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EXCURSION SETS OF INFINITELY DIVISIBLE RANDOM FIELDS
WITH CONVOLUTION EQUIVALENT LEVY MEASURE
ANDERS RONN-NIELSEN,* University of Copenhagen

EVA B. VEDEL JENSEN,** Aarhus University

Abstract

We consider a continuous, infinitely divisible random field in R?, d = 1,2, 3,
given as an integral of a kernel function with respect to a Lévy basis with
convolution equivalent Lévy measure. For a large class of such random fields
we compute the asymptotic probability that the excursion set at level x contains
some rotation of an object with fixed radius as * — oco. Our main result is
that the asymptotic probability is equivalent to the right tail of the underlying
Lévy measure.

Keywords: convolution equivalence; excursion set; infinite divisibility; Lévy-
based modelling
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1. Introduction

In the present paper we investigate the extremal behaviour of excursion sets for a
field (X¢)tep defined by

Xo= [ #r=shMas), (1)

where M is an infinitely divisible, independently scattered random measure on R?, f
is some kernel function, and B is a compact index set. We will assume that the Lévy
measure of the random measure M has a convolution equivalent right tail ([5, 6, 10]).
In [13] it was shown under some regularity conditions that the distribution of sup,c 5 X¢
has a similar convolution equivalent tail. In the present paper we will be interested in
the excursion set

sz{t : Xt>$}.

Under the additional assumption (11) below, we derive the result that the asymptotic
probability of the excursion set at level = containing some rotation of an object with a
fixed radius r has a tail that is equivalent to the tail of the underlying Lévy measure. A
more precise definition of the event that is studied asymptotically is found in Section 2
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2 A. Rgnn-Nielsen and E.B. Vedel Jensen

below. Measures with a convolution equivalent tail cover the important cases of an
inverse Gaussian and a normal inverse Gaussian (NIG) basis, respectively, see [13].

Lévy models as defined in (1) provide a flexible and tractable modelling framework
that recently has been used for a variety of modelling purposes, including modelling
of turbulent flows ([4]), growth processes ([8]), Cox point processes ([7]), and brain
imaging data ([9]). In [9], a model (1) with M following a NIG distribution was
suitable for modelling the neuroscience data under consideration. For such data it is
typically of interest to detect for which t € B a given field obtains values that are
significantly large. The results in the present paper will make it possible to discuss
whether a cluster of ¢ € B with large observations jointly form an extreme observation.

For Gaussian random fields it is known that the distribution of the supremum of the
field can be approximated by the expected Euler characteristic of an excursion set (see
[3] and references therein). The supremum and excursion sets of a non—-Gaussian field
given by integrals with respect to an infinitely divisible random measure has already
been studied, when the random measure has regularly varying tails. Results for the
asymptotic distribution of the supremum are found in [11], and these results are refined
in [1] and [2], where results are obtained on the asymptotic joint distribution of the
number of critical points of the excursion sets. The arguments are — as in the present
paper — based on finding the Lévy measure of a dense countable subset of the field.
However, the remaining proofs rely heavily on the assumption of regularly varying tails
and can therefore not be translated into the convolution equivalent framework.

Note that convolution equivalent distributions have heavier tails than Gaussian
distributions and lighter tails than those of regularly varying distributions. The latter
statement follows from the fact that convolution equivalent distributions have expo-
nential tails while regularly varying distributions have power function tails.

The present paper is organised as follows. In Section 2 we define the random field
(1) and introduce the necessary assumptions. In Section 3 we show three technical
lemmas concerning the asymptotic behaviour of deterministic fields. These results will
be used in Section 4. In Section 4 we show the main result of the paper. The proof
will be in several steps, utilising that X can be decomposed as X' 4+ X2, where X! is
a compound Poisson sum and X2 has lighter tails than X'. The proofs in this section
will apply techniques that are similar to the proofs in [13].

2. Preliminaries

We shall make the same general assumptions as in [13] except for the additional
assumption (11) below. For completeness, we will present all assumptions in the
following. Consider an independently scattered random measure M on R?, d = 1,2, 3.
Then for a sequence of disjoint sets (A,)neny € R? in B(R?) the random variables
(M(A))nen are independent and satisfy M (UA,,) = > M(A,,). Assume furthermore
that M (A) is infinitely divisible for all A € B(R?). Then M is called a Lévy basis, see
[4] and references therein.

For a random variable X let C((A\1X) denote its cumulant function log E(e"X). We
shall assume that the Lévy basis is stationary and isotropic such that for A € B(R?)
the variable M (A) has a Lévy—Khintchine representation given by

C(A\TM(A)) :i)\amd(A)—%/\zemd(A)—k/A R(ei’\z—l—i)\zl[_m](z)) F(ds,dz), (2)
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where myg is the Lebesgue measure on (R4, B(R%)), a € R, # > 0 and F is a measure
on B(R¢ x R) on the form

F(A x B) = ma(A)p(B). (3)
We assume that p has an exponential tail with index 8 > 0, i.e. for all y € R

p((z —y,0))

e as x — oo.
@) - W

Note that the assumption S > 0 excludes the subexponential case. Let p; be a
normalization of the restriction of p to (1, 00), and note that p; also has an exponential
tail with index 5 > 0. We furthermore assume that

(p1 % p1)((x, 0))

(. 0)) —2m  as x — 00, (5)

where m < oo. This makes p; a convolution equivalent distribution. (Formally, a
distribution is said to be convolution equivalent, if it has an exponential tail and
satisfies (5).) Here p; * p; denotes the convolution. In fact, m = [ e?* pi(dz), cf. [10,
Corollary 2.1, (ii)]. Writing p((z,00)) = L(z)e5%, it is seen from (4) that for all y € R

L(z —y)

L) —1 asz — oo. (6)

For each a,b € R, the limit (6) holds uniformly in y € [a,b], cf. [10, p. 408]. We
furthermore assume

/22 p(dz) < 00. (7)

Now assume that f : [0,00) — [0,00) is a strictly decreasing kernel function satisfying

/.ﬂmms<m, (8)
Rd

and
K,

(x+1)?
for a finite, positive constant K;. Note that (8) follows from (9), when d = 2,3.
Assume furthermore that f is differentiable with f’ satisfying

flz) < for all x > 0 9)

If/(z)| < (ml—iii)d for all z > 0 (10)

for a finite, positive constant K. Finally, let » > 0 be fixed and assume that there
exists g such that f(z) < g(z) for all z > 0 and such that

g(z) = f'(r)(@—r)+ f(r) forall z € [0,2r]. (11)

Note that this in particular is satisfied if f is concave on [0,2r]. We will furthermore
choose g on [2r,00) such that it satisfies (8)—(10).



4 A. Rgnn-Nielsen and E.B. Vedel Jensen

Let B be a compact, convex subset of R? with m4(B) > 0 and define the set
BaC,={zx+y : x € B,y € C.(0)}, where C,(0) is the ball with center in 0 and
radius 7. We consider the family of random variables (X;):c g, defined by

X, = / H(e = s M(as).

See [13] for existence of the integrals.

Example 2.1. (Gaussian kernel function.) Suppose that f(z) = ¢=°*", ¢ > 0, then

the assumptions (8)—(10) are satisfied, and f is concave on the interval [0, \/%] In
1

2v20 "
Example 2.2. (Matérn kernel function.) Suppose that

particular, the assumption (11) is satisfied for r <

flz) = [Az|" Ky (Al])

1
21T
where K, is the modified Bessel function of the second kind, index n > %, and A > 0.
It can be shown that the Matérn kernel satisfies the assumptions (8)—(10). See [12,
Example 2.5] and references therein for details. Furthermore [12, Example 2.5] provides
identities for the derivatives of f from which it can be shown that f is concave in an
interval (0,6) close to 0, when n > 4. In particular, the assumption (11) will be
satisfied.

For s € B let C,(s) be the ball in R? with radius r and center s and let S~ =
{a € R* : |a] = 1} be the unit sphere. Let D C C,(0) be a set with radius r
in the sense that there exists 3 € S9! such that {—r3,78} C D. Let furthermore
SO(d) denote the special orthogonal group, i.e. the set of all orthogonal matrices with
determinant 1. Hence each R € SO(d) represents a rotation in R?. For R € SO(d)
and s € R? we define Df¥(s) = RD + s. Recalling the definition of the excursion set,
A, ={te BaC, : X; > x}, we will be interested in the event

{there exists t € B, R € SO(d) : D®(t) C A,}.
Alternatively, this can be expressed as

sup  sup inf X, >a}.
{toeB ReSO(d) t€DE(to) }

Example 2.3. A possible choice of D is C,(0). Here the rotations of D are unneces-
sary. Another choice could be that D = {rag, —rag} for a fixed ag € S?~1. A third
possibility is the line segment connecting the points ra and —ra. For convenience, we
let ap =1, ap = (1,0), ap = (1,0,0) for d = 1,2, 3 respectively.

For the study of the extremal behaviour of (X:)iepgc,, it will crucial that the
field (X;)ier is itself infinitely divisible, with T = (B @ C,) N Q¢, where Q¢ are
the rational numbers in RY. For details, see [13] and references therein. The Lévy
measure of (X;);er is the measure v on (R”, B(RT)) defined by v = F o V!, where
V:R? x R — RT is given by

V(s,2) = (zf(|t — s|))ter -
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Because of the infinite divisibility of (X})er, we have the following decomposition, see
e.g. [11],
X, =X} + X2,
where the fields (X});er and (X?);er are independent. The first field, (X})ier, is a
compound Poisson sum
N
=Yoo
n=0

where N is Poisson distributed with parameter v(A) < co and 4 = {z € RT :
sup;cp @ > 1}. The fields (U}")ier are independent and identically distributed with
common distribution v; = v4/v(A), where v4 is the measure on (RT, B(RT)) obtained
by restricting v to A. Furthermore (X?);cr is infinitely divisible with a Lévy measure
V4e, the restriction of v to A°.

As argued in [13], all the fields U™, X!, and X2 have continuous extension to B&C,..
It should furthermore be noted that each of the fields (U}*):cpec, can be represented
by (Zf(|t - Sl))teB@Cﬁ where (S, Z) € [0,00) x R? has distribution Fy, that is the
restriction of the measure F' to the set

V7 A)={(s,2) eRY xR : :g;)zf(\t— sl) > 1}.

3. Asymptotic results for deterministic fields

An important property for the arguments in [13] is that for a continuous field
(yt)te Bec, it holds for all s € B that

T — Yt

inf —2 Y S0
RE (s TtV

as x — o0o. For the purpose of this paper we shall need a similar but more involved
result concerning the asymptotic behaviour of
. . T — Yt T
inf  inf sup — , 12
to€B RESO(d) yepr(sy) f([t—s])  f(r) (12)

where SO(d) and DF(t) are as defined in the introduction.

Lemma 3.1. Let (y)tepac, be a continuous field. Then there exists a function As((Yt)te Boc,.)
such that for each s € B
T — Y x

inf inf — + A —0
10€B RESO() ye ey F(IE— )  F() (W)esec,)

as x — 00. If (yt)teBgo, is constant—valued and equal to y, then A\s((yt)ieBsc,)

y/f(r) for all s, and if y is a constant, A\s((y + yt)teBac,) = y/f(r) + )\S((yt)teB@CT;

Furthermore, As((yt)teBwc,) only depends on (yi)icc, ., (s) for any e > 0.

Proof. Let y* = sup;cpge, and y. = infiepgc,. Then the expression in (12) is
bounded from above by
T — Y x T — Y x — Y

supy, ginfrepre) f(E—s)  f(r) — f(r)  f(r)  f@r)
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Similarly, the expression is bounded from below by —y*/f(r). The result for a constant
field (y:) is seen from this, and the result concerning adding a constant to (y;) follows
similarly, when the existence of the limit As((y:)tepac,.) is established. For each z > 0
we can choose t, € B and R, € S% 1 such that

inf  inf su i R sup i (13)

tweB ReSO() yepiguy FUE— ) J(7)  eprois) FUE—s)  F(r)

First, we show that ¢, — s. We find

T — inftECT(S) Yt T — Yt T — Yt z—y*
_— sup > sup

f(r) B teC,(s) f(r) 7 tepra (tz) f(lt = s]) ~ infiepra (ta) f(It = s)) .

When using that inf,c pra ) f(|t — s[) < f(r) this yields

.x—y* < infteDRm(tI)fﬂt_sD <1,
x —infico, (5) Yt f(r)

such that infyc pra ¢,y f([t—s]) = f(r) as x — oo. Since furthermore inf,c pr (., f([t -
s]) < f(r) for all tg # s and R € SO(d), we can conclude that ¢, — s. From this we
can conclude that As((y:)teBec,) only depends on y; for ¢ close to C..(s).

In fact, we need a stronger version of this result. From differentiability of f in r we

have for © >0
1 1

flw) — F(r)

for b > 0 and some continuous function ¢ with ¢(0) = 0. Using that f is decreasing
we find for each K > 0 that

=bu—r)+ (u—r)p(u—r) (14)

x(ﬁ_%) < —bK + ¢(—K/x) f0r0<u<r_§7
x(ﬁi%)ZbKJF(ZS(K/I) foru>r+§_

In particular, we can choose K and xg such that for all x > z

T — Yt xz —y* K
— < for [t —s| <r— —,
F—s) F0 S fm ey
T — Yt T —Yx K
— > for [t —s|>r+—.
F—s) Fw T fy lserey
With this choice of K we have for x > x( that
inf inf sup TTY T _ inf inf sup LS.
t0€B RESO(d) ye pr(ty) f(It —s)  f(r)  t€BReSO) tepritg)nm, f(It—s])  f(r) ’
(15)

where H, = {t e R? : r — K/z < |t — s| <r + K/z}. Define
h(€) =sup{|p(u—1)| : r—L<u<r+/{},

and note that h(¢) — 0 as £ — 0.
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We will show the convergence result by contradiction. To obtain this, we assume

that there is a sequence x1 < 1 < 2 < T2 < ... and constants a and € > 0 such that
T, — T Ty — T

sup n Y T, sup n Y _ Tn >a+te (16)

e FUE=s) ~ F) = owbe  Fi—s) 70

for all n, where R, = R, R, = Rjz, are the corresponding rotation matrices, and
tn = tu,, t, = tz, corresponds two the relevant displacements, chosen according
to (13). By going to subsequences we can assume that |t, — s| is decreasing and
that (R,,) is convergent. Let ¢ be chosen such that h(¢) < 1/m, where m € N will
be determined later. Let S,, be the rotation that is needed to rotate D®n+1(0) into
DEn(0): S, DE»+1(0) = D®»(0). Choose § > 0 according to the uniform continuity
of (zt)teBac, = (yt/f(|t — s|))teBac, such that |z, — 25| < €/4 if |s2 — s1] < 4.
Furthermore, § should be chosen so small that § < £/2. Choose Z > z( such that
d+ K/z < {. Now choose n such that |t, —tp4+1]| < J/2, such that |[Sp,u —u| < §/2 for
all u € B & C,, and such that K/xz, + |t, — th+1] < K/Z.

Recall that D= (,,) can be parametrised by {R,t+t, : t € D} and that similarly,
DEn+1(t,,, 1) is parametrised by {R,11t +t,41 : t € D}. Choose Dz C D such that
DEn(t,)N Hz = {R,t +t, : t € D;}. By the definition of ¢, we have that

In — Yt In

st B T a7)

Let furthermore Dg"“ be the rotation by S,, of D= (t,,) N H; centred in s : Dg"“ =
Sn (DB (t,)NHz —5)+s. Now D?"“ has the form { R, 1t+% : t € Dz} for some ¢; in
fact t = S, (¢, —s)+s, but that will not be important in the following. Since for t € D;
each R, 1t +1t¢€ D?"“ is the rotation around s of Rt +t, € D% (t,)N Hz, we have
that the distance to s is unchanged. Since furthermore, |R, 1t +1 — (Rt +t,)| < &
for t € Dz because of the choice of S,,, the inequality (17) now leads to

sup Tn 7Yt _ In <a+e€/4,

et FE=s) ~ F0)

which can be re-parametrised as

1 1
sup T, = — —Zp, i Sate€/d. 18
e (ﬂﬁwﬂH$ f@) fogatt S @+ €/ (18)

Define in the same way D?"“ (tns1) = {Rnt1t+tnt1 : t € Dz} as a reduced version
of DFn+1(t,, ). By the definition of ¢,,; we have similarly

1 1
sup B . <a
tEDF; " (f(|Rn+1t +tnt1 — S|) f(’l")) +1t+tnt1

and by the uniform continuity of (z;) and the small distance between ¢,,11 and t we

have ) )
sup T, — -z r<a+¢€/4. 19
20 (i =)~ 7)) i ST .
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Note that D?”“ (tn+1) is a translation of D?”“. We shall parametrise all the inter-
mediate translations by

Dyz={Rnt1t +7v(u) : t € Dz}

for u € [0,1]. Here y(u) = t + u(t,41 — t) is a linear parametrisation of the line
segment from f to t,41. Note that Dp; = Df”“ and Dy z = D?”“(tnﬂ). Now

define z(u) = ﬁ for w € [0,1], where C, K > 0 are chosen such that z(0) = z,
and z(1) = x,,41, see Lemma A.1l in the Appendix. Suppose we can show that
sup x(u) ( ! ! > z <a+¢€/2 (20)
— — 7 €
wens \F (Rt (@) —s)  f()) ~ Henttt=

for all u € [0,1]. Then choosing u such that z(u) = &, and defining ¢, = y(u) gives
the inequality

1 1
sup I, = — —z s <a-+¢€/2.
tera"; (f(|Rn+1t +t,) — s) f(ﬂ) Botat+é /

Using the uniform continuity of (2;) again together with a reparametrisation gives

-i‘n - yt jn
sup — <a+3€/4.
Oy Bl 9 /

Note that DFn+1(2,)NHz, C D,, s due to the choices of Z and z,, < Z,. In combination
with (15) this gives the desired contradiction to (16).

Thus the proof will be complete, if we can show (20). First, we observe that the
cases u = 0 and u = 1 follows from (18) and (19). The result for a general u € (0,1)
will follow, if we for any given ¢t € Dz can show that

z(u)F(u) <a+Z+¢€/2 (21)
for all u € [0,1], where
B 1 1
f(Bw) =) f(r)’
Z=zp, e+i and J(u) = Ryq1t+7(u). For ease of notation, ¢ is suppressed. To obtain
this, we will use that for all ¢ such that » < |t — s| <7 + £ it holds that

F(u)

o= 1pmle =5l =n) < (g~ ) < O Ume=sl=n. (2
and for r — £ < |t — s| < r it holds that
O pmle= sl 1) < (g~ ) SO Umie=sl=n. (2

where we have applied (14) and that h(¢) < 1/m. Note that the assumptions above
give that ||3(u) — s| — 7| < € for all u € [0,1]. Furthermore, note that F(u) > 0 if
and only if |5(u) — s| —r > 0. We shall consider the cases (i): F(0),F(1) > 0, (ii):
F(0),F(1) <0, (47): F(0) <0,F(1) >0, (iv): F(0) >0, F(1) < 0 separately.
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In the case (i) we find using (22) that
(b— 1/m)a()(5(u) — sl — ) < at 5 +e/4 (24)
for u=0,1. Now let G(u) be the linear interpolation such that G(0) = (|3(0) — s| — )
and G(1) = (|5(1) — s| = r). Then, since (b —1/m)z(u)G(u) < a+Z+¢€/2 for u=0,1,
and since u +— x(u)G(u) is monotone, Lemma A.l in the Appendix gives that the

above inequality is satisfied for all v € [0,1]. Since furthermore, u — |(u) — s| is seen

to be convex, we have that (24) is satisfied for all u € [0,1]. Thus also
b+1
0+ Lm)alu) () — o] = 1) < (a-+ 24 /) 0

holds for all u. Another reference to (22) then gives that
b+1/m
b—1/m’
Now consider the case (i¢). Since F(u) < 0 if both F(0) < 0 and F(1) < 0, the

property (21) is trivially satisfied, if a + Z 4+ €¢/2 > 0. So assume that a + Z +€/2 < 0.
Then we find similarly using (23) that

r(u)F(u) < (a+ 2+ €/4) (25)

b—1/m

r(u)F(u) < (a+ 2+ e/4)m

(26)
The case (i4) is trivially satisfied, since u — F'(u) is increasing. For the case (iv), it is
only of interest to show that x(u)F(u) < a+Z+¢€/4 for all u € [0, ug], where F'(ug) = 0.
To obtain this, the technique from (7) can be repeated, since here z(u)F(u) < a+Z+¢€/4
for u =0, ug.

Now the desired inequality (21) can be obtained from (25) and (26) by letting
m — oo. Note that this can be done uniformly in ¢, since the field (z;) is bounded. O

The following lemma describes \g for a particularly simple set D:

Lemma 3.2. If D = {—aor, agr} with ag as defined in Example 2.3, then
1
)\s ) = a7/ Ystar s—ar
(Wehiepec,) = sup omes (Wstar & Ys—ar)

Proof. First, we introduce the notation D%(s) = {s — ar,s + ar} for a € S~ and
s € R%. Then for s € R? fixed we have {D%(s) : a € S471} = {D(s) : R € SO(d)},
so for D chosen as in the lemma we can use unit vectors to parametrise all rotations.
Now define us o = s+ra fora € 541 and Us,tya = S+Hty+rafort > 0andy € Sa-1,
The latter parametrises points on the boundary of a ball with radius r and center in
s + ty. Note that us~,a = Us,e and that lim; o ustya = Usy,e. Furthermore,
[uty,a — 8| = |ty +ra| = \/t2 + 72 4 2tr cos Z(«, ), where Z(a,~y) denotes the angle
between « and «y. In the one dimensional case, where d = 1, we e.g. have Z(1,—1) = .
From differentiability of f in r we can write

¢ (o= ) = o )

t \Sf(ustra—sl)  fr))  f(r)?
= 1 —f/(’l") ro| —r roa)—rTr roa)—rTr — —f/(T) COS (67
= ‘t ( Fo Ity +ral =) + é(lty +ral = r)(jty + raf )> o 84|
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where ¢ is continuous with ¢(0) = 0. Using a second order Taylor approximation
around 0 of t — /12 + 12 + 2tr cos Z(a,v) it is seen that (|t + ra| —r)/t converges
to cos Z(c,7y) uniformly in o,y as t — 0. Thus for all s € B

(T~ 707) ~ e o] 20

as t — 0. Since Yy, , . — Yu, . uniformly in o,y € 597! due to uniform continuity of
the (y:)-field, we find that if (¢,) is a sequence decreasing to 0 such that xt, — C as
x — 00, then

sup
V.o

sup
v,

T Yustgre 3 —f'(r) Yu...
e - -(C cos Z(a,y) — )
sty v — ) F(r) ( (,7) . )

as £ — oo. From this we find

Tr—Yt x _fl(r) Yt
ol P i (f(lt —sl) f<r>> " teDa(s) (C FE s cltm s - f(r))‘ -0

7,
as  — 0o0. Next we claim that for all a,y € 4! and C > 0

/() cos Z(t — s,7) — st )

L (C ()2 7o)

= s {05 on o) = i 0GR o) - U}
1

= S0 () Yt T Ys—ra),

with equality if

Qpg = argmaX{ (ys—i-ra + Ys— Ta) L Ystra Z ys—ra} 5
aeSd-1 2f( )

and furthermore v9 = a9 and Cy = f(r)/(=2f" (7)) (Ys+ra — Ys—ra ). For the proposed
choice of ag, g, Cp it is easily seen that

—f'(r) Ystrao _ —f'(r) Ys—rao
Co 7 CRENIGE )

and that the common value equals the desired lower bound. It is furthermore seen that
any other choice of «,~,C can only increase one of the two terms above.

Now let (a,) and (v,,) be sequences in S¢71, let (t,) be a sequence of positive
numbers, and let (z,) be a sequence increasing to infinity. Then the results above
show that

cos Z(ap,v0) — cos Z(ap,v0) —

T — Yt

T 1
=R I S8R gy et )

and that there is equality if a,, = ag, 7n = Yo and x,t, — Cy with ag, v, Co as
proposed above. Combined with Lemma 3.1 this gives the desired result. O

n—00 tEDO‘(SJF'Yntn

lim inf ma. (
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Lemma 3.3. Let n € N and assume for each i = 1,...,n that (y{)icpoc, has the
form ‘ ‘ .
yy =2 f([t —s']) foralte BaC,,

where all z* > 0 and s € R?. Let g be as defined in (11). Define for s € R?
o(s) = f(r)leec, (s) + Lpac,)(s) fugg(lt —sl). (27)
€

Then it holds that

sSup Ag (( Zyi)teﬁ’@a) < ﬁ Z Zo(sh)

seB

and

sup sup inf Yy < 2'p(s
to€B aegd—1 t€D(to )Z t Z

Proof. Assume s' € B@® C,.. For each o € S9! and s € B we find that if min{[s +
ra—s'|,|s—ra—s'|} = r—¢ for some § > 0, then max{|s+ra—s’|, |s—ra—s'|} > r+4.
Using the assumption (11) then gives

vt 8 ra) < 2 (g(r — 6) + glr +8)) = 2 1(r) = 2p(s") .

2

no| R

This inequality is clearly also satisfied, if both |s + ra — st >rand |s —ra — st > 1.
If s* € (B ® C,.)¢ then for all choices of s € B and a € S9! it holds that

i(y;+ro¢ +ysfro¢) < 5(9('8 +ra— SZ|) +g(|8 —ra— 87")) < 27’()0(5 ) .

Recalling that for a given rotation matrix R € SO(d) there exists o € S?~! such that
{s—ra,s+ra} C DF(s), combined with Lemma 3.2, it is now seen that for each s € B

AS((éyg)teB@Q) = sgg L 2f (Zys“‘m +Zys 0”’)

! i i N
< lz:; T(T) sup L (ys-i-on- +ys—ar) < % ;Z QO(S )

aeSd-

Taking the supremum over s € B gives the first statement. For the second statement,
we similarly find for each ¢y € B and R € SO(d) that

tEBI}?f;t )Z yf < min { Z yto+ra7 Z yto ra}
n
%(Zyto-&-ar + Zyto Ol’!‘) S Z Zl(ﬁ(s )
i=1

where, again, a € S9! is chosen such that {s — ra,s + ra} € D%(s). The result
follows by taking the supremum over tg € B and R € SO(d). O
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4. The main theorem

In this section, we will derive the main result that is Theorem 4.4 below. For x > 0
we define the following set

A(z) = {(yt)teBac,  sup sup inf y, >},
to€ B ReSO(d) t€DR(to)

Note that for a random field (Y})te g, with excursion set A, = {t € B®&C, : Y; >z}
we have

P((Y})ieBac, € A(z)) = P(there exists t € B,R € SO(d) : D®(t) C A,).

The first step will be determining the asymptotic behaviour of excursion sets for a field
U with distribution v;. Recall the definition of L(z) from (6).

Theorem 4.1. Assume that (U)iepac, has distribution vq and let (yi)ieBoc, be
continuous. Then

P((Us + yt)teBac, € AMz)) 1 . ) .
L(z/f(r)) exp(—Bz/f(r)) - o CA) /Be pP(BAs((yt)teBarc,)) d — (.28)
Furthermore,
P((Up)iepac, € A(z)) 1
T/ F(r) exp(—Bz/ F () — z/(A)md(B) as x — oo, (29)
and
P((Uy + y)teBac, € Ax)) [ exp(BAs((y)tepac,)) ds

asx —oo. (30)

P((Ut)teB@CT € A(w)) ma(B)

Proof. The results (29) and (30) are direct consequences of (28), so we focus on the
proof of (28). We can assume that (y;)teBgc, i non—negative: Simply write z = 2’ —x
for a suitable x¢ such that (xg + yt)teBec, is non—negative, and find the limit of

P((Ut + 0 + Yt )teBac, € A(x/))
L(z'/f(r)) exp(—Bz'/ f(1))

as ' — oo. We find

P(<Ut + Yt )teBac, € A(x))

1
=— _F({(s,z) eR*xR : su su inf zf(t—s|)+y >
o(A) ({(s,2) e T O (It =) +ye >a})
1

: L =Y
=— _F({(s,2) eR*xR : z> inf su _—
v(A) ({( ) to,RteDRIzto) f(|t—s|)})

1 / . T — Yt . T — Yt
=—— [ L{inf sup — " )exp(—pFinf sup —<)ds
v(4) Jp (to’atGDR(tg) St = 5\)) ( to, R e pr(eg) S| — S|)>

1 . T — Yt . T — Yt
+ —/ L{inf sup ——F~)exp|—pFinf sup —"——)ds.
v(A) Jro\s (tOvRteDR(to) St = 5|)) ( to:ayepryy) f([t — 5|))
(31)
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First, we show that the second term in (31) is o(L(z/f(r)) exp(—Bxz/f(r))). Let y* =
SUP,epac, Ys- We utilise the fact that L(x)exp(—fx) is decreasing, so if 2 > y*, then
the second term is

= u(iu /Rd\B L(xf;(j)*) exp (- 870, >*) as (32)

where we have introduced the notation fo(s) = sup,, rinfycpry) f(|t — s|). From the
arguments similar to the proof of [13, Theorem 3.1] it can be seen that for all v > 0
there exists zg > 0 and C > 0 such that

Ié(a;)) < Cel» D forall x> zg,a > 1. (33)
Note that fo(s) < f(r) for all s € R%\ B due to convexity of B. Combining this with (6),
(33) and the fact that L(z) exp(—yx) — 0 for all v > 0, gives that the integrand in (32)
is o(L(z/ f(r)) exp(—Bz/f(r))). If we denote the integrand of (32) by h(s; z), it follows
by the dominated convergence theorem that (32) is o(L(z/f(r)) exp(—Bx/f(r))) if we
can find an integrable function g such that

h(5§9€) s s d
L/ 7)) exp( B i) = 96 se R

Let 0 <y < . Then, using (33) and the boundedness of L((z —y*)/f(r))/L(z/f(r)),
we can find a constant C' and zg > y* such that for x > g

h(s;x) o 1 1 o
T e < 0w 10y (<6 (5 - f(r)>(0(3j))>'

Now, choose D > 0 such that B @ C, € Cp(0) and sup,cp f(|t — s|) < f(r) for all
s ¢ Cp(0). Then, using (9), we get for s ¢ Cp(0)

1 1
fo(s) < supiepf(lt—s|) < sup f([t—s|) < sup =
Gy < sumen=sh= o S =)= 0 Gr—o+ D7~ (- D+ 1)
It follows that the function (34) is integrable.
The theorem now follows by applying dominated convergence to the first term of
(31). From Lemma 3.1 we have for s € B

L(inftO,R SUPse DR (1) fat__yén) exp ( - 5infto,R SUPte DR (tg) %)
L(x/f(r)) exp(=Bz/f(r))
Using again that L(z)exp(—px) is decreasing we find for z large

Ly P

L(inftg,R SUD¢e DR (1) %) exp ( - 6infto,R SUPte DR (tg) %)
L(z/f(r)) exp(=Bx/f(r))

< L= —y*)/f(r)) exp(=B(x —y*)/f(r)) 4 (@)

B L(z/f(r)) exp(—Bx/f(r))

<(C+ 1),

— ePAs((ye)e)
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where C'is chosen such that L((z —y*)/f(r))/L(z/f(r)) < C. The result is integrable
over B. O

The next step will be to extend the result of Theorem 4.1 to the case P((U* + --- +
U™ + )¢ € A(z)), where U, i = 1,...,n, are independent with common distribution

v1. Recall that each (Uf)iepac, can be represented by (Z'f(|t — SiD)teB@C , where

(S%, Z%) has distribution F;. For this purpose we will need the following lemma and
corollary.

Lemma 4.1. Let (S, Z) be distributed according to Fy. Then,

P(Zp(S) > x) . mq(B @ C,)
L(x/f(r)) exp(=pz/ f(r)) v(A)

In particular, we have

Eexp(8/[f(r)Z¢(5)) < oo.

Proof. Similar to the proof of Theorem 4.1 we can write

P(Z6(S) > x) = ﬁF({(s,z) ERIXR : 2p(s) > 2})
1
= o o Ml F) e ) ds

- u<{4> /B% U Gy e ) e ) R

The first term equals L(z/f(r)) exp(—Bz/f(r)) times the desired limit. The sec-
ond term is o(L(z/f(r)) exp(—pBx/f(r)) by a dominated convergence argument, since
sup,ep 9(|t — s|) < f(r) for all s € (B @ C;)¢. The second result follows from [10,
Corollary 2.1 (ii)]. O

Corollary 4.1. Let U, U?,... be independent and identically distributed with distri-
bution v1. For all n € N it holds that

Eexp (6 sug )\S((Utl +...+ Uf)teB@&)) < 00
sE

Proof. Since each U’ has the form (Z'f(|t — Si|))t€BEBC , the result follows from
Lemma 3.3 and Lemma 4.1. " O

Theorem 4.2. Let U',U?,... be independent and identically distributed with distri-
bution v1 and assume that (y:)teppo, s continuous. For all n € N it holds that

P((Ut1 +. UM +y) € A(x)) ,n
P((U}): € A2)) ma(B)

/ EePr (U AU 00 g4
B

as r — 0Q.

Proof. As in the proof of Theorem 4.1 we can assume that (y:)iepec, is non—
negative. The result is shown by induction over n. For n = 1, the result is shown
in Theorem 4.1. Assume now that the theorem is correct for some n € N. Let for
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convenience V = U' 4 ...+ U™ and recall the representation U; = Z* f(|t — S*|). Then
we have

P((Vi + UM +ye)e € Ax))

=P Z'(S") > /2, 2" o(S™) > 2/2, (Vi + U™ + y4)e € Mx)

=1

£ P Zho(ST) < 2/2. (Vi + UFH 4 yi)s € Ale)
=1
£ P (5™ < 2f2, (Vi + UP + ) € A)). (35)

The first term is bounded from above by

n

P> Z'p(S") > x/2)P(Z" T p(S"H) > /2).

i=1

In Lemma 4.1 it was shown that the distribution of each Zip(S?) is convolution equiv-
alent. Thus both factors are asymptotically equivalent with pq((z/(2f(r)), 0)), and
then it follows from the proof of [5, Lemma 2] that the product is o((p1*p1) ((z/f(r), 00))).
In particular, the product above is o(p1((z/f(r),o0))) due to the convolution equiva-
lence.

The two remaining terms in (35) divided by P((U}); € A(x)) can be rewritten as
follows

/ PUP™ + 370 2 f (It = s']) + ye)e € A(2))
C. P((Uj): € Alx))

P((Vi + 2f (|t — s]) + 3)s € A(z))
*A; P((U}); € Aw))

Fl*@m(d(sl, 2l s™, 2™)

Fi(d(s, 2)) . (36)

Here F;®" is the n—fold product measure of F, and it has been used that (V}); can
be represented by (3.1, Z'f(|t — S'|)),. The sets C, and C, in (36) are defined by

Cy = {(sl,zl;...;s",zn) : i2i¢(5i) < Z/Q}

and

Cy = {(572) s zp(s) < m/2}

Using Theorem 4.1 and the induction assumption, the two integrands of (36) times
le, and 1@1 respectively, converge to, as x — oo,

1 n [3 i
1,1, RN A BAs((ye+327 2" F(It=s"D)eeBoc,)
s,z .82 = e s
I )= i o
and
n 1 n—1
5,2) = EePNs (Uit AU +2f(lt=sD)+yi)ieBac,) ds,
fles) = ot |
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respectively. We want to show that (36) converges to

/fl(sl,zl;...;s",z")Ff®”(d(sl,zl;...;s",z”))+/f2(s,z)F1(d(s,z))

_n+l /EeBx\s((UtlerJrUt"*yf)f)ds.
ma(B) Jp

Using Fatou’s lemma, it is enough to find integrable functions g1 (s!,2';... ;5" 2" 2)
and go(s, z; ) that are upper bounds of the two integrands of (36) such that the limits
gi(st 2ty 0y 8™,2") = limy oo g1(sh, 215 .. 58™, 2™ x) and go(s, 2) = limy oo g2(8, 2; )
exist with

/gl(sl,zl;...;s",z”;x)Ff®"(d(sl,zl;...;s",z"))+/ 92(8, z; ) F1(d(s, 2))
Ca

Ca
(37)
converging to the similar integrals with g; (s, z1;...; 8", 2™) and ga(s, 2). Using Lemma 3.3
we find that as functions g;(s',2%;...;s", 2" 2) and g2(s, 2; ¥) we can use

P(ZYp(SY) >z —y* = Y0 2ip(sh)
P((Ut)r € I'(2)) ’

gi(s 275,58 2N a) =

where as previously y* = sup;cpgc, ¥t, and

P, Z7(SY) > o —y* — 2¢(s))
P((U): € T()) '

Noting that P((U;); € T'(z)) ~ ma(B)/ma(B @& C,)P(Z'p(S') > z) due to Theo-
rem 4.1 and Lemma 4.1, we find that

g2(s, z;w) =

ma(B ® Cr) /5(r) (v +Sp, 2e(s) ’

gl(Sl,Z Cs 7Zn;x)%gl(sl,zl;.,.;,s”’gn): md(B)

and since the distribution of Y. | Z%(S") is convolution equivalent, [6, Corollary 2.11]
gives

ma(B®Cr) /) +20(s)) (Ber/sztets) nt

g2(8,z;) = ga(s,2) = B

We observe that

/ g 7Y s 2 FROn(d(st 2 s 2m) + / g2(5,2) Fi(d(s, 2))
md(B D C’l“)

_ ma(b S Cr) B (Bl F 2 e(sT )
ma(B) (n+1)-e (Ee ) . (38)

Since the tails of 3" | Z%p(S%) and Z'¢(S') in particular are exponential with index
B/f(r), we have according to [5, Lemma 2] that (37) is asymptotically equal to

Bl P(3M Zip(S7) > )
P(Z1p(S?) > x)

which, by another reference to [6, Corollary 2.11], is seen to converge to (38). O
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For a dominated convergence argument, we need the lemma below.

Lemma 4.2. Let U',U?, ... be independent and identically distributed with distribu-
tion v1, and assume that (S, Z) has distribution Fy. There exists a constant K such
that for alln € N and all x > 0

P(UM ...+ UM € AMz)) < K"P(Zp(S) > ).

Proof. Since Zp(S) has a convolution equivalent tail according to Corollary 4.1 it
follows from [6, Lemma 2.8] that there exists K such that

P <Z Zip(SY) > x) < K"P(Zp(S) > ).
i=1
The result now follows directly from Lemma 3.3. O

Recall that we can write the field (X;):er as
X, =X} + X7,

where the field X! is obtained from the fields U',U?, ... and an independent Poisson
distributed variable N with parameter v(A) by

N
=y Uy
n=1

Theorem 4.3. For each s € B we have Eexp (BAs((X})ieac,)) < oo and for a
continuous field, (yt)ieBao,

o PUX} +y)e € Mz) A (X +yienac,)) g
A L(z/f(r)) exp(—Bx/f(r)) /BE( ).

Proof. The first result follows, since A\s((X})iepac,) < ﬁ ijzo Zip(S?) and
Eexp(B/f(r)Z¢(SY)) is finite. For the proof of the limit result, we use that

P((X} 4 yi): € Ax)) = e V@D Z UMy € A().

Utilising Lemma 4.2 and the notation y* = sup;c g, ¥t, we find

P(Zp(S) >z —

= y( P((U} + ...+ U+ ) € A(x))
; P(Zw(s) >x—y*)
> P(U} + ...+ UM € Az —y¥))
= g PZo(S) > o - y*)
- i K"v(A)" P(Zo(S) > x — i K"v(A)" ,
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and furthermore, we obtain from Lemma 4.1 and Theorem 4.2 that

P((UL+ ...+ UP + ) € A(2))

lim

o n BAs (U +.. AU 4ye)e)
= AT ma(B G Cy) / Fe ¢ ¢ ds.

with the convention that U} 4+ ...+ U;/"! = 0 if n = 1. Then, dominated convergence
gives

o PO+ )1 € Aw)
3 P(Z9(S) > 7~ y)

e~ v(A) = y( et
B (U4 4+U " ye)e)
= IO ma(B @ Cy) n; / Ee ds
v(A) oy (A" BA(UL U +y0)0)
AT (B ® Cy) n;) ¢ / be as
V(A) / A 1 N
E B ((Uy+...4+U; +ye)e)
eﬁ/f(”y mq B@C) (e )

(
v(A) / Brs (X} +
FE s t Yt)t)
T BT my(Be C,) (e )

which with a final reference to Theorem 4.1 and Lemma 4.1 concludes the proof. [

The theorem below is the main result of our paper. In the formulation of the theorem,
we explicitly state the assumptions under which the limit holds.

Theorem 4.4. Under the assumptions (2)-(7) on M and (8)-(11) on f, then it holds
that E exp (ﬂ)\to((Xt)teB@c,,> < 00 and
i P(sup;,ep SUP pe SO (d) infycpri) Xe > x)

Z—300 L(xz/f(r)) exp(—Bx/ f(r))

as © — oo with tg € B arbitrarily chosen, and where Ay, is as defined in Lemma 3.1.

= Fexp (ﬂ)\to ((Xt)teB@CT)md(B)

Proof. First we note that E exp(ysup,epge, X£) < oo for all v > 0 according to
[13, Lemma 4.1]. Since furthermore

Ato ((Xe)e) < Ao (X[ + Sup X2)e) = Ao ((X1)e) + S‘;PXE/JC(T)

due to Lemma 3.1, the first statement follows from the first statement in Theorem 4.3.
Let 7 be the distribution of (X?)ieBac,. We find that

P((X¢): € Alx)) PX1+yHeA
P((X}); € A(x)) P((X}); € Ax) m(dy) = /fy’
with

P((X}): € AMx))
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From Theorem 4.3 it is seen that
fB E(GBAS((Xt1+yt)f€B®CT)) ds

flysz) = f(y) [ E(P(XDienec)) ds

as r — 0.

If we can show that
[ fsaian) ~ [ o) ey (39)

as * — oo, then the theorem follows with another reference to Theorem 4.3 and by
recalling that (X:)iepgc, is stationary. According to Fatou’s lemma, (39) follows if
we can find integrable non-negative functions g(y;x) and g(y) such that

fly;z) < g(y;o), (40)
gy;z) — g(y), (41)

/ oy o) n(dy) - / o(y) 7(dy). (42)

For this purpose, let

L P((XE 4+ sup, ) € A2))
9W:T) = 5D, € A@)

Then, (40) is satisfied. Furthermore, using Theorem 4.3 and Lemma 3.1, we find that
(41) is fulfilled with g(y) = e8/7(")suPe vt To prove (42), we have that

/g(y; r) ma(dy) =

P(SuPtU,RinfteDR(to) th -+ supy Xt2 > )

P(supy, g infiepr,) X{ > )

Note that sup;, ginficpr(,) X! has a convolution equivalent tail according to Theo-
rem 4.3 and [10, Lemma 2.4 (i)]. Since E exp(ysup, X?) < oo for all v > 0 we have
from [10, Lemma 2.1] and [10, Lemma 2.4 (ii)] that

m P(SUPto,RinfteDR(to) X! +sup, X7 > x)

TTreo P(supy, g infiepri,) X} > @)
= B(exp(B//(r) sup X?)) = / oy) ~(dy).
It follows that (42) is fulfilled. 0
Appendix A.

The following simple lemma will be used in Lemma 3.1:
Lemma A.1. Let 0 < x,, < xp41 be given. Then there exists constants C, D > 0 such
that x : [0,1] — [0, 00) defined by
C
z(u) = l—u+D
is strictly increasing with ©(0) = x, and x(1) = xpy1. Furthermore, if g(u) = au + b,
then u +— x(u)g(u) is monotone on [0,1].

(43)

Proof. Any function on the form (43) is clearly strictly increasing on [0,1]. The
constants C, D are found by straightforward manipulations. The last result is obtained
by differentiating u — z(u)g(u). O
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