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Abstract

We find an asymptotic enumeration formula for the number of simple r-uniform
hypergraphs with a given degree sequence, when the number of edges is sufficiently
large. The formula is given in terms of the solution of a system of equations. We give
sufficient conditions on the degree sequence which guarantee existence of a solution
to this system. Furthermore, we solve the system and give an explicit asymptotic
formula when the degree sequence is close to regular. This allows us to establish
several properties of the degree sequence of a random r-uniform hypergraph with a
given number of edges. More specifically, we compare the degree sequence of a random
r-uniform hypergraph with a given number edges to certain models involving sequences

of binomial or hypergeometric random variables conditioned on their sum.
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1 Introduction

Hypergraphs are useful for modelling relationships between objects in a complex discrete
system, and can offer improvements over graph models in areas such as ecology [10], quantum
computing [24] and computer vision [26]. A hypergraph H = (V, E) consists of a finite set
V' of vertices and a finite set E of edges, where each edge is a subset of the vertex set. Here
edges do not contain repeated vertices, and there are no repeated edges. A hypergraph is
r-uniform if every edge contains r vertices. We present an asymptotic enumeration formula
for the number of r-uniform hypergraphs with a specified degree sequence, where the degree
of a vertex is the number of edges containing it. Our formula holds for 3 < r < %n and
nrilogn < d < %(’Zj), where d is the average degree, under very weak restrictions on
how much the degrees can vary. By symmetry, the ranges obtained by complementing the
edge set and/or complementing each edge are also covered. Using this formula, we establish
some results on the degree sequence of a random r-uniform hypergraph with a given number
of edges, verifying a conjecture of Kamcev, Liebenau and Wormald [I5] for our parameter

range.

To be more precise, we must introduce some notation. Let [a] denote the set {1,2,...,a}
for any positive integer a. For infinitely many natural numbers n, let r(n) satisfy 3 < r(n) <
n — 3 and let d(n) = (di(n),...,d,(n)) be a sequence of positive integers. We simply write

r for r(n), and similarly for other notation. We assume that for infinitely many n,

r divides > d;. (1.1)
Jj€n]
All asymptotics in the paper are as n tends to infinity, along values for which (II]) holds.
Define H,.(d) to be the set of simple r-uniform hypergraphs with vertex set V = {1,2,...,n}
and degree sequence d. Write e(d) := 13" jein) 4j for the number of edges and d := d(d) =
=3 jen) 4j for the average degree.
Our first aim is to find an asymptotic expression for H,.(d) = |H,(d)| for degree se-

quences d which are neither too dense nor too sparse.

Our approach to hypergraph enumeration is based on the complex-analytical method.
The answer is expressed in terms of high-dimensional integrals resulting from Fourier inver-
sion applied to a multivariable generating function. Then, these integrals are approximated
using multidimensional variants of the saddle-point method; see Section [2] for more details.
In the context of combinatorial enumeration, this method was pioneered by McKay and
Wormald in 1990 [21]. Since then, many other applications of this method have appeared;
see for example [4l 5 20], and the many results cited in [13]. In particular, Kuperberg,
Lovett and Peled [I7] prove an asymptotic formula for the number of r-uniform d-regular

hypergraphs on n vertices which holds when the number of edges in the hypergraph and



its complement are each at least n® (which implies that r > ¢) for some sufficiently large

constant ¢ which is not identified explicitly.

Recently, Isaev and McKay [13] developed a general theory based on complex martin-
gales for estimating the high-dimensional integrals which arise from the complex-analytical

method. In this paper, we apply tools from [I3] in the hypergraph setting.

For a survey of enumeration results for graphs with given degrees, see Wormald [29].
Here we discuss only r-uniform hypergraphs with » > 3. Dudek, Frieze, Rucinski and
Sileikis [7] gave an asymptotic formula for the number of d-regular r-uniform hypergraphs
on n vertices when 7 > 3 is constant, assuming that d = o(n'/?). Building on [2], Blinovsky
and Greenhill [3, Corollary 2.3] gave an asymptotic formula for H,.(d) that holds when

the maximum degree dp,,, satisfies rid3 = o(nd). These results were obtained using the

switching method.

By adapting the ‘degree switching and contraction mapping’ approach of [I8],[19], Kamcev,
Liebenau and Wormald [I5, Theorem 1.2] proved that the degree sequence of a randomly
chosen r-uniform hypergraph with m edges is closely related to a random vector with entries
chosen from suitable independent binomial distributions, conditioned on the entries of the
vector having sum nd. More precisely, they prove that the ratio of the probabilities of a par-
ticular vector d in these two models is well-approximated by a simple function of r and d.
We will restate their theorem as Theorem below. This result holds under some assump-
tions, namely that the degrees do not vary too much, the edge size is not too large and the
average degree is at most a sufficiently small constant times %(:‘j) Kamcev, Liebenau and
Wormald also considered sparse degree sequences in [15, Theorem 1.3], which subsumes the
enumeration results of [2] [7].

Our second aim is to apply our enumeration formula to study the degree sequence of
random uniform hypergraphs with given degrees. In particular, we prove a companion result
to [I5, Theorem 1.2] which allows larger edge size, more edges and more variation between the
degrees, when the average degree is large enough. Furthermore, we verify (for our range of
parameters) a conjecture made in [15], showing that vectors of independent hypergeometric
random variables, conditioned on having sum nd, closely match the degree sequence of a

random uniform hypergraph with nd/r edges almost everywhere.

1.1 Notation, assumptions and our general results

Define the density A as a function of n, r and the average degree d by

d:A(Z:D. (1.2)

Write S,.(n) to denote the set of all subsets of [n] of size r. Given a vector 8 =

3



(Bi, ..., Bn) € R for all W € S,(n) define

eszW Bj

Aw(B) == [R S

(1.3)

Note that Ay (3) is the probability that the edge W appears in the -model for hypergraphs
with given degrees, see for example [27]. Let A\(3) be the average values of the Ay (3); that

A(B) = (") S Aw(B).

WEST' (n)

is,

Observe that Ay (3), A(B) € (0,1).
Define the positive symmetric n x n matrix A(3) = (a;x) as follows:

LS (B - (@), forj =k e [nl;

Cij = 1 =i (14>
5 O B = w(B), forjkeln] j#k
Wo{j,k}
We use | M| to denote the determinant of a matrix M.
Let 3" € R™ be a solution to the system of equations
> (B =d; forje[n]. (1.5)

W3j
Summing (LH) over j € [n] gives
1 T N wfn—1
=23 =2 5w = (1)) (1.6
j€ln] WeS:(n)

This shows that A(3") equals the density A defined in (IZ). Similarly, if we write Ay or A

without argument, we always mean that the argument is 3*.

Our main enumeration result is the following.

Theorem 1.1. Let d = d(n) = (dy,...,d,) be a degree sequence. Suppose that r = r(n)
satisfies 3 < r <mn —3 and

r3(n — )3 logn < A(1 —)\)n(n). (1.7)

r

Further assume that B8* = (81, ..., B%) is a solution of (L3 such that

max}w;—ﬁ,ﬂ:O( 1 ) (1.8)

jkeln r(n—r)
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Let A\ = A\w(B%) be defined as in ([L3), for all W € S.(n), and let A = A(B") be defined
as in (L4). Then

i (d) r(1+0(¢)) H (A (1 — Ag)~ 0w

= on gn/2 |A[L/2
WEST-(H)

where

rin—rn log’n [ r3(n—r)3 \*? e _ (o)1
ML=X(E) (A(l—»(“)) ' ((togm)™).

The implicit constant in the O(e) term depends only on the implicit constant in (8.

The enumeration problem has two natural symmetries: given a hypergraph, we may
replace every edge by its complement, or we may take the complement of the edge set.

These symmetries show that for a given degree sequence d,
H,(d) = H, .(d) = H,(d) = H,_(d) (1.9)

where

&
i

(e(d) —di, ... e(d) — d,),

d:= ((::i)‘dl(::i)_dn) (1.10)
d = ((";1) —e(d)+d1,...,(n;1> —e(d)+dn).

Using these symmetries, we may assume that

r<n/2 and e(d)< %(Z)

When these inequalities are both satisfied, we say that (r, d) belongs to the first quadrant.

The conditions in Theorem [[.I] are invariant under these two symmetries. It is true, but
not obvious, that the asymptotic formula for H,(d) is also invariant under these symmetries.
We prove this in Lemma [[.2] below.

Lemma 1.2. Suppose that 3" is a solution to ([[H). Let B, B, B be vectors with entries
S Ej, BJ’ defined in the fourth row of Table[D for all j € [n]. Then B, B, B are solutions
of ([LH) for the degree sequences d, d and d defined in (LIQ), respectively. Furthermore,
the following relationships hold:

~ ~

Av\W(,B/) = Aw, Aw(ﬁ) =1 Aw, Av\W(ﬁ/) =1 )\W f07’ allW € ST(’/I,);
2 ~ ~ 2
A = (") ABL 1A = 1AB), AB)] = (“ ) 1A8Y);
18) = Bil = 18 = Bel = 185 = Bil = 18; = Bl for all j k € [n].

n—r

n—r
r

bt



H,(d) Ho (d) H,(d) H,(d)

d; e(d) — d; (;-) —d (",) —eld) +

d nrd 2d LAl ﬂd

5| (S ) - 5 -5; T )
A Maw(B) = w | Aw(B) =1—w | Aw(B)=1-w
AB) ] (=) 1A(8) A(BY)] ()" |A(8")]

Table 1: This table shows how the degrees, average degree, solution to (L3, values of the
lambda parameters with W € S.(n), and determinant of the matrix, behave under the

symmetries.

For the reader’s convenience, in Table [[l we summarise information about our parameters

under these symmetries.

It follows from (L9)) and Lemma that it suffices to prove Theorem [T when (r,d)
belongs to the first quadrant. In this case, using (LO) the assumptions of Theorem [[.1]
become

n—1 N . _
BST’S%TL, m’4logn<<d§%<r_1) and ﬁlg{)ﬁ“ﬁj—ﬂﬂzO(r Y, (1.11)

and the error term becomes

nr?  rSnlog’n 0
oo e —Q(logn)
O ( 7 + FE +n ) .

Here we use the fact that A(1 — A)(") is a lower bound on the number of edges of any
hypergraph in H,(d) and its complement. The following lemma provides sufficient conditions

on r and d which guarantee the existence of solutions to (3.

Lemma 1.3. Let (r,d) belong to the first quadrant. Assume that there exists A > 0 such
that for all j € [n],
de™ 2" < dj < de?'".

Further, assume that one of the following two conditions hold:

(i) A < Ay for some sufficiently small constant Ay > 0;
(ii) rd = o(1)("Z}), r = o(n), and A = ©(1).

Then there exists 3 satisfying (L) such that max; e |65 — Bl = O(4A/r).
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Uniqueness is a feature of similar situations [, Section 3.3.4], but we have not found a

proof of uniqueness in our case in the literature. For completeness we provide a short proof.

Lemma 1.4. For a given degree sequence d, the solution 3% to ([LH) is unique if it exists.

Even though (L3) doesn’t have an explicit solution in general, we can evaluate the
formula in Theorem [[LT] accurately if we have a sufficiently precise estimate of 8. Stasi,
Sadeghi, Rinaldo, Petrovi¢ and Fienberg [27] stated without proof a generalization of an
algorithm of [6] that gives geometric convergence to 3" if it exists. Though we didn’t use
the iteration from [27], we will demonstrate how the precision to which an estimate of 3
satisfies ((LH]) can be used to validate the corresponding estimate of H,(d). Our example
will be degree sequences that are not far from regular, which will allow us to investigate the
degree sequences of random hypergraphs.

For j € [n] define §; := d; — d. Define § := (d1,...,6,) and Opax := max{||6]|«, 1}. Also
define R, := Z?:l o5 for t > 0 and note that R; = 0.

Recall the definition of A from (L.2)). We will find it convenient to write some quantities

in terms of the parameter (), which is invariant under the symmetries of (L.9)):

n r

Q= (1—A)(n—r)d=A(1—A)M(”>.

We continue to use the error term of Theorem [ILT] which in terms of Q) is

r?(n—7r)%2  7%(n —7r)%log’n 0
— —Q(logn)
€ 0 + R IToTIE n . (1.12)
Our criterion for being “near-regular” is
max = O(Q*Pn=/%), (1.13)

which in the first quadrant is equivalent to dy. = O(d*/?).

Theorem 1.5. If 3 <r <n —3 and assumptions (L)) and (LI3)) hold, then

r(n —r)(n — 1)"1\"? n
HT(d):< (n=r)n—1) ) (1= =(0)

o n Qn
X exp _(n—1) Ry N n? Ry N (1=2N)(n—2r)nRy n’Ry
2Q 40Q? 6Q? 1203

where & = € 4 Smaxn®*Q 3% and ¢ is defined in (L12).

+0<é>),



1.2 Degree sequences of random uniform hypergraphs

Assumption (LI3]) is weak enough to include the degree sequences of random hypergraphs
with high probability. Following the notation of Kamécev, Liebenau and Wormald [15], we

define three probability spaces of integer vectors. Formulas will be given in Section [7

e D.(n,m) is the probability space of degree sequences of uniformly random r-uniform
hypergraphs with n vertices and m edges.

e 3.(n,m) is the result of conditioning n independent binomial variables Bin((:fj), P)

on having sum nd. (This distribution is independent of p.)

e Note that each component of D,.(n,m) has a hypergeometric distribution. 7,.(n,m) is

the result of conditioning n independent copies of that distribution on having sum nd.

The most important previous result on the near-regular case was obtained by Kamcev,
Liebenau and Wormald [I5]. All the overlap between [I5, Theorem 1.2] and Theorem [[]

occurs in Theorem [[L5] so we restate their theorem here.

Theorem 1.6 ([I5, Theorem. 1.2]). Fiz ¢ € (5,3). For all sufficiently small ¢ > 0 and
every C > 0, suppose that 3 < r < ecn*/logn, r3d' =3¢ < ¢ and log“n < d < £("]). Let
d be a degree sequence with mean d and dyax < d*=%. Then
r—1 (r—1)Ry
o) = Prm () exp( 5 = 5 U0

where
log?n  d?4% ,
r?log’n

NG

The conditions of Theorem allow for much lower average degree than Theorem [LT]

=
+ (An+r)r?d = ifr > 4.

but at the cost of stricter upper bounds on the edge size, the number of edges, and the
variation between the degrees.

As can be seen, the relation between D,.(n, m) and B,(n, m) becomes rapidly more distant
as r increases. Theorem [LLA] would allow a statement for all 7, but we prefer a statement that
is more easily compared to Theorem [L6. Note that our formula agrees with the expression
given in Theorem [LA if r = o(n'/?), since then ((n —1)/(n —r))"=V/2 ~ r=1/2,

Theorem 1.7. Suppose that 3 < r < cn and 0 < \ < ¢ for some fivred c < 1. Ifd > rinlogn
and Omax = O(d®/®) then

P (@) =P @ (7)o (_2(1 ’ ;)(17)1R—2 nd O(E))'




where & := & + Smaxd > and ¢ is defined in (L12).

As noted in [15], one can expect T.(n,m) to be a better match to D,(n,m), especially

for large edge sizes. We prove this for the full range of our parameters.

Theorem 1.8. If 3 <r <n —3 and assumptions (L1) and (LI3) hold, then

n — 1\(n-1)/2 R .
Po, () = Pruam(d) (=) exp (ﬁ + O(e)),

1 R
= P’ﬁ(n,m)(d) exp <—§ + ﬁ -+ O(’n,_l -+ é)),

where € 1= & + Smaxn®° Q™% and ¢ is defined in (LI1Z).

Kamcev, Liebenau and Wormald [I5] conjectured that D, (n,m) is asymptotically equal

to T.(n,m) almost everywhere.

Conjecture 1.9 ([I5]). Let 2 < r < n — 2 and min{m, (") —m} = w(logn). Then there
exists a set W that has probability 1 — O(n=“W) in both D,(n,m) and T,(n,m), such that
uniformly for all d € 207,

Pp, (n,m)(d) = P, (nm)(d) (1 + 0(1)).

We prove their conjecture for our range of parameters.

Theorem 1.10. If 3 < r < n — 3 and assumption (1) holds, then there exists a set 2
that has probability 1 — n=*1°¢™) jin both D,.(n,m) and T,(n,m), such that uniformly for all
d e,

Pp, (nmy(d) = (1 + O(e + n* QY logn + n~?log® n) ) Pr. (n.m) (d).

1.3 Structure of the paper

Having now stated our main results, we describe the overall structure of the paper. In
Section 2] we outline how H,.(d) can be expressed as an n-dimensional integral and state the
lemmas which lead to its evaluation. In Section[Blwe prove some necessary bounds concerning
the quantities Ay (3) and A(3), and then in Section [l we apply them to evaluate the integral,
completing the proof of our main enumeration result, Theorem [Tl In Section 5.1l we address
existence and uniqueness of solutions to (L)), proving Lemma [[3]and Lemma [l Section [6]
examines the near-regular case, proving Theorem [[LHl Then in Section [[lwe prove our results
about the degree sequence of random uniform hypergraphs, as stated in Section Finally,
Section [§] contains several technical proofs that have been deferred, including the proof of
Lemma [[.2]



Some of the calculations in this paper are rather tedious, particularly in Sections [0l and [7l
We carried out the worst of them first using the computer algebra package Maple and later
checked them by hand. All infinite series are based on Taylor’s theorem and so have clear-cut

truncation criteria.

2 Proof outline for Theorem [1.1]

We will take advantage of Lemma to work in the first quadrant, where the conditions of
Theorem [T are given by (IL.IT)).

The number H,(d) of simple r-uniform hypergraphs with degree sequence d = (dy, . .., d,)
can be expressed using a generating function, where the power of variable z; gives the degree
of vertex j for j € [n]. Each W € S,(n) will contribute a factor of [];cy, z;, if W is an
edge in the hypergraph, or 1 if W is not an edge. Using [:Eih ---2%] to denote coefficient

extraction, this gives

Hy(d) = o) ] (1+ I =)

WEeSr(n JEW
B HWGST 1 + H]ew 93]) d
o d +1 Z,
jE[n

using Cauchy’s coefficient formula for the second line. Each integral is over a contour en-
closing the origin. Recalling that 8" is a solution of ([LH]), we choose the jth contour to be

a circle of radius ¢, for j € [n]. This choice leads to the expression

- HWeST(n) (1 +11 _— eﬁj‘ﬂej)
H.(d)= (27)" exp<—25d> / - exp(izjenj]d‘g) 10

o Twesion (14w (ep(i S 8) — 1))
— p(B* e
(B7) / / exp (i ;¢ 4i5) ’

where the factor in front of the integral is given by

P.(8") = (27)” exp< Zﬁd) 11 (1+62jewﬁ;‘), (2.2)

JjE€[n] WEeSr(n)

JEn]

(2.1)

Let F'(0) denote the integrand, that is,

HWeST(n) (1 + Aw (exp(i ZjeW 0;) — 1))
exp(izjen]dﬁ) ’

F(9) := (2.3)
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As we will see in Lemma [ our choice of 8" ensures that the linear term in the expansion
of log F'(0) vanishes.

The maximum value of [F'()| is 1, which is achieved if and only if } .y, ¢; = 0(mod 27)
for all W € S,.(n). If this condition holds then all ; must be equal modulo 27, as can be seen
by considering two r-subsets W, W’ which differ in just one vertex and observing that such a
pair of subsets exists for any pair of vertices. Hence there are precisely r points where F'(8) is
maximised in (—m, 7|, namely 0w, ..., 0™ where for t € [r] the point 0 = (QY), o 955))

is defined by
27t

o =0 = ... =" = (mod 2n).
r
We will estimate the value of the integral first in the regions close to 89, for some t € [r],
then for the remainder of the domain. Write U, (p) for the ball of radius p around the origin,

with respect to the infinity norm; that is,
Un(p) :={x € R" : |a;] < p for j € [n]},

and for p > 0 define the region R(p) as

>0

JE€n]

R(p) :=U,(p) N {9 eR™:

< nr_l/zp}. (2.4)

Evaluation of the integral proceeds by the following sequence of lemmas, whose proof is
deferred to Section @l The first two lemmas give an estimate of the value of the integral
over U,(r~), by providing an estimate over R(d~'/?logn) and U,(r~') \ R(d~"/?logn)
respectively.

Lemma 2.1. If assumptions (LII)) hold then

7Tn/2

F(6)d0 = (1+0()) =,
/’R(dl/zlogn) ( ) ( ( )) |"4|1/2

where € is given in (LI2).

Lemma 2.2. If assumptions (LII) hold then

/ F(6)]d6 — 200 T
=n :
Un(r~H)\R(d~1/2logn) |A‘1/2
Define the regions U® for t € [r] by
U® .= {O(t) +6 (mod 27) : 0 € U,(r )} (2.5)

11



Let B := UpeyU®. Since F(8Y + ) = F(0) for all @ € U, (), each of the regions

UMD, .. U™ makes an identical contribution to the integral. Lemmas 2] and imply
that under assumptions (LIT]) we have
r /2
/B F(0)d0 = (1+0(2) i (2.6)

The integral in the region U, (w) \ B is approximated in the next result.

Lemma 2.3. If assumptions (LII)) hold then

7.‘.n/2

|F(0)|d§ = n~ :
/Un(w)\B |A|1/2

Continuing with the proof of Theorem [T by combining Lemma 23 and (26]) we obtain

ran/?

F(0)do = (1 —_. 2.
| F©d0=0+06) [ (2.7
We can express P,(3") in a more convenient form, as follows:
OB ., o wes o (L+e=ev?)

= (2m)
eXp(ZjE[n} 5}‘ ZWaj )‘W)

s, (1+ e ™)

exp <ZW€Sr(n) Aw ZjeW 5;)
1+ e2sew B

=(2m)™" H | exp()\W Zjew 5]*)

WEST-(H

PT(ﬁ*)

= (2m)™"

1+ exsew 5

Aw
_ (271')_” H (W) (1 + ejew Bj)l—kw
e2i J

WEST-(H)

Sen T 00— 0om), (28

WEST' (n)

The proof of Theorem [[1] in the first quadrant is completed by substituting (Z7) and
(Z8) into ([ZT)). The full statement of Theorem [Tl then follows from Lemma

3 Properties of A and other useful bounds

We will need to analyse the behaviour of Ay (3), A\(3) and A(B), not only when 3 is a
solution of (LX), but more generally. We also need

AB) = (") S (@)1 - Aw(B)).

WEeSr(n)

12



Recall that the elements of A(8) are sums of terms of the form Ay (8)(1 — A (8)). We
start by establishing bounds on Ay (3) and 1 — Ay (3).

Lemma 3.1. Denote by f : R" — R the function

T .
e2uj=1%j

r)— ——— .
f@) = e

Let x, y satisfy |x; — y;| < 6/r for some constant 6 > 0, and define p :== |{j : z; # y,}|.
Then
e—ép/r < f(w> < eép/r’ 6—61)/7“ < 1 - f(m> < 661)/7“‘
f(y) 1-f(y)
Proof. First suppose that p = 1 and without loss of generality assume x; # y;. Then if

y1 < xp we have
fla) et 14entX

fly)  1+emtX  entX

where X = Z;ZQ T;= Z;ZQ y;j. Observe that }Izz < €Y% whenever x < y. Therefore when

<PV < 65/T,

e +X +X +X
f(z) __e” e < 1+en < e < O/,
fly) 14em+X  en+X 1+ entX

As x and y are arbitrary vectors in R", by symmetry we also have

@) o o
f(y) - '

Similarly,

_ y1+X _
L-f(=@) = Lte < max{e " 1} < " and L= /() f(x) > 70T,
1—fly) 14entX 1—f(y)
For arbitrary x,y, let zo,..., 2, be a sequence of elements of R" with 29 = x, 2, = y
such that z; and z;_; differ in only one coordinate for j =1,...,p. Then

f@®) 7 f(25-1) 1—f(=) _yyl-S(z)
@‘Hl flz) " 1-f(y) H 1= f(z;)

p

J

and the statement follows as there are exactly p factors. !

We will apply this lemma in two slightly different scenarios. First we compare A(3) to
A(ﬁ) for two different vectors 8 and ﬁ

Lemma 3.2. Let 8 and B satisfy max;jep |55 — BJ| < §/r for some nonnegative constant o.
Then

o~ o~

e A(B) < A(B) < €’ A(B).

13



o~ o~

Proof. By Lemma B0l we have for each W € S.(n) that e A (8) < A\ (8) < Aw(B).
The result follows from the definition of \(3).

In the second application we consider the ratios of Ay (3) and Ay (8) for W, W' € S,.(n).
Lemma 3.3. Let 3 satisfy max; yem) |5; — Bx| < 6/1 for some nonnegative constant 6. Then

6—5(1—\me’|/r) < )‘W(ﬁ) < 65(1—|WOW’|/T)

~ Aw(B) 7
o8 - IWAW|/r) 1—w(B) < Wi/
“ 1= w(B) ~

for all W, W' € S,.(n). Hence
_92§ )\W(B)(l - )‘W(ﬁ)) 25

<e and e < <e

for all W € S,.(n).

Proof. Note that the §; terms corresponding to j € W N W’ appear in both Ay (8) and
Aw(B). Together with Lemma B.I] this implies the first half of the statement. The bounds
involving A(B) and A(B) follow from the definitions of these quantities. O

We use the previous result to deduce that A(3) and A(3) have the same order of magni-
tude when A\(3) is small enough.

Lemma 3.4. Let B satisfy max; e |55 — Be| < 0/r for a given nonnegative constant 6. If

A(B) < 7/8 then
)

256
Proof. The upper bound holds as

(:})mm: Z)Awwm-mm)s > AW@:(R)W)'

r
WESr(n WEST'(W/)

A(B) < A(B) < A(B).

Now consider the set S = {W € S.(n) : Aw(8) > 12}. First assume that |S| < 12 [S,(n)|.
Then

BICEND SRETCIESE)

r

L33 ~ e™d n
> D e MB)g = 560 ()
WeS:(n)\S WeS:(n)\S
On the other hand if [S| > 12 |S,(n)|, then
ny 15 2/n
CINE > s> (1) (1)>

contradicting our assumption. O
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Now we turn to the matrix A(3) and establish that the diagonal entries are relatively

close to each other, and similarly for the off-diagonal entries.

Lemma 3.5. Let 3 satisfy max; yepn |35 — Bx| < 6/1 for some nonnegative constant §. Then
the entries of A(B) = (a;jx) satisfy

Qjrget Ak
for any j,k,j' k' € [n] with j # k and j' # k'. Furthermore,
1 —45/r n—2 r n—2
le 45/ A(ﬁ)( 2) <ajp < %645/ A(B)( 2)’

r —

Proof. We start with the case when j # k and j' # k'. Let Sjr = {W € S,(n) : W D {j,k}}.
Recall that

ajr = % > B - w(B) and app = % > A (B)(1 = Aw(B).
WESjk W’ES»/k/
Both Sj; and S}/ contain exactly (:f:g) elements. We will show that there exists a bijection
¢ : Sjr — Sj such that for every pair (W, W') with W’ = (W), we have
e~ A (B)(1 = M (B)) < A (B)(1 = Aw(8)) < e Ay (B)(1 — A (B)).

By Lemma B3] this follows if [W N ((W)| > r —2 for all W € Sj.

We can assume that either {j,k} N {j’,k'} = 0 or j = j/. Now consider the function
b:V — V. which is the identity for every vertex in V' \ {j, k,j’, K’} and switches j with
j" and k with £’. This function can be extended to a function ¢ : Sj; — Sj by assigning
to each set W € S, the set {b(j) : j € W}. Clearly b is a bijection and so is ¢, and
W N ¢(W)| > r—2forall W € Sy, as required.

The remaining results follow as

I < 1 &
ajj = Zajk and A(,B) = E Zajj,
j=1

r—1 —
k]

completing the proof. O

We also establish an upper bound on the determinant of A(3). It follows easily from
the Matrix Determinant Lemma (see for example [22] equation (6.2.3)]) that for any real
numbers a, b,

lal +bJ| = a""*(a+ bn) (3.1)

where [ is the n x n identity matrix and J is the n x n matrix with every entry equal to one.

15



Lemma 3.6. Let 3 satisfy max; e |35 — Bx| < /1 for some nonnegative constant §. Then

48)| = exp (0 os(4(8) (" 1)) ).

Proof. Note that for any € R™ we have

cage =1 3 @ we)( X s)

WEST-(N) JEW
L33 2
1
Seae) 3 (o) —ade
WEST-(H) JEW

where A’ = %ez5A(ﬁ)<(’;:f)I + (") J). Therefore, by the min-max theorem, the k-th
largest eigenvalue of A(3) is at most the k-th largest eigenvalue of A’. Since A(B) is positive
semidefinite, all its eigenvalues are non-negative, implying that |A(8)| < |A|. Using (B.1)),

41 = exp (00105 481" 1))

and the result follows. O

we have

3.1 Inverting A(3)

Next we bound the entries of A(3)~! and find a change of basis matrix 7" which transforms
A(B) to the identity matrix. For p € {1,2,00}, we use the notation ||-||, for the standard
vector norms and the corresponding induced matrix norms (see for example [12] Section 5.6]).

In particular, for an n x n matrix M = (m;;),
8l = max D7 ], Ml = max 3 ]
i€n] J€ln]

The proof of this lemma is given in Section

Lemma 3.7. Let § be a nonnegative constant. For every B such that max; yep, |8,— 5| < 0/
the following holds.

Let A(B)™" = (o1) be the inverse of A(B). There exists a constant C, independent of ¢,
such that for n > 16e* we have

06356
——, ifj=k
_ @ y
L (3.2)
otherwise.

AB)()n’



In addition, there exists a matriz T = T(B) such that T*A(B) T = I with

12
il =o(a@ (2 1) ).

Furthermore, for any p > 0 there exists p1, po = @(p A(B)Y/? (:‘:11) 1/2) such that

T(Un(p1)) € Rp) C T(Un(ps)),

where R(p) is defined in (2.4]).

4 Evaluating the integral

In this section we prove Lemmas 2.IH2.3l We have already seen that these lemmas establish
Theorem [L11

Throughout this section we assume that (L)) holds and thus A = (Z:ll)_ld < 1. There-
fore, by Lemma B4] for A := A(B8*) we have

n—1 n—1
A7) =e (7)) =et ”
4.1 Proof of Lemma [2.1]

First, we will estimate the integral of F(@) over R(d~*/?1logn). For £ € [0,1] and x € [~1, 1],
(e — 1)| is bounded below 1 and the fifth derivative of log(1+ £(e™ — 1)) with respect to
x is uniformly O(§). Using the principal branch of the logarithm in this domain, we have by

Taylor’s theorem that uniformly

log (1 + &(€' = i’y (&) 2" + O() |z, (4.2)

p=1

where the coefficients are

a(@) =& o€ =360-9), 6= g1 -1 -2,
ca(§) = 6(1 = §)(1 — 6 +6¢7).

Lemma 4.1. Let p := d~"/? logn. Then, for 8 € U,(p), we have

p 41 5
log F(6) _—etAe+Z 3 zpcp (\w) (Zej) +0<WT(E7‘).

p=3 WEeS,(n JEW

17



Proof. Recall that Ay € (0, 1) for all W, and note that (LT]) implies that 7p = o(1). Hence,
recalling (2.3]), we can apply ([£2) for each W € S,.(n), taking £ = Ay and = = Z]EW 0;.
The linear term of log F'(6) (which includes terms from the denominator of F'(0)), is

ol(Zm) )

JjE€n]

which equals zero by (LH]). In addition, for the quadratic term,

> %Aw(l—kw)(z ) > D= Aw)b,6, = 6'46.

WeS:(n) JEW Jyk€n] WO{j.k}

Now Ay = O(A) for all W € S,.(n), by Lemma B3] so the combined error term is
5
n\ 5o smy 5.\ ED nrtlog’ n
O()\ (T)r d log n) = O(id?’/z ) O
Recall that for a complex variable Z, the variance is defined by
Var Z = E|Z —EZ|* = VarRZ + Var 37,
while the pseudovariance is
VZ =E(Z —EZ)> = VarRZ — Var$Z + 2i Cov(RZ,37).

The following is a special case of [13] Theorem 4.4] that is sufficient for our current purposes.

Theorem 4.2. Let A be an n x n positive definite symmetric real matriz and let T be a real
matriz such that T°AT = I. Let 2 be a measurable set and let f : R" — C and h : 2 — C

be measurable functions. Make the following assumptions for some py, ps, ¢:

(a) T(Un(p1)) € £2 S T(Un(pz)), where py, py = O(logn).
(b) Fora € T(U,(p2)), 2p2

1 %(w)‘ <gn VB < 2 for1<j<nand
J
405 | Tl 1T oo ([ Hlloo < g2,

where H = (h;i,) is the matriz with entries defined by

o*f
)| 0 0:L'k

hjr = sup
€T (Un(p2))

(¢) |f(x)| < nPWeCUm @Az ypiformly for & € R™.

18



Let X be a Gaussian random vector with density 7="/?| A|"/? e=*'A% Then, provided V f(X)
1s finite and h 1s bounded in 2,

/ ot AT+ f(x)+h(x) g4 (1+ K>7Tn/2‘A|—1/2€IEf(X)+%Vf(X)’
2

where, for sufficiently large n,

.2
K| < ez Varsi(X) (3¢9° e 3 4+ sup [eh@® — 1]).
xel?

Now we will prove Lemma 2.11

Proof of Lemma (21 Let p = d~'/?logn. Applying Lemma @] gives
/ F(6)d6 — / exp(—6'46 + £(8) + h(6)) b,
R(p) R(p)

where

Z Zzpcp (Aw) (Zé’) ,

WEST' - J jeW

h(0) = O(nr4d_3/2 log® n) = O(nr2/d). (4.3)

We will apply Theorem with Q@ = R(p). Let T, p1,p2 be as in Lemma B.7. Then
T(Un(p1)) € R(p) S T(Un(pa)). Observe that pi,ps = O(pd'/?) = O(logn), by @I).
Clearly p; < po and thus condition (a) in Theorem 2] is satisfied.

Now for j € [n],

3
gg GZAwl—)\W)(l—6>\W+6>\2 (Zez)

W>aj Lew

— I3 Aw (1= Aw)(1 - 2\w) (Zw)-

W33 leWw

Thus, for all 8 € T(U,(p2)) and all j € [n] we have

§§< )‘ 0<A<7::D r’ ||9||io) =O<A<Z:D 7“2p2), (4.4)

by Lemmas [3.3] and B4l and using the fact that rp = o(1). Hence, by ([£4)) and Lemma 3.1

of P ey | an - [r*log®n
09( )‘zO(logn-A 1/2<T_1) A(T_l)r2p2) = 0( e ) (4.5)

19
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for every @ € T(U,(p2)) and j € [n]. Also for all j, k € [n] (including j = k),

>’f 1 9 ’
D aek(e) =3 Z Aw (1= Aw) (1 = 6w + 6A) < > 95)
Wo{j,k} lew
Z A (1= Aw) (1 = 22w) (Zeg)
Wo{j,k} Lew

Arguing as above, if @ € T'(U,(p2)) then

—1
0(A<” )rnenm), )= ks
r—1

(9)‘ = (4.6)

@) (/1 (n a 2) r H0||Oo), otherwise.
r—2

Then (£.6) and Lemma B imply that

o f
00, 00,

Aps [T 1T oo 11 [ o
1 n—1 n—2 rlog’n
ol () (D)) o)
By ([@3) and (7)) there exists
r2pl/3 loggn
¢ = 0(7) (48)

such that the left side of both (&3] and (&) are at most ¢n~'/3,

Recall that the 2-norm of the real symmetric matrix A~! equals the largest eigenvalue
of A~!. Using this we obtain
£(8) = O((r[|0]l +r*[0]%,) 6°A0) = O((1 + r*[|6][3) 6°A0)
= 0(6'46 + n*(6'40)*| A7 |,)
2(0'40)?
2o (0240 + %) = 0(6'46 + n(6'46)?)
r—1

_ O(n3€0tA9/n),

so condition (c) is satisfied.

By Theorem [.2] we have

n/2

/n(p) F(8)d6 = (1 +K)|A|l/2 exp(Ef(X) + %Vf(X)),
where

K < eVar(S/(X))/2 (O(”Tf) +36¢3+ew%/z B 3> _ O(yn%? + 6 +6_p§/z) o Var(S£(X))/2

20



In the last step we use the fact that ¢ = o(1) and e #i/2 = o(1). The nr?/d term inside the
O(+) is the bound on A from ([@3]). To complete an estimate of K, it remains to bound

Var(Sf(X)) = Var< 3 (L= Aw)(1 = 22w) (ZX))

WEST'( ) ]EW

We will rely heavily on Isserlis’ theorem (also called Wick’s formula) in order to establish
bounds for the variance of 3 f(X') and later for the pseudovariance of f(X). Isserlis’ theorem
states that the expected value of a product of jointly Gaussian random variables, each with
zero mean, can be obtained by summing over all partitions of the variables into pairs, where
the term corresponding to a partition is just the product of the covariances of each pair. See
for example [23] Theorem 1.1].

In particular, for a normally distributed random vector (Y7, Y3) with expected value (0, 0),

we have

E(Y) =0, E(Y}') = 3 Cov (Y1, Y1),
E(Y?Y5) = 9Cov(Yy,Y)) Cov(Ya, Ys) Cov(Yr,Ys) + 6 Cov(Yy, Ya)?,
E(Y}' V') = 9Cov(Yy, Y1)? Cov(Ya, Y2)? + 72 Cov(Yy, V) Cov(Ya, Ya) Cov(Yy, Ya)?
+ 24 Cov(Y7, Ya)™.

Since the sum of components of a normally distributed random vector is also normally
distributed, we can apply Isserlis’ theorem to sums involving the random variables X
J € [n]. Then for any W € S,(n) we have

E{(ZX]-)?’} —0, (4.9)

jew
and so ,
w(s) = 2 3 ouE B[ (T x) (X %)
WEeS,(n) W'eSr(n JEW kew’
For W, W' € S,.(n) let
a(W, W) := Cov [ XY X,f} .
JEW  keW!

Now Cov[X}, X}] equals the corresponding values of (24)~! and hence, by Lemma B.7 and
ED),
Cov[X;, Xi] =

O(i), otherwise.

nd

Since covariance is additive, we have

M) (4.10)

2
r
W, W) =0(—
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Using this together with Isserlis’ theorem, for any pair W, W/,

E{(Z)Q)s( Z Xk)3] =9c(W,W)o(W' W) o(W,W') + 6 (W, W/)S

keWw’

2
r r? |Wnw'|
_O<nd3 d3 )

The average value of |[W NW’| over pairs of r-sets is 72/n, so we can sum over W, W' € S,.(n)

Var(%f(X)):O(AQ (Z)2<nd3+ (dz/m)) = 0(”77“2).

By (LI this term tends to 0, implying that K = O(nr?/d + ¢* + e~#1).
All that is left is to establish bounds on Ef(X) and Vf(X). Due to (£9), we have

Ef(X)=45 > AW(l—AW)(1—6AW+6)\%/)E{<ZXJ-)4}

to obtain

WeSr(n) JEW
_ O(A S E[(ZXJ-Y]).
WeS(n) JEW

Again using Isserlis’ theorem, for any W € S,.(n) we have

[(ZX) } —30WW)2@O<2—Z).

JEW

Hence by (@.1]),
nr

a0 =0(™).
Now Vf(X) satisfies
[VAX)| = |E(f(X) —Ef(X))*| <E[f(X) - Ef(X)|* = Var(Rf(X)) + Var(3f(X)).

Since we already established a bound on Var(S f(X)), we only need to consider Var(Rf(X)).
Note that

Va®I) < 305 bl l(ZX)(Z )4}

WEeS,(n) W'eSr(n jEW keWw’
By Isserlis’ theorem, we have
4 4
B[(x) (X %) ]
jew kew!
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= 9o (W, W)2ac(W', W2 + 720(W, W)a(W', W o (W, W')? 4 240 (W, W')*.

Since o(W, W') = O(r/d) from ([@I0),

Var(R(f(X))) = 0<A2 (”)2 g—i) &D 0(”;;"2) LD 0(”77“2).

r

Therefore | V(f(X))| = O(nr?/d) and hence

7.‘.71/2

/R(p)F(G) a6 = Ve exp(E(f(X)) + %Vf(X)+O<n7T2 +¢3+€_pg>)

nr?  rSnlog’n 0 /2
_ - —Q(logn)
(1+0( %+ Dot s ) ) 2

using (L8) and the definition of p;. O

4.2 Proof of Lemma

In this section we evaluate the integral over the region U, (r~1)\R(p). The following technical
bound will be useful: for any ¢ € R and A € [0, 1], we have

2

1+ A —1)| < exp(—% (1 - %)m - )\)t2>. (4.11)

Proof of Lemma[Z4. We will show that for any p satisfying (2r)~' > p > d='/2logn, we

have

7.(.71/2
/ |F(0)|d6 = n—9<1°g“>—1/2. (4.12)
Un(20\R(7) 4]
Observe that
L—-1
Un((2r) ™)\ R(d"1ogn) C | (Ua(2"'d " logn) \ R(2'd""/* log n))
=0

for L = [log,((2r)~'/(d""/?logn))] = O(rlogn), and that
Un(r" )\ R(d*logn) € (U,(r™)\ R((2r)™") U (U ((2r) ") \ R(d?logn)).

This expresses the region of integration in the lemma statement as a union of integrals of
the form given in ({I2)), and the result follows.

It remains to prove (£12). Using (AI1]), for any such p

/ |F(8)]d6 < / e~ (1=7°07/3)0%40 19
Un(20)\R(p) R™\R(p)
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Let T be as in Lemma [3.7 and note that |T'| = |A|~'/2. Then by Lemma B.7 and (@I there
exists a p; = O(pd"/?) such that T(U,(p1)) € R(p). Taking p} = (1 —r2p?/3)"/2 p; we find
that (1 —1r2p?/3)"2U,(p)) = U,(p1) and hence

(1= r2p?/3) 2 T(Un(p) = T(Ua(p1)) € R(p)-

Therefore, substituting @ = (1 — r2p?/3)"1/2 Tx gives

—(1-r252/3)0'A0 (1—r2p?/3)"/? atx
e do < e dx
R™\R(p) B | A[1/2 R™\Un ()

Note that (1 —725?/3)""/2 = exp(O(r?p?n)). In addition we have g}, = O(p;) = O(pd"/?)
and thus

/’ e~ dz < nexp(— Q7)) = nexp(~Q(5d)).
R™\Ux (p)

We deduce that

1 n/2

—(1—-r2p2/3)0°A0 46 < 9] 222 . ~2 _ . —Q(logn) m
e < nexp(O(r*p°n) — Q(pd) =n ,
/[R"\’R(p) ( ) |A[1/2 |A[1/2

as d > r’n, by (LII), and p*d = Q(log”n). O

4.3 Proof of Lemma

In this section we complete the evaluation of the integral by examining the values in the
region U, (7) \ B. For x € R, define ||y, = mingez |z — 2k7| and note that |1 + X(e® — 1)|

depends only on |z|s.

Proof of LemmalZ3. Let @ € U,(w) \ B. First suppose that |0, — 0y|o, > (2r)~! for some
a,b € [n]. For any Wy, W € S,.(n) that Wy A Wy = {a, b}, we have

2 0= 2 0

JEWL JEW?

27“

2m
S0 Y jew, b5l > (4r) 7 or | e, O5],, > (47)7", or both. In any case, by Lemma B3 and

(EI1) we have
|14 A (€ Z96m1 % — )]+ |14 Ay (&8 20w 5 — 1) | < AT, (4.13)

Note that there are exactly ( ) = @(( )) pairs Wy, Wy such that Wy A Wy = {a, b}.
Furthermore, every W € S,(n) is contained in at most one such pair. Then, multiplying
inequalities ({I3)) for all such pairs, we obtain

IF(9)|=exp(—Q(A<n )/7«)) LD -a/r?)
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By (ﬂj:[l) > nr?logn, while by Lemma[3.6land because d < n", we have |A| = ¢9("logd) —
gO(nrlogn) Therefore the total contribution to the integral from this case is at most

n_—Q(d/r?) _ —w(nr?logn) — —w(n)

(2m)"e e n TA

All remaining points @ € U, (r) \ B satisfy |0, — Op|or < (27)7! for all a,b € [n] and

minjen, pep) |07 — ZE|ar > (2r)7'. These two conditions imply that for any such 6 there
exists k € [r] such that for all j € [n] we have

27k 1 2r(k + 1) 1
—+ — <0< —F — —.
r 2r r 2r

Summing the above over any W € S,(n) implies that % < ’Z jew

Fo) e (-0 (7).

Again, multiplying by (27)" for an upper bound, we see that the contribution of all such

0;| < . Hence ([EII)
2m

implies that

points @ to the integral is at most

et () om0 2) -

completing the proof. O

5 Solving the beta-system

We first prove that the solution to (LLH) is unique if it exists.

Proof of Lemma[T1.] Suppose B’ # (3" both satisfy (ILA)). For y € R and W € S,(n) define
Ewly) = (1 —y)Aw(8") + yA\w(B”). Consider the entropy function

1
Z (fw logg (y) (1—5W(y))10gm)-

WEST‘

The derivative of S(y) at y = 0 is

! / " )‘W(ﬁ/)
5'(0) = (Aw (B) = Aw(8")) log ———Z
W;T(n) 1= Aw(B)

Y (w8 - w(@) Y8
WeSr(n) jew

n

=58 S (wB) - wd)) 2o

j=1  W>3j
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Similarly, the derivative of S(y) at y =1 is S’(1) = 0.

On the other hand, 3 # B” implies that A\ (3) # Aw(3") for at least one W € S,(n).
The second derivative of S(y) equals

— 3 w8 Aw(B) Ewy) T (L - Ewly)

WEST-(H)

and hence is strictly negative when 3 # 3”. Therefore S(y) is strictly concave and cannot

have more than one stationary point. This completes the proof. O

To prove Lemma [[3] we will employ the following lemma from [9].

Lemma 5.1. [9, Lemma 7.8]
Let U:R* - R", >0, and U = {8 € R* : |8 = B9 < n|¥(B)|} and B e R™,
where || - || is any vector norm in R™. Assume that

U is analytic in U and sup |1 (B)| < n,
xzcU

where J denotes the Jacobian matriz of W and || - || stands for the induced matriz norm.
Then there ezists 3* € U such that ¥(8") = 0.

In connection with the system of (L)), we consider ¥ : R™ — R" defined by

w,(8) = 3 Aw(8) — ds. (5.1)

Waj

Clearly, ¥ is analytic in R™. Observe that

d 6gc+X em—l—X em—l—X

%<1+6x+X) - 1+6x+X (1_ 1+6x+X)
and thus J(8) = 2A(3), where J(8) is the Jacobian matrix of W(3) and A(8) is defined by
(T4). We start by bounding ||.J7!(8)]| as required for Lemma 5.1l

Lemma 5.2. Let 3 € R" and real numbers 81,65 > 0 satisfy MAX; e|n] |B](-0) — B,go)\ < doy/r
and e2\(BQ) < 7/8. Suppose that n > 16e*73%2  Then for any B € R" such that
18 = Bl < 62/7, we have

63661 +7362

177" (B)llse = [[(2A(B)) ™ [loe < 2 CW’

where C' is the constant from Lemma B
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Proof. Let B € R” satisfy ||3 — 6(0)”00 < dy/r. Then

01 + 209
max |8; — Bi| < max [B” — 8] +2[8 — BV < .
Jsk€ln] J.k€[n]

Applying Lemma B.7 for 8 implies for all sufficiently large n that

63561 +7062

AP0
By Lemma and our assumptions we have A(8) < e”\(B3Y) < 7/8. Therefore the

conditions of Lemma [B.4] are satisfied and we have

I2A(8)) Ml < C

I2AB) | < 2Oy
2 - [e’) S 2 1/,/_7.
(:=D)AB)
The result follows as A(3) > e~ 2A(8?) by Lemma B2 O

Further, we explain how to carefully choose U and 6(0) depending on whether d is small

1

1) or not.

relative to (:‘:

5.1 Proof of Lemma [I.3](i)

1 A 1 A
(O Z
JC A (Tlogl_)\,...,rlogl_)\)

and note that || ¥(8?)||o = max;epy|d — d;|. Define

Recalling (L.2]), define

U:={B:18-8w <nl¥B)x}=1{8:18-8Yc<n ma |d — d [},

where n = 2'°C/d and C'is the constant from Lemma 5.2l Since max; yep \55»0) ~ 89 =0,
we set 0; := 0. Now assume that A is sufficiently small, in particular A < A4, =
min{(2'7C)~! 1}. Then for any B € U,

2UC dA 1
o<

—_ 309 < Alr 1) < - .

(5.2)

Hence we define do := 1/64. Since

we deduce that
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Therefore the conditions of Lemma are met for 9; and &, as above, and we deduce for
every 3 € U,
67352 2100
DN d
(ﬁ ) (7’—1)
Hence all the conditions of Lemma [5. 1l hold, and applying this lemma shows that there exists

a solution 8" to (L3). Finally note that (£.2) implies that max; ke |85 — B = O(1/7),
completing the proof.

177 B) oo = 12A(B)) Moo < 28CA gl

5.2 Proof of Lemma [I.3](ii)
For part (i), we define 3 = (ﬁ§0), . ,B,(LO))t by
1
Bj(-o) :=logd; — —log S,
T
where

s=""T0 S e

WES,_1(n) keEW

Note that max; pep |ﬁ§0) — ﬁ,go)| = Max; kepn | log d; — log dy| < 2A/r. Define
U:={B:18-BY«<A/r}.
For any W € S,.(n), using the assumptions of the lemma we have

ex keW 120) r
P 0 N Y

a 1+ exp (ZkeW ﬁ£0)> S

s=o( = (1)) =e((5) )

and so, using our assumption on rd,

Furthermore,

Aw =0 Ll):or_l.
. <<:f:1) "

It follows that for all j € [n], Lemma B3 implies that Ay (8”) = ©(A(B?)), and hence

exXp <Zkew 519)

A ﬁ(o) _
w(B™) 1+ exp (ZkeW ﬁ,go)

>:@+owﬂ%»@%ﬁﬁ
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[] d
= (1 + 0(7’_1)) %’f
It follows that for all j € [n],
E 16} = ZW ; d
Aw( (0)) dj (1 + 0(7“_1)) EY] H‘S(TEW_L] k.

W33

Next, we observe that the quantity » ;- i [Licw_ ; dj; depends insignificantly on j. Indeed,

by our assumptions we have

S I de=oe) Cf:i)df—l

W3t keW —¢
for ¢ € {j,j'}, while

S M- I d- Y woall

W3j keW—j W335 keW—j’ WeS,_2(n) keW
J.J'EqW
< (n — ;)d(eﬂ/r B e—A/r) J—200
r—

— O™ (’: B D ar-.

The last line uses the fact that for any z € R we have
elm 1< S (5.3)
r

This shows that for any j,j" € [n],

ZWBj erW—j dy;
ZWaj’ erW—j’ di;

DI R Sl U

JjEM| W35 keW —j WeS,—1(n) keW

=14+0(n™").

Observe also that

Combining the above and using the assumptions, we conclude that for all j € [n],
> A (BY) = (1+o(r™) +0n™"))d; = (1+o(r™))d;. (5.4)
W3

Taking the average of (5.4]) implies that

A(B©) <” - 1) —0(d) and AB9)e? = o(1).

r—1
Applying Lemma B2 with ¢; := 2A and §, := A, we conclude that for every 3 € U,
1771 (B) e = [1(2A(B)) oo = O(d™").
By the definition of ¥ and our assumptions on d;, it follows from ([54) that |[¥(8”)|w =
o(d/r). Hence we can apply Lemma 5.1 with 1 := A(r[|[¥(87 o) ! = w(d™!), completing
the proof.
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6 The near-regular case

In this section we will prove Theorem As mentioned at the end of Section [l we have
omitted some of the calculations in this and the following section. These calculations can be
verified using the identities in Section @ It will be convenient for us to begin the analysis
in the first quadrant. By assumption (LI3), Lemma [[3|(i) guarantees the existence of a
solution 8" = (f7, ..., 5%) which satisfies (.8]), and by Lemma [[.4] this solution is unique.

Therefore we are justified in applying Theorem [L.I1
Next, recalling (L2)), define v* = (7f,...,7}) by

., 1 A . ‘
5j:;10g—_)\+7j> for j € [n].

In the regular case, 3" satisfies (LI) when v* = 0. For W € S,(n), define v5y, := > .75
In addition, for W € S,(n) and s € N, define I'; = I,(W) :== 3,y 65

Lemma 6.1. Under assumptions (L) and (LI3)) in the first quadrant, there is a solution
of (LX) with

i} (n—1)4; (n—2\n —2r)nd; 0 r Ry

= - R ek S 1, -17-3/5
BT A Nm—rd 20— N2(n— r)2d? T3P 3n = 12 +O(r~n=d™")

uniformly for j € [n].

Proof. Equations (LT)) can be written as ®&(v) = §, where @ : R" — R" is defined by

ew —1
B;(7) = A(1 — A
i) ( )%1+A(ew_1)
for j € [n]. Consider 4 = (71, ...,%,) defined by
B (n—1)4; (n—2An —2r)n 5]2- 55»’ rRy Ry

T AN =nd 20 =N —rPZ 3B 2n—r2& " 2m(n—r)d

The function L(z) = (e — 1)/(1 + A(e® — 1)) has bounded fifth derivative for A € [0, 1],
x € [—1,1], so by Taylor’s theorem we have in that domain that
L) =2+ (5= N2+ (3 = A+ 3)2® + (55— GA+ 3N = M) + O(|z). (6.1

For W € S.(n), define w =, 7. Now

Fw = O (d—l > 5j) = O(Gmmaxrd ™),

JEW
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which implies that (Ji)° = O(r~'n='d=/°). Therefore, from (G.1]) we have

LGw) = (n—1)I" (n2—2>\n2 —2n+1) F12 (n—3)n2 Flg
FA R GV gy LT BV s Y R o
n' I} nn—2xn—2r)Iy (n—2rn*01, I3

U i 2L NP B 2 rPE 3P (6.2)

B r(rn—n—+r) Ry B r’n Ryl
2(n — r)?nd? 2(n —r)3d?

+ O(r~tn~ta=3/).

Summing (6.2)) over the (::11) = d/\ sets W that include j, for each j, we verify that
|2(3) = 6]l = O(r~'n~"d?"). (6.3)

These calculations rely heavily on the identities given in Section
Define C" := 2'°C', where C' is the constant from Lemma 5.2, and let

U(C) = {z:|lz —Alle < FI2(3) ~ ]l }-

Define the function v : R® — R" by

A
1—2A
Let ¥ be the function defined in (BI). Then for any & € R™ we have ¥(v(x)) = ¢(x) — 9.
In particular this implies that J,'(x) = Jg'(v(x)) where Jg(z) and Jy(v(x)) denote the
Jacobians of &(x) and V(v (x)) respectively.

We wish to apply Lemma 5.2l Then

1
I/(w):;log (1,...,1) + .

01 ;=7 max |v(¥); — v(¥)k| =7 max |7 — 7| = o(1).
1 T];kefi%‘ (V)i — vl Tj7ke[}n<}‘% Y| = o(1)

Next, using ([6.3]), we have that

rC’ B
0y 1= — |2(5) — 6llec = o(1).

Finally, since A(¢(0)) = A < 1/2 and max;cpy |7;| = o(1/7), Lemma B2 implies that

2 \v(7)) = (1+o0(1))\ < 7/8.
Hence Lemma 5.2 implies that for every @ € U(C"), we have

280 6o(l) Cl

15" (@)l = [ (v(@)) I < Tromnd < d

Therefore, by Lemma [5.T] there exists & € U(C”) such that ®(x) = . Setting v* = x proves
the lemma, since || — 7| = O(r~'n"1d=3/%) and the last term of 7, is O(r~n=1d=*/°). O
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Now we can calculate the values of the quantities that appear in Theorem [Tl

Lemma 6.2. Under assumptions (L) and (LI3), we have in the first quadrant that

IT A= w2
WEeSr(n)

— a3 m—1R  (1=2\Ry Ry _3/s
= (=0T eXp<2(1 “N=rd sa—rp@ " a tOmd ))'

Proof. Define zy by Ay = A(1 + zp) and
()\(1 + Z)))\(l-i-z)(l o )\(1 + Z))l—A(l—i—z)

n(z) = log M (1 — N\ —Azlog 1—A
- 1og<(1 + 2)M(1F2) (1 1 )\_zA>1_A(1+Z)>
- i () )57 o

Recall that > g, () 2w = 0, therefore,
IT M@= aw)= = - a0 exp< 3 n(zw)). (6.5)
WeS;(n) WeSr(n)

Lemma B0 implies that vj;, = yw + O(n~'d=3/%). Recalling (6], this implies that L(v};) =
L(yw) + O(n=*d=3/°), as 7, = o(1). Using (6.2)), we have

(L= AW - 1)

2w 1+ AW — 1) ( A)Lw (vw)
(n=1)I7  n(n—2\n—2)I7 n’I7 (n—=2\n—2r)nl}
 (n—r)d 21 =XN)(n—71)2d?  6(n—7r)3d> 2(1—\)(n—r)2d>
2
WEILE SN " L omta ), (6.6)

23 33 2(n—r)2d?
The coefficients of the Taylor expansion of 1(z) are uniformly O(\), as shown in (6.4). Also
note that zy = O(Smaxrd™!) = O(d~1/?). This gives

(o) = An —1)2 T An — 2 n —3)n? I3 Ant I} +)\F22 VAR
W) = o0 =N —r)22 " 31— N2(n—1)3d | S(n—r)idi ' 8t | 3t

B An — 2 n —2r)n® I 1Y B AR B \r2n Ry I O d ),

2(1 = XN)2(n—r)3d? 2d4 2(n —r)3d?
Using the identities in Section [0.1] we can sum over all W € S,(n):
(n - 1) Rg (1 — 2)\) Rg R4 -3
- - O(Bmaxd 7). 6.7
> nlew) ST Nm—rd sa-nee  12a O ). (67)
WeSr(n)
The lemma now follows from (€3) and (6.7]). O
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Let Ay be the matrix A in the case that d = (d,d,...,d). That is,

CA=Nm=rd, (1=N(r-1)4d
Ao = 2(n—1) I 2(n—1) J
Then
1 2(n—1) 2(r—1)
Ao = - Nm-nd ~ T=Nrn—nd”
(I =N)"r(n - r)"idn B rQ"
Aol = — T T mm w1 (6:8)

where the determinant follows from (B).

Lemma 6.3. Under assumptions (L) and (LI3), we have in the first quadrant that

2d?
Proof. Define the matrix £ by A = Aq+ E. Then

|A| = |Ag| exp <—& + O((Smaxd_3/5)).

A= Ao(I — D)1+ M), where

(T =2)X)6 (1—=2X)4,
D._dlag( A=nd ' A= nd ) and

M :=—D+ (I — D)A;'E.

For W € S,.(n) we have Ay = A(1 + zw), where zy is given by (6.6]). This gives

A1 =217 _I_)\Ff A
2d 4d? 4d?
Summing over W > j and W 2 j, k, using Sections and [0.3] we have £ = (ej;), where

(1= ) =3Ixa =N+

~17-3/5
2 2 + O(ANdmaxn™d™77).

$(1=2X)6; + O(Gmaxn™'d*), if j =k
Cjk = — — . — .
1 =2)(r ~ 1)(%; + %) + (r = 10,3 + O(Omaxrn ™ 2d*?), if j # k.
2n 2nd
This implies that A;'E = (¢/,), where
(1—2X)6; 13 o
——————= 4+ O(Omaxn d /5, if j = k;
oo (1—=MN)d ( )
) (L=20)(r =18 (r—1)8;0), _
-2 7-3/5 o
0= \nd T O(Omaxrn“d"?), it j # k.
Finally, we have M = (mjy,), where
52
_d_jg + O(émaxn_ld_3/5)> lf] = kv
Tlek = 9
(1=20)(r=1)g; (r=1)07 (r—1);5 —25-3/5 .
1= Nnd e + e + O(Omaxrn ™ 2d"?), if j # k.
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To complete the proof, note that

and, since || M|y < /[[M|[[M ]l = o(1),

n

[+ M| =TT+ p) = exp <Z(uj + O(IM]'IQ))) = exp(tr M + O([|M]]%))

j=1 7j=1

n

Ry _
= exXp <—¥ + O(émaxd 3/5)) 7
where py, ..., i, are the eigenvalues of M and || M || is the Frobenius norm. The penultimate
equality follows by [30, equation (3.71)], which states that 37, [u1;[* < || M]|%. O

Corollary 6.4. Under assumptions (L) and ([LI3), we have in the first quadrant that
T

- on n/2 ‘A0‘1/2 ()\A(]‘ - A)l_k)_(r)

H,(d)

(n—1) Ry R, , (1-2)\)R; Ry i
X exp <_2(1 — N —r)d 4 " 6(1—N\2d2 1243 + O@)),

where & = € + Omaxd %> and |Ag| is given by ([6F).

Proof. This follows by substituting Lemmas and into Theorem [T} O
Finally, Theorem removes the assumption of being in the first quadrant.

Proof of Theorem[L.A Since the formula is invariant under the symmetries and matches
Corollary within the error term in the first quadrant, it is true in all quadrants. To see
this, observe that under either of our two symmetries, R3 becomes —R3 and (1 —2\)(n—2r)
becomes —(1 — 2\)(n — 2r). O

7 Degrees of random uniform hypergraphs

We now show how to apply the results of Section [0 to analyse the degree sequence of a

random uniform hypergraph with a given number of edges. Define B(K,x) = ( X ) where

AK +:c)
K, AK + x are integers. The following lemma is a consequence of Stirling’s expansion for

the gamma function.

Lemma 7.1. Let K, x, A be functions of n such that, asn — oo, A € (0,1), A(1 =\ K — oo
and © = o(AN1— N)K). Then
A =2=1/2 (1 \)=(1=NK+-1/2

2r K

B(K,z) =
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o x? (1 =2\ L— A+ )2 (1—2X\)a?
X p— — —
PLUT2MI— VK 21— VK 1201 - VK | 602(1 — A\)2K?
(1 =2\ + 2)?)2? (1 -2z (1= 3X\+3)\2)2*

AN(T—A2K2 T 12X2(1— A)ZK2 12X03(1 — \)PK?

|z[> +1 |z[°
* O()\?’(l PR3 N1 A)4K4) '

Proof. This follows from Stirling’s expansion for the factorial, which we use in the form

1
N! =2 NN+1/2e—N exp(m + O(N_3)).

From this we obtain

KK+1/2
B(K,z) =
V21 (AK + ) E+e+1/2((1 — \)K — 2)(1-VE-e+1/2
X e L 1 _ 1 L0 1
PARE T R2OK+2) 12(0- VK —2) N1 AFKS
Now write

(AK 4 o) MEAFeHL/2 — (N )M Fat1/2 exp((K +x+ %) log(l + %))

and similarly for ((1 — \)K — x)0=VE=2+1/2 " Expanding the logarithms gives the desired
result. O

Proof of Theorem[I.7]. For some p € (0,1), let X;,..., X, be iid random variables with

the binomial distribution Bin((ﬁj),p). Then B,.(n,m) is the distribution of (Xj,...,X,)

conditioned on the sum being nd. Since the sum has distribution Bin (n (;‘:11), p), we find

that the conditional probability is independent of p:
n—1 -1 n n—1
n(io) ay
P . d) = r—1 r—1 .
B (nm) (d) (nd)jl:[l<dj>

IP)Dr(n,m)(d) . B(n (:L:i) ) O) H’“(d)

Pr, o (d)  B((7),0) T B((21).05)
Now use Theorem [[H for H,(d) and Lemma [T for the other factors. O

Consequently,

Let Zy,...,Z, be iid random variables having the hypergeometric distribution with pa-

rameters (:f),m, ("_1), where m = e(d). That is,

b ((m)) ((:5)) (0 _<;;:i>) -
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Note that Z; has precisely the distribution of the degree of one vertex in a uniformly random
r-uniform hypergraph with n vertices and m edges. Now let 7,.(n,m) be the distribution of
Z1,. .., Z, when conditioned on having sum nd. If P := P(Z; + --- + Z,, = nd), for which

there seems to be no closed formula, we have

B (d) = P! <<m>) 1 (((’:d:jb) <(:%3n —_%f%))). 72)

J=1

Lemma 7.2. Let Z1, ..., Z, be independent hypergeometric variables with distribution given
by [CI) and let X1,..., X, be the same conditioned on Y7 | Z; = nd. Then

(a) Each Z; and X; has mean d. Also, Z; has variance

o= L= Ne=nd _©Q (1 - (")_1 )_1. (7.3)

nd — \r n T

(b) Fort >0, we have for any j that

2
2 2 ex <—t—>, 0<t<3d;
P(|Z; —d| >t) < 2exp LA I P\
2(d+1/3) 9e—5t/4, t>3d.

(¢) If nd +y is an integer in [0, mn], then

" 1 Y —-1_-2
P(ijl Z; = nd+y> R exp(—w) +0(n"o77),

where the implicit constant in the error term is bounded absolutely.

(d) For every nonnegative integer y, P(X; = y) = C(y)P(Z; = y), where uniformly

B IP’(Z;LZQ Z; =nd—y)
OO = (T 7 =)

(e) If 6> > 1 then fort >0,

=(1+0(n"))exp (—%) +O0(n Y2 7h),

Emin{(Z, — d)*,t*} = o* + 0(6—t2/(4d)d + e%/4q),
Emin{(X; —d)?,#*} = (1+O0(n™")) 0? + O(e™/Udq 4 ¢7%/4).

Proof. Part (a) is standard theory of the hypergeometric distribution. For parts (b) and
(c), we note that Vatutin and Michailov [28] proved that Z; can be expressed as the sum of
m independent Bernoulli random variables (generally with different means). Inequality (b)
is now standard (see [14, Theorem 2.1]), while (c¢) was proved by Fountoulakis, Kang and
Makai [8, Theorem 6.3].
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For part (d), the standard formula for conditional probability implies that the expression
P (2?22 Zj:nd—y)
P (Z?:l ZJ:TLd)

P(izj:”d‘y) e () o

P35 ) = (040

for P(X; = y) holds with C(y) = . Then by part (c¢) we have

and dividing the first expression by the second gives the stated approximation for C'(y).

For (e), we have
Emin{(Z — d)*, 1} = 0> =Y ((* = *)P(Z = d+ (),
[€|>t

where the sum is restricted to integer d 4+ ¢. We will consider the upper tail, noting that the

lower tail is much the same:

S —)P(Zy=d+0) =) (=) (P(Z1>d+ ) —P(Z >d+(+1))

0>t >t

SQ@+DP(Z =d+t)+ > (2A+1)P(Zy > d++1).

>t

Now we can use the first case of part (b) to obtain the bound O(e~*/““9d) and the second
case to obtain the bound O(e=%%*d).

For the second part of (e), we have

E((X; — =0 —l—ZC’ P(Z, = j) (j — d)*

2

. +z(exp( S 1) 1+ O ) Bz =) G~ )
=o*(1+0(n™")) + O(IE((Zl—O;dy)).

n

Since o > 1, the fourth central moment of Z; satisfies E((Z; — d)*) = O(c*), as follows

from the exact expression given in [16], equation (5.55)]. Therefore
E((X; —d)*) =c*(1+0(n™")).

Then the effect of truncation at ¢ can be bounded as before, using the fact that C(¢) = O(1).
U
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Proof of Theorem[1L.8. From the definitions of D, (n,m) and (.2), we have

Po, nm(d) _ B((;).0)" P H,(d)

Friom(d) 1, (B0, 6) B = (7). ~61))

Now use Theorem [[LHl for H,(d), Lemma [[.2(c) for P, and Lemma [[T] for the other factors.
U

For the proof of Theorem [I.T0] we need a concentration lemma.

Lemma 7.3. Let f(z1,...,2x) : {0,1}% — R be a function such that |f(z) — f(x')] < a
whenever &, x’ differ in only one coordinate. Let Z = (Z,. .., Zk) be independent Bernoulli
variables (not necessarily identical), conditioned on having constant sum S. Then, for any
£>0,

P(f(2) ~ Ef(2)| > 1) < 2exp(—8§25).

Proof. According to Pemantle and Peres [25, Example 5.4], the measure defined by inde-
pendent Bernoulli variables conditioned on a fixed sum has the “strong Rayleigh” property.

The proof is completed by applying [25] Theorem 3.1]. O

Proof of Theorem[I. 10l Probabilities in the hypergeometric distribution are symmetric un-
der the two operations (that is, replacing r by n — r, or replacing m by (Z) — m). Since
the error term given in the theorem is also symmetric under these operations, it suffices to

assume that (r,d) belongs to the first quadrant.
Define

n

Ry(d):=)Y (d;—d)* and Rj(d):=» min{(d; —d)? dlog’n},

j=1 7j=1

and
W= {d : Gmax < d"*logn and |Ry(d) — no®| < n'/*0logn}.

Let Zy,...,Z, be iid random variables with distribution (ZI]). The distribution 7,.(n,m) is
that of (Z1,...,Z,) conditioned on } ", Z; = nd.

By the union bound, we have

Pr (nm) (| Ra(d) — no?| > n'?0%log® n) < Pr, () (Ra(d) # RA(d))
+ P (nm) (|R’2(d) — ERy(d)| > n*?6%log’ n — |no? — ER'Q(d)D

Since always C'(i) = O(1), Lemma [[.2(b,d) and the union bound give

Pr (nm) (Ra(d) # Ry(d)) <n > Prm(Z=1)C(i) = n0em,

iz|i—d|>d/2 logn
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Next, note that in 7,(n,m) we have [no? — ER,(d)| = O(c?) = O(d) by Lemma [Z2(e); for
later use note that this only relies on the condition dmax < d/?logn. Recall that each Z;
is the sum of m independent Bernoulli variables, so R5(d) is a function of mn independent
Bernoulli variables conditioned on fixed sum nd. Changing one of the Bernoulli variables
changes the corresponding d; by one and changes d by 1/n. Overall, this changes the value
of Ry(d) by at most 2 + 4d"/?logn. Applying Lemma [Z.3, we have

Pr ) (| B5(d) — ERY(d)| > n'/?0® log? n — [no® — ER)(d)|) = n~ (&™), (7.4)
Therefore, Pr. () (W) = 1 — n=%8") Now we can apply Theorem [[8 to obtain
P, (nm)(d) = (14 O(e + 0 Q™ logn +n~"? log” n)) Pr(sm)(d)

for d € 20. Here, € and n'/1°Q~'/1%logn come from the error terms in Theorem [[8, while
n~'/21log®n comes from the term R,/Q in Theorem [[8 since no? = Q(1 4+ O(n~"?log?n))
in 20, by the definition of 20 and (7.3).

Now consider the probability space D,.(n,m). Since the distribution of each individual
degree is the same as the distribution of Z;, using a union bound and applying Lemma [7.2](b)

—Q(logn

gives Pp, () (Omax > d/?logn) = n ) and hence

P, (n.m) (Ra(d) # Ry(d)) = n~%00e™),

In [I5], concentration of Ry(d) in D, (n,m) is shown using a lemma on functions of random
subsets. However, that approach (at least, using the same concentration lemma) apparently

only works for r = o(n/logn), so we will adopt a different approach.

By the same argument as used to prove (Z4)),
P ) (| Ro(d) — n0?| > kn'/d10g® n | S < d/?logn) < e~ CHloe"n
for any positive integer k and some constant C' > 0 independent of k. (We have used
Ino? — ERL(d)| = O(d) as before.)

2
If Ry(d) < (k+1)n'/26%1log® n then —% - R;é?d) < (k+21n)1172g % 4 0(1) and so applying
Theorem [[§ gives

P, (n.m) (kn'/?0? log? n < |Ry(d) — no?| < (k + 1)n'/20? log>n | Omax < d'*logn)

(k4 1)log”n N 0(1)).

< exp<—0k2 log2 n+ o2
n

Summing over k > 1, we have
Pp, (n,m) (|R2(d) —no?| > n'2c%log*n ‘ Omax < dY?log n) — p~Hlogn),
and therefore Pp () (W) = 1 — n=0%6")  completing the proof. O
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8 Deferred proofs

8.1 Proof of Lemma

We begin with the operation of replacing each edge by its complement in V', which sends d;
to d; = e(d) — d; for each j. Recall that

= (zw)-o

Len]

and note that for all j, k € [n],

1 «
|ﬁ;—52\=‘m(2@)— i (Z@)w 18; — Bil.
t€(n] Le(n]
In addition, for any W € S,(n) we have
Yoo (Xa)- Y a-ra
JjEV\W Le(n] JjEV\W JEW
Therefore for any W € S,.(n) we have
T h Sew i )
A (B) = = \w (8. (8.1)

1 + eXkev\w B 1 + eXkew Pi

Note that summing (L) over j each edge is counted r times, so >y cs ) Aw(8") = e(d).

Hence
Z n B Z Z E : —
Aw(ﬁ) = Aw( )‘W )\W = 6 ) — dj,
Wy W3Zj WeS,(n) Wy
WeSn—r(n) WeS WEeS

proving that (d', @) satisfies (LH). It only remains to show that

AB) _ 1AB)] o)

(n—7r)2 72

For W C [n], define the n x n matrix Sy by

1, ifjkew;

(Ew)jr = ,
0, otherwise.

Then,
= > w81 - (8)) Ew.

WeS,(n)
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Now note that (I — £J)Zw (I — 1J) = Zy\w for any W € S,(n). (The case W ={1,...,7}
is representative and easy to check.) Together with (8.1]), this proves that

(1=27)a@) (1-17) = a@).
Finally, [I — 1J| = —*—= by (B, which proves (B.2).

Next, consider the operation that complements the edge set, sending d; to 07]- = (:f:ll) —d;
without changing the edge size. Recall that 8; = —f3; for each j. Then |3; — 5| = 8} — Bj]

for all j, k. Note that for any W € S,(n) we have

N (B) = TP e
" B 1+ezkewgk B 1 4+ e~ 2rew Bi -

1= Aw(8Y),

~

which implies that A(8) = A(8"). In addition,
~ n—1 N n—1 ~
Soaw@®=(01) - S owe = (1)) -4,
W3j W3y
proving that (d, 3) satisfies ().
The third operation, which complements both the edges and the edge set simultaneously,

is just the composition of the first two in either order. Hence the result for this operation

follows immediately, completing the proof.

8.2 Proof of Lemma 3.7

The following lemmas will be useful.

Lemma 8.1 ([11 (1.13)]). Forp € R, define

(1+a2%)p—1
L

a,(x) =

T
Then, for x € R",
(I+zz")’ =1+ ap(|z|s) zx'.

Also, for x >0, |a_1/2(x)] < 272 and |oq2(x)| < a7t
For a matrix X = (2;), || X|lmax := max;|z;;| is a matrix norm that is not submulti-

plicative. The following is a special case of a lemma in [13].

Lemma 8.2 ([I3, Lemma 4.9]). Let M be a real symmetric positive definite n X n matriz
with
IM — I ||max < P and Mz > a2tz
n

for some 1>~ >0, k>0 and all x € R". Then the following are true.
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(a)
(k +7)r

||M_1 - [Hmax <
n

(b) There exists a real matriz T such that T'MT = I and

1/2 1 1/2
1Tl TN < =0 Bt et v?)
V2

S 1T~ 1T oo <

The next result will be used to find a change of basis matrix to invert A(3).

Lemma 8.3. Let A = D + ss' + X be a symmetric positive definite real matriz of order n,

where D s a positive diagonal matriz and s € R™. Define these quantities:

v = a value in (0,1) such that x'Ax > yx"(D + ss")x for all z € R",
Diiny Dinax := the minimum and mazimum diagonal entries of D,
B := 1+ DuaxDyinllslh]lslloolIs]1%,

K _32 mmnHXHmax

Then there is a real n x n matriz T such that T*AT = I and the following are true:

(a)

_ BQ 1
A~ = (D 4 88") | max < %;Ln), where
D 'sstD™!
D ty—1 — D_l — .
( +ss) 1+||D_1/2s||§7
(b)
IT ||y, | T||oo < BDptl?y~12(k + 1);
(¢) For any p >0, define
Dmax
Qp) :=U,(p) N {.’B eR": |s'z| < I |’||8’|||1 }
mln 2
Then
T(Un(pr)) € Q(p) € T (Un(ps)),
where
o= 1 Drln/li 1/2 (I<L+ 1) 0, BD1/2 7—1/2 (/i—i— 1) 0.
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Proof. Define s, := D™V%s, X| := D™Y2XD7V2 T) .= (I + 5,8%)"%? and X, := T X, T}.
By Lemma [B.1] we have
Ty =1+ a1p([si]2)s181, (8.3)

and note that T is symmetric, that is, T} = T}. Therefore
A=D+ss' + X =DY?(I + 818} + X,)D"? = DT (I + X,)T ' DYV, (8.4)
Recall that by Lemma BTl we have |a_12(||s1]2)] < [|s1]l3% so by B3),

Isillillsilloo ) | Dumaxl sl sl

IThll1; [[Thllee < 1+ <
7 - 113 Duin| |13

~ B. (8.5)

Next we apply Lemma with M = I + X,. By ®4), z'Ax > yz'(D + ss')zx is
equivalent to

(T1_1D1/2w)t (I + X2)T1_1D1/2w Z v (T1_1D1/2w)t T1_1D1/2w
for all x € R™. Also

K

85
[ Xallmax < Drin TN Xl < B* D | X [lmax = —~

min

Therefore, M, ~, k satisfy the conditions of Lemma[R2l Consequently, there exists a transfor-
mation Ty such that T3 (I + X,)Ty = I. This, together with (84 implies that 7' = D~Y2T\ T,
satisfies T*AT = I. In addition, by Lemma B2|(b), we have

1Tl 1 Telloo <772+ 1), T 0 1Ty oo < 77120k + 1) (8.6)

Together with (8H) and |[D~2||, ||[D~?||. < D2, this proves part (b).

Next we prove the first inclusion of part (c). Let @ € U,(p1), that is, ||| < p1. Then
| TZ||co < ||T|oo p1 < p by part (b), so Tx € U,(p). Next

|s'Tz| = |s\ i Tox| < [|Tys1]1]|Tox | o
From B0), ||Tox|s < v 2(k + 1)p1. Also (83) gives Tis; = (1 + [|s1]|2)/?s4, so

—1/2 _
I8l Dyt 1515

min

Tisilly < lIsullillsally" < Dy

ax

Combining these bounds proves the inclusion, as B > 1.

For the second inclusion of part (c), consider € Q(p). Lemma Bl implies that 7' =

[+041/2(||S1||2)81S§, and hence
T 2l = 1T T D2l < 1Ty o[ D20 4 (s )15
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Now apply ([B8) to || 75 ||, the first part of the definition of Q(p) to ||[D'?x| s, the second
part of the definition of Q(p) to |s'z|, and recall from LemmaRIlthat |av o (||s1]l2)] < ||s1]]3 "

Then we have

S [e.9] maX S
HT_leoo §7—1/2(H_'_1> <D1/2 + || 1|| . || ||1p)

" s DI s]l
Diax||8]]1]]s]|
-1/2 1/2 max o] o
<Ay (k+ 1) Dz p (1 + = pa.
DminHSH%

Finally, we prove part (a). Define X3 := (I + X3)™' — I. By [84) and since T} = T} we
have TED=Y2AD'2T, = I + X,. Together with Ty = (I + s;s8})7/2, this implies

AV =D VRT(I 4+ X)) ' TyDY? = DTV T Xy T D7Y2 4+ (D + sst) 7L

By Lemma B2(a), || X3]|max < &(k + 1)y 'n~! and thus using ([BH) we have

B?k(k + 1)

A1 — (D .. <DL
|47 = (D +ss)7| B

I35 11X 3l max <

min

The expression for (D + ss')~! follows from the Sherman—Morrison theorem (see for exam-
ple [22| equation (3.8.2)]). O

i n—2
r—2)

Then let s := (c,c,...,c)  and D := diag(a;,—¢?, . .., an,—c*). We write A(3) = D+ss*+X.
First we show that the entries of X are small. Note that all the diagonal entries of X

Proof of Lemma[3.7] Define A := A(B) and

DO —

are exactly 0. By Lemma [B.5] the absolute value of any off-diagonal entry in X is at most

. GE3) 46 o
|ajk—c2|g(e46/f—1)A<” 2) < C A(" 2). (8.7)

r—2 r r—2

In addition, Lemma [3.5] also implies that for any 1 < j < n we have

_ _ _ _ 46 /r
O 7V AL W 1 A W VO ¥ R W P Gl il
aj; —c = ge A( ) A(r—Q e A .1 1 o
G | s ifn—1 (r—1)(e" +r) _ —1 e’ +r
> 1, -4/r _ >1 45/7"/1 1 —
= 2° A(T—1)<1 r(n—1) r—1 n—1

> Lo <” - 1)’ (8.8)

l\DIP—‘
)

where in the last step we used r < n/2 and n > 16e9.
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Consider the value of v as in Lemma R3] For any y € R we have

y'A LS w81 - w(B (jew ) 1‘2‘“ A (Zy;-f

WEST(W/ WeSr(n) ~jeW

ey e
(e ()(5))

j
On the other hand, by Lemma 3.5 we have

vwme e (7w (2 (Sn))
e (2 (222 (S) )

<o ("2 g+ (12 )(i@f)

where the last inequality holds as 7 < n/2. Therefore setting v := e~% /4, we have for any
y € R" that y*Ay > vy*(D + ss')y. Let B be as in Lemma B3] Then

i1y Dosdslillsle _ |, Dowe _ 4o 59)

DminHSH% Dmin

which follows from Lemma B.5 and (B.8)).
For x as in Lemma B3] using (81), (B.8) and (BI]), we have

— n—2
k= B2 D L 0[] X ||max < 80e 165/Twn < 80200/ +43, (8.10)
mln max — 45/7,/1 (n 1)

Next we consider the matrix (D + ss')~!. By Lemma [B.3 we have

D7 lsstD!
L+ 1D g

(D+ss")y'=D"—

and we are interested in an upper bound on the absolute value of the elements of this matrix.

First consider the vector D~1's and note that

ail—c?

D7 l's =

Ann—C?
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Together with (88) this implies that every element in the matrix D~'ss'D~! has absolute

value at most
1

AG)

/i n—2
(r—i)z < 16686/7“

A7)

16686/7“

(8.11)

Similarly
(a1; — )12

D25 =¢

(arm _ 02)—1/2

implying that

1 L 6—46/7’/i(n_2)

n
ID 28 = )
1

2
— Qi — C
=1 i

and hence
1+ ||[D"2s|2 > ge—%/r. (8.12)

Therefore, by (811]) and (RI2]), every element of % has absolute value at most

16 6125/T 6125/T
— = = 32~
L2 Ay AGT)n

(8.13)

and thus so do the off-diagonal elements of (D + ss')71. As for the diagonal elements, by
(B8) and (8I3]), each has absolute value at most

5646/7’ 326126/7“ - 86126/7’
/i(n—l) + /i(n—l)n — /i(n—l)’

r—1 r—1 r—1

as n > 16e* > 16.

Now we have all the information needed to establish a bound on the absolute value of
the elements in A(3)! using LemmaR3(a). In particular, using (8], (89) and (8I0), the
diagonal entries of A(3)~! have absolute value at most

Qel26/7 BQKJ(KJ—I— 1) Qel26/7 66605/r+145 . 000/r+145
_ + < —— + < @B+ C) =7
G I T T i) PR [

for some sufficiently large constant C. On the other hand, the off-diagonal entries have

absolute value at most

39¢126/7 B2/~€(/€+ 1) _ 39¢126/7 66605/r+145 _ (32+é’) £006/7+145
B B AGZ)n

= + - + —
AGZ)n Duwyn = AQT)n A0
The first statement follows by setting C' = 32 + C' and using the fact that r > 3.
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Now for the second statement. Substituting (R.8), (89) and (8I0) into Lemma B3|b)

gives
1
T Tee =0 ——7 |»
IT s, 71 ( Avmml/z)

Now for the last statement of the lemma. For any real z > 0, let

as required.

5(2) = 2" Dullslla
Y2 D[]l
Then
Q(ﬁ(z)) = {:c S Un(ﬁ(z)) : Z x| < znr_1/2p}.
J€n]
Note that

n Dyl _ o 2 sl of n 1w
— s C = — " )= c
772 Dinaxl|8]l1 ri/2 pi2g), P2 fipp ()2 e

min

o2t () ) ol () ) e

Therefore there exists z; = Q(1) such that p(z;) < p and z; < 1. Together with Lemma [R.3]
this implies that

T(Ua(pr) € Q(pl1)) € Rip).

where

r —

L 3 n—1 1/2
pr =% Duiny* (14 x) 1p<zl>=@<‘41/2( 1) p)‘

Similarly there must exist zo = O(1) such that p(z3) > p and z5 > 1. Then by Lemma
we have

T(U(p2)) 2 Q(p(2)) 2 Rip).
where

5 _ 1 1/2
p2ZBDéléiv‘m(H%)zﬁ(Za)=®(A1/2 (“ ) p).

This completes the proof. O
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9 Appendix: useful identities

In this appendix we provide summations that help for the calculations in Section [@. We use
the notation

— d
NZ(Z—%):X’ Z(Sg, R Z(Sg
Lew

and recall that Ry = 0. We provide approximations for some expressions, assuming that
(r,d) belongs to the first quadrant and 0y, = O(d*?). The error bounds are good enough
for our applications but are not necessarily tight.

9.1 Summations over all W € S,(n)

Y =R (£>1),
WeS,(n)
Z nr =" T)If“l (0>1),
WEST‘ )
Z F3 )(n —2r)Ry — R+ O(5max d7/5)7
—2)(n—1)
WGS (n)
Z i 3(r — 1)(n—r)(n—r—1)R2 (n —7r)(n* — 6rn+ 6r* 4+ n)Ry
WGST(n —3)(n—2)(n—1) (n—3)(n—-2)(n—1)
— 1\ R?
_ B(T - )RQ +R4+O(6max d12/5),
1 —1)R? — — 1)R?
1 Z = (r—1)R3 N (n—1)Ry _ (r—1)R3 + Ry + O (6 d12/5),
n—1 n—1 n
WeSr(n)
1 5 (r—1)(n—-r)R2 (n—r)(n—2r)Ry
¥ 2 By e
WeS,(n) " "
(r—1)R;

= 2 Rit OB d™?).

9.2 Summations over all W > j

(r—1)Ry (n—r) 5;
_V[ZS:]F@ p— + — (0> 1),
= (r—=1)(n—=r)§;R; (r—1)(n—7r)Re (n_r)(n_Qr)(sf—i-l
V%nfg (n—2)(n—1) (n—2)(n—1) =2 —1) (0>1),
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1 s _3r=Dm-—r)n—r—10;R (r=1n—r)n—2r+1)Rs
szl N (n—=3)(n—2)(n—1) (n—3)(n—2)(n-1)
(n —r)(n* = 6rn + 6r* 4+ n)o’
(n—=3)(n—-2)(n-1)
_ 3(r—1)§;Ry + (r —1)Rs Ly O<d12/5),

n rm

W>j

1 y 3r=2)r=1)(mn—-r)n—r—1)R3

N > = (n—4)(n—3)(n—2)(n—1)

6(r —1)(n —7)(n—7r—1)(n—2r)0: R,
(n—4)(n—3)(n—2)(n—1)

Ar—1(n—r)(n—1r—1)(n—2r)d;R;
(n—4)(n—3)(n—2)(n—1)

(r —1)(n —r)(n* — 6rn + 61> + 5n — 6r)R,

(n—4)(n—3)(n—2)(n—1)
(n—r)(n—2r)(n* — 12rn + 12r* + 5n)d;
(n—4)(n—3)(n—2)(n—1)

17/5
:0<d )
rn

9.3 Summations over all W D {j, k}

W>j

B O Gl L S G U R

Wo{j.k} (n—=2)(n-1) (n—2)(n—-1)
_ (- 2)7:2— DR, (= 1)?‘? +6) . O(dmaxilgé_?)m) .

(r—1)(n— r)((n —2r+ 1)(5]2- +02)+2(n—r— 1)5j5k)
(n—=3)(n—2)(n—1)
(r=2)(r - 1R, | (r—1)(8; + o) +O(5maxrd7/5)‘

n2
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