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AN ASYMPTOTIC BOUND FOR THE STRONG CHROMATIC
NUMBER

ALLAN LO AND NICOLAS SANHUEZA-MATAMALA

School of Mathematics,
University of Birmingham,
Birmingham B15 2TT,
United Kingdom

ABSTRACT. The strong chromatic number x4(G) of a graph G on n vertices is the least
number r with the following property: after adding r[n/r|—n isolated vertices to G and
taking the union with any collection of spanning disjoint copies of K. in the same vertex
set, the resulting graph has a proper vertex-colouring with r colours. We show that for
every ¢ > 0 and every graph G on n vertices with A(G) > cn, xs(G) < (24 0(1))A(G),
which is asymptotically best possible.

2010 Mathematics subject classification: 05C15, 05C70, 05C35.

1. INTRODUCTION

Let r be a positive integer. Let G be a graph on n vertices, where r divides n.
We say that G is strongly r-colourable if it can be properly r-coloured after taking the
union of G with any collection of spanning disjoint copies of K, in the same vertex set.
Equivalently, G is strongly r-colourable if for every partition {V1,..., Vi } of V(G) with
classes of size r, there is a proper vertex colouring of G using r colours with the additional
property that every V; receives all of the r colours. If r does not divide n, we say that G
is strongly r-colourable if the graph obtained by adding r[n/r] —n isolated vertices to G
is r-strongly colourable. The strong chromatic number xs(G) of G is the minimum r such
that G is r-strongly colourable. This notion was introduced independently by Alon [2]
and Fellows [5].

One of the first problems related to the strong chromatic number was the cycles-plus-
triangles problem of Erdés (see [7]), who asked (in an equivalent form) if xs(Cs,,) < 3,
where Cj,, is the cycle on 3m vertices. This was answered affirmatively by Fleischner
and Stiebitz |6] and independently by Sachs [21].

It is an open problem to find the best bound on xs(G) in terms of A(G). Alon [3]
proved that xs(G) < cA(G) for some constant ¢ > 0. Haxell [10] showed that ¢ = 3
suffices and later |11] that ¢ < 11/4 + ¢ suffices given A(G) is large enough with respect
to €. On the other hand, there are examples showing ¢ > 2 is necessary (see, e.g., [4]).
It is conjectured (first explicitly stated by Aharoni, Berger and Ziv |1, Conjecture 5.4])
that this lower bound is also tight.

Conjecture 1.1. For every graph G, xs(G) < 2A(G).

E-mail addresses: s.a.lo@bham.ac.uk, NIS564@bham.ac.uk.
The research leading to these results was partially supported by EPSRC, grant no. EP/P002420/1
(A. Lo) and the Becas Chile scholarship scheme from CONICYT (N. Sanhueza-Matamala).
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Conjecture is known to be true for graphs G on n vertices with A(G) > n/6,
proven by Axenovich and Martin [4] and independently by Johansson, Johansson and
Markstrom [14].

A fractional version of Conjecture was proven by Aharoni, Berger and Ziv [1].
We say that a graph on n vertices is fractionally strongly r-colourable if after adding
r[n/r] —n isolated vertices and taking the union with any collection of spanning copies
of K, in the same vertex set, the graph is fractionally r-colourable.

Theorem 1.2 (Aharoni, Berger and Ziv [1]). Every graph G is fractionally strongly
r-colourable, for every r > 2A(G).

We prove that Conjecture |1.1]is asymptotically true if A(G) is linear in |V(G)|.

Theorem 1.3. For all ¢,e > 0, there exists ng = ng(c,€) such that the following holds:
if G is a graph on n > ng vertices with A(G) > cn, then xs(G) < (2 +¢)A(G).

Given a graph G and a partition P = {V,...,V,} of V(G), we make the following
definitions. A subset S C V(G) is P-legal if |SNV;| < 1 for every i € [k]. A transversal
of P is a P-legal set of cardinality |P|. An independent transversal of P is a transversal
of P which is also an independent set in G. We will write transversal and independent
transversal if G and P are clear from the context. To prove Theorem it suffices to
show that given any partition P of V(G) with classes of size r > (2 4 ¢)A(G), V(G)
can be partitioned into independent transversals of P. Moreover, since Conjecture [L.1]is
known to be true for graphs on n vertices with A(G) > n/6, we might restrict ourselves
to study graphs with A(G) < n/6, and in such graphs any partition P of V(G) with
parts of size r = (2+¢)A(G) < 3A(G) will have at least 3 classes. Thus Theorem [1.3]is
implied by the following theorem.

Theorem 1.4. For all integers k > 3 and € > 0, there exists o = ro(k,e) such that
the following holds for all v > ro: if G is a graph and P is a partition of V(G) with k
classes of size v > (24 €)A(G), then there exists a partition of V(G) into independent
transversals of P.

By considering the complement graph, Theorem easily yields the following corol-
lary. A perfect Ki-tiling of a graph G is a spanning subgraph of G with components
which are complete graphs on k vertices.

Corollary 1.5. For all integers k > 3 and ¢ > 0, there exists ng = ng(k,e) such
that the following holds: if n > ng and G is a k-partite graph with classes of size n
and 6(G) > (k — 3/2 4 e)n, then G has a perfect Ky-tiling.

To prove Theorem we use the absorption method, which was first introduced in a
systematic way by Rodl, Rucinski and Szemerédi [20] (although similar ideas were used
previously, e.g. by Krivelevich [16]). In Section [2[ we find a small absorbing set, that
is, given a partition P we find a small vertex set A C V(G) which is balanced (i.e. it
intersects each class of P in the same number of vertices) with the property that for every
small balanced set S C V(G), AU S can be partitioned into independent transversals.
Thus the problem of finding a partition into independent transversals is reduced to the
problem of finding a collection of disjoint independent transversals covering almost all
vertices, which we find in Section [3] Then the pieces of the proof are put together in
Section [l

Throughout the proof, we will use the following notation. Given a, b, ¢ reals with
c>0,a=>b+cmeans that b —c < a < b+ c. We write + < y to mean that for all
y € (0,1] there exists xy € (0,1) such that for all x < z the following statements hold.
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Hierarchies with more constants are defined in a similar way and are to be read from the
right to the left.

2. ABSORPTION

The aim of this section is to prove Lemma the existence of an absorbing set. First
we need the following simple lemma.

Lemma 2.1. Let G be a graph and let P = {V1,...,Vi} be a partition of V(G) such
that |V;| > 2A(G) for all i € [k — 1]. Then for any vy, v, € Vi, there exists an inde-
pendent transversal T of {V1,...,Vk_1} such that T U{vy} and TU{v,} are independent
transversals of P.

To prove Lemma we will use the following result of Haxell [9], which was stated
differently [§] (see the discussion after Corollary 15 in [12]).

Lemma 2.2 (Haxell [9, Theorem 3]). Let G be a graph and let P = {V1,...,Vi} be a
partition of V(G). If each I C [k] satisfies |U;c; Vi| > (2|1 — 2)A(G), then there exists

an independent transversal of P.

Now we prove Lemma [2.1]
Proof of Lemma [2.1]. For every i € [k — 1], let V/ := V; \ (N(vx) U N(v,)). Let P’ :=
{Vi,....Visq} and G = G[U;cp_y V7] Clearly it is enough to find an independent
transversal of P’ in G'. For every non-empty I C [k — 1], we have that

Uv

> (2A(G) + D] = [N (vx) U N (v})]

iel
> (2A(G) + D|I| = 2A(G)
> (2|I] — 2)A(G) > (2|I] — 2)A(G).
By Lemma G’ has an independent transversal of P’, as desired. [ |

By supersaturation, Lemma [2.1] implies the following corollary. We omit its proof
since it is quite standard (see, e.g., [18, Section 2]).

Corollary 2.3. For all integers k > 3 and € > 0, there exists n = n(k,e) > 0 and
ro = ro(k,e) such that the following holds for all v > rq: let G be a graph and let P =
{Vi,..., Vk} be a partition of V(G) with classes of size r > (24+¢€)A(G). Then for any two
vertices vy, vy, € Vi, there exist at least nr*=1 independent transversals T of {V1, ..., Vi_1}
such that T U{vi} and T U{v.} are independent transversals of P.

To continue, we need to recall the following versions of the Chernoff inequalities.

Lemma 2.4 (Chernoff’s inequalities (see, e.g., [13, Theorem 2.8])). Let X be a gener-
alised binomial random variable, that is, X is the sum of independent Bernoulli random
variables, possibly with different parameters. For every 0 < A < E[X],

(2.1) Pr[|X — E[X]| > A\] < 2exp (—4];\[)(]) :

Also, for every A > 0,

(2.2) PrX —E[X] > \] <exp (_Q(E[X/]\+ )\/3)> .
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Since every hypergeometric distribution is a sum of independent Bernoulli variables
(see, e.g., [13, Theorem 2.10]), the inequalities and also hold when X is a sum
of independent hypergeometric variables.

We can now prove our absorbing lemma. Given a graph G and a partition P =
{Vi,...,Vi} of V(G), a subset S C V(G) is P-balanced (or just balanced, if P is clear
from the context) if |SNV;| = |S NV for every i,j € [k].

Lemma 2.5 (Absorbing lemma). For all integers k > 3 and € > 0, there ezist 0 < <
a K e andrg = ro(e, k) such that the following holds for allT > ry. Let G be a graph and
let P={V,...,Vi} be a partition of V(G) with classes of size r > (24 ¢)A(G). Then
there exists a P-balanced set A C V(G) of size at most an such that for every P-balanced
set S C V(G) of size at most fn, AUS can be partitioned into independent transversals
of P.

Proof. Let 1/ry < v < n < 1/k,e. Let m := k*. Given a balanced k-subset S of V(G),
an absorbing set A for S is a m-subset of V(G), disjoint from S, such that both G[A]
and G[A U S] can be partitioned into independent transversals of P. For any balanced
k-set S, let £(.S) be the family of absorbing sets for S.

Claim 2.6. For each balanced k-subset S of V(G), |L(S)]| > 'y(,’;)k

Proof of the claim. Let S = {s1,...,sx} with s; € V; for every i € [k].

A tuple (T, Uy, ..., Uy) is good if S,T,Uy, ..., Uy are pairwise disjoint, T'= {¢,...,tx}
is an independent transversal of P and, for every i € [k], t; € V; and both U; U {s;}
and U; U {t;} are independent transversals of P. Clearly, if (T,Us,...,Uy) is good,
then A =TU Uie[k] U; is an absorbing set for S.

Let t; be an arbitrary vertex of V; s1}, for which we have at least r — 1 > r/2
different possible choices. By Corollary , there exist nr*~! independent transversals 7"
of {Va,..., Vi} such that both 7"U{s;} and T"U{t;} are independent transversals of P.
By ignoring those T" which have non-empty intersection with S, we have at least nr*=!/2
different possible choices for T". Set T' = {t1} UT’. Repeating the same argument
with s;,¢; we can find nr®~1/2 choices for U;, for every i € [k]. Therefore, there are
at least (nf*1/28+2)r™ oo0d tuples. Using v < 7, we find those good tuples yield at

least W(Z)k different absorbing sets for S, as desired. U
Recall that m = k% and choose a family F of balanced m-sets by including each one
of the (,’;)k balanced m-sets independently at random with probability
T
P e ()"
By Chernoff’s inequality (2.1)), with probability 1 — o(1) we have that

yr
2. < —
and for every balanced k-set S,
2
v
2.4 > .
(2.4) £(s)nFl > L

We say a pair (A;, As) of m-sets is intersecting if A; # Ay and Ay N Ay # (). We
say F contains a pair (Aj, Ay) if Ay, Ay € F. The expected number of intersecting pairs
contained in F is at most

m\F r m\ v
2 2
< .
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By Markov’s inequality, with probability at least 1/2 the number of intersecting pairs
contained in F is at most v*r/(2°k%). Therefore, with positive probability F satisfies
(2.3) and and contains at most ?r/(2°k?) intersecting pairs.

By removing one m-set of every intersecting pair in F, we obtain a family F’ of
pairwise disjoint balanced m-sets such that for every balanced k-set S,

e LA e o
LS nFl = 32k%  26f2 = 64k2

Let A := Jpcm F. Define a := ~v/(8k?) and /8 := 7?/64k*. Note that A has size at
most k|F'| < k|F| < an. For every balanced S C V(G) of size at most fn, we can
partition it into at most 8Br < ~%r/(64k%) balanced k-sets, so it is possible to assign
a different absorbing m-set in F’ to each one of these sets. Hence, G[A U S| can be
partitioned into independent transversals of P, as desired. [ |

3. PARTIAL STRONG COLOURINGS

Let G be a graph and P = {V1,...,Vi} a partition of V(G) with classes of size r. A
t-partial strong colouring of G with respect to P is a collection of ¢ disjoint independent
transversals of P. If xs(G) = r, then G has a r-partial strong colouring with respect
to P. The aim of this section is to show the existence of (1 —d)r-partial strong colourings

of P.

Lemma 3.1. For all integers k > 3 and d,e > 0, there exists ro = ro(k,0,¢) such that
the following holds for all r > ro: Let G be a graph and P be a partition of V(G) with k
classes of size r > (2 4+ €)A(G). Then there exists a (1 — §)r-partial strong colouring
of G with respect to P.

We need two extra ingredients to prove Lemma [3.1] The first ingredient will be a
result in fractional matchings that will follow from Theorem [1.2] Recall that a fractional
colouring of a graph G is a function w that assigns weights in [0, 1] to the independent sets
of G, with the condition that for every vertex v € V(G), > 5, w(I) > 1. The fractional
chromatic number of G is the minimum of > w(I) over all fractional colourings of G,
where the sum ranges over all independent sets of G. Note that if a graph G is fractionally
strongly r-colourable, then for every partition P of V(G) with classes of size r, every
optimal fractional colouring w for P is supported precisely on independent transversals
of P and for every vertex v € V(G), Y _,5, w(I) = 1. Thus we have the following corollary
of Theorem [.2]

Corollary 3.2. Let G be a graph and P a partition of V(G) with classes of size r >
2A(G). Let T be the set of all independent transversals of P. Then there exists w : T —
[0,1] such that Y ps, perw(T) =1 for allv € V(G).

The second ingredient is a result that guarantees the existence of large matchings in
uniform hypergraphs satisfying certain regularity conditions. We use the following result
of Pippenger [19] (see |15, Theorem 1.1]).

Theorem 3.3 (Pippenger [19]). For all integers k > 2 and § > 0, there exists Dy =
Dy(k,6) and 7 = 7(k,0) such that the following is true for all D > Dy: if H is a
k-uniform hypergraph on n vertices which satisfies

(i) deg(v) = (1 +7)D for allv € V(H), and

(i) deg(u,v) < 7D, for all distinct u,v € V(H),
then H contains a matching M covering all but at most dn vertices.

We now prove Lemma , whose proof is based on [17, Lemma 3.5].
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Proof of Lemma([3.1. Fix k > 3 and ¢, > 0. Without loss of generality, suppose ¢ < 1.
Choose ry such that 1/rg < 1/k, d,e. Now consider any r > ry and a graph G on n = rk
vertices with r > (2 + ¢)A(G). Fix a partition P of V(G) with classes of size r. Note
that & = |P| > 3.

The idea is to define a k-uniform hypergraph H on the vertex set V(G) such that every
edge corresponds to an independent transversal of P and H also satisfies the conditions
of Theorem [3.3] A matching in H covering all but at most dn vertices corresponds
precisely to a (1 — §)r-partial strong colouring of P.

Fix n1,m2,m3 € (0,1) such that

n+ 2 > ns, 2n3 > m + 12,
2m 4+ < 1, 1 < 39 + 614

(For concreteness, (1n1,12,m3) = (0.1,0.1,0.175) works). Let m :=r™.

Claim 3.4. There exist r'™ vertex sets R(1),...,R(r'™™) such that
(i) for every j € [r'™™], R(j) is a balanced mk-set,
(i) every v € V(G) is in r™T™2 £+ ¢ many R(j),
(iii) every P-legal 2-set is in at most two R(j),
i

(iv) every P-legal 3-set is in at most one R(j),
(v) for every j € [r*™2], m > 2A(G[R(5)]).

To prove Claim [3.4] note that properties|(i)H(v)|hold with high probability if each R(j)
is a random balanced mk-set, chosen uniformly and independently. See Appendix [A] for
the precise calculations.

Let R(1),...,R(r'™) be given by Claim . By and Corollary , for each j €
[r1772] there exists a function w’ that assigns weights in [0, 1] to the independent trans-
versals of P contained in G[R(j)], such that for every v € V(G[R(j)]), > 7z, w (T) = 1.
Now we construct a random k-uniform graph H on V(G) such that each independent
transversal T of P is randomly independently chosen as an edge of H with

w/T(T) if T C G[R(jr)] for some jr € [r117],
0 otherwise.

Pr[T € H] :{

Note that jr is unique by [(iv)| as k& > 3, so H is well-defined. For v € V(G), let
J,={j v € R()} and so |J,| = rm*+™ L™ by[[i)] For every v € V(G), let EJ be the
set of independent transversals in G[R(7)] containing v. Thus, for v € V(G), degy(v) is
a generalised binomial random variable with expectation

Bl 0] = £ 3 w1 = = 97
jer TGE'J
Similarly, for every P-legal 2-set {u, v},
Eldegy (u,v)] Z Z w/(T) < |J,NJ,| <2
j€JuNIy TEEJQEJ

by [[ii)} For every 2-set {u,v} that is not P-legal, degy(u,v) = 0. Fix ns € (0,1) such
that 7y + 12 > ns > n3. By using Chernoff’s inequality (2.1]), we may assume that for
every v € V(@) and every 2-set {u,v} C V(G),

degy(v) = rm+m £ ¢, degy(u,v) < r™.

Thus H satisfies the hypothesis of Theorem and the proof is completed. [ |



AN ASYMPTOTIC BOUND FOR THE STRONG CHROMATIC NUMBER 7

4. PROOF OF THEOREM [1.4]

Proof of Theorem[1.]] Let 1/ro < f < a < 1/k, e and consider a graph G on n vertices
and a partition P = {V4,..., Vi } with classes of size r > (24 ¢)A(G). Note that n = rk.

By Lemma there exists a balanced set A of size at most an such that for
every balanced set S of size at most fn, G[A U S] can be partitioned into independ-
ent transversals of P. Remove A from G to obtain a graph G”, together with a
partition P” = {V/",...,V/'} obtained from V;” = V; \ A. Note A(G") < A(G) and
r" = V| = (1 — a)r and therefore, 7" > (1 — a)(2 + ) A(G) > (2+¢/2)A(G").

By Lemma , we obtain a (1 — f)r”-partial strong colouring of G” with respect
to P”. This gives a collection 7" of disjoint independent transversals of P that covers
every vertex of G” except for a set S of size at most r” < fr. Then G[A U S] can be
covered by a collection T of disjoint independent transversals of P. Therefore, 7 U T"”
is a spanning collection of disjoint independent transversals of P, as desired. [ |

Acknowledgements. We thank Klas Markstrom for introducing the problem and Penny
Haxell for her valuable comments and insightful discussions.
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APPENDIX A. PROOF OF CrLAIM [3.4]
Proof. Fix ny,ns € (0,1) such that

203 > 1+ 2 + M,

1< 37]2 + 67]1 + 7s.
(For concreteness, if (11,72,m3) = (0.1,0.1,0.175), then (n4,75) = (0.15,0.1) works).
Recall that m = r™. Let p := r~'™" and note that m = pr. For every i € [k] and
j§ € [r™], choose R? to be a subset of V; of size m, chosen independently and uniformly
at random. Let R(j) := U,y R!. Clearly, |(i){ holds. Now we show that each of |(ii)

holds with high probability, and so the desired R(1),..., R(r'*™) exist.
Consider j € [r*™™]. Consider an arbitrary x € V(G) and let d := degs(z) and
= |[N(z)NV;| for every ¢ € [t]. Thend; + ... +dp =d < A(G) <7r/(2+¢). Let
D = deggp(y (7) and D; := [N(z) N R!| for all i € [k]. Note that D = Dy 4 ... + Dy,
where the D; are independent hypergeometric random variables with parameters m, d;, r
each. Then E[D] = pd, and using Lemma [2-2), we get
pre

Pr[2D>m]:Pr[D—E[D]>%—pd] gPr[D—E[D]> -

p2,r.2€2

< — < —Q(r™)).
= &P ( 6(12pd + 4p7“5)) < exp(=0Q(™))
Hence, with probability 1 — exp(—Q(r™)) we have
|R!| = m > 2A(G[R)]) for all i € [K],

that is, holds with high probability.

Now we check [(i)H(iv)] Note that for every x € V(G) and every j € [r'*™], Pr[x €
R(j)] = p. For a P-legal subset S C V(G), let

={i: 5 S RG)}
Since the probability that a particular R; C V; intersects S is p,
Pr[S € R(j)] = p*,

and therefore E[Y,] = r!Tmpldl = pltm=-0=m)IS| " By Lemma , with probability at
least 1 — exp(—Q(r™)), Y, = rm* £ ¢ for every v € V(G), implying holds with
high probability.

Let Zy :=|{S € ( ) S is P-legal : Yy > 3}|, and observe that

(A.1) E(Z,) < (S)T (P30 < Jp2pm1H3m+om < s,
Let Z3 :=|{S € ( ) S is P-legal : Yy > 2}|, and observe that
(A.2) E(Z;) < (l;)r?’( 1412)2p6 < 3 —142mH6m < =

Together with Markov’s inequality, (A.1]) and (A.2)) imply that and hold with
high probability, respectively. |



	1. Introduction
	2. Absorption
	3. Partial strong colourings
	4. Proof of Theorem 1.4
	Acknowledgements

	References
	Appendix A. Proof of Claim 3.4

