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Abstract

Let (Wn(0))nen, be the Biggins martingale associated with a supercritical
branching random walk and denote by Wuo(0) its limit. Assuming essentially
that the martingale (W, (20))nen, is uniformly integrable and that Var W1(6)
is finite, we prove a functional central limit theorem for the tail process
(Woo(0) = Whir(0))ren, and a law of the iterated logarithm for W (6) — W, (0),
as n — 0o.
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1. Introduction and main results

1.1. Introduction

For several models of spin glasses it is known that the log-partition function has
asymptotically Gaussian fluctuations in the high temperature regime. This was shown
for the Sherrington—Kirkpatrick model in [2], for the Random Energy Model and the
p-spin model in [I2], and for the Generalized Random Energy Model in [22], to give

just an incomplete list of examples. We are interested in the Biggins martingale
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W, (0) associated with a supercritical branching random walk (BRW), to be defined
below. With regard to the strength of its correlations, the branching random walk is
located between the Random Energy Model and the Sherrington—Kirkpatrick model.
Also, it can be thought of as a limiting case of the Generalized Random Energy
Model. Since in all the three aforementioned models the log-partition function exhibits
asymptotically Gaussian fluctuations at high temperatures, it is natural to expect
that the branching random walk behaves similarly. However, in the high-temperature
regime (meaning that 6 is small), the Biggins martingale W,,(#) is, under appropriate
conditions, uniformly integrable and converges almost surely (a.s.) to a limit W (6)
which is non-Gaussian. It follows that we cannot obtain a Gaussian limit distribution
whatever deterministic affine normalization we apply to W, (6).

In the present paper we prove a functional central limit theorem (functional CLT)
for the Biggins martingale W,,(6) and its logarithm under a natural random centering.
We also derive a law of the iterated logarithm which complements the central limit
theorem.

Let us recall the definition of the branching random walk. At time n = 0 consider
an individual, the ancestor, located at the origin of the real line. At time n = 1
the ancestor produces offspring (the first generation) according to a point process
Z = Z;-le 0x, on R. The number of offspring, J = Z(R), is a random variable
which is explicitly allowed to be infinite with positive probability. The first generation
produces the second generation whose displacements with respect to their mothers are
distributed according to independent copies of the same point process Z. The second
generation produces the third one, and so on. All individuals act independently of each
other.

More formally, let V = U, en,N™ be the set of all possible individuals. The ancestor
is identified with the empty word @ and its position is S(&) = 0. On some probability
space (2, F,P) let (Z(u))uev be a family of independent identically distributed (i.i.d.)
copies of the point process Z. An individual © = u; ... u, of the nth generation whose
position on the real line is denoted by S(u) produces at time n + 1 a random number
J(u) of offspring which are placed at random locations on R given by the positions of
the point process 37 05 (u)+X; (u) Where Z(u) = ST dx,(w) and J(u) is the number

of points in Z(u). The offspring of the individual u are enumerated by ui = uy ... uyi,
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where i = 1,...,J(u) (if J(u) < o0) ori=1,2,... (if J(u) = 00), and the positions
of the offspring are denoted by S(ui). Note that no assumptions are imposed on the
dependence structure of the random variables J(u), X1 (u), Xa(u),. .. for fixed u € V.
The point process of the positions of the nth generation individuals will be denoted by

Z, so that Zy = §p and
J(u)

Zny1 = Z Z 08 (u)+X; (u)>

lu|=n i=1
where, by convention, |u| = n means that the sum is taken over all individuals of the
nth generation rather than over all u € N™. The sequence of point processes (£, )nen,
is then called a branching random walk (BRW).

Throughout the paper, we assume that the BRW is supercritical, that isEJ > 1. In
this case, the event S that the population survives has positive probability: P[S] > 0.
Note that, provided that J < oo a.s., the sequence (Z,,(R))nen, of generation sizes in
the BRW forms a Galton—Watson process.

An important tool in the analysis of the BRW is the Laplace transform of the

intensity measure p := E Z of the point process Z,

m: R — [0, 00], GH/efemu(dx):E
R

/R e 9% Z(dx)

We make the standing assumption that m(y) < oo for at least one v € R, that is
D(m) :={0 € R: m(#) < oo} # .

For v € ®(m) define

1

Wa(y) == W/Rew Z,(dz) = o > (W), neN,

lu[=n

where Y, := e=5(") and we recall that S(u) is the position of the individual u € V.
Let F,, be the o-field generated by the first n generations of the BRW, i.e. F, =
o{Z(u): |u| < n}, where |u| < n means that u € N¥ for some k < n. It is well-known
and easy to check that, for every v € ©(m), the sequence (W, (y))nen, forms a non-
negative martingale with respect to the filtration (F,)nen, and thus converges a.s.
to a random variable which is denoted by W () and satisfies EWoo(vy) < 1. This

martingale is called the Biggins martingale or the intrinsic martingale in the BRW.
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Possibly after the transformation X; — vX,; + logm(v) it is no loss of generality to
assume that v = 1 and that

m(l)=E l/Re_w Z(dx)

1.2. Central limit theorem

Let R*™ be the space of infinite sequences © = (g, x1, T2,...) with z; € R for all

j € Ng. Endow R* with a complete, separable metric
p(z,y) = 22 j |$J | S
Y) = r,y €R

which metrizes the pointwise convergence.

Theorem 1.1. Suppose that m(1) =1, o2 := Var W1 (1) < oo and m(2) < 1. Then,

(Faas) o 22 (FTB0) 0

reNg

weakly on R™, where v? := Var Woo (1) = 02(1—m(2))™L, and (U,)ren, is a stationary
zero-mean Gaussian sequence which is independent of W (2) and has the covariance
function

Cov(U,,Us) = (m(2))"*1/2, 1 s € No.

Note that (U )ren, can be viewed as an AR(1)-process or as an Ornstein—Uhlenbeck
process sampled at nonnegative integer times. In the case when the martingale (W,,(2))nen,
is not uniformly integrable (and hence, W (2) = 0), Theorem [Tl is still valid, but
the limiting process in () is trivial. Specifying Theorem [Tl to » = 0, we obtain the

following central limit theorem for the tail of the Biggins martingale.

Corollary 1.1. Suppose that m(1) = 1, Var Wy (1) < co and m(2) < 1. Then,

Woo(1) = Wa(1) 2
Mm@ e N0V Wec (2)),

where the limiting distribution is a scale mixture of normals with randomized variance

12 W (2).

In fact, we shall prove a result with a mode of convergence stronger than in Theo-

rem [Tl Let £ : Q — E be a random variable on (£2, F, P) with values in a Polish space
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E, and let G C F be a o-field. Denote by M(E) the space of probability measures
on E endowed with the topology of weak convergence. A random variable of the
form L : Q — M(E) is called a Markov kernel or a probability transition kernel. The
conditional law of £ given G is defined as a G-measurable mapping L : Q — M(F) such
that for every random event A € G and every bounded Borel function f: F — R, we
have
176 14l = [ ([ s@nian ) pas).

It is known that L is defined uniquely up to sets of probability 0. A sequence of Markov
kernels Ly, : @ — M(FE) converges to a Markov kernel Lo, : Q — M(FE) in the almost
surely weak (a.s.w.) sense if the set of w € Q for which the probability measure L,,(w)
converges to Loo(w) weakly on E has probability 1. We refer to [14] for the basic
properties of the a.s.w. convergence and its relations to other modes of convergence

(including the weak and the stable convergence).

Theorem 1.2. Suppose that m(1) = 1, VarWi(1) < oo and m(2) < 1. Denote by
L, : Q@ — M(R™) the conditional law of the process

<Woo (1) - WnJrr(l) )
(m(Q))(n+r)/2 rENg

given the o-field F, and viewed as a random variable on (2, F,P) with values in

M(R*>®). Then, L, converges almost surely weakly to the Markov kernel

Loo: 9 = MR®), wes L { (\/U2Ww(2;w) UT)TeN } :

where L{-} denotes the probability law of a process, and (Uy)ren, is a discrete-time
Ornstein—Uhlenbeck process as in Theorem [I1] but defined on some probability space

other than (Q, F,P).

It follows from Proposition 4.6 and Remark 4.7 of [I4] that the weak convergence in
Theorem [T Tlis a consequence of the a.s.w. convergence in Theorem[T.2l Hence, we only
need to prove Theorem [[21 This will be done in Section 21 Specifying Theorem [[2] to

r = 0 we obtain the following almost surely weak version of Corollary [[.1]

Corollary 1.2. Suppose that m(1) = 1, VarWi(1) < oo and m(2) < 1. Then, we

have the following almost surely weak convergence of Markov kernels from Q to M(R):

Woo (1) — W (1) asy. ¢ .2 "
E{ (m(2))"/2 ‘f"}n:;{ = N(0,0"Woo (25w)) } - (1.2)
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We can also derive a central limit theorem for the “log-partition function” log W, (1).
Corollary 1.3. Suppose that m(1) = 1, 0? = VarWy(1) < oo, m(2) < 1, and that

the survival event S has probability 1. Then, we have the following almost surely weak

convergence of Markov kernels from Q to M(R):

BT og Malh) 2 Lo [ (00 M=) g

Proof. Dividing the Markov kernels on both sides of (I2)) by W,,(1) (which is F,,-
measurable) and using the fact that lim, . W,(1) = W (1) > 0 a.s. on S (for the
positivity, see the implication (ii) = (i) on p. 218 in [24]) together with the Slutsky

lemma, we obtain that

Ay () 1Pt foon(orgmmg) ) 0

It is easy to check that if (&,)nen, is a sequence of random variables such that a,; ¢,

converges in distribution to some £ as n — oo, where a, — 0 is a deterministic

sequence, then a; !log(1+ &,) converges in distribution to the same limit £&. Applying

this to () pointwise yields (L3).

A central limit theorem for the tail martingale of a Galton—Watson process was
obtained by Athreya [7] (who considered multitype branching processes) and Heyde [16]
(who also treated the case when the limit is a-stable in [I7]). This CLT can also be
found on page 55 of the book [§]. In the more general setting of multitype branching
processes, related CLT’s were obtained in [0 [7, 23]. A functional CLT for the tail
martingale was obtained by Heyde and Brown [18]. By considering BRW with trivial
displacements (see the proof of Corollary [[4] for more details), the results of Section [[2]
can be used to recover most of the results obtained in [13] [16, [I8]. Linear statistics of
branching diffusion processes and superprocesses are objects of current active studies;
see, e.g., [1] and [26]. Although the Biggins martingale is a special case of linear
statistics, the conditions imposed in [II, 26] exclude test functions of the form x — e~*.
In the setting of weighted branching processes (which includes BRW as a special case),

a CLT was obtained in [27], however the moment conditions of [27] are slightly more

restrictive than ours. Also, we provide a functional CLT and a stronger (a.s.w.) mode
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of convergence. Recently, CLT’s for tail martingales associated with random trees (and

related to the derivative of the Biggins martingale at 0) were proved in [14] 25, 28].

1.3. Law of the iterated logarithm

The law of the iterated logarithm given next complements the central limit theorem

given in Corollary [Tl

Theorem 1.3. Assume that m(1) = 1, 0 = Var Wy (1) < oo, EW;(2)log™ W, (2) <

1/r

00, and that the function r — (m(r))'/" is finite and decreasing on [1,2] with

—log2m(2) _ _:;’((22))7 (1.5)

where m' denotes the left derivative. Then, Wu(1) and W (2) are positive almost

surely on the survival set S, and

. Woo(l) - Wn(l)
lim sup—2al — 2r ) 02T (2), 1.6
njoop (m(2))™logn ® (16)

lim inf Y 2e) = Wn() _ —/202 W, (2) (1.7)
n—00 (m(2))"logn

almost surely, where v> = Var W (1) = 0%(1 —m(2)) ™! < oo.

Remark 1.1. Tt is well-known (see Theorem A in [9], p. 218 in [24] or Theorem 1.3 in
[3]) that conditions E Wy (2)log™ Wy (2) < oo and (ILH) ensure the uniform integrability

of (W, (2))nen, which particularly implies that W, (2) is a.s. positive on S.

Remark 1.2. Actually, under the assumptions m(l) = 1 and m(2) < +oo, the
conditions EW;(2)log™ W1(2) < oo and (LH) are also necessary for the uniform
integrability of (W;,(2))nen,.- Indeed, the function m(f) is convex on the interval
[1,2], hence it has left derivative m/(2) € (—o0, +o0]. With this at hand the uniform
integrability implies (LH) by Theorem 1.3 in [3]. It is not possible that m/(2) = 400
because, together with m(2) < oo, this would contradict (LI). Hence, m/(2) is
finite. Under this condition, the uniform integrability of (W,,(2))nen, implies that
EW;(2)log™ Wi(2) < oo by Theorem 1.3 in [3].

Remark 1.3. It will be shown in (Z3]) that

Var[Wao (1) — W, (1)] = v*(m(2))".
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In ([L8) and (7)) it is possible to replace logn by the asymptotically equivalent
expression log log(v?(m(2))™), thereby justifying the use of the term “law of the iterated
logarithm”. Therefore, the normalization in (L6 and (7)) is very similar to that in
the classical law of the iterated logarithm, but it should be stressed that unlike in the
classical case, the limits in (6] and (7)) are random.

As an immediate consequence of Theorem we derive a previously known result

(see [19] and Theorem 3.1 (ii) on p. 28 in [5]) concerning the Galton—Watson process.

Corollary 1.4. Consider a Galton—Watson process (Y )nen, withm :=EY; € (1,00)
and s? := VarY; < oo. Then, for the martingale W, := w/m™ and its almost sure

limit W we have

n/2 _
lim supm Woo — W) =202 W,
n—o0 \/10gn
n/2 _
lim inf Voo = Wn) _ /5 ag—

n—00 ,/logn

almost surely, where v? := Var Woo = s2(m(m — 1))~ L.

Proof. Consider a BRW in which the genealogical structure is the same as in (Y}, )neng,
and the displacements of all individuals are deterministic and equal to logm. That is,

e Xi =m™ fori =1,...,Y] and we have, for v > 0,

m(y)=m'"7 and W,(y) =Y,/m"=W,, n¢€ N

Hence m(1) = 1, We = Woo(2), Var Wy = m™2s? and Var W, = (m(m — 1))~ 1s%

The assumptions of Theorem are easy to verify, whence the result.

Plainly, Theorem [[3] is a result on the rate of the a.s. convergence of W, (1) to
its limit. There have already been several works that investigated how fast W, (1)
approaches W, (1) in various senses, see [20, 2T] for the rate of a.s. convergence, [4]
for the rate of L,-convergence. Laws of the iterated logarithm for martingales related
to path length of random trees were obtained in [28]. We also refer to [I5] for general
central limit theorems and laws of the iterated logarithm for martingales not necessarily

related to branching processes.
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2. Proof of Theorem

Throughout the rest of the paper, we shall use W,, and W, as shorthands for W,,(1)
and W (1). Note that W,,(2) and W (2) retain their meaning.

For any u € V let Wr(u) and Wég), r € Np, be the analogues of W,. and W, r € Ny,
but based on the progeny of the individual u rather than the progeny of the initial

ancestor @. That is,

Wit =3 " e =S) e Ny, and W = lim W™ as.
r—>00
|v|=r

Recall the notation Y, = e¢~5(), We shall frequently use the decomposition

Wn+7“ = Z YuWr(u); re NO U {OO}

lu[=n

Observe that for |u| = n, the Y,’s are F,-measurable, whereas the W")’s are inde-

pendent of F,,. We need two results on the covariance structure of the martingale

(Wn)nENo .

Proposition 2.1. Under the assumptions m(2) < 1 and o? = Var Wi < oo we have
VarW, = o*(1 +m(2) + ...+ (m(2))""), reN. (2.1)

Furthermore, the martingale (Wy)nen, converges in Lo (and a.s.) to Wso which satis-

fies

0,2
Var WOO = 1—7’]’n(2)

In particular, (Wp)nen, s uniformly integrable and Wy > 0 a.s. on S.

Proof. We shall check (2I)) by using mathematical induction. The formula holds
for r = 1 because Var Wi = o2. Suppose (2.1]) holds for some r € N. Then

2
VarW,y; = E (ZYqu“)) 1 ~1
|u|=r
= E| Y 2w +E|E| Y vy w ]—‘TH—l
|u|=r |u|=|v|=r
uFv
= m@2)(@*+D+E| > V.Y |-1
lul=lv|=r
uFv

= o%(m(2))" + Var W,
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because
2
E[ > VY, -1=E l< > Yu) —1-E| ) Y7?| =VarW, — (m(2)".
lul=|v|=r Jul=r Jul=r
uFv

This completes the induction and proves ([ZI)). Since m(2) < 1, the martingale
(W )nen, is bounded in L? and hence, converges in L? to W,. In particular, (W, )nen,
is uniformly integrable and W, > 0 a.s. on S. Letting r in (1)) tend to oo we infer
Var Wy, = 02(1 —m(2))~ L.

Corollary 2.1. The random variables W11 — W,., 7 € Ny, are uncorrelated and
Var[W,,1 — W,] = a%(m(2))". (2.2)

Proof. The increments W1 — W,., r € Ny, are uncorrelated just because (W), )nen,
is a martingale. We thank the referee for this observation that enabled us to simplify

our original argument. Further, we have, for r < s,

E[(W, — W,)?] =E l< S vuwl - 1))2] = (m(2))" VarW,_, = o> Sz_i(m(z))k.

|u|=r k=r

This proves (2.2) by taking s =r + 1.

Proof of Theorem[.2. The conditional law L,, can be explicitly described as follows.
On some probability space (Q, F, ]f”) (which is different from the probability space
(Q, F,P) on which the BRW is defined) we construct a family (W,S“’)neNou{oo}, u €
V, of independent (for different w’s) distributional copies of the stochastic process
(Wa(1))nenyufoo}- For every w € Q let Uy ,(w) be random variables on the space
(Q, F,P) defined by

S ujen V(@) (S — W)

Un,r(w) : (m(2))(n+r)/2 ’

n,r € Ny. (2.3)

With this notation, the conditional law L,, : @ — M(R>) is the Markov kernel

Lyp(w) = L{(Un,r(w))reny } 5

where L is the law taken with respect to the probability distribution P. Recall also
that the Markov kernel L, : © — M(R™) is defined by

L) =t { (VAT ) b
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Weak convergence of probability measures on R is equivalent to the weak conver-
gence of their finite-dimensional distributions. So, we need to prove that for P-a.e.

w € Q we have L, (w) — Loo(w) in the sense of finite-dimensional distributions. We

take any ry,...,rq € Ny and show that for P-a.e. w € (2,
d
(Unﬂ“l (w)v R Un,rd (w)) n:zo U2WOO (25 w)(UTla R UTd)' (24)

This is done by verifying the conditions of the d-dimensional Lindeberg central limit
theorem. Clearly, (Z3]) provides a representation of the vector (U, ,, (w), ..., Up r,(w))
as a sum of independent but not identically distributed random vectors. (Note that
Y, (w) are treated as constants). For every r,n € Ny and w € 2 we have E[U,, (w)] =0

and

E[Un,r(w)Un,S(w)]

_ W W e i)
= ] HWH |Z| Y, (w) Yy (w)Cov(W — Wi W) — W)

1 2
= T 2 Y @)0ov(Wao = We, Woo = W)

lu[=n

2

:(mT(JW S Y2(w) | (m(2))r e,

lu[=n

where we used that W% and W" are independent for v # v and the formula

2

COV(W Wr, W WS) 1_7(2)

(m(2))mextr} (2.5)
which follows from Corollary 221 By letting n — oo it follows that for P-a.e. w € ,

lim B [Uy, - (w)Un s (W)] = 0 W (2;w0) (m(2)) "5V = 2 W (2; w) Cov (U, Us).

n—00

This verifies the convergence of covariances in (24). It remains to check the Lindeberg

condition for P-a.e. w € Q. This can be done individually for each component of the
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vectors in (2.4). For every € > 0, we have

Lae):== Y E Y2 (W)W — W)

() oy (w)
= @[ e )

1
= @y Y YZwE l(Woo —Wr)2]1{<woofwm> . }]

£
lu|=n (m(2)" Y2(@)/(m2)™

1 20, e?
= @) ZKA)G«meWWWMMJ’

lu[=n “

where

G (A) =E |(Ws —W,)% 1 w2 , A>0.
(4) =B 0¥ = WP L]

Since the second moment of W, — W, is finite, we have lima_,4 G,(A) = 0. By
Theorem 3 in [I0], the assumption m(2) < co ensures that
lim ———— sup Y2(w) =0 for P-a.e. w € Q.
n—voo (m(2))™ |u|=n
Also, for P-a.e. w € Q,

. 1 9 - 1 w
i Gy 22 ) = gy e 25)

|u|=n

It follows that
lim L, () =0 for P-a.e. w € Q.

n—oo

An application of the multidimensional Lindeberg CLT completes the proof of ([2.4]).

3. Proof of Theorem [1.3]

Since relations (L6 and (7)) trivially hold on 8¢, we have to prove that these hold
a.s.on S.

We start by recalling that, according to Remark [T W (2) > 0 a.s. on S. The
proof follows the pattern of the proof of Theorem 3.1 on p. 28 in [5]. Recall the
notation W,, = W,,(1) and W, = Wso(1). We only treat the upper limit. Investigating
W,, — W rather than W, — W,, immediately gives the result for the lower limit. Also,
without loss of generality we assume in what follows that P[S] = 1 (otherwise we have

to use Lemma B2 below with the probability measure P replaced with P(-|S) and write
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“a.s. on the survival set S8” rather than “a.s.” throughout). This assumption ensures
that We, and W (2) are positive a.s. rather than with positive probability.
We shall use the following representations
Woo =Wn =Y YW —1) and Wy =W, = > Y, (W —1) (3.1
|u|=n |u|=n

for r € N. By the reasons that will become clear in a while we first consider the sums

as above with truncated summands. It will be convenient to write e® for m(2)~1/2.
For u € V with |u| =n € Ng and r € N := NU {co0}, put
23 = YuW = D Ly iy
and then
Var = Y (234 — BIZU)|F). (3.2)
|ul=n

Lemma 3.1. Forr € N,

lim e2*™ Var[V, | Fn] = Woo (2) Var W, a.s. (3.3)

n—oo
Proof. Conditionally on F,,, the random variables Z,(ff,z, |u| = n, are independent
but not identically distributed). By definition of V,, ,. we have
( y y :
Var[Vo | Fal = D E[(Z8) Fu] - > (E (ZONFu ) =T, —TL .
lul=n lul=n

To verify (33]), we are going to show that

lim T =W (2) Var W, a.s., (3.4)
n—oo ’
lim e**" T =0 aus. (3.5)
n—oo ’

Proof of B4)). Let F.(z) := P{|W, — 1| < z}, > 0, be the distribution function of
|W,. — 1|. With this notation, we have

Tori= Y E[(ZUDFul= ) <Y3/ xQdFr(x)>
[0,e=anY, ]

lul=n |u|=n

and thereupon

>y / 2?dF(z) < T, < | Y Y2 | Varw,. (3.6)
0, (e@” sup Y, )~ 1]

jul=n [ i
Ju|=n

lu[=n
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By Theorem 3 in [10], the assumption m(2) < co alone ensures that

lim e*" sup Y, =0 a.s. (3.7)

Thus, the integral in the lower estimate in (8] converges a.s. to Var W,.. To complete

the proof of (B4 we recall that

. 2an 2 _
nll)ngoe Z Y =Wxw(2) as. (3.8)

|u|=n
Proof of (33). Since E[ ) _ 1] =0,
2

T’r/z/,r = Z YuQ(E [(Wr(u) -1) ]l{eanyu|wr(“)—l|§1} D

lu[=n

u 2
= 20 VARV =Dy ooy 1)

lu[=n

Using Wr(u) —-1< |Wr(u) — 1] gives

<Y <yu2< / OOY xdFT(x)> >

|u|=n
- 2
< Y2 / xdF,.(z) ] .
<|uz—n )( (con sup ¥u)~!

Since [;° xdF,(z) is finite, the integral on the right-hand side converges a.s. to 0 as

n — oo by (B1). Recalling (B8], we arrive at ([B.5). Taken together, (34) and B3]
yield B3).
The main tool in the proof of Theorem is the following lemma, see Proposition

7.2 on p. 436 in [5].

Lemma 3.2. Let (Gp)nen, be an increasing sequence of o-fields and (Ty)nen, be a

sequence of random variables such that

> sup [P[T, < ylGn] — D(y)| < o0 a.s., (3.9)
n>0 yeR

where ®(y) = \/% 1Y e=*"/2dz, y € R. Then,

lim sup <1 a.s

T,
n—ooo V2logn —
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If, further, there is a k € N such that T, is Gn1r-measurable for each n € Ny, then

T,
limsup———=1 a.s.

n—ooo V2logn

Let r € N, be fixed. We are going to verify condition (39) for the random variables
Ty := Vi r/A/ Var[Vy, | Fp)-

Conditionally given F,,, V,, , is a weighted sum of i.i.d. random variables to which the
Berry—Esseen inequality (see Lemma below) applies:

Vn,r

P|l——————xrus<
Var[Vy, »| Fn)

Ap, = sup
y€ER

(Var([V,, .| F])3/2

3 ujn BIZS B F)
(Var[vm|an])3/2 ’

]:n] - ®(y)

g

3
28 — B[Z8)| Fl

IN

< 8C

where C' > 0 is a finite absolute constant. Now we work towards proving that

ZA"*T <00 as. (3.10)
n>0

which would verify condition [B3). Equation (B3) reveals that (3I0) would hold

provided we could prove that B < oo a.s., where

B:=Y e Z E[|Z{]3|Fn) (3.11)

n>0 lu|=
T P ez AR

To proceed, we need to define the random walk associated with the BRW. Consider

the following probability measures on R:

Z Y. 55(@] , n € N.

lu[=n

Y, =E

The associated random walk (S, )nen, is a zero-delayed random walk with increment

distribution ¥. It is clear that, for any measurable f : R — [0, 00),

=E l > Yuf(S(u))] , neN. (3.12)

|u|=n
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Passing to expectations in (811)) and using ([B.12) we obtain

EB = / 22| Y e E [e*‘é’(Sn*‘m) Liesn—ansay | | dFp(2)
[0,00) n>0
- [ ([ vravw) .
[0,00) x
where
V(z) = Z e P{S, —an <logz}, z>0. (3.13)
n>0

By Lemma Il V(z) < oo for all z > 0. Since the function z — [~ y~2dV(y) is
nonincreasing we conclude, again by Lemma Bl that [~ y~2dV(y) < c/z for some
constant ¢ > 0 and large enough z. Hence f(bm) 2® [ y~2dV (y)dF,(z) < oo for any
b > 0 in view of

Var W, = r?dF,(z) < oo. (3.14)
[0,00)

We also have [, z® [ y~2dV (y)dF,(z) < oo because mlir&rxg [Zy™2dV(y) = 0. To
verify the latter relation, integrate by parts and apply L’Hospital’s rule. This proves
that B < oo a.s. and thereupon (B.10).

An appeal to Lemma B2 with T,, = V,,,./+/Var[V,, .| F,] in combination with (33))
leads to the conclusion: for fixed r € N,

anVn r
Hffiipjﬁ—gﬁ = /W (2) Var W, a.s. (3.15)

because V,, , is Fp4r-measurable; whereas

anVnoo
ligs;pﬁg W (2) Var Wae  a.s. (3.16)

Comparing formulae ) and (B2) we conclude that in order to show that [BI5]) and

(3.1I6) imply
M (Whgr — W
H,ﬁsolipe ( 2T0gn ) = /W (2) Var W, a.s. (3.17)

and
i sup e Woe = W)
n~>oop vV 2 10g n

it suffices to prove that, for r € N,

Ws(2) Var W, as. (3.18)

. an (u) _ =
Jim e 7 VoW =Ty 0 gy =

|u|=n

0 as. (3.19)
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and

lim ¢ > " [B[Z{")|Fal| =0 as. (3.20)

n—r00 o
lul=n

Since E[Wr(u) — 1] =0 and Y, is F,-measurable for |u| = n, we have

|E[Z)|Fal| = ‘E[Y“(Wr(u)_m ]l{eawuwﬁ“)—l\sn‘f”}

n,r

= }E [YU(WT(“) ~1)

7

]l{eawu|wi“)—1\>1}

IN

E [YU|WT(U) — 1] l{canyu|W§“Ll\>1} ‘}—"] :

Hence both relations B19) and B20)) follow if we can show that

Z e Z VWi -1 Loy, w1513

n>0 |u|=n

I:=E < Q.

Since V' is nondecreasing, an application of Lemma [L1] yields V(z) < cz for some
constant ¢ > 0 and large enough z. Using this we infer

I=E [Ze‘m > v, /[O )x]l{c,myuflgz} dF,(z)

n>0 |u|=n

in view of ([BI4]). The proof of BIT) and BI8) is complete.

It remains to show that “<” can be replaced by “=" in (BI8]). As has already been

= / zV (z)dF,.(z) < oo
[0,00)

remarked at the beginning of the proof, once we have proved (BI8]) we also have

M Weoo — Wh,
limimfM > —/Wx(2) Var W,  aus. (3.21)
n—00 v2logn

For any r € N, the following equality holds

e (Woo —Wy) (W — Wiy) Viog(n+7) 0 e (Wyay — Wh)
Vdlogn B V0og(n +r) Viegn ¢ Viogn '
Using now B.I7) and 2I) we infer
lim sup e oo = Wn)
n—»o0 Viogn
> lim infea(n—i-r)(Woo — Watr) VV0og(n + 1) ¢~ 4 lim sup (Wi y — W)

n—00 Vl0og(n + 1) Vlogn n—o0 Viogn
> —\/2W4(2) Var Weoe™ ™ 4 /2W,o(2) Var W,..

Letting » — oo we arrive at

e (Woo — Wn) > /2Wo (2) Var W,

lim sup

n—oo Viogn
This completes the proof of Theorem [L.3
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4. Appendix

The following result is concerned with the asymptotics of V(x) defined in BI3).

This is a slightly extended specialization of Lemma 3.1 in [21].

Lemma 4.1. Suppose that the functionr — (m(r))*/" decreases on [1,2] and that (L3)
holds. Then V(x) < oo for all x > 0. If, furthermore, the associated random walk

(Sn)nen, is non-arithmetic, then as x — oo,
V(z) ~ cqm, (4.1)
where ¢, := (e**(—m’(2)) —a)~! € (0,0), and

/( y 2dV(y) ~ cort (4.2)

;00)

If (Sn, — an)pen, s arithmetic with span A, > 0, then, analogously, as n — oo
V(er™) ~ dgerem, (4.3)
where dy = Ao ((1 — e ) (e22(—m/(2)) —a))~! € (0,00), and
/[Cxanyoo)deV(y) ~ dge ", (4.4)

Proof. Formulae [ and (&3] are borrowed from Lemma 3.1 in [2I]. Relation ([@.2])
follows from (] by integration by parts and subsequent application of Proposition
1.5.10 of [I1]. Relation [@4]) can be obtained with the help of elementary calculations
in combination with V(e*e™) =V (e*«("=1) ~ d,(1—e " )era™ which is a consequence
of [@3).

Since we consider BRW in which particles are allowed to have infinite number of
offspring with positive probability, we need a version of the Berry-Esseen inequality

for sums with possibly infinite number of summands.

Lemma 4.2. Let X1, Xo, ... be independent (but not identically distributed) random
variables with EX; = 0, 02 := Var X; and p; := E|X;|*, i e N. If >, 07 < 00, then,
for an absolute constant C,

o1 X Y
sup |P L < _ L/ e~ /2d <C

yeR (Z 2)1/2 Sy \/%

i>10i

ZiZl Pi

=73 (4.5)
(2121 01'2) /
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Proof. According to the classical Berry—Esseen inequality, (4.3]) is valid if all infinite
sums are replaced by finite sums over ¢ = 1,...,n with arbitrary n € N. By letting in
the classical inequality n — oo and noting that 7, := Y"1 | X; /(31 02)}/? converges
to its infinite version 7 a.s. (and hence in distribution), we obtain that (Z3H]) holds
for all y which are continuity points of 7. Since any y € R can be approximated by
continuity points from the right and since the distribution function is right-continuous,

we obtain that (@H) holds for all y € R.
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