ is allowed. Call this configuration C7.

Case 2: L, = {1,2} for all u. In this case the prohibition on dichromatic colourings
requires that C' = Ck,, ,.

We can calculate a¥(C) and a*(C) for each case. For Case 0 we have

v 2\ u B
a’(Cy) = ) and a"(Cp) = 0.
For Case 1 we have
A A1+ M) A1+ 24
v — d U —
) =S yer ad @O = S

And of course, for Case 2 we have
04U<Kd) = a“(Kd) = K.

In both Case 0 and Case 1 we have a* < a’, so the only convex combination g of the three
cases giving >~ q(C)a*(C) = > q(C)a’(C) (as is required for feasibility) is the one which
puts all of the weight on Ck,,. g

3. DISTINCT ACTIVITIES

It is also natural to consider a weighted version of the Widom—Rowlinson model with
distinct activities A1, A2 for the two colours, so that the configuration x is chosen according
to the distribution

P[ ] B )\ifl(x))\gfz(x)
T T Ra(n )
where the partition function is
PG(Ala)\Q) — Z )\fl(X))\?Q(X)
XEQ(G)
We can ask which d-regular graphs maximise P (A1, Ag)/IV (Gl
Conjecture 8. For any A\, A2 > 0, and any d-reqular graph G,

(11) Pa(M, A2) < Piy,, (A, Ag)V(@N/(@+1),
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Now denote by a (A1, A2) and a2, (A1, A2) the expected fraction of vertices of G that receive
colours 1 and 2 respectively in this model.

Conjecture 9. For any A, A2 > 0, the weighted occupancy fraction

Aol (A1, A2) + AaZ (A, Ag)

ag(A, A2) = Ny

1s maximised over all d-reqular graphs by K.

In fact, Conjecture 9 implies Conjecture 8. To see this, assume A\; > A9, and let Fg(x) =
Llog Pa(A — A2 + z,x). We have

1 A2 dF,
51og;PG(A1,A2) = Fg(\2) = F5(0) +/ G (2) da

dx
0
Fq(0) = Llog Po(A1 — X2,0) = log(1 + Ay — Xo) for all graphs G, and so if we can show

n

that for all 0 < x < A9, %(:r) is maximised when G = K1, then we obtain (the log of)
inequality (8). We compute:

@(x) 14 Pe(M = Xt a,ax)
dr " n Po(M — o +u,1)
I 1 = A it A
n Pg(M — X2 +z,2)
= 1 120, (@ X1+ (A = X2+ 2)X2) (M — Ag + )Xt - 22
oz =X ta)n Pe(M — ho +x,2)
1 (1 @
= m [SL’OéG M =X+z,2)+ (N —)\2—|—:E)04G (M =X +x,7)

Conjecture 9 implies that this is maximised by Kgy1.
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