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Approximate Discrete Entropy Monotonicity for Log-Concave Sums
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Abstract

It is proven that a conjecture of Tao (2010) holds true for log-concave random variables
on the integers: For every n > 1, if X;,..., X, are i.i.d. integer-valued, log-concave random
variables, then

1 +1
H(X1+~'-+Xn+1)ZH(X1+'-'+Xn)+—log(n

2 ) —o(l)

as H(X;) — oo, where H denotes the (discrete) Shannon entropy. The problem is reduced to
the continuous setting by showing that if Uy, ..., U, are independent continuous uniforms on
(0,1), then

MXi+ -+ Xp+ Ui+ 4 Un) = H(X1 4 -+ Xp,) + 0(1)

as H(X1) — oo, where h stands for the differential entropy. Explicit bounds for the o(1)-terms
are provided.

Keywords — entropy, monotonicity, log-concavity, entropy power inequality, central limit theorem, con-

centration, sumset inequalities
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1 Introduction

1.1 Monotonic Increase of Differential Entropy

Let X, Y be two independent random variables with densities in R. The differential entropy of X,
having density f, is
hX) = = [ fGo)log f(a)da

and similarly for Y. Throughout ‘log’ denotes the natural logarithm.
The Entropy Power Inequality (EPI) plays a central role in information theory. It goes back to
Shannon [15] and was first proven in full generality by Stam [16]. It asserts that

N(X+Y)>N(X)+ N(Y), (1)
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where N(X) is the entropy power of X:

1

If X1, Xy are identically distributed, (1) can be rewritten as
1
h(Xl + Xo) > h(X7) + B log 2. (2)

The EPI is also connected with and has applications in probability theory. The following
generalisation is due to Artstein, Ball, Barthe and Naor [1]: If {X;}"*! are continuous, i.i.d.

random variables then
n+1

(G %) 2 (g %) ®

This is the monotonic increase of entropy along the central limit theorem [2]. The main result of
this paper may be seen as an approximate, discrete analogue of (3).

1.2 Sumset theory for Entropy

There has been interest in formulating discrete analogues of the EPI from various perspectives
[7, 8,9, 20]. Tt is not hard to see that the exact statement (2) can not hold for all discrete random
variables by considering deterministic (or even close to deterministic) random variables.

Suppose G is an additive abelian group and X is a random variable supported on a discrete
(finite or countable) subset A of G with probability mass function (p.m.f.) p on G. The Shannon
entropy, or simply entropy of X is

H(X) ==Y p(x)logp(x). (4)

z€EA

Tao [17] proved that if G is torsion-free and X takes finitely many values then
1
H(X1 + X3) 2 H(X1) + 5 log 2 —o(1), (5)

where X7, Xy are independent copies of X and the o(1)-term vanishes as the entropy of X tends
to infinity. That work explores the connection between additive combinatorics and entropy, which
was identified by Tao and Vu in the unpublished notes [18] and by Ruzsa [14]. The main idea is
that random variables in G may be associated with subsets A of G: By the asymptotic equipartition
property [4], there is a set A,, (the typical set) such that if Xy,..., X, are i.i.d. copies of X, then
(X1,...,X,) is approximately uniformly distributed on A,, and |4,| = e*#(X)+o()) Hence, given
an inequality involving cardinalities of sumsets, it is natural to guess that a counterpart statement
holds true for random variables if the logarithm of the cardinality is replaced by the entropy.

Exploring this connection, Tao [17] proved an inverse theorem for entropy, which characterises
random variables for which the addition of an independent copy does not increase the entropy by
much. This is the entropic analogue of the inverse Freiman theorem [19] from additive combina-
torics, which characterises sets for which the sumset is not much bigger than the set itself. The
discrete EPI (5) is a consequence of the inverse theorem for entropy.

Furthermore, it was conjectured in [17] that for any n > 2 and € > 0

1 n+1
H(X1+~-—|—Xn+1)2H(X1+~-—|—Xn)+§log< . >—e, (6)



provided that H(X) is large enough depending on n and €, where {Xi}?;rll are i.i.d. copies of X.

We will prove that the conjecture (6) holds true for log-concave random variables on the integers.
An important step in the proof of (5) is reduction to the continuous setting by approximation of
the continuous density with a discrete p.m.f.; we briefly outline these key points from that proof in
Section 1.3 below as we are going to take a similar approach.

A discrete entropic central limit theorem was recently established in [6]. A discussion relating
the above conjecture to the convergence of Shannon entropy to its maximum in analogy with (3)
may be found there.

It has also been of interest to establish finite bounds for the o(1)-term [7, 20]. Our proofs yield
explicit rates for the o(1)-terms, which are exponential in H(X1).

The class of discrete log-concave distributions has been considered recently by Bobkov, Mar-
siglietti and Melbourne [3] in connection with the EPI. In particular, discrete analogues of (1) were
proved for this class. In addition, sharp upper and lower bounds on the maximum probability
of discrete log-concave random variables in terms of their variance were provided, which we are
going to use in the proofs (see Lemma 5 below). Although log-concavity is a strong assumption
in that it implies, for example, connected support set and moments of all orders, many important
distributions are log-concave, e.g. Bernoulli, Poisson, geometric, negative binomial and others.

1.3 Main results and proof ideas

The first step in the proof method of [17, Theorem 1.9] is to assume that H(X; + X2) < H(X;) +
%log 2 — €. Then, because of [17, Theorem 1.8], proving the result for random variables X that can
be expressed as a sum Z + U, where Z is a random variable with entropy O(1) and U is a uniform
on a large arithmetic progression, say P, suffices to get a contradiction. Such random variables
satisty, for every x,

P(X =) < % (7)

for some absolute constant C. Using tools from the theory of sum sets, it is shown that it suffices
to consider random variables that take values in a finite subset of the integers. For such random
variables that satisfy (7), the smoothness property

lpx,+x, — Pxi+xo41llTV — 0 (8)

as H(X) — oo is established, where px, 1 x,,px,+x,+1 are the p.m.f.s of X; + Xo and X; + X +1
respectively and | - |7y is the total variation distance defined in (15) below. Using this, it is shown
that

Xy + Xo+ U +Us) = H(X; + Xo) +0(1), (9)

as H(X) — oo, where Uy, U are independent continuous uniforms on (0, 1). The EPI for continuous
random variables is then invoked.

The tools that we use are rather probabilistic— our proofs lack any additive combinatorial
arguments as we already work with random variables on the integers, which have connected support
set. An important technical step in our case is to show that any log-concave random variable X
on the integers satisfies

lpx —px+1llTv = 0

as H(X) — oco. Using this we show a generalisation of (9), our main technical tool:



Theorem 1. Let n > 1 and suppose X1,...,X, are i.i.d. log-concave random wvariables on the
integers with common variance 2. Let Uy, ..., U, be continuous i.i.d. uniforms on (0,1). Then

X1+ -+ Xp+Up+--+U,) = HX; + -+ X,,) +0o(1), (10)

2

where the o(1)-term vanishes as o° — oo depending on n. In fact, this term can be bounded

absolutely by
2n+2

o

log (no?)
8no?

gn+6,—(vno)'/? (vVno)? + log(2" 20 v/n) + (11)

provided that o > max{2"*2/\/n,3" /\/n}.

Remark 2. Note that always, H(X) — oo implies o

property of the Gaussian distribution [/]

— 00, since by the mazximum entropy

HX)=hX+U)< %log (2mec?(1 + 1—12)), (12)

where U is an independent continuous uniform on (0,1). Conversely, for the class of log-concave
random variables o — oo implies H(X) — oo, e.g. by Proposition 7 and Lemma 5. Indeed these
give a quantitative comparison between H(X) and o> = Var(X) for log-concave random variables:
H(X)>logo forc>1.

Our main tools are first, to approximate the density of the log-concave sum convolved with
the sum of n continuous uniforms with the discrete p.m.f. (Lemma 8) and second, to show a
type of concentration for the “information density”, —log p(Sy), using Lemma 9. It is a standard
argument to show that log-concave p.m.f.s have exponential tails, since the sum of the probabilities
is convergent. Lemma 9 is a slight improvement in that it provides a bound for the ratio depending
on the variance.

By an application of the generalised EPI for continuous random variables, we show that the
conjecture (6) is true for log-concave random variables on the integers, with an explicit dependence
between H(X) and e. Our main result is:

Theorem 3. Letn > 1 and e € (0,1). Suppose X1,..., X, are i.i.d. log-concave random variables
on the integers. Then if H(X1) is sufficiently large depending on n and e,

1 n+1
H(X1+'~—|-Xn+1)ZH(X1+"‘+Xn)+§IOg< " >_6‘ (13)

In fact, for (13) to hold it suffices to take H(X1) > log% + log log% +n+27.

The proofs of Theorems 1 and 3 are given in Section 3. Before that, in Section 2 below, we
prove some preliminary facts about discrete, log-concave random variables.

For n = 1, the lower bound for H(X;) given by Theorem 3 for the case of log-concave random
variables on the integers is a significant improvement on the lower bound that can be obtained from

the proof given in [17] for discrete random variables in a torsion free group, which is Q(%% ’

Finally, let us note that Theorem 1 is a strong result: Although we suspect that the assumption
of log-concavity may be relaxed, we do not expect it to hold in much greater generality; we believe
that some structural conditions on the random variables should be necessary.



2 Notation and Preliminaries

For a random variable X with p.m.f. p on the integers denote

q:= Zmin{p(k‘),p(k‘ +1)}. (14)

keZ

The parameter g defined above plays an important role in a technique known as Bernoulli part
decomposition, which has been used in [5, 12, 13] to prove local limit theorems. It was also used
in [6] to prove the discrete entropic CLT mentioned in the Introduction.

In the present article, we use 1 — ¢ as a measure of smoothness of a p.m.f. on the integers. In
what follows we will also write ¢(p) to emphasise the dependence on the p.m.f. p.

For two p.m.f.s on the integers p; and ps, we use the notation

lpy = palls =Y Ipr(k) — pa(k)]

keZ

for the /;-distance between p; and ps and

1
lp1 — p2|lTv == §Hp1 — p2ll (15)
for the total variation distance.

Proposition 4. Suppose X has p.m.f. px on Z and let ¢ =), ., min{px(k),px(k +1)}. Then

lpx — px+1lltv =1—gq.

Proof. Since |a — bl = a+ b —2min {a, b},

lpx = pxsiln =Y Ipx (k) = px(k+ 1] =2 -2 min {px(k),px (k + 1)} = 2(1 - q).
keZ ke

The result follows. O
A p.m.t. pon Z is called log-concave, if for any k € Z
p(k)? > p(k — )p(k + 1). (16)

If a random variable X is distributed according to a log-concave p.m.f. we say that X is log-concave.
Throughout we suppose that X1, ..., X, are i.i.d. random variables having a log-concave p.m.f. on
the integers, p, common variance o2 and denote their sum with S,,. Also, we denote

Pmax = pmax(X) = Sl]ip ]P(X = k)
and write
Nmax = Nmax(X) = max{k‘ €EL: p(k’) = pmax}a (17)

i.e. Npmax is the last k € Z for which the maximum probability is achieved. We will make use of
the following bound from [3]:

Lemma 5. Suppose X has discrete log-concave distribution with o = Var(X) > 1. Then

< Pmax < —- (18)

Q=

1
4o



Proof. Follows immediately from [3, Theorem 1.1.]. O

Proposition 6. Let X be a log-concave random wvariable on the integers with mean p € R and
variance o2, and let § > 0. Then, if o > 41/

| Nax — 1 < 0?2041, (19)

Proof. Suppose for contradiction that |Npax — | > 03/2t9 4 1. Then, using (18),

1
P(|X — pf > ‘73/2+5) > p(Nmax) > 1o
o
But Chebyshev’s inequality implies
1 1
_ 3/2+46 L
P(|X —p| >0 )§0_1+25<40_.

O

Below we show that for any integer-valued random variable X, ¢ — 1 implies H(X) — oo. It
is not hard to see that the converse is not always true, i.e. H(X) — oo does not necessarily imply
q — 1: Consider a random variable with a mass of % at zero and all other probabilities equal on an
increasingly large subset of Z. Nevertheless, using Lemma 5, we show that if X is log-concave this
implication is true. In fact, part (ii) of Proposition 7 holds for all unimodal distributions. Clearly
any log-concave distribution is unimodal, since (16) is equivalent to the sequence {%}kez

being non-increasing.

Proposition 7. Suppose that the random variable X has p.m.f. px on the integers and let ¢ =
q(px) as above. Then

(i) e X)) <1 —¢.
(ii) If px is unimodal, then 1 — q = pmax-
Proof. Let m be a mode of X, that is p(m) = pmax. Then

g= Y min{px(k),px(k+1)}+ Y min{px(k),px(k+1)}

k<m-—1 k>m
< > px()+ > px(k+1)

k<m-—1 k>m
=1- Pmax-

The bound (i) follows since H(X) = E(log px—%X)) > log m.
For (ii), note that since px is unimodal, px (k + 1) > px (k) forall k < mand px(k + 1) < px (k)
for all k > m. Therefore, the inequality in part (i) is equality and (ii) follows. O



3 Proofs of Theorems 1 and 3

Let U™ .= > i1 Ui, where U; are i.i.d. continuous uniforms on (0,1). Let fg ;) denote the
density of S,, + U™ . We approximate fs, +ym with the p.m.f., say pg,, of Sy.

We recall that the class of discrete log-concave distributions is closed under convolution [10] and
hence the following lemma may be applied to S,,.

Lemma 8. Let S be a log-concave random variable on the integers with variance o® = Var(S) and,
for any n > 1, denote by fg ;) the density of S+ U™ on the real line. Then for any n > 1 and
T €R,

fsyuom (@) = ps(|z]) + gn(lz], @), (20)
for some g, : Z x R — R satisfying

1
sup |gn(k, u)] < (2" —2)—. (21)
ez, uElkk+1) g

Moreover, if |x| > Npax + 1 — 1,

fsrvm(®) <2"ps(|lz] —n+1). (22)

Proof. First we recall that for a discrete random variable S and a continuous independent random
variable U with density fy, S+ U is continuous with density

fsyv(@) = ps(k)fulx — k).

keZ

For n = 1, the statement is true with g, = 0. We proceed by induction on n with n = 2 as base
case, which illustrates the idea better. The density of Uy 4+ Us is fy,+v,(u) = u, for v € (0,1) and
fui+u,(u) =2 — u, for u € [1,2). Thus, we have

fsyve (@) =ps(lz]) + (1 =2+ |z])(ps(lz] — 1) = ps([x])). (23)
Therefore,
fsrve (@) =ps(lz]) + g2(lz], @),
where go(k,z) = (1 —x + k)(ps(k — 1) — ps(k)) and by Propositions 4, 7.(ii) and Lemma 5
sup  Jga(k,w) < 3 Ips(k) — ps(k — 1) = llps — pssall < =
ke, UElkk+1) ez o

Next, we have

forumen (@ / fsipm (@ —u)du
o,DN(z—|z]|-1,z—|x]) o,nHN(z—|z],xz—|z]+1)
(24)
Using the inductive hypothesis, (24) is equal to

(z = lz])ps(lz]) + (1 — 2+ [z])ps([z] = 1)

+/ gn(lz],z —u du—l—/ gn(lz] — 1,2 —u)du (25)
O,)N(z—|z]-1,z—|z]) O,)N(z—|z],z—|z]+1)



with g, satisfying (21). Thus, we can write

fsrumen (@) =ps(lz]) + (1 =z + [2])(ps(lz] = 1) = ps([z]))

+/ gn(LxJ,x—u)du+/ gn(lz] — 1,2 —u)du
0, 1)N(z—|z]-1,2—|z]) o,nHN(z—|z],xz—|z]+1)

(26)
:pS(LxJ) +gn+1(|_xJ7x)7 (27)

where g,11(k,z) = (1 — 2+ k)(ps(k — 1) — ps(k)) + f(Ql)ﬂ(x—k—Lx—k) gn(k,x — u)du
+ f(o DA (@—ko—k+1) gn(k — 1,2 — u)du. Therefore, since g, satisfies (21),

L@l (o)

2 2
sup  |gn+1(k,u)| < = +22 sup  |gn(k,u)| < - +2(2" — 2); .

ke UElkk+1) g ke, UElkk+1)

completing the inductive step and thus the proof of (21).
Inequality (22) may be proved in a similar way by induction: For n = 2, by (23)

fsrve (@) < 2ps(lz] — 1), (29)

since ps(|z]) < ps(|z] — 1) for [z] > Npax + 1.
By (24) and the inductive hypothesis

foqvmn () = / fsrpm(z —u)du + / fsivm (T —u)du
0,1)N(z—|z]-1,2—|z]) 0,1)N(z—|z],x—|z]+1)
(30)
< 2"ps(lz] —n) +2"ps(lz] —n+1) (31)
< 2" pg(|z) —n) (32)
completing the proof of (22) and thus the proof of the lemma. O

Lemma 9. Let X be a log-concave random wvariable on the integers with p.m.f. p, mean zero
and variance 0%, and let 0 < e < 1/2. If 0 > max{3'/¢, (12e3)/(1=29} there is an Ny €
{Nmax, - - - » Nmax + 2[02]} such that, for each k > Ny,

plk+1) < <1 - 021_6> p(k). (33)
Similarly, there is an Ny € {Nmax — 2[0%], ..., Nmax} such that, for each k < Ny,
pk—1) < <1 _ 021_6>p(k).
Proof. Let 6 =1 — # It suffices to show that there is an Ny € {Nmax, - - - » Nmax + 2[0?]} such

that p(No + 1) < 0p(Np), since then, for each k > Ny, pg)k(z)l) < png%r)l) < # by log-concavity.

Suppose for contradiction that p(k + 1) > 0p(k) for each k € {Nmax, - - - » Nmax + 2[0%]}. Then,
we have, using (18)

Nmax+2|ro'2.| Nmax+2’—021 1
d=>"Kpk)= > Kpk)= Y. k29’f—NmaXE (34)
keZ k=Nmax k=Nmax
202 . 2[0?] .
= > (Nmax + m)ZemE > > (Nmax + m)29m5. (35)
m=0 mzmax{(),—Nmax}



Now we use Proposition 6 with § > 0 to be chosen later. Thus, the right-hand side of (35) is at
least

2[0?] 1
S (N +m)%0m—
4o
m=[03/2+041]
2[0?] 1
> Y (m— [V -1 (36)
m=[o3/2+6]+1
2(0.21_[0.3/2+6‘|_1

3/2+6 1
=Y eenl (37)
k=0

[02]-1
>9f<"°’/”‘”+1 Z ko (38)

glo®/# 7+1 - 1 _ 9(021 glo?1
= — [0 ]
io 1-0)2 1-9)

Using the elementary bound (1 — x)¥ > e~ 1052,@/ > 0, we see that

,3/2+6
)|'0.3/2+5‘|+1 2T+2 > e -3

0.3/2+6 +1
9’— 1 - (1 - 0-2 €

where the last inequality holds as long as € + § < 1/2. Choosing 6 = 1/4 — ¢/2, we see that the
assumption of Proposition 6 is satisfied for o > 16'/(1=2¢) and thus for o > (12¢%)1/(1729) as well.
Furthermore, using (1 —x)¥ <e ™, 0 <z < 1,y > 0, we get 6o < e7%". Thus, the right-hand side
of (39) is at least

1 1 € € €
4630- |:<1 _ 0_2_€> (1 —e )0_4—26 _ 0_4—66—0' _ 0_2—66—0' ]

0.3—26 o€ 1
> T 12— )
1—2¢
20
40
>0’ (40)
> o?, (41)

where (40) holds for o > 3%, since then e(f; < tand o2 <ol < %. Finally, (41) holds for
> (12e3)1-2¢ =z , getting the desired contradiction.

For the second part, apply the first part to the log-concave random variable —X. O

Remark 10. The bound (33) may be improved due to the suboptimal step (38), e.g. by means of
the identity

- (Fo) - (3(E0)) 5 (50

It is, however, sufficient for our purpose as it will only affect a higher-order term in the proof of
Theorem 1.



We are now ready to give the proof of Theorem 1 and of our main result, Theorem 3.

Proof of Theorem 1. Assume without loss of generality that X; has zero mean. Let F(z) =
zlog 1,z > 0 and note that F(z) is non-decreasing for z < 1/e. As before denote S,, = 31 | X;,
UM = Yo Ui and let fg | ;) be the density of S, + U™ on the reals. We have

WXy 4+ Xy + Ui +---+Up)
= ¥ / F(fs, oo (x))de +
[k, k+1)

ke(—5no?,5n02)

/ F(f5n+U(n) (x))dz. (42)
[k, k+1)

|k|>5no?

First we will show that the “entropy tails”, i.e. the second term in (42), vanish as o2 grows
large. To this end, note that for k > 5no?, we have pg, (k + 1) < pg, (k), since by Proposition 6
applied to the log-concave random variable S,,, Nyax < no? + 1 as long as y/no > 4. Thus, by
(22), for k > 5no® and z € [k, k + 1), fg L ym(x) < 2"pg, (k —n+1). Hence, for

2’I’L
g > %6, (43)
we have, using the monotonicity of F' for z < %,
0< Y / F(fgspm(@)dz < S F(2ps, (k—n+1) (44)
k>5no? [k.k+1) k>5no?
1
Z 2"ps,, (k —n+1)log — (45)
k>5no2 2 pS"(k R+ 1)
k—4[no?) \/_U
Z 0 log 2n0k ongk—4[no?] (46)
k>5n02
log & log %5
=on_20 me™ + 2" 2 o™ (47)
\/ﬁO’ m>zn:a2 m>zn:a2
log v/no 16mo1+1 gno®1  gno®]
2n+1 2 _ - 4
Jno [(1—9)2H”ﬂ1—0+1—9} (48)
1
< o AT (i) (o 1)+ (o (19)
1 e
< 2"+30g7\/ﬁae—(\/50) (Vo) (50)
\/_
< 2= (VI ((/ng), (51)
Here (46) holds for
Vvno > 37 (52)
with § =1 — W =1- W, where we have used Lemma 9 with € = 1/5 (which makes the
assumption approximately minimal). In particular, repeated application of (33) yields
—4[no?
ps,(k—n+1) <91 Ipg (4Tno?] —n 4 1) < C 2
We bound the left tail in the exact the same way, using the second part of Lemma 9:
n —(y/no)l/3
0= X [ Pt <270 oy (53)
_l’_

k<—5noc?

10



Next we will show that the first term in (42) is approximately H(S,) to complete the proof.
We have

| PUs oo @)ds = logna® [ fg s ()
ke(—5n02,5n02) 7 B-k+1) (—[5no?],|5no2)+1)

Y / F(fg v (@) — fo, 1um(x) lognods (54)
ke(—b5no?,5n02?) [k,k+1)

= logno IP’(S + U™ e (=|5no?], [5no?] + 1))

+ / F(fs, s (@) — fs, 1o (z) log noda. (55)
kk+1

ke(— 5n02 ,5no?)

Now we will apply the estimate of Lemma 12, which is stated and proved in the Appendix, to the

integrand of the second term in (55) with G(z) = F(z) — zlog (no?), u = ﬁ, D =2"/no,M =
no?, a = fs, vy (x) and b = pg, (k). We obtain, using Lemma 8,
Z ‘/ G(fs, yum(z))de — G(psn(k))‘
ke(—5no?,5n02) [k.k+1)
< 112 2loeUlovi) | ¢ sy Vs &) = ps (9] (1 (o) + log(e2"0 Vi)
= C1lodnyn = ko1 SnU M) ™ P
(56)
2log (11
< 28TV 5™ sup gk, )] (log (110v7) + log(e2"o /) (57)
2log (110\/6) 2ntl "
<
< —~ O_\/_ log(11e2"o/n) (58)
n+2
< - log(11e2™
S NG og(11e2"ov/n) (59)
2 log((11e)*/*2"63/\/n) < 2 log(2" 20 v/n) (60)
=S g g = ovn g o )

where g,,(k, z) is given by Lemma 8 applied to the log-concave random variable S,, and therefore

>k SUPge [k k1) In (k) < 7 In the last inequality in (60) we have used that (1(17?/1/4 < 4, for
nd

o > 37. Therefore, by (55) and (60),

[H(S,) - F(fs, 200 (2))de|
ke(—5no?,5n02) [kk+1)
< (H(sn) — Y Glps, (k) —logno®P(S, + U™ € (~[5n0?], [5n0° ] + 1)) ‘
ke(—5no?,5n02)
2n+2 +2
log (2™ 1
+ = NG 0g(2" " av/n) (61)

11



2n+2

Sl = 3 Fls, )]+ o= log@ o)
ke(—b5no?,5n02)
+ log naQ‘]P’(Sn + U™ e (—|pno?], [bno?| + 1)) = P(S, € (—5n0?, 5n0® + 1))‘ (62)
2n+2
< F(ps, (k) + log(2""?oy/n)
k|>zsmaz ’ ov/n
+log n0’2‘]P’(Sn + U™ € (—|5n0?), [5n0?] + 1)) — P(S, € (—5no?,5n0? + 1)) ( (63)

But, in view of (45), we can bound the discrete tails in the same way:

S Flps, (k) < 275V (o), (64)

|k|>5no?

Finally, note that by Chebyshev’s inequality

1
0 <P(S, + U™ ¢ (—[5n02], [5no?| + 1)) <P(|S, + U™ — g| > dno?) < R

(65)

and the same upper bound applies to ]P’(Sn ¢ (—5no?, bno? + 1)) Since both probabilities inside
the absolute value in (63) are also upper bounded by 1, replacing the bounds (64) and (65) into
(63), we get

HE - 3 [ oy szt ]

ke(—5no?,5n02

n+2 2

n+5_,—(y/no)t/5 3, 2 " n+2 log no
< 20~ (Wna) P (/ng)d 4 on log(2" ™ o/n) + “Sno? (66)

In view of (42) and the bounds on the continuous tails (51),(53) we conclude
(n) n+6 (/7o) /5 g 272t log no”
|P(Sy +U™) = H(S,)| < 2% (Vio)? + ——=1log(2" 2ay/n) + —0— (67)
o\vn 8no
as long as (43) and (52) are satisfied, that is as long as o > max{2"*2/\/n, 37 //n}.

U

Remark 11. The exponent in (51) can be improved due to the suboptimal step (38) in Lemma 9.
Howewver, this is only a third-order term and therefore the rate in Theorem 1 would still be of the
same order.

Proof of Theorem 3. Let Uy, ..., U, be continuous i.i.d. uniforms on (0, 1). Then by the generalised
entropy power inequality for continuous random variables [1, 11]

X1+ +Xpp1+t Ui+ +Uppa X1+ + X+t Ui +---+ U,
h( ) > h( ) (68)
Jn1 NG
But by the scaling property of differential entropy [4] this is equivalent to
1 n+1
h(X1+- +Xo1 + U1+ +Unpa) 2h(X1+---+Xn+U1+---+Un)+§log< ) (69)

12



Now we claim that for every n > 1, if H(X;) > log% + log log% + n + 26 then

X1+ 4+ Xn+ Ui+ 4+ Up) — HX 4+ X)) < g (70)
Then the result follows from (70), applied to both sides of (69) (for n and n + 1 respectively).

To prove the claim (70) we invoke Theorem 1. To this end let n > 1 and assume that H(X;) >
log% + log log% + n + 26 . First we note, that since [4]

H(X1) = h(X1+ U) < - log (2me(0” + 1/12)), (71)

N —

we have e (X1) < 6o provided that ¢ > 0.275. Thus, H(X1) > 26 implies o > 50° > 90°. Therefore
the assumptions of the theorem are satisfied and we get

(X7 A+ Xy + Uy o+ Up) = H(X 4+ X))

ont2 log no?
< 2n+6 —(\/50)1/5 3 l 2n+2 2
< 90T (o + 2 tog( ) + B (72)
1 1
< (24 9% 4 1) 2" 0B VIT gy gnlog Vo (73)
V/no Vno

In (73) we used the elementary fact that for z > 90°, 9313/0 < % < lo% to bound the first term

e -
and the assumption ov/n > 2"*2 to bound the second term. Thus, by assumption o > @ >

n—+24 log

2 2 . T . . . .
=log Ze and since === is non-increasing for z > e, we obtain by (73)

X1+ X+ Ut 4+ Un) = H(X1 4+ 4 X)) (74)
nlog%—l—loglog%+n+24

<73-2 75
- % log %ene24 (75)
er 146 n73 1752
< = [ + 76
=9 (%)%24 log %(%)ne24 log %(%)n€24 (76)
€
<3 (77)
proving the claim (70) and thus the theorem.
U

Appendices

A An elementary Lemma

Here we prove the following Taylor-type estimate that we used in the proof of Theorem 1. A similar
estimate was used in [17].

Lemma 12. Let D, M > 1 and, for x > 0, consider G(z) = F(z)—xlog M, where F(z) = —zlogz.
Then, for 0 < a,b < % and any 0 < p < %, we have the estimate

|G(b) — G(a)] < % log% +|b—d [logi + log (eD)]. (78)
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Proof. Note that G'(z) = —logx — 1 —log M , which is non-negative for x < ﬁ
We will consider two cases separately.

The first case is when either a < 47 or b < 7. Assume without loss of generality that a < J7.
Then if b < 4 as well, we have |G(b) — G(a)| < G(a) + G(b) < 3 1og %, since then G’ > 0. On the
other hand, if b > £ > a then G(a) > alog% and G(b) < blog %

But then, either G(b) > G(a), whence |G(b) — G(a)| < |[b — q] logé or G(b) < G(a), whence
|G(b)—G(a)| < |[b—allog (eD), since we must have G(a)—G(b) = (a—b)G'(£), for some & € (17, Z].
Thus, in the first case, |G(b) — G(a)| < %‘ log% +|b—al [log% + log(eD)].

The second case, is when both a,b > £. Then G(b) — G(a) = (b — a)G'(£), for some £ > ¢ >
[

Sij‘rfce then |G'(&)| < log% +log D + 1, we have |G(b) — G(a)| < |b— a|(log% + log (eD)).

In any case, |G(b) — G(a)| < %‘L log% + b —a [log% + log (eD)].

O
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