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IMPROPER COLORING OF GRAPHS WITH NO ODD CLIQUE MINOR

DONG YEAP KANG AND SANG-IL OUM

ABSTRACT. As a strengthening of Hadwiger’s conjecture, Gerards and Seymour conjectured
that every graph with no odd K¢ minor is (¢ — 1)-colorable. We prove two weaker variants of
this conjecture. Firstly, we show that for each t > 2, every graph with no odd K; minor has a
partition of its vertex set into 6t —9 sets Vi, ..., Vst—g such that each V; induces a subgraph of
bounded maximum degree. Secondly, we prove that for each ¢ > 2, every graph with no odd
K minor has a partition of its vertex set into 10t —13 sets Vi, ..., Viot—13 such that each V; in-
duces a subgraph with components of bounded size. The second theorem improves a result of
Kawarabayashi (2008), which states that the vertex set can be partitioned into 496t such sets.
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1. INTRODUCTION

Every graph in this paper is finite and simple. For a nonnegative integer k, a graph G is
(properly) k-colorable if there are k pairwise disjoint sets Vi, ..., Vi with V(G) = Ule Vi
such that V; induces a subgraph of maximum degree 0 for 1 <i < k.

In 1943, Hadwiger [I1] proposed the following question, which is called “Hadwiger’s con-
jecture”, one of the deepest conjectures in graph theory. For more on this conjecture and its
variants, the readers are referred to the recent survey of Seymour [26].

Conjecture 1.1 (Hadwiger [I1]). For each integer t > 1, every graph with no K; minor is
(t — 1)-colorable.

Robertson, Seymour, and Thomas [25] proved that the conjecture is true for ¢ < 6, but
the conjecture remains open for ¢ > 7. Kostochka [19, 20] and Thomason [27, 28] proved
that graphs with no K; minor are O(t+/logt)-colorable, by showing that these graphs contain
a vertex of degree O(ty/logt). It is still open whether every graph with no K; minor is
ct-colorable for some ¢ > 0 independent of ¢.

Gerards and Seymour (see [I4, Section 6.5]) proposed the following odd-minor variant of
Hadwiger’s conjecture.

Conjecture 1.2 (Gerards and Seymour (see [14] Section 6.5])). For each integert > 1, every
graph with no odd K; minor is (t — 1)-colorable.

Catlin [2] proved this conjecture for ¢ = 4, and Guenin [I0] announced a proof for ¢t = 5,
but the proof has not been written. Geelen, Gerards, Reed, Seymour, and Vetta [8] proved
that every graph with no odd K; minor is O(tv/log t)-colorable.
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A defective coloring (see [3,[31]) is a coloring that relaxes the degree condition. A graph G
is k-colorable with defect d if there are k pairwise disjoint sets Vi, ..., Vi with V(G) = Ule Vi
such that every V; induces a subgraph of maximum degree at most d. Note that G is k-
colorable if and only if G is k-colorable with defect 0. A clustered coloring is a coloring that
relaxes the size of monochromatic components. A graph G is k-colorable with clustering M if
there are k pairwise disjoint sets Vi,..., Vi with V(G) = Ule Vi such that every V; induces
a subgraph having no component with more than M vertices. For a class C of graphs, the
defective chromatic number of C is the minimum k such that for some d, all graphs in C are
k-colorable with defect d. Similarly the clustered chromatic number of C is the minimum k
such that for some M, all graphs in C are k-colorable with clustering M.

We present two theorems, both of which are relaxations of Conjecture for graphs with
no odd K3 minor. Our first theorem is about defective coloring.

Theorem 1.3. For each integer t > 2, there exists an integer s = s(t) such that every graph
G with no odd K; minor is (6t — 9)-colorable with defect s.

We remark that the number 6t — 9 of colors cannot be reduced to the number less than
t — 1 (see Theorem 2.1]).

Our second theorem is about clustered coloring. Kawarabayashi [16] proved that the class
of graphs with no odd K; minor has clustered chromatic number at most 496¢.

Theorem 1.4 (Kawarabayashi [16]). For each integer t > 2, there is an integer C = C(t)
such that every graph G with no odd K; minor is 496t-colorable with clustering C.

We improve 496t to 10t — 13 as follows.

Theorem 1.5. For each integert > 2, there exists an integer C = C(t) such that every graph
G with no odd Ky minor is (10t — 13)-colorable with clustering C'.

We also remark that 10¢ — 13 cannot be reduced to the number less than ¢t — 1. Both
Theorems [[.3] and cannot be extended for list-colorings, which we will discuss in Section [6l

The paper is organized as follows. In Section [2] we review related results on minors, some of
which will be used in our proof. We briefly introduce some basic notions in Section Bl discuss
the structure of graphs with no odd K; minor in Section [, and prove Theorems [[.3] and
in Section Bl In Section [6] we make some further remarks, including extension of our main
results to a slightly larger class of graphs. An appendix reviews elementary concepts of signed
graphs and minors.

2. PREVIOUS RESULTS ON IMPROPER COLORING AND FORBIDDEN MINORS

There are many studies regarding improper colorings of graphs with forbidden minors.
Kawarabayashi and Mohar [17] proved that the clustered chromatic number of the class of
graphs with no K; minor is at most [2¢]. This was improved to [Z53] by Wood [30].
Edwards, Kang, Kim, Oum, and Seymour [6] investigated defective coloring of graphs with
no K; minor, and proved that the defective chromatic number of the graphs with no K; minor

equals ¢ — 1.

Theorem 2.1 (Edwards, Kang, Kim, Oum, and Seymour [6]). For each integer t > 1, there
exists an integer s(t) = O(t*logt) such that every graph G with no K; minor is (t—1)-colorable
with defect s(t). Moreover, this is sharp in the sense that we cannot reduce the number t — 1
of sets to t — 2.
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They also proved that the clustered chromatic number of the class of graphs with no K;
minor is at most 4t — 4. Liu and Oum [21] proved that for every graph H, every graph G with
no H-minor and maximum degree at most A is 3-colorable with clustering f(H,A) for some
function f, which generalizes the result of Esperet and Joret [7] for graphs embeddable on
surfaces of bounded Euler genus. Combined with Theorem 2.1, this implies that the clustered
chromatic number of the class of graphs with no K; minor is at most 3t — 3. Van den Heuvel
and Wood [29] proved that every graph with no K; minor is (2t — 2)-colorable with clustering
[%L using different proofs that do not rely on the excluded minor structure theorem. Dvorak
and Norin [5] proved that the clustered chromatic number of the class of graphs with no K;
minor and treewidth at most w is at most ¢ — 1, and announced that the clustered chromatic
number of the class of graphs with no K; minor equals t — 1.

What happens if the forbidden graph H is not complete? Let I; be a graph on t vertices
with no edges, and for graphs G and H, let G + H be a graph obtained from the disjoint
union of G and H by adding an edge between each vertex of G and each vertex of H. For
positive integers s and ¢, let K, be a graph obtained from K + I by subdividing every edge
joining vertices of the subgraph K once. Recently, Ossona de Mendez, Oum, and Wood [24]
investigated defective coloring for various graph classes. Omne of their results implies the
following, which extends Theorem 2.1 to a larger class of graphs.

Theorem 2.2 (Ossona de Mendez, Oum, and Wood [24]). For integers s,t > 1 and real
numbers 61,95 > 0, there exists M = M(s,t,01,02) such that every graph G satisfying the
following three conditions is s-colorable with defect M.

(1) G contains no K, as a subgraph.

(2) Every subgraph of G has average degree at most d;.

(8) For every graph H whose 1-subdivision is a subgraph of G, the average degree of H s
at most 9.

Moreover, this is sharp in the sense that we cannot reduce the number s to s — 1.

Since K, is a bipartite K + I; subdivision, Theorem implies that the defective chro-
matic number of the class of graphs with no bipartite K+ I; subdivision equals s as follows.
(The lower bound is obtained by Theorem 2.11)

Corollary 2.3. For positive integers s and t, there is an integer N = N (s,t) such that every
graph G with no bipartite Ks + I; subdivision is s-colorable with defect N.

Proof. By [1], [1§], there is ¢y > 0 such that for each integer p > 1, every n-vertex graph
with average degree at least cop? contains K, as a topological minor. Since G contains no
bipartite K + I subdivision, the graph G contains no K¢, as a subgraph, and no bipartite
K, subdivision. If there is a subgraph H of G with average degree at least 2cq(s + t)?,
then let Hy be a bipartite spanning subgraph of H with at least |E(H)|/2 edges. Since H
has average degree at least co(s+t)2, it follows that H contains a bipartite K, subdivision,
contradicting the assumption on G. Hence every subgraph of G has average degree at most
2co(s +t)2. If there is a graph H whose 1-subdivision is a subgraph of G, then the average
degree of H is at most co(s +t)?, because otherwise H contains K, as a topological minor,
and its 1-subdivision is bipartite.

By Theorem 2] G is s-colorable with defect M (s,t,2co(s +t)2, co(s +t)?). O

Since K; + I is isomorphic to K11, Theorem [Z1] can be extended to graphs with no
bipartite clique subdivision.
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Corollary 2.4. For each integert > 1, the defective chromatic number of the class of graphs
with no bipartite Kyy1 subdivision equals t.

Mohar, Reed, and Wood [22] studied clustered colorings of graphs with no Cj,; minor,
where C}y1 denotes a cycle of length k 4+ 1. They proved that for every integer k > 2, every
graph with no Cj; minor is [3log, k]-colorable with clustering &, and the number of colors
is asymptotically tight. Norin, Scott, Seymour, and Wood [23] proved that for every graph H,
the clustered chromatic number of the class of H-minor-free graphs is tied to the tree-depth
of H, giving a partial answer to a conjecture in [24].

Liu and Oum [21] proved that for every graph H and every integer A, the class of graphs
with no odd H minor and maximum degree at most A has the clustered chromatic number
at most 3.

Theorem 2.5 (Liu and Oum [21]). For every graph H and every integer A > 0, there is
C = C(H,A) such that for every graph G with mazimum degree at most A and no odd H
minor, there are pairwise disjoint subsets Vi,Va, V3 of V(G) such that V3 U Vo U Vs = V(Q)
and every component of G[V;] has at most C vertices fori=1,2,3.

3. PRELIMINARIES

We follow the definitions in [4] unless stated otherwise. In this section, G and H always
denote graphs. For each integer N > 0, let [N] be the set {1,...,N}. If N = 0, then [N] is an
empty set. For a graph H, let A(H) be the maximum degree of vertices in H. For S C V(H),
let H[S] be the subgraph of H induced by S.

A subset S C V(G) is stable if no two vertices in S are adjacent. Let GU H and GN H be
graphs (V(G)UV(H),E(G)UE(H)) and (V(G)NV(H), E(G) N E(H)), respectively. A pair
(A, B) of subgraphs of G is a separation of G if G = AU B. The order of a separation (A, B)
of Gis [V(ANB)|. A bipartition {X,Y} of a bipartite graph H is a set of two disjoint stable
subsets such that X UY = V(G).

Coloring. For a subset S of vertices of G and a set T' of colors, a function o : S — T is a
coloring on S. A color class of a coloring o : S — T is a~1(4) for some i € T. A subgraph H
of G is monochromatic if every vertex of H has the same « value.

A coloring a on S is proper if a(u) # a(v) for every uv € E(G]S]); equivalently, every
color class of « is stable. For a nonnegative integer k, a graph G is k-colorable if there is a
proper coloring a : V(G) — [k]. For integers k,d > 0, a graph G is k-colorable with defect d if
there is a coloring a: V(G) — [k] such that every color class induces a graph with maximum
degree at most d, and G is k-colorable with clustering d if there is a coloring o : V(G) — [k]
such that every color class induces a subgraph with no connected components having more
than d vertices.

Paths. A path is a graph that consists of k vertices v1, ..., v, for some integer £ > 1 and
k — 1 edges vivg,...,vp_1vk. The vertices v; and v are called ends, and all other vertices
Vo, ...,U,_1 are called internal vertices.

The path P joins u,v € V(G) if u and v are ends of P. For vertices v,w € V(P), P(v,w)
denotes the subpath of P with the ends v and w.

A path P joins two sets V1, Vo C V(G) if it joins a vertex in V; and a vertex in V5. The
length of a path is its number of edges. The parity of a path P is the parity of its length.
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Two paths P and @ in G are vertez-disjoint if V(P) NV (Q) = (. They are internally
dz’sjoz’ntlf if every common vertex of P and @) is an end of both P and Q.

For S C V(G), an S-path is a path in G that joins two distinct vertices in S. For a coloring
a: S — {1,2}, an S-path P from u to v in G is parity-breaking with respect to o if

|E(P)| # a(u) — a(v) (mod 2).

For a connected bipartite subgraph H of G with a proper coloring 8 : V(H) — {1,2}, a
V(H)-path P in G is parity-breaking with respect to H if P is parity-breaking with respect to
B. This is well defined since a proper coloring of H is unique up to permuting colors. We will
use the following observation in Section Ml

Observation 3.1.
(1) For S C V(G) and a coloring o : S — {1,2}, let P, Q be internally disjoint S-paths
sharing precisely one end. Then the S-path P U Q is parity-breaking with respect to «
if and only if exactly one of P and Q) is parity-breaking with respect to «.

(2) For a connected bipartite subgraph H of G, no path in H is parity-breaking with respect
to H.

Minors. A graph H is a minor of G if a graph isomorphic to H can be obtained from G
by deleting vertices or edges and contracting edges. If there are edges wu and wv for some
vertex w ¢ {u,v} and we contract an edge uv, then one of these two edges is removed after
contraction to avoid parallel edges. A graph G contains an H-minor (or H as a minor) if H
is a minor of G.

Topological minors. An H-subdivision is a graph obtained from H by subdividing edges,
where edges may be subdivided more than once. A graph G contains an H -subdivision (or
H as a topological minor), if G contains a subgraph isomorphic to an H-subdivision.

Since every H-subdivision H' is built from H by replacing all edges of H with internally
disjoint paths called the linking paths, there are vertices of H’ that correspond to vertices of
H, which we call branch vertices.

Odd minors. For S C V(G) and a coloring o : S — {1,2}, an edge wv € E(G[S]) is
bichromatic if a(u) # a(v), and is monochromatic otherwise.

For graphs G and H, G contains H as an odd minor if there exist vertex-disjoint subgraphs
{Tu}yev () in G which are trees, and a coloring a : U,ey ) V(Tu) — {1,2} such that for
every u € V(H), every edge in Ty, is bichromatic, and for every edge vw € E(H), there is a
monochromatic edge e € F(G) that joins V(T,) and V(T},).

We will use the following alternative definition in Section Ml

Observation 3.2. For graphs G and H, G contains H as an odd minor if and only if
there exist vertex-disjoint subgraphs {T“}UEV(H) in G which are trees, and a coloring « :
Unevim V(Tu) = {1,2} such that

(1) for every w € V(H), every edge in T, is bichromatic,

(2) there are internally disjoint paths {Pe} cp gy in G,

(3) for every e = vw € E(H), P. joins V(T,) and V(Ty), has no internal vertex in

Uue\/( H) V(Ty.), and is parity-breaking with respect to c.
We remark that for two graphs G and H, G contains H as an odd minor if and only if a

signed graph (G, E(G)) contains a signed graph (H, F(H)) as a minor, which we will discuss
in Appendix [Al

11t is called independent in [].
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4. THE STRUCTURE OF GRAPHS WITH NO ODD CLIQUE MINOR

The proof of Theorem 2] is based on the fact that every graph with no K; minor has a
vertex of degree at most ¢; for some ¢;. In contrast to graphs with no K; minor, graphs with
no odd K; minor may have arbitrarily large minimum degree; for example, complete bipartite
graphs have no odd K3 minor.

To prove Theorems [[.3] and [[L5] we use the following strategy similar to the one by Geelen,
Gerards, Reed, Seymour, and Vetta [§]. If a graph G has no bipartite subdivision of some
graph, then we apply Corollary Otherwise, we will show in Theorem that G contains
a bipartite block after removing few vertices, which allows us to use precoloring arguments in
the following section.

First of all, we describe how to find an odd K; minor in a graph G if the graph contains
a bipartite K99 + I; subdivision with many vertex-disjoint parity-breaking paths between
branch vertices of the subdivision.

Lemma 4.1. Fort > 2, let G be a graph that contains a bipartite Koy o + Iy subdivision H,
and C be the set of all branch vertices of Koy_o + Iy in H. If there are t — 1 vertex-disjoint
parity-breaking C-paths with respect to H, then G contains an odd K; minor.

Proof. For convenience, we identify each vertex in C with its corresponding vertex of Koo+
I;.

For a collection Q of paths, let ((Q) = > p.o|E(P)|. Let P be a collection of ¢t — 1
vertex-disjoint parity-breaking C-paths with respect to H, satisfying the following.
(a) Y pep |E(P)\ E(H)| is minimum, and
(b) subject to (a), £(P) is minimum.

Note that every vertex in C' is not an internal vertex of a path in P. To see this, if a
vertex in C is an internal vertex of a path Q € P, then ) contains a proper subpath @’ that
is a parity-breaking C-path with respect to H. For Q := (P \ {Q}) U {Q'} it follows that
Y.peo | E(P)\ E(H)| < Y pep |[E(P)\ E(H)| and £(Q) < £(P), contradicting our choice of
P

For distinct w,v € C, if uv € E(Kg—_2 + I;), then let @, , be the linking path from u to v
in H. If uv ¢ E(Ka—2+1I;), then let @, , be a graph with two vertices u and v and no edges.
Note that there are 2t — 2 branch vertices that appear in paths in P, and ¢t unused branch
vertices. Let Cy C C be the set of those unused ¢ branch vertices.

Claim 1. Let u, v be distinct vertices in C'.

(1) If u,v € Cy, then no path P € P intersects QU,UE
(2) Ifu € Cy, then @y, intersects at most one path P in P, and if so, then the intersection
is a subpath of both Q. and P and contains v.

Proof of Claim[1. We may assume uwv € E(Ky_o+ I;), otherwise V(Q,,) C C and the claim
is trivial. Let u € Cp, and suppose @, , intersects a path in P. Since no path in P intersects
u, starting from w and following @, , we arrive at the first vertex w € V(Qy,,) on some path
PePp.

Write P = AU B, where A and B are two subpaths of P with the only common vertex
w. Since w € V(H), either A or B is parity-breaking with respect to H, and we may assume
A is parity-breaking with respect to H. By Observation Bl a path R = AU Qy ,(w,u) is
parity-breaking with respect to H, and it intersects no path in P other than P. Therefore,
we conclude that (P\{P})U{R} is a set of t — 1 vertex-disjoint parity-breaking C-paths with

2Two subgraphs intersect if they share at least one common vertex.
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respect to H. By our assumption on P, P does not have more edges not in H than R. This
implies E(B) C E(H), and thus B = @y ,(w,v) since one of the ends of B is in C' and no
path in P intersects u. Note that A intersects @, only at w, since B = Qy, ,(w,v).

Since P and @, , share a common subpath from w to v and w is the only vertex that
belongs to both @ ,(w,u) and some path in P, P is the only path that intersects Q. In
particular, B = P N @y, is a path that contains v, and v ¢ Cp. |

Let P = {P,...,P_1}, and for 1 < ¢ < ¢t — 1, let x; and y; be the ends of P;. Let
Cr={r1,...,z—1} and C2 = {y1,..., y1—1}-

For v € C, if v corresponds to a vertex in the subgraph Ko; o of Ko;_o + I;, then we call
v Type-A. Otherwise we call v Type-B. Let g be the number of i’s (1 < i < ¢ — 1) such that
both z; and y; are Type-A, and r be the number of ¢’s such that exactly one of x; and y; is
Type-A, and s =t — 1 — ¢ — r. Then there are (2t — 2) — (2¢q + r) vertices of Type-A in C.
Since ¢ +r + s =t — 1, it follows that (2t —2) — (2¢ + r) > r + s. Therefore, the number
of vertices in Cy of Type-A is at least » + s. Thus, we choose an ordering z1,...,2; of the
vertices in Cy such that for 1 < <t —1if x; or y; is Type-B, then z; is a vertex of Type-A.

In summary, z;z;, z;y; € E(Ko—o + I;) for 1 < i <t — 1. Equivalently, if z; is Type-B, then
both x; and y; are Type-A.

Let g : V(H) — {1,2} be a proper coloring of H unique up to permuting colors. In order
to find an odd K; minor, we now aim to construct vertex-disjoint subgraphs Mi,..., M; in G
which are trees and a coloring o : |Ji_, V(M;) — {1,2} as in Observation

For1<i<t—1,let M; = PUQ.,,, if 2 is Type-A, and M; = P,UQ, 4, if z; is Type-B.
Let M; be a graph with the only vertex z;. If i < ¢, then by Claim [l ;N Q, , or PN Q> «;
is a subpath of P; and so M; is a tree with maximum degree at most 3 and at most one vertex
of degree 3. We choose a coloring o : | Ji_,; V/(M;) — {1,2} such that

(1) o on V(M;) is a proper coloring of M; and a(x;) = B(z;) for all 1 <i <t —1, and
(2) a(z) = B(z) if and only if z; is Type-B.
Observation Bl implies that, for 1 <i <t —1, a(y;) # B(y;) since P; is parity-breaking with
respect to H and a(z;) = B(z;) if and only if z; is Type-B.

For 1 <i < j <t, we are now ready to construct a path P;; joining V(M;) and V(M;)
that is parity-breaking with respect to « and satisfies Observation This will show that G
contains an odd K; minor. The structure of F; ; depends on the types of z; and z;.

Case 1. Both z; and z; are Type-A.

Following Q. o, from z; to x;, we arrive at the first vertex a;; in V/(F;) N V(Q.; +). By
Claim[I, @, », and P; share the subpath from a; j to x;. Since P;(z;,a; ;) is in H and a(z;) =
B(w;), it follows that a(a; ;) = B(a; ;) by Observation 3.1l Let us define P, ; = Q.; +, (25, ai ;)
Since a(z;) # B(z;), a(aij) = B(a; ;) and P;; is a subpath of @, ., we conclude that P ; is
parity-breaking with respect to a by Observation [3.1]

Case 2. z; and z; are of different types.

Let us define P j := Q, ;. By Claim [0 P ; intersects no path in P. Since a(z;) = B(2),
a(zj) # B(zj), and Q, -, is in H, P; ; is parity-breaking with respect to a by Observation [3.11
Case 3. Both z; and z; are Type-B.

Since z; is Type-B, y; is Type-A. Following Q.. ,, from z; to y;, we arrive at the first vertex
a;j in V(P;) NV(Qz, ;). Claim [ implies that Q. ,, and P; share the subpath from a; ;
to y;. Since Pj(y;,a;;) is in H and o(y;) # B(v:), it follows that a(a; ;) # S(ai;). Let us
define P;j := Q, 4,(2j,ai;). Since a(zj) = B(2)), a(a;;) # Blaij) and P, ; is in H, P;j is
parity-breaking with respect to a by Observation B.11 O
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We use the following lemma, which asserts that the family of S-paths of odd length satisfies
the Erdés-Pésa property.

Lemma 4.2 (Geelen, Gerards, Reed, Seymour, and Vetta [8, Lemma 11]). Let G be a graph
and S C V(G). For every integer £ > 1, G contains ¢ vertex-disjoint S-paths of odd length,
or there is X C V(G) with | X| < 20 — 2 such that G\ X contains no S-path of odd length.

Observation 4.3. Let G and H be graphs and X C V(G). If G contains an H -subdivision
K, then G\ X contains an H'-subdivision K' such that H = H\Y for some Y C V(H) with
Y| < |X| and K’ is a subgraph of K.

Proof. 1t is easy to see that if G has an H-subdivision K and v is a vertex of K, then there
is a vertex w of H such that G \ v has a (H \ w)-subdivision. O

The following lemma is a variation of [§, Lemma 15].

Lemma 4.4. Let ¢ be a positive integer and G be a graph. Let H be a bipartite Ky + I
subdivision in G for integers s > 2¢ and t > 1, and C be the set of all branch vertices in H.
At least one of the following holds.

o There exists X C V(G) with | X| < 20 — 2 such that G — X has a bipartite block U
that contains at least s+t — | X| vertices in C'\ X and all linking paths in H between
them.

o (G has { vertex-disjoint parity-breaking C-paths with respect to H.

Proof. (1) We claim that either there are { vertex-disjoint parity-breaking C-paths in G with
respect to H, or there is X C V(G) with |X| < 20 — 2 such that G\ X contains no parity-
breaking C-path with respect to H.

Let {L, R} be the unique bipartition of H. Without loss of generality, we may assume that
every linking path corresponding to an edge in K+ I; has even length, because otherwise, for
every branch vertex v € C'N L, we subdivide each edge e € E(G) incident with v once. This
gives an H-subdivision H' and a G-subdivision G’ such that H' is a bipartite subgraph of G’.
We may assume V(H) C V(H') and V(G) C V(G'), and then every vertex in V(G') \ V(G)
has degree 2. Note that all vertices in C' are in the same part of the bipartition of H’, and
thus every path in H' between vertices in C has even length. It is easy to check the following.

e A (C-path of odd length in G’ corresponds to a parity-breaking C-path in G with
respect to H.

o If there is X’ C V(G') with |X'| < 2¢ — 2 such that G’ \ X’ contains no C-path of
odd length, then we may assume X’ C V(G) since every vertex in V(G') \ V(G) has
degree 2.

Lemma claims that either G’ contains ¢ vertex-disjoint C-paths of odd length, or there
is X' C V(@) with |X’| < 2¢ — 2 such that G’ \ X’ contains no C-path of odd length. This
proves (1).

Suppose G contains no ¢ vertex-disjoint parity-breaking C-paths with respect to H. By (1),
there is X C V(G) with | X| < 2¢—2 such that G\ X contains no parity-breaking C-path with
respect to H. For convenience, we identify each vertex in C' with its corresponding vertex of
K, + I,. For distinct u,v € C, if uv € E(K, + I;) then let Q,,,, be the linking path from u to
vin H. If wv ¢ E(K,+ 1), then let Q,,,, be a graph with two vertices v and v and no edges.

(2) We claim that there is a block U in G\ X containing at least s +t — | X| vertices in
C\ X and all linking paths in H between them.
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By Observation[4.3] G\ X contains a (K,+1Ip)-subdivision K such that K,+1I, = (Ks+1;)\Y
for some Y C V(K + I;) with |Y| < |X| and K is a subgraph of H. Let T be the set of all
branch vertices in K, where |[T| >a+b=s+t—|Y|>s+t— |X]|.

Sincea >s—|Y|>2anda+b=s+t—|Y| >3, K+ I is 2-connected. Therefore, K is
2-connected and all vertices in T are in the same block of G\ X.

(3) We claim that U 1is bipartite.

Suppose U contains an odd-length cycle D. For two distinct vertices u,v € C NV (U), there
are two vertex-disjoint paths in U joining {u,v} and V(D) by Menger’s theorem. Using these
paths, we obtain both an odd-length path and an even-length path from u to v in U. One of
those paths is a parity-breaking C-path with respect to H, contradicting that G \ X has no
parity-breaking C-path with respect to H. O

Now we are ready to prove the main theorem of this section.

Theorem 4.5. Lett > 2 be an integer, and G be a graph. If G contains no odd K; minor
and contains a bipartite Koi—o + I; subdivision, then there is X C V(G) with |X| < 2t — 4
such that G\ X contains a bipartite block U having at least t + 3 vertices.

Proof. Let H be a bipartite Koo + I; subdivision of G, and C' = {vy,...,v3_2} be the set of
all branch vertices in H. For convenience, we identify each vertex in C with its corresponding
vertex in V(Ko_9 + I). Let C7 C C be the set of branch vertices corresponding to vertices
in K99, and Cy = C'\ C be the set of branch vertices corresponding to vertices in I;.

By Lemmas [A.] and [£4] there exists X C V(G) with |X| < 2t — 4 such that G \ X has
a bipartite block U containing at least (3t — 2) — |X| vertices in C'\ X and all linking paths
between them. Let C’ C C be those (3t —2) — |X| > t 4+ 2 branch vertices in U, and H' be
the union of all linking paths between vertices in C’, which is a subgraph of U.

Recall that we identified C C V(H) with V(Kg—o + I;). Since vertices in C; form a clique
of Koy_o+ I and |[C'NCy| > |C'| — |C2| > 2, the subgraph of Ky;_o + I; induced by C’ is not
bipartite. To obtain H’ from the induced subgraph of Ko;_o + I;, we should subdivide edges
at least once, because H' is bipartite. Thus H’ contains a vertex other than vertices in C’,
implying |[V(U)| > |V(H")| > |C'|+1>t+3. O

5. PROOFS OF THEOREMS [I.3] AND

For a class F of graphs and an integer d > 0, a graph G has a (d, F)-coloring if there is
f: V(G) — [d] such that G[f~'({i})] is in F for all i € [d]. A class F of graphs is closed
under isomorphisms if for all G € F, every graph isomorphic to G is in F. A class F of
graphs is closed under taking disjoint unions if for all G, H € F, the disjoint union of G and
H isin F.

Now we are ready to prove the following lemma, following the idea of Kawarabayashi and
Mohar [17].

Lemma 5.1. Let t > 2 and d > 3 be integers and F be a class of graphs closed under
isomorphisms and taking disjoint unions, which satisfies the following.

(i) F contains every graph with at most 4t — 7 vertices.
(ii) If a graph H contains no odd K; minor and no bipartite Koo + I subdivision, then
H has a (d,F)-coloring.

Then every graph with no odd K; minor has a (d + 4t — 7, F)-coloring.

Proof. We prove the following stronger claim.
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Claim. Let G be a graph with no odd Ky minor, Z C V(G) with |Z| < 4t —17, and f : Z —
[d+ 4t — 7] be a coloring. Then G has a (d+ 4t — 7, F)-coloring g that satisfies the following.

(a) For every z € Z, f(z) = g(2).
(b) For every v € Z and its neighbor w ¢ Z, g(v) # g(w).

Let G be a counterexample with the minimum |[V(G)| + |E(G)|. As the claim is true

for graphs with at most 4t — 7 vertices by giving distinct colors to each vertex not in Z,
[V(G)| > 4t — 6.

(1) Z is stable.

Suppose there are adjacent 21,29 € Z. Applying the claim on G' = G\ 2129 with the
same Z and f, G’ has a (d + 4t — 7, F)-coloring g that satisfies the claim. We claim that
every component of G[g~!({i})] for some i € [d + 4t — 7] is in F. Let C be a component
of G[g~t({i})] for some i € [d+ 4t — 7). If V(C)N Z # 0 then V(C) C Z by (b), implying
CeFas|V(O)<|Z| <4t—T7 TfV(C)NZ =0 then C is a component of G'[g~({i})],
which implies C' € F. Therefore, g is a (d + 4t — 7, F)-coloring of G satisfying (a) and (b),
contradicting our assumption.

(2) For every separation (A,B) of order at most 2t — 3, either V(A) \ V(B) C Z or
V(B)\V(4) C Z.

Suppose G has a separation (A, B) of order at most 2¢ — 3 such that both V(A)\ V(B)\ Z
and V(B) \ V(A) \ Z are nonempty. Since |Z| = |V(A)NZ|+ |(V(B)\ V(A)) N Z|, we may
assume |(V(B)\V(A))NZ| < L@j < 2t — 4. Note that V(B) \ V(A) \ Z # () implies that
[V(A) U Z| < |[V(G)| and we can apply the claim on AU G[Z] with Z and f. Let g1 be a
(d + 4t — 7, F)-coloring of AU G[Z] satisfying (a) and (b). Let Z/ = V(AN B)U (V(B)N Z).
Since |Z'| = |[V(ANB)|+|(V(B)\V(A))NZ| < 4t — 7, we can apply the claim on B with Z’
and g1|z. Let g2 be a (d + 4t — 7, F)-coloring of B satisfying (a) and (b).

Let g be a coloring on V(G) such that for each vertex v of G,

~ Ja1(v) forveV(A), and
9lv) = {92(1)) for v € V(B).

This is well defined since g; is identical to g2 on Z’. We claim that g is a (d+4t—7, F)-coloring
of G satisfying (a) and (b), which contradicts our assumption.

By the definition of g;, it follows that g(z) = gi1(z) = f(z) for every z € Z. For every
vw € E(G) with v € Z and w ¢ Z, g(v) # g(w) since ¢1(v) = g(v) # g(w) = gao(w) if
w € V(A) and g2(v) = g(v) # g(w) = g2(w) if w € V(B). This verifies (a) and (b).

Let C' be a component of G[g~!({i})] for some i € [d + 4t — 7). If V(C)N Z # O then
V(C)N(V(A)\ Z) = 0 by the definition of g; and (b), and V(C)N(V(B)\V(A)\ Z) = 0 by
the definition of g2 and (b). This implies V(C') C Z and thus C € F as |V(C)| < |Z] < 4t—T.
If V(C)N Z =0 and V(A) NV (B)NV(C) # 0 then V(C) C Z'\ Z C V(A) NV (B) by the
definition of go and (b). Thus C is a component of G[g; *({i})], implying C' € F. Finally,
ifV(C)NZ =0 and V(A) NV(B)NV(C) = 0, then either V(C) C V(A)\ V(B) \ Z or
V(C) C V(B)\V(A)\ Z, which implies that C' € F as C is a component of either G[g; " ({i})]
or Glgy ' ({i})]-

(3) G\ Z contains a bipartite Kop_o + I subdivision.
Since |Z| < 4t — 7, we may assume f(Z) C {d+1,...,d+ 4t — 7} by permuting colors.
Suppose G\ Z does not contain a bipartite Koo + I} subdivision. Let gg be a (d, F)-coloring
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of G\ Z. Let g : V(G) — [d + 4t — 7] be a coloring such that for each vertex v of G,

(v) = g1(v) for every v € V(G) \ Z and,
= f(z) for every z € Z.

We claim that g is a (d+4t — 7, F)-coloring of G satisfying (a) and (b), which contradicts our
assumption. Let C' be a component of G[g~*({i})] for some i € [d-+4t—T7]. Since g is identical
to g1 on V(G) \ Z and g(u) # g(v) for every u € V(G) \ Z and v € Z, C' is a component of
either Glg; ' ({i})] or G[f~'({i})]. This implies C' € F. This proves (3).

Since G contains a bipartite Ko; o + I; subdivision, Theorem implies that there exists
X C V(G) with | X| < 2t — 4 such that G\ X admits a block decomposition with a bipartite
block U having at least ¢ + 3 vertices.

(4) Every component of G\ X \ V(U) is a subgraph of G[Z].

Let C be a component of G\ X \ V(U). Let Vi be the set of vertices in U adjacent
to a vertex in C. As U is a block and C' is a component of G\ X \ V(U), it follows that
Vol < 1. If V| = 1 then let vo be the unique vertex in V. Let Ac = G[V(C) U X U V(]
and Bo = G\ V(C). Note that V(Ac) NV (Be) = X U Ve and (Ac, Be) is a separation
of G of order at most 2t — 3, since |X| + |Vo| < 2t — 3. By (2), either V(A¢) \ V(B¢) or
V(Bc)\V(A¢) isin Z. Since Z is stable, V(U)\ Vo C V(B¢) \ V(Ac¢) and U is 2-connected
as |[V(U)| >t+3, V(Bc) \ V(Ac) is not a subset Z. Therefore, V(Ac) \ V(Be) =V(C) is a
subset of Z. This proves (4).

Since U \ Z is a bipartite subgraph of G, let {X, X2} be its bipartition. By (4), it follows
that V(G) = ZU (X \ Z) U X1 U Xs. Let us choose three colors {c1,co,c3} C [4t — 4]\ f(Z).
Let g: V(G) — [4t — 4] C [d + 4t — 7] be a coloring defined as follows:

f(z) forxe Z,
c1 forx € X'\ Z,
Co if z € Xq,
C3 if r € Xo.

g(z) =

We claim that g is a (d + 4t — 7, F)-coloring of G satisfying (a) and (b), which contradicts
our assumption.

Let C be a component of G[g~!({i})] for some i € [d + 4t — 7]. One of the following cases
hold: either V(C) C Z or V(C)C X\ Z or V(C) C X; or V(C) C Xs. Since |Z] and | X]| are
at most 4t — 7 and both X; and Xy are stable in G, C is in F. O

Now we present proofs of our main theorems.

Proof of Theorem[L.3. Let F be the set of graphs of maximum degree at most max(N (2t —
2,t),4t — 8) where N is in Corollary 23l Corollary 23] implies that every graph with no
bipartite Koo+ I; subdivision has a (2t —2, F)-coloring. By Lemmal5.1] G has a (6t —9, F)-
coloring, implying that G is (6t — 9)-colorable with defect max(N (2t — 2,t),4t — 8). O

Proof of Theorem [I4 Let u(t) := C(t, N(2t — 2,t)) where C' is in Theorem and N is in
Corollary 23l Let F be the set of graphs that every component has at most max(u(t),4t —7)
vertices. By Corollary 23] and Theorem 2.5 every graph with no odd K; minor and no
bipartite Ko;_o + I; subdivision has a (3(2t — 2), F)-coloring. By Lemma [5.1] G has a (10t —
13, F)-coloring, implying that G is (10t — 13)-colorable with clustering max(u(t),4t — 7). O
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6. CONCLUDING REMARKS

6.1. List-coloring variant. We may consider a list-coloring variant of defective coloring. For
integers s, N > 0, a graph G is s-choosable with defect N if for every set of lists {LU}UEV(G)
with [L,| > s for every v € V(G), there is a map f : V(G) = U,ev(q) Lo with f(v) € Ly
for each v € V(G) such that G[f~!({i})] has maximum degree at most N for every i €
Usev (@) Lo-

As we remarked in Section [I, Theorems 2.1l and can be extended for list-colorings. For
instance, Ossona de Mendez, Oum, and Wood [24] showed that for integers s,¢ > 1 and every
graph G with no K7, subgraph, there is N = N(s,t) such that G is s-choosable with defect
N. It follows that for t > 1, every graph with no K1 minor is t-choosable with defect M for
some constant M = M (t), which is also implied by the proof of Edwards, Kang, Kim, Oum,
and Seymour [6].

Note that every n-vertex graph with no K; minor contains O(t+/log t n) edges [19, 20} 27, 28].
In contrast to graphs with no K; minor, an n-vertex graph with no odd K3 minor may contain
Q(n?) edges. For example, complete bipartite graphs have no odd K3 minor.

Theorem 6.1 (Kang [15]). For each integer N > 0, there is a function s = s(d) = (1/2 +
o(1))logyd as d — oo such that if a graph G has minimum degree at least d, G is not s-
choosable with defect N.

By Theorem [6.1], it follows that for integers ¢ > 1 and s, N > 0, there are graphs with no
odd K; minor not s-choosable with defect V.

6.2. Extending Theorems [1.3] and We extend our main results to a slightly larger
class of graphs. As we mentioned in Section Bl G contains H as an odd minor if and only
if a signed graph (G, E(G)) contains a signed graph (H, F(H)) as a minor. We review the
concepts of signed graphs and their minors in Appendix [Al
Given ¥ C E(H), we provide alternative characterization for signed graphs (G, E(G))
containing (H,X) as a minor. A signed graph (G, E(G)) contains a signed graph (H,Y) as a
minor if and only if
(1) there exist vertex-disjoint subgraphs {7, U}uEV( ) in G which are trees, and
(2) a coloring a : Uyey gy V(Tu) — {1,2} such that for every u € V/(H), every edge in T,
is bichromatic, and for every edge vw € E(H), there is an edge e € E(G) that joins
V(T,) and V (T,,) where e is monochromatic if and only if vw € X.

Note that for every ¥ C E(K}), a signed graph (Ko, E(K2)) contains (K;,>) as a minor.
Replacing ¢ by 2¢, Theorem [[.3limplies that for every t > 2 and every X C E(K,), if (G, E(Q))
contains no (K, X) as a minor, then G is (12t — 9)-colorable with defect s(2t). Theorem
also implies that for every ¢t > 2 and every ¥ C E(K}), if (G, E(G)) contains no (K, X) as a
minor, then G is (20t — 13)-colorable with clustering C'(2t).

By modifying the proofs in Section [, we can improve these bounds further. In the proof
of Lemma 1], we join V(M;) and V(M ) with a parity-breaking path with respect to a for
1 <i<j <t Because a(z;) = B(x;) and a(y;) # B(y;), we can also join V(M;) and V(M)
with a path that is not parity-breaking with respect to . In particular, Lemma ] forces not
only an odd K; minor, but also a signed (K¢, ¥) minor for every ¥ C E(K;). This extends
Theorems [L.3] and as follows.

Corollary 6.2. For each integer t > 2, there exists an integer s = s(t) such that for every
Y C E(K) and (G, E(Q)) with no (K¢, X) minor, the graph G is (6t — 9)-colorable with
defect s.
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Corollary 6.3. For each integer t > 2, there exists an integer C = C(t) such that for every
¥ C E(Ky) and (G, E(G)) with no (K, X) minor, the graph G is (10t — 13)-colorable with
clustering C'.

6.3. Upper bound of maximum degree. In Theorem 22 the function M(s,t,0d1,02) is
defined as follows.

t—1 ifs=1
62t(621—2) + 51 if s =2
=) (D=1 +%)+0 ifs>2

Therefore, it follows that N (2t — 2,t) = M (2t — 2,t,0(t?),0(t?)) = exp(O(tlogt)) in
Corollary 2.3l Hence we have the upper bound of s(t) = exp(O(tlogt)) in Theorem [L.3]

If one replaces a bipartite Ko; 9 + I; subdivision of Lemma (1] with a bipartite Ks;_o
subdivision, one may set s(t) = O(t*) since N (3t — 3,1) = O(t*). However, this will increase
the number of colors from 6t — 9 to 7t — 10 of Theorem [[.3], as graphs with no bipartite Ks3; o
subdivision are defectively colored with 3t — 3 colors, which is more than 2¢ — 2 colors in
defective coloring of graphs with no bipartite Ko o + I; subdivision.

M(87t751762) =
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APPENDIX A. SIGNED GRAPHS

We review elementary concepts of signed graphs, following definitions in [12] and [13] unless
stated otherwise.

A signed graph (G,X) is a graph G = (V, E) equipped with a signature ¥ C E. To avoid
confusion, graphs always denote unsigned graphs. Every signed graph is assumed to be simple;
parallel edges and loops are not allowed. If an edge e € E(G) is in X, e is negative. Otherwise,
e is positive.

For two sets A and B, AAB denotes the set (A\ B)U(B\ A). For a graph G and X C V(G),
let 6 (X) be the set of edges joining X and V(G) \ X. For a signature X, a re-signing on X
is an operation that replaces ¥ with another signature ¥Adg(X) for some X C V(G). Note
that for X, Y C V(G), applying re-signing on X and Y is identical to applying re-signing on
XAY. In particular, re-signing at v is the operation that replaces X with ¥Adg({v}). Note
that applying a re-signing operation on X is identical to applying re-signing operations at all
vertices in X.

Two signatures ¥ and Y/ are equivalent if X' can be obtained from X by re-signing oper-
ations; ¥ and X/ are equivalent if and only if there is X C V(G) such that ¥/ = YAdq(X).
Two signed graphs (G,X) and (G,Y') are equivalent if 3 is equivalent to X'

A cycle C is called balanced if it contains an even number of negative edges. Two signed
graphs (G,X) and (G,Y’) have the same set of balanced cycles if and only if ¥ and X’ are
equivalent (see [12]).

A map f: V(G) — V(H) is an isomorphism from (G,X) and (H,Y') if f is an isomorphism
from G to H, and uv € ¥ if and only if f(u)f(v) € ¥'. If there is an isomorphism from (G, X)
to (H,Y), (G,X) is isomorphic to (H,Y').

For two signed graphs (G, X) and (H,Y'), (H,Y') is a minor of (G, X) if a signed graph iso-
morphic to (H,Y') can be obtained from (G, X)) by deleting vertices, deleting edges, applying
re-signing operations, and contracting positive edges.
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To avoid parallel edges, if we contract a positive edge wv such that there exists a vertex
w ¢ {u,v} and edges wu,wv € E(G) of different signs, then we should remove either wu or
wv before contracting uv.

When applying a series of operations to find minors, we may assume that deleting vertices
and edges always precede re-signing operations; contracting a positive edge uv into a new
vertex t and re-signing at t is identical to re-signing on {u,v} and contracting a positive edge
uv into a vertex ¢. This implies the following, which can be found in [9].

Lemma A.1. For graphs G, H and a signature ¥ C E(H), a signed graph (G, E(G)) contains
a signed graph (H,X) as a minor if and only if
(1) there are vertea-disjoint subgraphs {Tu},cy () of G assigned to vertices in V(H),
(2) for everyu € V(H), T, is a tree and has a proper 2-coloring ¢, : V(T,) — {1,2}, and
(3) for every edge uwv € E(H), there is an edge e = ab € E(G) that joins T,, and T, such
that ¢y (a) = ¢y (b) if and only if uv € X.
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