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TRIANGLES IN CARTESIAN SQUARES OF QUASIRANDOM GROUPS

VITALY BERGELSON, DONALD ROBERTSON, AND PAVEL ZORIN-KRANICH

ABSTRACT. We prove that triangular configurations are plentiful in large subsets of cartesian squares of
finite quasirandom groups from classes having the quasirandom ultraproduct property, for example the
class of finite simple groups. This is deduced from a strong double recurrence theorem for two commuting
measure-preserving actions of a minimally almost periodic (not necessarily amenable or locally compact)
group on a (not necessarily separable) probability space.

1. INTRODUCTION

By showing that any subset of PSL(2,F,) with density at least 2|PSL(2,F,)[3/? contains a subset of the
form {g, z, gz}, Gowers Theorem 3.3] answered negatively a question of Babai and Sés on the
existence of a constant ¢ > 0 such that every finite group G has a subset of size at least ¢|G| that is product-
free, meaning that it contains no subset of the form {g,x,gx}. Gowers also showed Lemma 5.1]
that quasirandom groups constitute the general setting for such a result; a finite group is D-quasirandom if
and only if it has no non-trivial representations over C of dimension less than D.

The non-existence of large product-free sets in infinite, amenable groups was investigated in , where
it was shown that G is minimally almost periodic (meaning that it has no non-trivial, finite-dimensional,
unitary representations over C) if and only if every subset having positive density with respect to some
Folner sequence contains a subset of the form {g, x, gz}.

In both settings, the non-existence of large product-free sets is related to the absence of finite dimensional
representations. It can also be related to the ergodic theory of group actions. Indeed, given A C G, one
can find in A a set of the form {g,z, gz} if and only if there is g € A such that ANg=!'A4 # & and one
is now faced with a question of recurrence for the action of G on itself by left multiplication. When G is
finite, the Haar measure on G is a natural invariant measure, while for countable amenable groups a version
of the Furstenberg correspondence principle (e.g. [Ber00, Theorem 4.17]) can be used to phrase the problem
dynamically. In terms of ergodic theory, then, the question becomes one of relating the representation theory
of G to positivity of correlations p(B N (T9)~1B) for an action T of G on a probability space (X, %8, ).

With this framework in mind, the existence of more complicated configurations in subsets of quasirandom
groups was considered in , and in particular the question of whether every large enough subset
A of a D-quasirandom group contains a configuration of the form {g,z, gz, zg} or, equivalently, whether
ANg 'AN Ag~! is non-empty for some g € A. Dynamically this corresponds to positivity of a multiple
correlation of the form

(BN (T9)'B N (T{T5) ' B) (L1)

where p is normalized counting measure and 77,75 are the commuting actions of G on itself determined
by left and right multiplication. It was shown, in the following strong form, that the conjugation-invariant
subsets of G are the only obstruction to the positivity of such correlations.

Theorem 1.2 ([BT14, Theorem 5]). Let G be a finite, D-quasirandom group with normalized Haar measure
m and let f1, fa, f3: G — R be bounded in absolute value by 1. Then

/‘/fl - fa(zg) - fs(gx) dm(z /fldm/f2 (f3|Ze) dm| dm(g) < ¢(D)

Date. May 30, 2022.
2010 Mathematics Subject Classification. Primary 05D10; Secondary 28D15.
The first author gratefully acknowledges the support of the NSF under grants DMS-1162073 and DMS-1500575.

1



where B(f3|Zg) is the orthogonal projection in LQ(G7m) of f3 on the conjugation-invariant functions and
¢(D) is a quantity depending only on D that goes to zero as D — oo.

By specializing to f1 = fo = f3 = 14 where A is a subset of a D-quasirandom group G, it follows (see
[BT14} Corollary 6]) that for any € > 0 one has
AP? |[AngAnAg| _ AP
GF = fol SR e
for all but at most e t¢(D)|G| many g € G, where ¢(D) — 0 as D — oo. Thus if |[A| > e~ 1¢(D)|G| then
there g € A for which many configurations of the form {x, gz, zg} can be found in A.
Theorem has recently been reproved by Austin [Ausl5| without the use of ultra quasirandom groups,
yielding explicit bounds for ¢(D). In particular |Auslb, Theorem 1] implies that for any D-quasirandom
group G and any A C G with |A[* > 4D~1/%|G|* one has

4D~ 1/8

m(A)
for some g € A. See also [Tseld], where the bound in [Aus15| was improved and Theorem [I.2] was generalized
to the setting of probability groups.

Correlations of the form control the existence of many other types of configuration. To describe a
couple, in [BMZ97| positivity of on average for arbitrary commuting actions 77 and T of any countable,
amenable group G on a probability space was proven and used to exhibit triangular configurations of the
form {(x,v), (9x,v), (9x, gy)} in any positive-density subset of G x G, and in [BCRZK16| the correlation
was shown to be larger than ;(B)* on average when T} and T5 are any commuting actions of an amenable,
minimally almost periodic group having the property that the G x G action (g1, g2) +— TV T5? is ergodic.
This was used to exhibit two-sided finite products sets in positive-density subsets of such groups.

In this paper we show (see Theorem below) that there are many triangles, i.e. configurations of the
form {(z,v), (92,y), (9x,gy)}, in large enough subsets of G x G provided G is quasirandom enough. To do
this we consider the behavior of the correlation

/ fol@,y) - fr(gz, ) - (g, gy) d(m x m)(z, y) (1.3)

for functions fo, f1,f2 : G x G — R. As in [BT14] we do not work with a specific quasirandom group G
directly, but instead consider the asymptotic behavior of (|1.3) along quasirandom sequences of groups.

m(ANg AN Ag™!) > m(A)> >0

Definition 1.4. A sequence n — G, of finite, D,,-quasirandom groups is a quasirandom sequence of groups
if D,, — o0 as n — oo.

Given a quasirandom sequence n +— G, of groups, we relate the asymptotic behavior of (L.3) to a
correlation of the form

/ fo TEfr - TITS fo du (1.5)

for commuting actions 77 and T5 of a limiting group G formed from the G,, on a probability space (X, %, u).
One can see that if fo and f; are supported on disjoint 73-invariant sets then is zero, so the correlation
depends on the conditional expectations of fy and f; on the sub-o-algebra of T3-invariant sets. Similarly,
the result depends on the expectations of f; and fy on the Ts-invariant sets, and on the expectations of fj
and fo on the TjTs-invariant sets.

In order to make precise the dependence of on the invariant sub-o-algebras mentioned above, one
studies the limiting behavior of along some limiting scheme, a method that has been in use ever since
Furstenberg’s ergodic proof |[Fur77] of Szemerédi’s theorem. Which limiting scheme is used, and which
sub-o-algebras control the limiting behavior, depends on the properties of the acting group G.

When G is countable and amenable one can use a Fglner sequence N +— ®x to average . Austin
[Aus13] has shown, using his satedness technique — see Section that when (X, 4, u) is a standard probability
space, one can find a potentially larger probability space (Y, Z,v), commuting actions S; and Ss of G on
(Y, 2,v), and a measurable, measure-preserving map 7 : Y — X intertwining 7; and S; such that

/fo . Tiqfl . Tlgngfz du — /]E(fo O7T|A1 \/Alg) . Tin(fl O 7T‘A1 V Ag) . TiqTQgE(fQ o 7T|A12 \Y AQ) dl/ (16)
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averaged along any Fglner sequence in G converges to 0, where A, Ay and Aj, are the sub-o-algebras of
generated by the S7, Sy and S7Ss-invariant functions in L2(Y7 9,v) respectively. The o-algebras A; V Ajq,
A1V Ay and AoV Ay are called characteristic factors for the correlation . Austin also gave similar results
for longer correlations.

When G is non-amenable, averaging along Fglner sequences is unavailable. Recently limits along minimal
idempotent ultrafilters (idempotents in the Stone-Cech compactification 3G of G that belong to a minimal
ideal — see Section [4] for details and [BMO7| for the relative merits of minimal idempotents) have been
employed as a replacement. It was shown in [BMO07| that for any minimal idempotent ultrafilter p on a
countable group G one has

lim / fo T fy - TOTS fo du — / fo - TYE(f11Ca) - TYTSE(f2]Cra) dpa = 0 (1.7)

where C; and Cy5 are the sub-o-algebras corresponding to functions that are almost-periodic for T} and 7175
respectively over A;. When G is amenable, one can obtain stronger combinatorial results by using minimal
idempotent ultrafilters rather than Fglner sequences: this is because positivity of correlations along minimal
idempotent ultrafilters yields a larger set of ¢ € G for which is positive; see [BMO7] for details. For
limits of longer correlations along minimal idempotent ultrafilters there is no known description of sub-o-
algebras for which an analogue of holds. We remark that the difficulty in adapting the techniques in
either [Ausl3] or [BMO7] lies in the apparent need to understand certain measures that are not invariant,
but merely asymptotically invariant along the ultrafilter.

In this paper we combine Austin’s satedness techniques with limits along minimal idempotent ultrafilters
to obtain the expected characteristic factors for commuting actions of minimally almost periodic groups.

Theorem 1.8. Let G be a minimally almost periodic group and let Ty, Ty be commuting, measure-preserving
actions of G on a compact, Hausdorff probability space (X, p) via homeomorphisms. For any e > 0 and any
f1 in L°(X, ) bounded by 1 there are commuting, measure-preserving actions S1,S2 of G on a compact,
Hausdorff probability space (Y,v) and an intertwining factor map w:Y — X such that

hm/foTlgflTiqTQ‘qud/J,—/E(fOO’/ﬂAl\/AlQ)SlgE(f107T|A1 \/AQ)'stg]E(fQOﬂ-|A12\/A2)dl/ <e€

g—p
for all minimal idempotent ultrafilters p on G and all fo, fo in L (X, u) bounded by 1.

Note that the space X in Theorem is not assumed to be metrizable, and that the group G can be
uncountable. For this reason we need to extend Austin’s notion of satedness to such spaces; this generalization
is carried out in Section [3] We then combine Theorem [I.8 with an application of Gelfand theory to obtain
the following strong recurrence result.

Theorem 1.9. Let G be a minimally almost periodic group and let Ty and Ty be commuting actions of G on
a probability space (X, B, 1) by measurable, measure-preserving maps. If u is ergodic for the G X G action
(91,92) — T{MTS? then

4
i [ o2 reng e ([0 5 ) (1.10)
for any minimal idempotent ultrafilter p on G and any non-negative measurable functions fo, f1, f2 on X.

We remark that, by |[CZK15, Theorem B.1], the exponent in cannot be improved to 3 in general.

To deduce the existence of triangles in large enough subsets of quasirandom groups from Theorem we
need to form a limiting group from a quasirandom sequence n +— G,,. For any sequence n — G, of finite
groups and any ultrafilter on N one can form their ultraproduct G, which can be given the structure of a
probability group using Loeb measure (for details on Loeb measure see, for example [Cut83]). When the
sequence n — G, is quasirandom the group G is called an ultra quasirandom group. There are commuting
actions of G on the ultraproduct X of the sequence n — G, x G,, of groups that correspond to left multi-
plication by G,, in the first and second coordinates of G,, X G, respectively. In the case that G is minimally
almost periodic, we obtain the following result from Theorem [T.9]

Theorem 1.11. Let n — G, be a sequence of finite groups such that their ultraproduct G is minimally
almost periodic, and let Q be the ultraproduct of the groups G, X G,. Let L1 and Lo be the actions of G on
3



Q induced by left multiplication in the first and second coordinates respectively and let m be Loeb measure on
Q. For any minimal idempotent ultrafilter p on G we have

4
lim [ fo- LY f1- L{L§ fodm > (/ T Fia e dm)
g—p

for any non-negative measurable functions fy, f1, fo on Q.

Theorem [I.11] requires that the ultra quasirandom group determined by n +— G,, is minimally almost
periodic. In [BT14] it was shown that any ultraproduct of the sequence n — SL(2,F,») is minimally almost
periodic. More recently, work by Yang [Yanl6] provides many examples of classes F of groups with the
property that the ultraproduct of any quasirandom sequence n +— G, in F is minimally almost periodic.
Such classes are called q.u.p. (quasirandom ultra product) classes. For example, the class of finite, quasisimple
groups is q.u.p. by [Yanl6l Corollary 1.12].

Theorem 1.12. Let F be a q.u.p. class of finite groups. For every 0 < a < 1 and every € > 0 there exist
D, K € N such that for every D-quasirandom group G € F and every A C G x G with |A| > «|G|? the set

-1 -1
{QGG ‘Aﬂ(Lg) |é4;(gag) A| >OZ4—€} (113)

has the property that at most K of its right shifts are needed to cover G.

It would be interesting to obtain a version Theorem with explicit description of D and K. Such a
proof may also shed light on the question of how large the set can be: we conjecture that its density
in G should tend to 1 as D — oo in analogy with Theorem [I.2] but have been unable to prove this using our
techniquesEI Combined with the fact that the non-cyclic finite simple groups are quasirandom in the sense
that the minimal dimension of a non-trivial irreducible representation grows with the order of the group (see

|Gow08, Theorem 4.7]), Theorem yields the following consequence:

Corollary 1.14. For every 0 < a < 1 and every € > 0 there exist N, K € N such that for every non-cyclic
finite simple group G of order at least N and every A C G x G with |A| > «|G|? the set (1.13)) has the
property that at most K of its right shifts are needed to cover G.

We conclude by mentioning that an alternative method for forming a limiting group from a quasirandom
sequence is available when the sequence is increasing. Combinatorially, it gives many g € A for which
AN(l,9)"tAN(g,9) 1A # @, but does not give much information about the size of the intersection. Given
a sequence n — G, of groups such that G,, — Gp41 for all n € N, the direct limit G is the union of the
embeddings G,, — G (see [Rob96| Page 23]) and is therefore amenable. If, in addition, the sequence is
quasirandom, then G is minimally almost periodic. For such sequences we apply [BCRZK16| Corollary 4.9]
to obtain the following combinatorial result.

Theorem 1.15. Let n — G, be a quasirandom sequence such that G, — Gn41 for all n € N. For every
a > 0 and every € > 0 there is N € N such that, for any n > N and any A C G, x G, with |A] > o|G,|?
there are (1 — €)|G,| many g € Gy, for which AN (1,9)"YAN (g,9) 1A is non-empty.

The rest of the paper runs as follows. In Section [2] we define the categories of dynamical systems we will
work with and recall the Jacobs—de Leeuw—Glicksberg decomposition. A version of satedness suitable for
our needs is developed in Section [3] In Sections [4 and [5] we present the necessary facts regarding minimal
idempotent ultrafilters and minimally almost periodic groups respectively. Theorem[I.8]is proved in Section[f]
and Theorem [I.9] is proved in Section [7] Lastly, the combinatorial results mentioned above are proved in
Section

We would like to thank the referees for constructive and thorough reports.

IThese problems have been solved by Austin |Aus16| after the completion of this article.
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2. TOPOLOGICAL AND MEASURE-PRESERVING DYNAMICAL SYSTEMS
In this section various categories of dynamical systems are defined that will be used throughout the paper.

Definition 2.1. Let G be a discrete group. The objects of the category C'°P(G) are the left actions
T:G x X — X of G on compact, Hausdorff spaces X having the property that each of the induced maps
T9 : X — X is continuous. Objects in C*°P(G) will be called systems and denoted X = (X,T). Their
defining continuous left actions will be called just actions. The morphisms of the category C*°P are the
continuous maps intertwining the G actions on the domain and the codomain.

Note that the objects of C*°P(G) may be actions on non-metrizable topological spaces. This level of
generality is needed in order to handle actions of very large groups on the Gelfand spaces of non-separable
C*-algebras, which will play a role in the next section.

In our applications the acting group will be G2 and an action in C*P(G?) will be written in the form
(91,92) — T T3? where Ty and Ty are commuting G actions. We also write Ty, = T{T} .

For any system X we denote by Mx the set of Baire probability measures on X that are T-invariant.
(Recall that the Baire sets are the members of the o-algebra generated by the compact Gs sets.) In view of
the Riesz—Markov—Kakutani representation theorem this set can be seen as a subset of the dual of the space
C(X) of continuous, real-valued functions on X equipped with the uniform norm, and as such it is compact
and convex with respect to the weak* topology. The set of extreme points of Mx is denoted ex Mx. It follows
from the Radon—Nikodym theorem that the extreme points of Mx are precisely the ergodic measures, namely
the measures for which every almost invariant Baire set has measure either 0 or 1.

Definition 2.2. The objects of the category C™ are pairs (X, ), where y € Mx, called measure-preserving
systems. A morphism (Y,v) — (X, p) in C™® is any morphism 7 : Y — X in C%*P such that v = p.
When there is a morphism 7 : (Y,v) — (X, ) in C™® we call 7 the factor map and say that (Y,v) is an
extension of (X, p), or that (X, p) is a factor of (Y,v). The category C°™® is the subcategory of C™°*® whose
objects are the pairs (X, ) for which u € ex Mx. The objects of C°™8 are called ergodic systems.

Lemma 2.3. Let ¢ : Y — X be a morphism in C*°P and fix p in ex Mx. Then My = {v € My :yv = pu}
is a compact, convex set and its extreme points are ergodic measures on Y.

Proof. 1t is clearly closed and convex. To see that its extreme points are ergodic, it suffices to show that
ex My C ex My . Indeed, suppose A € ex ]\ny can be written as A = ¢\ + (1 — ¢) Ay with Aq, Ay € My. Then
cmeA1 + (1 — ¢)mede = p, so by extremality of p in Mx we have m, A1 = m. A2 = p. By extremality of A in
My this implies A = Ay = . O

We will be concerned with sub-c-algebras of invariant sets. Given a measure space (X, %, u) and sets
A, B € &, write A ~ B when u(AA B) = 0.

Definition 2.4. Let (X, u) be a measure-preserving system in C™5(G). A Baire subset B C X is almost
invariant with respect to p if (T9)"1B ~ B for every g € G. Write A*X for the sub-o-algebra generated
by the almost invariant sets. If (X, ) is a measure-preserving system in C™5(G?) and i € {1, 2, 12}, write
A¥X for the sub-o-algebra generated by the T; almost invariant sets. Lastly, for any 4, € {1,2,12} define
AﬁjX = AfX\/Ag-‘X.

We conclude this section by recalling a general version of the splitting of L2(X, ) into almost periodic
and weakly mixing parts that will be needed in the proof of Theorem Let G be a group and let (X, ) be
a measure preserving system in C™°(@G). Write 2 for L?(X, u). Consider the collection . = {T9 : g € G}
of unitary operators on J#. The closure with respect to the weak topology of any orbit of . is compact in
the weak topology, so .#, in the terminology of [LG61], is a weakly almost periodic semigroup of operators.
Write . for the closure of .# in the weak operator topology. Applying [LG61, Corollary 4.12] allows us to
write 7 = 4 + 4 where

Hy={feN:0eSf}

is the closed subspace of flight vectors and

H,={feH:Sf=Fhforevery h € 7f}
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is the closed subspace of reversible vectors. Since . is a group [LG61, Lemma 4.5] implies that % is spanned
by the finite dimensional, .%-invariant subspaces of 7Z°. The splitting 2, + 77, is determined by the unique
projection in the kernel of .. By [LG61, Theorem 2.3(iv)] this kernel is self-adjoint so the unique projection
in the kernel is also self-adjoint, implying that the above splitting is orthogonal.

Let (X1, 11) and (Xg, p12) be measure-preserving systems in C™°*(G) and let .7 and 5% be the cor-
responding Hilbert spaces. The Hilbert space corresponding to the product system (X; x Xa, p1 X ug) is
6 ® 5. We will need the following result, which relates the splittings of these Hilbert spaces, in the proof
of Theorem [[.9

Lemma 2.5. Let (X1, p1) and (Xa, p2) be measure-preserving systems in C™*5(G) and let 74 and 7 be
the associated L? spaces. Let 7 be the L* space of the product measure-preserving system (X1 x Xa, 1 @ p2).
Then J4 , ® 5, = J.

Proof. Write
% (&) % =0 = (%,r & %,r) 2] (%,o & c%,r) @ (f%ﬁl,r & %,o) 2] (%,o by %,o)

and note that JA , ® 6, C I, whereas if f € S, and g € J65, or if f € S and g € 5, then
f®ge . O

3. SATEDNESS

Satedness, introduced by Austin [Ausl0; |Ausl3] to prove convergence of multiple ergodic averages, is
a property that a measure-preserving system may possess with respect to certain classes of systems. For
example, one could speak of satedness with respect to the class of Kronecker systems. Although the concept
depends critically on an invariant measure, it will be convenient to consider classes defined by topological,
rather than measure-theoretic properties. We will therefore consider satedness with respect to idempotent
classes, defined below, in C'*P. Recall that a joining of objects Xi,...,X,, in C*P is an object Z in C¥*P
together with factor maps Z — X; for each 1 < ¢ < n.

Definition 3.1. An idempotent class in C*P is a class that contains the one-point system, is closed under
joinings of finitely many systems, and is closed under arbitrary inverse limits.

It follows from Zorn’s lemma that every idempotent class Z defines a map Z : X — ZX on C'°P that
associates to every system its maximal factor in Z. We remark that this map can be seen as a natural
transformation from the identity functor on Ct°P.

The following idempotent classes on C*°P(G?) will play a crucial role in what follows.

Definition 3.2. Let G be a group and let X be a system in C**P(G?2). For i = 1,2, 12 let Z; be the idempotent
class of systems on which the action 7 is trivial. Define Z; ; = Z; V Z; for any 4,5 € {1,2,12}.

Note that, for any u € Mx the space L?(Z; 2X, ) is a priori smaller than L2 (AT X, ).
We now turn to our version of satedness, which is based on Austin’s definition in [Ausl3|, but differs in
that the energy increment (3.4) below is quantified, rather than being required to vanish.

Definition 3.3. Let C be a subcategory of C™®* and let Z be an idempotent class (or, more generally,
a natural transformation from the identity functor in C*P). A measure-preserving system (X, u) is called
(e, f,T) sated in C for € > 0 and f € L?(X, p) if one of the following equivalent conditions holds.

(1) For every extension 7 : (Y,v) — (X, ) in C we have

| (fomlZY) — E,u(fIZX) o mls <. (3.4)
(2) For every extension 7 : (Y,v) — (X, p) in C and every ¢ € C(ZY) we have
‘/foﬂ'~¢d1/—/Eu(f|IX)o7r-¢d1/ < | d]s. (3.5)

The conditions and are equivalent because |v| = sup {|(v,w)| : |Jw| = 1} in any Hilbert space
and C(ZY) is dense in L*(ZY, p).
The following result shows that every measure-preserving system has an extension that is sated up to any
prescribed error. We will be able to do this without the use of inverse limits because the energy increment
6



in (3.4) is only required to be small rather than to vanish. This extends the applicability of satedness to
categories where inverse limits may not exist.

Theorem 3.6. Let C be a subcategory of C™* and let T be an idempotent class in C*°P, or more generally
a natural transformation from the identity functor in C*°P. Let (X, u) be a measure-preserving system in
the category C. Then for any € > 0 and any f € L*(X, ) there exists an extension ¢ : (Y,v) — (X, ) of
measure-preserving systems such that (Y,v) is (e, f o1, Z) sated in C.

Proof. Fix e >0 and f € LQ(X, w). Assume f # 0 as otherwise the conclusion is immediate. We have

sup{|E(f o %|[TY)]2 : (Y,v) 5 (X, 1) a morphism} < | f]> < oo,
so there exists an extension ¢ : (Y,v) — (X, p) such that |E(f o ¢|ZY)| is within e/(2| f|2) of the supremum
above. For any further extension 7 : (Z,\) — (Y, v) we have
E(foyZY)on =E(f ot on|n™ (ZY)) = E(E(f 0¥ o n|IZ)|r(ZY))
by functoriality of Z. On the other hand, by choice of Y we have
|E(f o pIZY)]2 > [E(f 0 o w[ZZ)]2 — 0.
Since the conditional expectation onto 7~1(ZY) is an orthogonal projection, this implies
|E(f 0o ¥|ZY) —E(f o o w|ZZ)|2 < 2|E(f 0 ¢ o 7|ZZ)]20 < 2| f|26,

so (Y,v) is (g, f o4, T) sated provided § < €/(2] f]2)- O

Theorem will be applied to the category C® of ergodic systems. However, we will need satedness
in the class of all measure-preserving systems. Switching between these classes requires a version of the
ergodic decomposition. Since we do not assume metrizability of the compact spaces under consideration,

we use the following Choquet-type theorem. Recall that a function f from a convex set M to R is affine if
flz+ (1 —-t)y) =tf(x)+ (1 —t)f(y) forall0 <t <1andall z,y € M.

Theorem 3.7 (Choquet-Bishop-de Leeuw, [Phe01} p. 17]). Suppose that M is a compact convex subset of
a locally convex space and let w € M. Then there exists a probability measure n on M that represents i in
the sense that

o0 = [ o

for every continuous affine function ¢ : M — R and such that n vanishes on every Baire subset of M that is
disjoint from ex M.

In this version of the Choquet theorem the representing measure 7 is not unique and is only supported
by the extreme points in a weak sense, but this will not be an issue.

Lemma 3.8. Let (X, ) be a measure-preserving system and F C L°°(X). Then there exists an extension
m: (Y,v) = (X, u) such that f om coincides with a continuous function on'Y v-a.e. for every f € F.

Proof. Let A be the minimal G-invariant C*-subalgebra of L>°(X, ) that contains C(X) U F. Let Y be its
Gelfand spectrum with the canonical G-action and the canonical projection 7 onto X. We have a positive
linear functional v on A given by v(g) = f g dp, this defines a G-invariant probability measure on Y.

It remains to show that f o7 coincides with a continuous function v-a.e. for every f € F. Fix f € F, by
duality it suffices to verify

/(f om)gdy = /fg dv (3.9)

for every g € L1(Y,v), where f is the continuous function on Y corresponding to f viewed as an element of
A. Both for and f are bounded functions, so it suffices to verify this identity for ¢ in a dense subspace
of LY(Y,v). We claim that 7* C(X) is one such subspace. Indeed, C(Y) is dense in L*(Y,r) and C(X) is
L'-dense in A. This implies that 7* C(X) is L' dense in C(Y). For every g € C(X) we have § = go 7, so

(3.9) boils down to
Jtgremav= [ roau
as desired. -



Proposition 3.10. Let (X, u) be (g, f,I)-sated in C'¢ for some f € L>(X,u) and e > 0. Then (X, p) is
also (g, f,I)-sated in C™S,

Proof. Let m : (Y,v) — (X, u) be an extension in C™¢**. We have to show (3.5) for every ¢ € C(ZY).
Passing to a further extension of (Y, ) using Lemma we may assume that both f and f = E,(f|ZX)onx
(which are a priori merely bounded measurable functions) admit representatives in C(Y'). While verifying

‘/fcbdv—/fqﬁdv

for every ¢ € C(ZY) there is no harm in replacing f and f by their continuous representatives.
Write My for the measures in My that extend y. By Lemma it is a closed, convex subset of My
whose extreme points are ergodic. Thus for any measure A € ex My we have

‘ / fodr - / f¢>dx‘ < eldlicn- (3.11)

< elpliz

by the satedness hypothesis. Let now 1 be a measure on My representing v in the sense of the Choquet—
Bishop—de Leeuw theorem (Theorem [3.7)). Consider the set

A:{AeMyz’/f¢d)\—/f¢d)\' >€|¢>IIL2(A)}

which is disjoint from ex My in view of (3.11]), and Baire because it consists of those measures A where one
continuous function of A is larger than another. It follows that n(A) = 0. Therefore

‘/ﬁﬁdv—/ﬂédv </ ‘/MdA—/fqbdA’ dn(\)
M~

-/ ] [rom- [ fqm] ) < [ ol a0 < clolsag

Ny \A Ny \A

by Holder’s inequality. O

4. MINIMAL IDEMPOTENT ULTRAFILTERS

For any non-empty set X write 5X for the collection of ultrafilters on X. Recall that these are the filters
on X that are maximal with respect to containment, and can be thought of as finitely-additive {0, 1}-valued
measures on X. We identify each € X with the principal ultrafilter 6, = {A C X : z € A}. Upon
equipping X with the topology defined by the base consisting of the clopen sets A = {p € X : A € p}
for any subset A of X it becomes a compact, Hausdorff topological space. It enjoys the following universal
property, which will be used repeatedly as a means to take limits along ultrafilters.

Proposition 4.1. Let X be a non-empty set. For any compact, Hausdorff topological space Z and any map
¢ X — Z there is a continuous map X — Z that agrees with ¢ on the principal ultrafilters.

Given a map ¢ from X to a compact, Hausdorff space, we denote by

lim ¢(x)

T—p

the value at p € X of the extension provided by Proposition
Let G be any group. One can make SG a semigroup by defining

pxq={ACG:{gcG:Ag ' cp}cq} (4.2)

for any p,q € BG. Note that d, %6y = &g, for any g,h € G so extends multiplication on G. The
operation above makes SG a right semi-topological semigroup: for any fixed p in G the map q — px*q
is continuous. Ellis’s lemma [Ell58, Lemma 1] implies that there are idempotents for in any compact
sub-semigroup of SG. The semigroup operation on G interacts with continuous actions of G on compact,
Hausdorff spaces in the following way (cf. [BH90, Lemma 6.1]).
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Proposition 4.3. Let G be a group and let T : G x X — X be a right actions of G on a compact, Hausdorff
space X wvia continuous maps. Then

lim 792 = lim lim T79(T"z)
g—p*q 9g—qh—p

for all x € X and all p,q € BG. In particular, if p is idempotent then

lim 792 = lim lim 79(T"z)
g—p g—p h—p

forallz e X.
The following version of the van der Corput trick follows immediately from the proof of [Sch07, Lemma 4].

Proposition 4.4. Let G be a group and let F€ be a Hilbert space. For any sequence u : G — F that is
norm-bounded and any idempotent ultrafilter p on G, if

lim lim (u(hg),u(g))| < e

h—p g—p

then | lim u(g)|? < e, the latter limit being taken in the weak topology on .
9P

An idempotent ultrafilter p is minimal if it belongs to a minimal right ideal in SG. Every non-zero right
ideal contains a minimal right ideal, so Ellis’s lemma [ElI58, Lemma 1] implies that every right ideal contains
a minimal idempotent ultrafilter. See e.g. [BM07, Section 2] for the details. The following lemma tells us
that sets in minimal idempotent ultrafilters have a certain largeness property. Recall that S C G is right
syndetic if there is a finite subset F' of G for which SF = G.

Lemma 4.5 (cf. [Ber03| Theorem 2.4]). Let G be a group and let p be a minimal idempotent ultrafilter on
G. For any A € p the set A=Y A = {g 'h:g,h € A} is right syndetic.

Proof. Fix A € p. Let X be a minimal right ideal containing p. Since p * SG is a right ideal contained in X
it must be equal to X, so continuity of the map q +— p*q implies X is compact. Consider the continuous
right action T of G on X defined by T9(p) = p*d,. The set U := AN X is open in X and contains p. We
claim that the collection {(T9)7'U : g € G} covers X. Indeed, if not then the complement V of its union
is a closed, non-empty, T-invariant subset of X. This implies that V is a right ideal, because any q in V'
satisfies q * BG = q* G = cl(q* G) C cl(V) = V where cl denotes the closure of a set in AG.

Since the sets (T9) 71U cover X we can extract a finite subcover (T91)~1U, ... (T9»)~1U. Thus for every
g € G there is some 1 < i < n for which T9(p) € (T9 ) 'U. We can rewrite this as pxd,,, € U, which
is the same as A(gg;)~! € p. Putting F' = {g1,...,9n}, we have proved that {g € G : Ag~—! € p} is right
syndetic. Since A € p the larger set {g € G : Ag=' N A € p} is also right syndetic. But g € A=A if and
only if Ag=! N A is non-empty, so A=A D {g € G: Ag~1 N A € p} is right syndetic, as desired. O

A subset of a group G is a right central set if it belongs to some minimal idempotent ultrafilter, and a
right central® set if it belongs to every minimal idempotent ultrafilter.

Lemma 4.6. Let G be a group and let A C G be right central* set. Then A is right syndetic.

Proof. Suppose A is not right syndetic. Then its complement B is right thick, meaning that for every finite
subset F of G there is some h € G such that hF C B. This implies that . = {Bg~!: g € G} is a filter, so
there are ultrafilters on G containing .#. The collection I of ultrafilters that contain .# is a closed subset
of BG. Moreover, it is a right-ideal, for if p D .% and q € SG then p*q contains .# by . As remarked
above, any right ideal contains a minimal right ideal, so there is a minimal idempotent in I. This implies
that B is right central, so A is not right central®. (|

5. MINIMALLY ALMOST PERIODIC GROUPS

Let G be any group. Denote by Ci,(G) the Banach space of all bounded functions f : G — C equipped with
the supremum norm. The G actions L and R on Cy(G), defined by (L, f)(z) = f(gx) and (R, f)(z) = f(zg)
respectively, are isometric. A function f € Cy(G) is called almost periodic if the subset {Lyf : g € G} of
Cp(G) is relatively compact. Given a representation ¢ of G on a finite-dimensional, complex Hilbert space
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V and vectors x,y in V, the function f(g) = (¢(g)z,y) is almost-periodic. A group G is minimally almost
periodic if the only almost periodic functions on G are the constant functions.
The following result, a version of [BMO07, Theorem 2.2], will be used repeatedly below.

Theorem 5.1. Let G be a minimally almost periodic group, let (X, 1) be a measure-preserving system, and
let p be a minimal idempotent ultrafilter on G. For any f in LZ(X, u) we have

lim 79 f = E(f|A"X) (5.2)
g—p

in the weak topology of L*(X, ).

Proof. Fix f € L*(X,p). Equipped with the weak topology, the unit ball of L*(X, ) is compact and
Hausdorff so the limit in makes sense via Proposition Let ¢ be the limit of the sequence TY f along
p. We first show that ¢ belongs to L*(X, A*X, ).
We claim that the orbit {T9¢ : g € G} is relatively compact in the norm topology. Fix & > 0. We have
lim 7"¢ = lim T" im T9f = lim T9f=¢
h—p h—p g—p g—p*p

by Proposition because p is idempotent. Combined with
|T96 — 6> = (T9¢,T9¢) — (T9¢,¢) — (6, T9¢) + (¢, )

we see that A:={g€ G : |T9¢—¢| < e/2} = A~! belongs to p. Thus AA~! is syndetic by Lemma Let
F C G be finite with AA™'F = G. Fix g € G and write g = ab~'k accordingly. We see that

1796 — T*¢| = |T% ¢ — ¢l = |[T°¢ — T*¢| <&
so the orbit {T9¢ : g € G} is covered by the balls of radius € centered at T*¢ as k runs through F'.

It follows that for any ¢ € L?(X, ) the function g — (T9¢, &) is almost periodic. It is therefore constant
because G is minimally almost periodic. Thus T9¢ = ¢ in L*(X, ) for every g € G. Let ¢ be a representative
of ¢. We have T9¢p ~ ¢ for every g € GG, where ~ denotes equality almost everywhere. Since A*X contains
the measure zero sets, it follows that ¢ is A#X measurable and that ¢ € L*(X, A*X, ).

Lastly, for any ¢ € L*(X,A"X, 1) we have

[o-van=tm [7 vap=tim [ 1@ twan= [ 5 van
g—p g—p
S0 ¢ is the orthogonal projection of f on L?(X, A*X, p). |

6. CHARACTERISTIC FACTORS IN SATED SYSTEMS

In this section we prove Theorem [I.8] To do so we need the following construction of a relatively indepen-
dent self-joining of a measure-preserving system (X, p1) in C™25(G?) over A4 X, by which we mean a measure
v on X x X satisfying below. Usually (see [Fur81, Chapter 5], for example) one would construct such
a joining using a disintegration of u over A4X, but the existence of such a disintegration is not clear when
X is non-metrizable. In our setting, the need for such a disintegration can be circumvented by using limits
along minimal idempotent ultrafilters to give an explicit description of the ergodic projection.

Lemma 6.1. Let G be a minimally almost periodic group and let (X, ) be a measure-preserving system in
C™meas((). Then there exists a unique Baire measure v on X x X such that

[ e feav = [BRIAX) B(IAX) du (6.2)

for any f1, f2 € C(X).

Proof. Uniqueness follows immediately by density of C(X) ® C(X) in C(X?), so it remains to show the
existence. To this end fix a minimal idempotent ultrafilter p on G. Since G is minimally almost periodic
Theorem [5.1] implies that

lim 73 f = E(f|A*X)

g—p

in the weak topology of L*(X, u) for every f € L*(X, p).
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Let 6 : X — X2 be the diagonal embedding and let A be the push-forward du. Define an action R of G
on X2 by RI(x1,12) = (21, T922). For any f1, fo € C(X) we have

i [ e fod(on) = tiw [ 510 fad = [B(AIAX) - B(LIAX) 4y

by the above. Since the space of Baire probability measures on X? is a compact, Hausdorff space the sequence
g — RI\ has a limit along p. Let v be this limit. The above calculation implies that

[ e saav= [E(i1A) - £ (A% 0
for all fi, fo € C(X) as desired. a

Given a measure-preserving system (X, ) in C™5(G?), the measure v obtained by applying Lemma
to the measure-preserving system (X, Ts, ) in C™5(QG) is called the relatively independent self-joining of u
over AbX. Tt follows immediately from and the properties of conditional expectation that v is invariant
under the commuting G actions Ry = T} x T2 and Ry = Ty x I. Thus (X2, R,v) is a measure-preserving
system in C™5(G?). Lastly, writing m; and 7y for the coordinate projections X? — X, note that
implies that m v = mav = p because all three measures agree on C(X).

We now turn to the proof of Theorem which begins with the following lemma.

Lemma 6.3. Let G be a discrete, minimally almost periodic group and p a minimal idempotent ultrafilter
on G. Let (X, u) be a measure-preserving system in C™*(G?) and let f1 in C(X) be bounded by 1. Suppose
that (X, ) is (€2, f1,71 2) sated. Then

hm/fo 17 f1 - qugfzdu—éi_f}})/fo'TfE(f1|I1,2X)'Tiq2f2du <e.
for any fo, fa € C(X) bounded by 1.

Proof. Define u : G — L*(X, u) by u(g) = T{¢ - T, fo where ¢ = f; — E(f1|Z; 2X). We have

lin (u(hg). u(g)) = lim, [ (0 110) - T2 (2 Tho) = [ (6 TLOIALX) Bl Th 2IAEX) ds
for every h € G by Theorem

Let v be the relatively independent self-joining of u over A5X, which exists by Lemma Write m

and 7y for the coordinate projections X x X — X. Define Y = (X x X, R) where Ry = T1 x T3 and
Ry = Ty x I. We know from the above that (Y,r) is a G x G system and that m : (Y,v) — (X, pu) is a
factor map. Another application of Theorem [5.1] yields

fim lim (u(h), u(9)) = im [0 o) R0 @ fo) v = [Gom - frome B ® LAY ) v (6.0

h—p g—p

We have fy o me € C(Z,Y). Passing to a further extension Z — Y we may assume that E(¢ ® f3|AYZ) has
a representative in C(Z1Z). By definition of (€2, f1,7Z; 2) satedness it follows that (6.4) is bounded by

Elfolocld ® fol2 < 2| falcll2l folloo < €2

SO

i [ fo- T~ E([T12X) - Th du‘ <:

9—p
by Proposition 4] O

Theorem 6.5. Let G be a minimally almost periodic group and let (X, u) be a measure-preserving system
in C®'8(G?). For any ¢ > 0 and any f1 in L>°(X, u) bounded by 1 there is an extension 7 : (Y,v) — (X, p)
in C°8(G?) such that

li [ fo- 70 Thfade lim [ B(fo 0 7IAL,,Y) - TPE(fr 0 mT12Y) - THE(f2 0 WAL ,Y) do| <

g—p
for all minimal idempotent ultrafilters p on G and all fo, fo in L°°(X, u) bounded by 1.
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Proof. Let (X, ;1) be a measure-preserving system in C®8(G?) and fix f; in L>(X, 1) bounded by 1. Fix
€ > 0. By Theorem and Proposition we can find an extension (Y,v) of (X, u) in C®™8(G?) via a
factor map 7 that is (¢2, f1,Z1,2) sated in C™°*(G?). Lemma [6.3| implies that

li_r{l/fO'Tlgfl‘Tiqgf2dﬂ_ 11_r>n /(fooﬂ')'T{]E(f107T|Il’2Y)'Tigg(fgoﬂ')dy <e€ (66)
g—p g—p

for any fo, f2 in C(X) bounded by 1. By density and linearity we may assume E(f; o w|Z1 2Y) = hihe where
h; is AV’Y-measurable. Under this assumption the second term in becomes

g—p

lim [ (fo o m)hy - Ty ((f2 0 m)hs) dv = /(fo o m)hy - E((f2 o m)ho| AT Y) dv

by Theorem It follows that the above limit vanishes if fo om L Ay 5Y. Since conditional expectation
is self-adjoint, the above limit also vanishes if fo om L AZ,,Y, which gives the desired result. ]

7. STRONG RECURRENCE

In this section we prove Theorem [I1.9] which follows from Theorem [7.1] below by passing to a continuous
model as follows. Theoremis a version of [BCRZK16|, Corollary 4.9] for limits along minimal idempotent
ultrafilters. Given an action S of a group G on a probability space (X, %, ) by measurable, measure-
preserving maps, consider the space A of all bounded, measurable functions on (X, %). Equipped with the
supremum norm it becomes a C*-algebra. Let Q be the Gelfand spectrum of A. Then C(©2) and A are
isomorphic as C*-algebras. The action S of G on (X, %, 1) induces an action T of G on Q by continuous
maps. Moreover, the measure p induces a bounded, linear functional on C(2) that can be identified with a
Baire probability measure on €2 that is T-invariant.

Theorem 7.1. Let G be a minimally almost periodic group and let (X, u) be a measure-preserving system
in C°8(G?). For any minimal idempotent ultrafilter p in BG we have

4
i [ fo- 12 Thiadn = ([ 5015 a0
for any non-negative measurable functions fq, f1, fo on X.

Proof. By the monotone convergence theorem we may assume that the functions fy, f1, fo are bounded. By
Theorem [6.5] it suffices to show that

4
tim [ B (1AL %) TERUIT ) THE(A X > ( [ 1513 )

for any ergodic measure-preserving system (X, 1) in C®'8(G?) and any non-negative fo, f1, fo € L=(X, ).
We prove that

g /E(fO|A§L,12X> CTYE(f1|T1 2X) - TngIE(f2|A‘f272X) dp (7.2)

does not depend on g. Since any Alf,2X measurable function can be approximated by linear combinations of
functions of the form &;&; where &; is Af X measurable, we may replace fy above with hg1ho,12, where h;;
is /—\é‘ X measurable, and similarly f; and fy by hq,1h1,2 and hg 12hg 2 respectively. Then the above integral
equals

/h0,12h2,12 “hoahyy - Tiy(higha o) dp

and it therefore suffices to show that the sub-c-algebras Af'X, A5X, and Af,X are jointly independent. Let
now h; € L%(X, u) be A"X measurable for ¢ = 1,2,12. We have to show

/hl'h2'h12d}£=/h1dﬂ/h2du/h12du.

/hl . hg . hlg d,u = /E(hﬂAle) . ]E(h2|A§X) . h12 d,u = /hl . hg . ]E(hlg|AT72X) du

12
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and the fact that the conditional expectation onto A’f72X commutes with Tho (since this o-algebra is Tho-
invariant), we may additionally assume that his is AfQX measurable.
Ergodicity of (X, i) implies the sub-c-algebras Af'X and AYX are independent. Thus
L?(Af ,X) = L*(AfX) ® L* (A} X)
and, thinking of hi5 as an element of the right-hand side, we see that his is a member of
L*(CHAIX) @ L*(CYALX)

by Lemma (Here C!" denotes the o-algebra of T; almost periodic functions.) Since G is minimally almost
periodic CoAYX and C;A5X are both the trivial o-algebra. This proves (7.2)) is constant. Finally

lim E(fO|A11L,12X> ) Tiq]E(f1|Il,2X) ) Ti{JzE(f2|Alf2,2X) dp

g—p

- / E(fol A 1,X) - E(f1[T1.2X) - E(fal Al ,X) dp

4
> ( [ du)
by Lemma [A7]] O

8. COMBINATORIAL RESULTS

We begin by proving Theorem [I.12] Fix an ultrafilter on N for taking ultraproducts. Let n — G, be a
quasirandom sequence of finite groups. Let G be the ultraproduct of the sequence n — G,, and let € be
the ultraproduct of the sequence n — G,, X G,,. We consider the commuting actions L; and Lo of G on
defined by L{(z,y) = (gz,y) and L§(z,y) = (x,gy) respectively. The induced G x G action L is just the
action of £ on itself by left multiplication. We first note that this action is ergodic with respect to the Loeb
measure m on {2 provided G is minimally almost periodic.

Lemma 8.1. If G is minimally almost periodic then the G X G action L on (2,m) is ergodic.

Proof. Given a Loeb measurable subset B of 2 we have m(B N (L%)~'B) = m(B)? for Loeb almost every
x € Q by [BT14] Lemma 33]. Thus if B is almost invariant then m(B) € {0,1}. O

In fact [BT14] Lemma 33] implies L is weak mixing, but we will not need this.

It will be convenient later to pass to a model of this action on a compact, Hausdorff space. We do so by
considering the C* algebra of bounded, measurable functions on 2, which can be represented as C(X) for
some compact, Hausdorff topological space X. Let £ be the Baire sub-o-algebra of X. The Loeb measure
m on §) passes to a probability measure p on (X, %) and the G actions L; and Ls become actions T} and Th
of G on X by homeomorphisms. Write T for the induced G x G action (g1,g2) — T992) on X. Thus we
have a measure-preserving system (X, u) in C™°4(G?). This system is ergodic when G is minimally almost
periodic.

Proposition 8.2. If G is minimally almost periodic then (X, 1) is ergodic.

Proof. Fix a continuous function f on X and a minimal idempotent ultrafilter p on G x G. By Theorem
we have

lim [ 6-T9fdy = / 6 E(fIA"X) du
g—p

for any continuous ¢. By evaluating the left hand side on €2 rather than on X, we obtain

i [0 77fdu= [odu [ £

by Theorem and the previous lemma. Thus E(f|A#X) = [ fdu. The same is true for any function that
can be approximated in L2(X , %, 1) by continuous functions. O

Now we turn to the proof of Theorem [1.12
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Proof of Theorem[1.13 Suppose that the conclusion fails for some 0 < o < 1 and some ¢ > 0. Then we can

find sequences D,, — oo and K,, — oo in N, a sequence n — G, of D,-quasirandom groups in F, and sets
A, C G, x G, with |A,| > a|G,|? such that

A, N (1,9 A, N -4,
Rn::{geGn:| (1,9) = (9,9) |>a4_€}

is not right K,-syndetic. Since being right K-syndetic for some finite K is a first order property, it follows
that the ultraproduct R of the sequence n — R, is not right K-syndetic for any K, and therefore not right
syndetic.

Let G be the ultraproduct of the sequence n +— G, and let Q be the ultraproduct of the sequence
n +— G, X G,. Since F is a quasirandom ultraproduct class the group G is minimally almost periodic. Let
A be the internal subset of {2 determined by the sequence n — A,,. We have

RO {geG:u(AN(l,9)7'AN(g,9) 7 4) > a* —¢/2}

where p is the Loeb measure on Q. But R is right central* by Theorem [7.1] and therefore right syndetic by
Lemma giving the desired contradiction. O

Proof of Theorem[I.15 Fix a quasirandom sequence n — G,, with G,, = G,41 for all n € N. Suppose the
theorem is false for some 0 < a < 1 and some ¢ > 0. Then we have a sequence of sets A4,, C G,, X G,, with
|A,| > a|G,|* and

g€ Gn: 4nn(L,9) ' AN (g,9) ™ An # 2} < (1 - €)|Ga (8:3)
for all n € N.
Let G be the direct limit of the sequence n +— G,,. Put A =U{A4,,: n € N} in G x G. We have
. |[ANGN x Gy
limsup ——————

Nooo |G X Gn|  —

so A has positive upper density with respect to the Fglner sequence N — Gx x Gy in G x G. By |[CZK15|
Lemma 5.2] there is an ergodic action 7" of G x G on a compact, metric probability space (X, %, u), an open
set U C X with u(U) = dg(A), and a Folner sequence ¥ on G x G such that

dw((g1, )T AN -0 (gny ha) THA) Z p((TW) IO N -0 (T R)) 1)
for all g,, h, € G. In particular
dw(AN(1,9)7 AN (g,9) "1 A) > (U N (T7) U N (TYTY) ')
for all g € G. Tt follows from [BCRZK16, Corollary 4.9] that for every ¢ > 0 the set
{geG:de(An(L,9)7 AN (g,9)7"4) > 0}

has full density with respect to every Fglner sequence in G. In particular, it has full density with respect to
the Fglner sequence N — Gy x Gy, contradicting (8.3|) for n large enough. O

APPENDIX A. CHU’S INEQUALITY

We use the following slightly generalized version of Chu’s lower bound for a product of conditional expec-
tations [Chull, Lemma 1.6].

Lemma A.l. Let fo,..., fn be non-negative integrable functions on a probability space (X, B,u) and let
By,...,B, C B be arbitrary sub-c-algebras. Then

/fo f[E(fi|Bi) > (/ﬁflil>n+l
=1 i=0

The main advantage of the present formulation is the ability to take fo = 1.
14



Proof. Note that {f; > 0} C {E(f;|B;) > 0} up to a set of measure zero for every i. By Holder’s inequality
we have

/llf :/(fonhiﬁlwm)m.ﬁ(lmmw%);l

i=1
" T fi e
= (/foil:[l]E(MBi)) I;Il (/{E<fi3i)>o} W) '

Since the functions E(f;|B;)~! are B;-measurable, f;’s may be replaced by their expectations onto B; in the
integrals in the second factor. Thus we obtain

1 n

(/fof[E(filBi))m .H|{E(fi|3i) > 0}

(/foﬁE(fﬂBz‘))m- O

It would be interesting to know whether the lower bound in Lemma is sharp for some characteristic
functions f;. There are two sources of inefficiency in its proof: the Holder inequality and the estimate
HE(f;|Bi)}| < 1. It is clear that the second source of inefficiency can be easily eliminated. On the other
hand, an example in which the Hoélder inequality gives a sharp estimate can be found in |[CZK15, Appendix B|
(in hindsight this provides an explanation for why that example, which has been initially found numerically,
works). However, it is not clear whether both sources of inefficiency can be controlled simultaneously.

IN
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