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We establish conditions for an exponential rate of forgetting of the ini-
tial distribution of nonlinear filters in V-norm, path-wise along almost all
observation sequences. In contrast to previous works, our results allow for
unbounded test functions. The analysis is conducted in an general setup in-
volving nonnegative kernels in a random environment which allows treatment
of filters and prediction filters in a single framework. The main result is illus-
trated on two examples, the first showing that a total variation norm stability
result obtained by [Douc et all (|20Qd) can be extended to V-norm without any
additional assumptions, the second concerning a situation in which forgetting
of the initial condition holds in V-norm for the filters, but the V-norm of each
prediction filter is infinite.
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1 Introduction

For Polish spaces X, Y equipped with their Borel o-algebras X', ), let u be a probability
measure on X and let f: X x X — [0,1] and g : X x )V — [0, 1] be probability kernels.
A hidden Markov model (HMM) is a bi-variate process (X,Y’) where the signal process
X = (Xp)nen is a Markov chain with initial distribution g and transition kernel f,
and the observations Y = (Y, )nen are conditionally independent given X, with the
conditional distribution of Y}, given X being g(X,,,-). The filtering problem is to compute,
for each n, the conditional distribution of X,, given Yy,...,Y,.

Suppose that for each z € X, g(x,-) admits a density denoted g(x,y) w.r.t. some
o-finite measure. Then for a probability measure A on X', under mild conditions on the
density g the following recursion defines a sequence of probability kernels I\ : YN x X' —
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0,1], n >0,

J1a(@)g(@, ) f (2!, d)_y (y, ')
[g(z,yo) f(2,do) T | (y,da/) =~
J 1a(@)g(z, yo)A(dx)
Ja(z.yo)A(dz)

) (y, A) ==

(1)

1) (y, A) :=

where y = (yo,y1,...) € YN, In particular, IT5(Y,-) is a version of the conditional distri-
bution of X,, given Yy, ..., Y, under the probability model described in the first paragraph
of this section. A distribution of the form II)(y,-) is called a filtering distribution, or
simply a filter.

The question of stability w.r.t. initial conditions of the filter addresses whether or not
H>‘ is, in some sense, insensitive to A as n — +o00. This question has been made precise
in a number of ways and answered using a variety of techniques. A full survey of eX1st1ng
results is beyond the scope of this article, the reader is directed to

, Chapter 4) for a collection of recent perspectives. However, what unifies much
of the literature on filter stability is that the insensitivity of II) to X is described in
terms of integrals w.r.t. II)(y,-) of bounded test functions, typically through decay as

n — +oo of the total variation ITIN(Y, ) — I} (y, -)|ltv, where for a signed measure m,
lm||tv := supj <1 m(p)], m(p) := fgp(ﬂ:)m(dx) Studies using the total variation norm
include eg,ﬁijf:mzsxnaﬁndj&mifﬁumkgd (IZDLE Douc et all (|2£Mld |2Q1ﬂ \Van Handel

) and several older and influential works deal with bounded continuous test functions
e.g., m_niand_]iardmxl (Il&9ﬂ for filtering in continuous time.

In many applications X is R? or some other unbounded domain and the motive for
computing Hf; is statistical inference for the signal process, e.g. by calculating moments
of IT)(y, -). This situation leads naturally to the question of filter stability for unbounded
test functions, which to the knowledge of the authors has gone largely unanswered. The
main aim of the present article is to address this gap.

One situation in which unbounded test functions are implicitly considered is the
linear-Gaussian case, in which X, Y are Cartesian products of R, = is a vector and
f(z,") = N(Az,C), g(x,) = N(Bx, D) for suitable matrices A, B,C,D. If X is also
Gaussian, then II)(y, ) is too. In this situation the stability of the mean and covariance
of IIX(y,-) w.r.t. initial conditions has been well studied, see Qcone and Pardoux (1996)
for continuous time and references therein for discrete time, but the proof techniques
involved seem very much specific to the linear-Gaussian model structure.

Our aim is to accommodate unbounded test functions whilst allowing more general
assumptions on A, f and g. Our approach builds very directly upon that of m

), in turn drawing on techniques of (lZDDﬁ) Under
a collection of assumptions which we discuss in more detail later, [Douc et a ] (lZDDQ,
Theorem 1) established path-wise exponential stability of the form: there exists a strictly
positive constant ¢ such that for any two probability measures A, A:

lim sup — log\|H>‘( N =TI, e < —¢, P—a.s., (2)

n
n—+oo T



where P is a probability measure on Y®N. The conditions of [Douc et all (|20Qd, Theorem
1) accommodate Y being a stationary ergodic process under P, and allow for model mis-
specification, in the sense that P need not be the measure on Y®Y induced by the HMM
specified by pu, f, g, or indeed any HMM.
Our main contribution is to establish that under conditions similar to those of Douc et all
), path-wise exponential convergence as in (2] holds, but with || - ||t replaced
by a norm which allows for unbounded test functions. For V an R*-valued function
on X such that sup,cx V(z) < 400, we consider the norm on signed measures m,
Im|[v = sup|, <y [m(p)], as is popular in studies of the ergodic properties of general
state-space Markov chains i |2£l0.g Chapter 16). Stability w.r.t. ini-

tial conditions of the prediction filters IT ( = [ f(z YT . (y,dz) in V-norm was
considered by the second author of the present paper in i , ), but under a
restrictive condition on the observation sequence y which we discuss in more detail later,
after introducing notation and definitions.

The rest of the paper is structured as follows. Our general setup is introduced in Section
211 where we take a slightly abstract perspective on HMM’s and filtering, in that our
main results concern certain sequences of measures which arise from the composition of
nonnegative kernels driven by an ergodic measure-preserving transform, along the lines
considered by Kifel (IM) in his Perron-Frobenius theorem in random environments.
The utility of this general formulation is that it allows us to treat stability of the filters
I} and the prediction filters ﬁi in a single framework, as described in Section
The statements of our main results are given in Section 23] with comparisons to the
assumptions of Douc et all (2009) and a result of [Whiteley (2013). Verification of the
assumptions is illustrated through examples in Section Bland we point to potential other
applications in Section The proofs are in Section Ml

2 Nonnegative kernels in a random environment

2.1 Definitions and assumptions

We consider a complete probability space (£2, F,P) and a measurable space (X, X'), where
X is Polish and & is the Borel o-algebra on X. For an integral kernel R : Q x X x X —
[0,4+00], i.e. for (w,z) € @ x X, R(w,x,-) is a measure on X, and for A € X, R(-,-, A)
is measurable w.r.t. F ® X, we shall write interchangeably R(w,z,A) = R¥(x, A).

Similarly for v : Q x X — [0, +oo] v(iw,A) = (A) for p : A x X = R, p(w,z) =
Y (x ); and RY@(z) = [¢ (/)R (x,da’), vWRY(:) = [qv¥(dx)RY(z,-), v (p*) =
Jx % (@) (da).

By Virtue of our completeness assumption about (2, F,P) and Polish assumption about
X, for any measurable ¢ : @ x X — R and A € X', the mappings w — sup,c4 p(w, )
and w — infyec4 ¢(w, x) are each measurable w.r.t. F , , Corollary 2.13).

We fix a function V' : X — [1,4+00) possibly unbounded (in the sense that we allow
sup,cx < +00), with which we associate the following norms. For ¢ : X — R, |l¢|ly =
supgex [o(@)]/V (2); for any signed measure m on X, [|m||y = sup,| <y [m(p)[; and



for any two nonnegative integral kernels R, R on (X, X), ||[R— R||y := sup,ex || R(z, ) —
Rz, )|v/V(z).

Let 0 : Q — € be a measurable mapping and with n € N, let 8" denote the n-fold
iterate of . Then denote:

©.=JId, RY:=RYR™...R"% n>1.

Define a V b := max{a,b}, a A b := min{a,b}, log™ (z) := log(1 V z) and log™ (z) :=
—log(1 A x). The indicator function on a set A is denoted by 14. The set of non-
negative integers is denoted N. We adopt the conventions 0/0 = +00/ + 0o = 1.

From henceforth we fix a distinguished nonnegative kernel @ : Q x X x X — [0, +00],
such that Q¥(z,X) > 0 for all z € X, P-a.s.

Definition 1. A set C € X is a local Doeblin (LD) set for Q if there exist nonnegative
random variables g, e on (2, F), such that eq(w) < e5(w) for all w and both €/ and
€c are valued in (0,+00) P-a.s.; and a probability kernel pc : Q x X — [0,1] such that
pe(C) =1 for allw and, for any (A,z,w) € X x C x Q,

C@HAANC) < QU@ ANC) < GW)(ANC).
We shall consider the following assumptions.
(A1) 6 preserves P and is ergodic;
(A2) E [log™ Y] < +o0, where T(w) = |Q*[lv, w €

(As3) There exists aset D € X such that E [log* \Il] < 400, where ¥(w) := inf,ep Q¥(z, D),
w € Q;

(A4) There exist a set K € F, a constant d > 0, and a measurable, unbounded function
W : X = [0,4+00) such that for any d € [d, +00),

a) Cqg:={reX : W(x) <d}is a LD set for Q), with

inf ead(w)/egd(w) €(0,1], E[log™ (ead,ucd(C'd ND))] < +oo,

weK
where D is as in
b) Vd = SUngeCd V(x) <400 and
SO Senl- W@, V) € K x G

(A5) P(K) > 2/3, where K is as in [(A4)]

Let M(D,V) be the collection of integral kernels v : Q x X — [0, +00], such that
for any A € X, the mapping w — v“(A) is measurable; for P-almost all w, v*(-) is a
probability measure on X, v*(V') < +o0 and v¥Q%(D) > 0, where D is as in|(A3)|



For any integral kernel v : Q x X — [0, +0o0] and n € N, denote:

Qs (A)
v (A) = —2—= A)eQx X. 3
() 1= o (@A) € X 3)
The following preliminary lemma addresses some basic regularity properties of () and
MNvn-

Lemma 1. Assume[(A1)} [(A2), [(A3) and let v € M(D,V). Then there exists Q € F
with P(Q) = 1 such that the following hold for allw € Q. For alln € N, [[|Q%||v < +oo,
[Tro Y(6*w) < +oo, [Ti—o ¥ (0*w) > 0, and for all x € X, Q%(x,X) > 0. Also n%,,(")
is a probability measure on X and n;;,, (V) < o0 for alln € N, and n;,(D) > 0 for all
n > 1.

Proof. By the sub-multiplicative property of |||-|||y/, we have |||Q% ||y < Hz;é QY (||l =
[17=) T (f*w). For P-almost all w, T(w) < 4oo by U(w) > 0 by and
Q¥ (z,X) > 0 for all z € X by definition. Combining these observations with the measure
preservation part of gives the first four inequalities in the statement. For n € N,
Qv < vy @2l < +oc and for n > 1, 1Q(X) > v*Q (D) [[{=h1 A
U (0*w) > 0, P-a.s. Putting these facts together with (&) completes the proof. O

2.2 Instances of the general setup

Let (Y,)), f, g, A, II) and ﬁi be as in Section [Ml and let P be some probability measure
on YN Take Q = YN. We note that the requirement of Section 21l to have a complete
probability space can always be satisfied by taking (£2, F,P) to be the unique completion
of (2, YN P) in the sense oleillin.gSJQQZI (Il_%ﬂ, p.39 and problem 3.5, p.43), where here
and in the examples of Section B] we abuse notation slightly in using the symbol P to
represent both the original probability measure on YN and its extension to F.

Regard Y (w) = (Yo(w), Y1 (w),...) as the coordinate process on (2, F). Take 6 as the
shift operator, Y (fw) = (Y1(w), Ya(w),...). We then observe the following from (IJ) and

@).

Filters If one takes

w o g(w,YO(w)))\(dx) @ da) = fle. deVa(z' w
v (dx)_fg(xl,}/o(W)))\(dx/)’ Q ( 7d ) f( 7d )g( 7Y1( ))7 (4)

then 77;”7”() = Hf‘L(Y(w), ).

Prediction filters If one takes



2.3 Statements of the main results

Theorem 1. Assume (A5 ) Then there exists a p € (0,1) such that, for all v, U €
M(D,V),
Jim p™ g =g llv =0, P-as.

The main ingredients in the proof of Theorem [ are the following two propositions.
Proof of Proposition [ is the main technical contribution of the paper and is given
in Section through a sequence of lemmas. The proof of Proposition 2 given in
Section 3] follows quite closely some arguments of Douc and Moulines (|2Qlj, Proof of
Proposition 5), with suitable modifications to accommodate the V-norm. Lastly, we note
although we are primarily interested in the case sup, V(x) = 400, none of our results
actually require that condition to hold, and when e.g., V(x) = 1 the V-norm on measures
reduces to the tv-norm and the claim of Proposition [ is trivial.

Proposition 1. Assume P(K) > 0, with K as in|(A4). Then, for any
B €(0,1) and v e M(D,V),

lim B"[n;,|lv =0, P-as.

n—-+o00

Proposition 2. Assume let v, v be two members of M(D, V), and lety~,~*, 3
be constants such that 0 <y~ <~* <1 and B € (v ,7y"). Fiz any d € [d,+0o0). Then

for P-almost any w, if n 1§, 1 > (1 —~y7)V (1+~T)/2, then:

Hnﬁn - Ug,n“V

[n(8—")] (V) (V) =

< 96—~ w w —d[n(vt-p)]/2 UYL

= QPC’d ”nu,n”v”nu,nHV+2waw(D) ﬁwa(D)e gz(a w) (6)
_ 2 1V T (w)

where pc, := SUp,,c i {1 — (ecd(w)/eéd(w)) } €10,1) and Z(w) := m

We next describe how our assumptions compare to those of Douc et all (IZDD_d, Theorem
1), who established a result in t.v.-norm of the form (2], and how our Theorem [ differs
to a result of Mh]j_elgyl (120_1_3) which places restrictive conditions on the observation
sequence. Due to the technical nature of the assumptions and variations in notation, an
exhaustive comparison would be very lengthy and tedious, so we just focus on some key

issues.

Comparison with [Douc et al! (2009)
Although Douc et al! (2009) addressed stability of the filtering distributions, compar-

ison of assumptions is most notationally direct in the setting (B); all assertions in the
remainder of Section 23] are to be understood in that context.

The main feature of our assumptions which is stronger than those of [Douc et all (|2£le,
Theorem 1), is that in ) we require Cy to be an LD set satisfying the integrability




condition E[log™ (e;d,ucd(Cd N D))] < 400 for all d € [d,4+00). This is in contrast
to , Theorem 1, eq. (14)), which requires that a similar condition is
satisfied for only some LD set. The key place in which we use this integrability condition
is in the proof of Proposition[I] in particular see equation (B0]) below, where ultimately it
helps us establish that for P-almost all w, 7/, (V) cannot grow “too-quickly” as n — +o0.

Otherwise, our assumptions are very similar to those of (IZDQQ, Theorem 1).
We note that we have taken Q“(x,X) > 0 for all 2, P-a.s. by definition i.e. g(x,Yp(w)) >
0 for all z, P-a.s., which is essentially the same as , p-139, condition

(H1)). Part b) of [(A4)|is very similar to [Douc et. a | (2009, p.139, condition (H2)). We
note in passing that similar conditions have appeared outside of the context of filtering,
in the spectral theory of nonnegative kernels, see [Whiteley et all (IZQH) and references
therein.

We note that amounts to saying that the observation process (Y;,)nen is stationary
and ergodic. Combined with the conditions E[logt T] < oo in E[log™ ¥] < o0 in
and P(K) > 2/3 in[(A45)] this implies that lim sup,, ., n~! Zk o log T(0*w) < +o0,
liminf,, soon ™' >0 Log \II(Hk ) > —o0 and lim, eon 1> 0C lK(Hk ) > 2/3, which
are very similar to [Douc et all (2009, Theorem 1, conditions ( 12) (14)). Motivation for
the technical condition P(K) > 2/3 is given in Douc et all (2014, Remark 5).

Comparison with Whiteley (2013)

A form of forgetting of the initial condition in V-norm for the prediction filters was
established by the second author of the present work in Mh].t.&]ﬁ;zl (|2_0_13), but under
restrictive assumptions on the observation sequence. In the notation of the present work,

[Whiteley (IZQlﬂ, Corollary 1) establishes under certain conditions that there exist Y C Y
and constants ¢ < +00, p < 1 depending on Y such that

—N —\ —X n
yeY = |(y,-) 1L (y)llv <Cp", VneN. (7)

Mhit.dﬁ;&l (|2Q13, Section 3.1.1.) provides an example for which one can take Y =Y , but

in other cases one must resort to strict inclusion Y C Y and the condition y € Y becomes
very restrictive. For instance in the setting of Mhmg]ﬁyl (IZQl_d Section 3.1.2.), Y = R%,

Y is a compact set and one can easily construct situations in which P(Y € T ) =0
when P is the law of Y = (Y},)nen under the correctly-specified HMM. Thus (7)) does not
satisfactorily extend (2]). Theorem [] overcomes this deficiency.

3 Discussion

The examples below serve two main purposes. Firstly, we show that for one of the
models treated by [Douc et all (|2£le), the tv-norm convergence as in (2]) can be extended
to convergence in V-norm with no further assumptions. Secondly, we provide a simple
example to illustrate that under certain conditions on g, the filters can forget their initial
condition in V-norm for some V such that the V-norm of each prediction filter is infinite.




3.1 A nonlinear state-space model

Throughout Section Bl we take X = R%, Y = R% and we focus on the following
nonlinear model, for n > 0:

Xpt1 = X +0(Xp) + 2(Xn)V, (8)

Y, = h(X,) + W, 9)

where b : R% — R% and h : R% — R% are vectors of functions, ¥ is a d, X d, matrix

of continuous functions, 8 > 0 is a constant and (V},)nen and (W, ),en are sequences of
i.i.d. standard Gaussian vectors of appropriate dimension. The following conditions are

considered by [Douc et al. (IZDDQ, p.1245):

(E1) b is locally bounded and lim,— oo SUp|g|>, |z + b(x)| — |2| = —o0;

(E) With o(7,2) = 7% (2)2(2) 7,
0< inf o(r,z) < sup o(r,x) < +0o0; (10)
({L‘,T)GRQdJC ) |T‘:1 (x,T)€R2d90, ‘Tlil
(E3) h is locally bounded and limsupi,|_ |z| " log |h(z)| < +o0.

Remark 1. For an arbitrarily chosen ¢ > 0, set V(x) = exp(c|x|). Let f be the Markov
transition kernel corresponding to the signal model ). The following facts are gathered

together from Douc et all (2009, p.1246). Under[(Ey J{(E2): there exists a constant M <
+o00o such that
f(V)(z)
Vi(x)
and for any bounded Borel set C € X of strictly positive Lebesgue measure, there are
constants 0 < €, < €g < 400 such that:

Ecfic(ANC) < f,ANC) <& ic(ANC), V(z,A) € C x X, (12)

< Mexple(|z + b(z)| — |z])], VzeX, (11)

where [ic is the normalized restriction of Lebesgue measure to C'. The Markov chain
(Xn)nen with transition kernel f is aperiodic and positive Harris recurrent with unique in-
variant distribution, say 7, such that 7(V') < 400, and the bi-variate process (X, Yn)nen
given by ®&)-@) is also aperiodic and positive Harris recurrent, with invariant distribution
n(dx)g(x,y)dy where dy is Lebesgue measure on R% and

9(z,y) oc exp(~ly — h()]" [y — h(x)]/26). (13)

The following proposition is an application of Theorem [
Proposition 3. Assume hold for the nonlinear state-space model. Let P be
the probability measure on YN which is the law of (Yy)nen when the bi-variate process

(X, Yo)nen satisfies [8)-@) and Xo ~ w. Then for any constant ¢ > 0 there ezists a
constant p € (0,1) such that, with V(x) = exp(c|z|),

lim p~"IN(Y, ) —IN(Y.)|v =0, P—as.

n—-400

for any two probability measures A\, X such that AV) < 400 and S\(V) < 4-o00.



Proof. Let V(x) = exp(c|z|) with some arbitrary ¢ > 0. Fix any two probability measures
A A on X such that A(V) V A(V) < +oo. Consider the scenario (), let v, be the
probability kernels associated with A, A as per (@), so nyn() = I (Y (w), ), ng.() =
I\ (Y (w),-). To apply Theorem [ we need to verify and check that v, 0 are
members of M(D, V).

For the measure preservation part holds since (Y),)nen is by assumption a sta-
tionary process under P. For the ergodicity part, by Remark [I the (X, Y, )nen chain
is aperiodic and positive Harris recurrent, so by [Bsz , Theorem 2.6, Chapter 6,
p.167) the tail o-algebra for the process (X, Yy )nen is a.s. trivial, from which it fol-
lows that the o-algebra of events which are invariant w.r.t. the shift operator 6, i.e.,
{Ae F:071(A) = A}, is P-trivial.

readily holds, since it follows from (1) and ([I3) that

sup T(w) = sup QU (V)(x)/V(x) < szufg(w’y) sup fV)(2)/V(z) < +o0.

Consider now and For brevity, write

P(x) = ez + b(z)| - |z]) +log M +logsupg(z',y), =€X
'y

and then set W (z) = 0V —¢(x). It follows from [(E1)] that lim,_,o inf|, >, W (x) = 400,
therefore for any d € [0, 4+00), the set Cy = {z : W (z) < d} is bounded. There must exist
d € [0,+00) such that {x : |x| < 1} C Cy, otherwise W would not be locally bounded,
which would contradict the local boundedness of b in Thus for each d € [d, +00),
Cy is a bounded Borel set of strictly positive Lebesgue measure. Set D = Cjy.

Let Y € Y be any compact set and take K = {w : Y1(w) € Y}. For part a) of [[(A4)]
using ([I2), we find that Cy is a LD-set for @ with:

p = ¢, inf \% ps =) Y

ec,(w) =€, xlencdg(w, 1(W)), eo,(w) =€, sup g9(z, Y1(w)),
and ¢, (-) = fic, (-). Since é; < &5, we have ead(w)_g egd(w) for all w € Q, as required.
We also have inf,cx (65 (w)/ eéd (w)) € (0,1] since Y is compact, Cy is bounded and h

is locally bounded under |(F3)|
To complete the verification of part a) of it remains to check that for any d > d,

E[log’ (é5, fic,(D) inf g(w,Yl))] < +00, (14)
zeCy

where we note that €,y PCy (D) are strictly positive constants by construction. Using

the facts that: for any a,b > 0, log™ (ab) < log™ (a) + log™ (b); [y — h(z)]"[y — h(x)] <

2(|y|? 4 |h(x)|?); and, since h is locally bounded, SUP,cc, |h(z)]? < +o0; to establish (1)
it suffices to show that E [|Y1[?] < 400, or equivalently,

/ / oz, p)lyl? dym(dz) < +oo. (15)
XJY



To establish (I8) we follow Douc et all (2009, p.1246). Let ¢¢ > 0 and V*(z) =
exp(c*|z[). Then, elementary manipulations give [, g(z,y)|y|*dy = |h(z)* + const.,
and sup, (|h(z)|?/V*(z)) < +00 by [(E3)] as long as ¢* > 21im sup|z| 4 oo lz| = log |h(z)],
which we may assume since ¢* > 0 was arbitrary. By Remark [l 7(V*) < +o0, so (I3
holds, and then (I4)) does too, completing the verification of part a) of . It is easily
checked that the conditions of ) hold by construction of V., W, and Cy and by .

To verify recall we have taken D = Cy and apply (I4)) with d = d. is easily
achieved since Y € ) was an arbitrary compact set.

Finally, we need to check v, € M(D, V). Since sup, , g(z,y) < +oo and g(z,y) > 0,
Jx 9(x, Yo(w))A(dz) € (0,4+00), hence v*(-) is a probability measure on X for all w.
The measurability of w — v¥(A) is immediate. By assumption A\(V) < 400, hence
ve(V) < sup,, g(z,y)MV)/ [ 9(z, Yo(w))A(dz) < +oo for all w, and v*Q“(D) > 0 for
all w since g(x,y) > 0 and f(x,-) has a strictly positive density w.r.t. Lebesgue measure.
The same arguments apply to v.

O

3.2 Stability for filters but not for prediction filters

It can be shown by arguments almost identical to those in the proof of Proposition 3] that

the claim of that proposition also holds with the prediction filters ﬁz, ﬁi in place of the

filters TI), TI). We omit the details to avoid repetition. However, as we shall illustrate
next, if V(z) grows suitably quickly as |x| — oo, it can occur that the filters are stable in
V-norm where as the prediction filters are not, in the sense of the following proposition.
To demonstrate this phenomenon with a simple and short proof, we consider a specific
linear state-space model. The result could easily generalized to a broader class of models,
at the expense of a proof which involves lengthier technical manipulations.

Proposition 4. Consider the model of Section[31) in the specific case d, = dy, =1, and

Xpi1 = aX, +V, (16)
Y, = X + W (17)

where |a| < 1. Let P be the probability measure on YN which is the law of (Yy)nen
when the bi-variate process (X, Yn)nen satisfies @)-@@) and Xo ~ 7. Then there exist
constants ¢ € (1,2) and p € (0,1) such that, with V (z) = exp(cx?/2),

—)\
||Hn(y’ )HV = o0, V(n,y) € N x YN,
for any probability measure X\, whereas

lim o "|IN(Y, ) —TIN(Y. )|y =0, P—as.

n—-+o0o

for any two probability measures A\, A such that A(V) < 400 and \(V) < +o0.
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Proof. First note that for any ¢ € (1,2) and = € X,

P oz’
/ flz,d2)V(z) x / exp [—(c — 1)+ azx — dz = +o0,
X X 2 2

where in the middle expression, dz denotes Lebesgue measure on R, hence Hﬁ:‘z(y, Ny =
+o00 as claimed.

The proof is completed by applying Theorem [l in the scenario (). In verifying
and checking that v, are members of M(D, V'), where v, are the probability
kernels associated with A, X as per (), we can re-use some but not all of the arguments
in the proof of Proposition

Condition is verified exactly as in the proof of Proposition Bl For the condition
it follows by elementary manipulations that

V(z)! / F(2,d2)g(z,9)V (2) = exp [$(z, )]

where

T/J(CC, y) =R

2,2 2

o’ ox 1 log 2m 4+ log(2 — ¢

Loy v 1) los 8( ),

2 2—c 2 \2-c 2

and we assume ¢ € (1,2) is such that 0 < 1+ ¢/a? —1/(2 — ¢) =: k; note that it is easily
checked that such a ¢ € (1,2) indeed exists for any o € (—1,1). Also,

T (w) o exp [EYl(w)Q] ,

where ¢ is a finite constant depending on ¢ and «a. It is easily seen from (I6]) that
7 is Gaussian, and hence from (7)) that the law of ¥; under P is also Gaussian, so

E[log™ T] < +00, as required for [(A3)]
Take Y C Y as any compact set and set W(z) = 0V —sup,g¥(z,y). Then W is
locally bounded and lim; ., inf|;|>, W(z) = +0o. The definitions and arguments used

in verifying conditions then follow exactly as in the proof of Proposition [3 as
does the verification that v, 7 are members of M (D, V). O

3.3 Concluding remarks

We close with an outline of possible further applications and extensions of our results. For
some HMM’s, such as the linear-Gaussian state-space model with low-dimensional noise
in [Douc et all (|2Q1_4L Section 4.1), the Markov transition kernel f may have a singular
component, so that the LD part of ) cannot be satisfied in the scenarios () or (&),
but for some m > 1 the m-fold iterate of f admits a density w.r.t. a o-finite measure. In
such a situations, one may consider as an alternative to (), the scenario in which again
Q =YY, but 6 is the m-step shift Y (6w) = (Y, (w), Vi1 (w),...) and

m

W= Q¥ A) = g(fv%(W))/ La(wm) f (2, der) [T flarr, da)g(zie-r, Y (),

m
k=2

11



so then 7, coincides with ﬁ:‘nn(Y(w), -). Should the appropriate assumptions be sat-
isfied, Theorem [I] would establish stability w.r.t. initial conditions for the subsequence
{ﬁi(Y, -);n = km, k € N}. Further investigation of this matter is left as a potential topic
of future research.

Another possible avenue of investigation is to extend analysis to a two-sided time
horizon, © = Y%, so then @ the shift operator on Q is invertible, and leverage our res-
ults to address the existence and uniqueness of a limiting probability kernel, n¢(:) =
limy, 4 00 ng;:w(-), which in e.g. the scenario (@) may be regarded as a conditional distri-
bution of Xy given (Y_,)nen. Probability kernels of this form arise in the study of max-
imum likelihood estimators for HMM’s, see (Douc and Moulines, 2012) and references
therein. More abstractly, probability kernels of this form arise as generalizations of the
Perron-Frobenius eigen-measure in the works of Kifel (@) concerning large deviations
for Markov chains in random environments, and Mh]jﬁ]ﬁmnd_LfA 2014) concerning
variance growth behaviour of sequential Monte Carlo approximations of marginal likeli-
hoods for HMM’s. Future research may address extension of the results of (IM)

and MhlLfJQLand_LE&J (|2Ql_4|) under conditions similar to those in the present paper.

4 Proofs and auxiliary results

4.1 Preliminaries

We proceed with some further definitions. Define

G¥(z) == Q¥(x,X), MY (x,A)= %, (w,z,A) e A x X x X. (18)

Throughout Sections ] and 1.2 we fix some v € M(D, V') and define for n € N,

X =, (GY), we (19)

and for 0 < k < n, functions hy , : 2 x X — R according to

_ (@ X)
|J v

Also for 1 <k <n, define v, : 2 x X = R,

by (@) =1, hi,(x) (w,x,k) e 2 xXx{0,...,n—1}.  (20)

w . V()
vk,n(x) T ho].:’n(x),

(w,z) € A xX,

with V' is as in[(A4), and

Q" " (1ahg,,) ()

oz, A) = ,
el 4) A hg (@)

(w,z,A) e A x X x X (21)

12



Lemma 2. Assume[(A1)[(As)[(As) and let v € M(D, V). Then there exists Q € F with
P(Q) = 1 such that the following hold for all w € Q. For all 0 < k < n, \% € (0, +00),
[h¢ llv < +oc and for all z € X, h¢ (¥) > 0. For all1 < k < n and z € X,
v‘,;’n(x) € (0,+00), S¢,(x,-) is a probability measure on X, and

0 (A) = /X (S5, 82 ) (0, A& (2)(dr), VA€ X. (22)

Proof. Let Q € F be the event of probability 1 in Lemma [Il Pick any w € Q. Then
for any n € N, G“(z) = Q“(2,X) > 0 for all z € X, and inf,ep G?"“(2) =
inf,ep Q"¢ (2, X) > W(h"w) > 0, hence \¥ > 0. Also \¥ = nﬁannw(X) < g nllv I
Qv < +o0.

Then, again using Lemmal[l |1 v = [|Q%", [llv / TT/; A% < -+oc and the inequality
hi . (z) > 0 holds since Q*(x,X) > 0 for all z € X. By definition, V() € [1,+00), so
[h% nllv < +oo implies Ay, (x) < +oo for all z, and we have already established Ay (x) >
0, hence vg, (z) € (0,+00). It follows from (20) that Qekfl“’(h‘,;’ﬂ) = N hi_y 0 8O
Sg.n(z,-) is a probability measure.

It is easily checked using (ZI) that (SY,--- S5 ) (z, A) = Q% (x, A)/[hg,,(x) H?:_Ol Y]
and from (B) and ([I9) that H?;ol A =1#Q% (X), from which ([22]) follows. O

4.2 Proof of Proposition [I]
Lemma 3. Assume and set:
Ta(w) :==1Aeg, (W, (Can D), w e

Then there exists Q0 € F such that P(Q) = 1 and for all (w,z,d) € Q x X x [d, +00) and
any 1 <k <n,
S;:,n(v;:,n)(x) < pll;),nv;:—l,n(x) + Bl%},n’

where
1v Yk -
Pion = —EJ @) 10 teek) o
N1
IV YO 1w) "o e
BIL::}JL = Vd ( W) . < +OO7

Ty(0F1w) A U (fiw)

with the convention that the product is unity when k = n, and with the dependence of
py.,, and By ~on d suppressed in the notation.

Proof. Let Q be the intersection between: i) a set of P-probability 1 on which all the
inequalities in the statement of Lemma [Il hold and ii) the set of P-probability 1 in the
statement of Lemma 2l Pick any w € Q. Let d > d, € X, 1 < k < n and note that

oy @ (V) (@)
k,n(vk,n)(l“) = m

13



If x ¢ Cy, we have under

S2. (o8 (x) = %Q"k (V) () V ()
. Q" (V)(2)/V ()
- vk—l,n(x) )\zjil

< U 1,0(2) P
where pf is finite by Lemma’s [[] and 2

Now replace € by its intersection with the set of w’ such that €c, (0% u‘gckd“l(CdﬂD) >
0 for all k, the latter being a set of probability 1 by and |(A4)l Then let w be any
point in this new €.

If x € CYy,
- ec, (0" w)pl, "< (10,Q04 (X))
w  pw (x):QGk 1w( w )(1_) > Cyq
k—1""k—1,n k.n w
[T X
n—1 ;
_ _ k-1, (0w
> o, (0wl (car D) [] 2O
i=k v

>0,

with the convention here and in the remainder of the proof that the products are unity
when k = n, and when k < n, [[/-} ¥(6°w) > 0 by Lemma [ and [[/, A < 400 by
Lemma

Consequently, for z € Cy,

gk—1 T n—1 A\
SEn(vi ) (x) < ¢ (Qk( 130() ) 11 ‘II(HZ%)

1=
YO 1w) T A
<V — <
< VO T G0 g V(ow) - °
To conclude the proof, note that V; < +o0 under (A4 )| and so for all x € X
Slccu,n(v?:,n)(x) < pg,nvffl,n(x) + Bl:J,n < +00.

O
Lemma 4. Assume and let
1V T (w)
Z(w) = ———= Q.
@)= gy @€
Then, for any d > d, n > 1, we have, P-a.s.,
w Vw( 7 d . _dI]:j Ln—1 o
V) < o0u Dy °"1H29 +Vdez = [T 2(0'w) < +oo.

i=k—1

where forp < q, I}, = zi:q 1x(0'w), Ty is as in Lemma[3
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Proof. Noting that vy, =V and using Lemma [3] with Q) as therein, elementary manip-
ulations show that for any (w,z) € Q x X

( fnsﬁ,n)(v) <vOn H kn+ZBkn H pzn<+oo (23)

i=k+1

with the convention that the right-most product equals 1 when k = n.
For 0 < k < n and still with w € Q,

n n—1 ;
o 1VvY(0'w
| | ,O;'jn . dlk’n_l I | )\75) < +OO,
i=k+1 i=k i

n—1
1Y =v@sx) = vQ (D Hl/\\Il (0'w

and for 1 < k < n,

n n—1
_ATw 1 V T(Qk_l(.d) .
dI
B, [I rtn="Vae e ) [T 20w
i—k41 d i—k
_dlf 1,n—1 n—-l
l
nge o0+ 1w2||1Z6 < 400,

plugging these into (23), multiplying by hg,,, integrating w.r.t. v*, and noting ([22)) and
the fact that v*(hg,,) = 1 completes the proof
]

Lemma 5. Let (Y,,),>0 be a sequence of nonnegative, equi-distributed random variables
defined on a common probability space. If the expected value of log™ Yy is finite, then for
any B € (0,1), inf,, >0 87"Y,, > 0, a.s.

Proof. See Douc and Moulined (2012, Lemma 7). O

Proof of Proposition [ Let

n _dlg 1,n—1 n—l
U;;jn::ZTd 1) I Z0'w), (dwn)eld +oo)xQxN*

i=k—1

with Ty as in Lemma Bland Z as in Lemma ldl Note that Lemma M implies that for any
d>d,
U§n < +oo, VneN', Pas. (24)

We shall show that there exists a d* > d such that, for any 5 € (0,1) and d > d*,

lim g"Ug, =0, P-as. (25)

n—-+o00
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and

n—1
lim gre6n-1 [] Z(0'w) =0, P-as, (26)

n—-+o00

which, combined with Lemma [ are enough to establish lim,, o0 8”05, [lv = 0, P-a.s.

Under and
0<E[logZ] =E[|log Z|| =E[log" T] + E[log~ ¥] < +o0,
so with [ := E[log Z} and v := P(K), by and by Birkhofl’s ergodic theorem,

n—1
& =n"1> log Z(0fw) =1 — 0, P-as. (27)

n

£ = n_llgfn_l -7y — 0, P-as. (28)

n

both as n — +00, where we note that v > 0 by hypothesis of the proposition.

Now define d* := [/~ V d and set arbitrarily d > d*; the main ideas of the proof are to
show that under this condition and the assumptions of the proposition, with probability
1, the terms e~ /F-1,n-1 H?;kl_l Z(0'w) and 1/T,(0* 'w) appearing in U%  cannot grow
“too fast” as n — k — +o0 and k — 400, respectively. 7

Let 8 € (0,1) be as in the statement of the lemma, and pick ¢ € (0,dy — ) and
B € (B,1) such that 5

E exp(2c) < 1. (29)

Note that E[|log Ty|| = E[log™ (ead,ucd(Cd N D))] < +oo under so by Lemma
and under |(A; )| we have

w . s R—n n _
Ty 5= érelg,ﬁ Tq(0"w) >0, P-as. (30)

and by (27)-(28)), there exists Ni; € N such that
n>Ngy = |60 —dés| <c, P-as. (31)

Now let w be any point in a set of probability 1 on which 24)), 21), 28), (30) and
(1) all hold. Since we are interested in the limit as n — +o00, we assume for the rest of
the proof that n > N2, + 1.

Consider the decombosition

w W w
Ud,n - Ud,n,l + Ud,n,Z’

Nela —dlk“’ 1,n—1
Va3 gy 11 20 @
n _dlf 1,n—1 n—1
G 3 G 1 0 &
k=N +1
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To prepare to bound ([B2)) and (33]), note that
n—1 ~ _
e~ Ui_1,n1 H Z(0'w) = e~ (nRAD(AY=D) grn(€n—dn)+(k—1)(dEk—1—Ex-1) (34)
i=k—1
< ef(nfk+1)(d'yflfc)e2nc, (35)

where the equality holds for any k& < n and the inequality holds if additionally k& > NZg-
To bound Uéfjn,lﬂ

—dI n—1 Ncufd e_dlzfﬂ,Nng—l N:d_l
w o NY n—1 i ’ i
Usni=|e d H Z(0'w) § ; T Z(0'w)
i=N¥ k=1 i=k—1
c,d

— — w R S
<e (n—Ng ) (dy—l—c) e2ne U;N‘”d
Ve,

S GQnCU;Nwd
Ve,

where (35) has been used and where Uy N, does not depend on n and is finite by (24]).
For Uy, ., applying (B3]) gives, ’

n Gt
Uctlun , < Z _ ef(nfkhLl)(d'yflfc) e2ne
k=N&+1  —d,p
2ne 3—n
< ep 1 .
> IZJB 1— e—(d’y—l—c)

Combining these upper bounds for Uy, 1 and Uy, 2, and recalling (29),

nyrw n _2nc ) B—n 1
BiUna < B (Ud’NZJ,d + I‘C‘;B 1-— e—(d7—1—0)>

)

— 0, as n — +oo,

which completes the proof of (25]).
In order to establish (26]) and thus complete the proof of the proposition, ([B84]) applied
with £k — 1 = 0 gives:

n—1
ﬁnefdl(‘)”’n_l H Z(le) < ﬁne—n(d'y—l—c),
i=0

— 0, as n — +oo.
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4.3 Proof of Proposition

Proof of Proposition[2. We first introduce some additional notation. For Z := (z,2') €
X2 = X, let V(z) := V(2)V(z'), for functions w1, ¥p : X — R, let 1 ® 1a(z) =
1 (z)he(2"), and for any two measures puqj, p2 let pp @ po denote their direct product.
Then let Q“(z,-) = Q% (x, ) ® Q¥(z',").

Let w be any point in a set of probability 1 one which all the inequalities in the state-
ment of Lemma [I] hold and v, I satisfy the properties associated with their memberships
of M(D,V). We keep this w fixed throughout the proof, so to slightly economise on
notation we suppress the dependence of v and 7 on w.

Independently of w, fix d > d and ¢ : X — R a measurable function such that |¢| < V.
Then, with ¢+ > 0 and ¢~ > 0 being respectively the positive and negative parts of ¢,

ie. o=@ —p,

750 () = 150 (@) < [0 (1) =05 (@) + [0 (07) = 05 (7))
_ |AY (e 1x) + 1Ay (97 1x)]
= v @ Q% (X)

where, for measurable functions 1, 19 : X — R,

AL 5 (b1, 2) = vQ5 (V1) DQy () — v Q5 (12) D Q5 (Y1)

Let ¢ : X — R™ be any measurable function such that ¢» < V. Then, following very
similar arguments to Douc and Moulines (2012, Proof of Proposition 5, pp.2712-2713),

one obtains

A5 (0, 1)

_ _ T-L:_l]_* «C (’.7*. )1 (01 )
< / . [ @ 1x(Zy) — 1x ®¢(mn)|pcdj o Loyxc, (@5:%i+1) 1k (6w
Xn
n—1 ’
XV I;(dfo) H Q9 w(ji,di'i_’_l).
=0

Now since, V> 1and 0 <oy <V,
[ ®1x(Z) — 1x @ ¢(T)| <P @ 1x(T) V1Ix @ P(T) < V(T), VieX

Both 0 < ¢~ <V and 0 < ¢ <V, so we may apply the above bounds to obtain:

75 () = 18 (0) v @ Q5 (X)

_ "ol e, (5,341 1k (Pw s
< 2/ B V(fn)Pgd]:O Cdxcd( 55%5+1) 1k ( )V® ﬂ(dfo) H QG w(fi,dfﬂ_l). (36)
£ i=0

Then, for any set A € X®2? writing M5, (Zom_1) = 5 " g 1;(z;) and following
very similar arguments to those of of i , Proof of Proposition
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5, p.2714), we have under the hypothesis of the proposition on I§,—1, that for any
Be(y .1,
n—1

" 1e e, (BT 1)1k (0w n(B—~— _
pg " ew Calt P e 1 M o (Font) > (n - [nB1)/2} . (37)

ol =

Substituting (37) into (B8) and noticing v@rQ% (X) > vQ“(D)rQ* (D) 1=y 1A¥(6*w)?,

1150 (0) — 15 ()]

< 20l el + . L (39)
Y Qe (D)rQ(D) T LA W (64w)?
where
n—1 ‘
T = / V(#n)1 { Mg (80n-1) = (n = [nB])/2} v ® #(da) []o"(wdre)
Re-writing I 5 |,

Xn+1

n—1
T, .= (H 1V T(aiw)2) / V(@o)v @ #(dao)1 { Mgy, (50n1) = (n = [n8])/2}
=0

) n—1 0w [ = _ 7/ —
y <edz§_01 lcg(zi)lK(le)> I - Qedl(_xiidﬂlcz‘+;i)v($i+1) _
im0 V(Z:)e cg@i)1x( w)l VY (fiw)?
Following very similar arguments to those of Douc and Moulines (IZQlj, Proof of Pro-

position 5, p.2715), under the hypothesis of the proposition on I§),—1 we have for any
B€(0,77),

n—14 _ T iw
<ed2i_0 103( R )> 1 {Mc’g,n(jO:nfl) 2 (TL - LnﬁJ)/2} S eidnt(fy-kiﬁ”/a

and it follows from |(A4)| that

sup Jz Q7 (@, d@ﬂ)f/(@“) -1
7,€X V(fi)efdléfz(ml’((ezw)l VY (0iw)?

The proof is completed upon applying these last two inequalities to bound I'} ;| in 33).
O

4.4 Proof of Theorem 1]

Proof of Theorem[1. By P(K) > 2/3, implying that there exist 0 < v~ <" < 1
such that P(K) > (1—y~)V (1+~7)/2 (see Douc et all, 2014, Remark 5). Consequently,
under and by Birkhoff’s ergodic theorem, there exists N“ € N such that

n> N = 0 UIE, 4| > (1 =97)V(1+97)/2, Pas.
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With Z(w) as in Lemma [ and under [(A;)} [(A2) [(A3)l there exists [ > 0 such that

n—1

1
W= = log Z(0Fw) —1 P-a.s.
£ nkzo og Z(0"w) — 0, as n— oo, a.s (39)

Now fix any 8 € (y~,7") and d > d such that

d(y" = B)/2 > 2, (40)

and with pc, = sup,ex {1 — (ead (w)/eéd (w))Q} € [0,1) as in Proposition 2] then also
fix p € (0,1) such that
P> Pg;ﬂ/i V. efd('y+75)/2+2l. (41)

By Proposition 2 for P-almost any w and n > N*,

p_anluin - 77§7nHV

< 207" " Ml vl llv (42)
HV) V) a0 TT 20w

4o _ ne=dln( =8)1/2 TT 7(6'w)?, 43
Vwa(D)yWQN(D)p 211) ( ) ( )

where v*(V) /1*Q¥(D) < 400 and v¥Q* (V) /v (D) < +00, P-a.s., since v, v € M(D, V).
For the term in (42)),

_ B—~~

0l Ml sl
By~ n/2 By n/2

_1 | Pc C,
S lally | = 75 allv
— 0, as n— +oo, P-as.,
where the convergence is due to (A1) and Proposition [
For the term in ([3]),
n—1 n—1
p—ne—d\_n('y"'—ﬁ)J/Z H Z(sz)z < ed/Zp—ne—dn('y+—ﬁ)/2 H Z(ezw)Q

i=0 i=0

—0, as n— 4oo, P-as.,

where the convergence is due to ([39), (0) and [II). The proof is complete.
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