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1 Introduction

In this paper we study the Cramér type moderate deviations for random fields, in particular
linear random fields (often called spatial linear processes in statistics literature) with short or
long memory (short or long range dependence). The study of moderate deviation probabilities in
non-logarithmic form for independent random variables goes back to 1920s. The first theorem in
this field was published by Khinchin (1929) who studied a particular case of the Bernoulli random
variables. In his fundamental work, Cramér (1938) studied the estimation of the tail probability
by the standard normal distribution under the condition that the random variable has moment
generating function in a neighborhood of the origin (cf. (3) below). This condition has been referred
to as the Cramér condition. Cramér’s work was improved by Petrov (1954) (see also Petrov (1975,
1995)). Their works have stimulated a large amount of research on moderate and large deviations;
see below for a brief (and incomplete) review on literature related to this paper. Nowadays, the
area of moderate and large deviation deviations is not only important in probability but also
plays an important role in many applied fields, for instance, the premium calculation problem,
risk management in insurance (cf. Asmussen and Albrecher (2010)), nonparametric estimation in
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statistics (see, e.g., Bahadur and Rao (1960), van der Vaart (1998), Joutard (2006, 2013)), and in
network information theory (cf. Lee et al. (2016, 2017)).

Let X, X7, Xs,--- be a sequence of independent and identically distributed (i.i.d.) random
variables with mean 0 and variance o%. Let S, = >_1_; Xx (n > 1) be the partial sums. By the
central limit theorem,

lim sup [P(S, > zoy/n) — (1 — ®(z))| =0,
n—oo zeR
where ®(z) is the probability distribution of the standard normal random variable. If for a suitable
sequence c¢,, we have
P(Sh
lim sup —(S > 20y/n)
n=o00<s<e, | 1= ()

or P(S, > zoy/n) = (1 — ®(x))(1 + o(1)) uniformly over = € [0, ¢,], then Eq. (1) is called
moderate deviation probability or normal deviation probability for S, since it can be estimated
by the standard normal distribution. We refer to [0, ¢,] as a range for the moderate deviation.
The most famous result of this kind is the Cramér type moderate deviation. Under Cramér’s
condition, one has the following Cramér’s theorem (Cramér (1938), Petrov (1954; 1975, p.218; or
1995, p.178)): If > 0 and = = o(y/n) then

| R
- o) N VG

Here A(z) = > 72, cpz¥ is a power series with coefficients depending on the cumulants of the
random variable X. Eq. (2) provides more precise approximation than (1) which holds uniformly
on the range [0, ¢,] for any ¢, = o(y/n). The moderate deviations under Cramér’s condition for
independent non-identically distributed random variables were obtained by Feller (1943), Petrov
(1954) and Statulevicius (1966). The Cramér type moderate deviation has also been established for
the sum of independent random variables with p-th moment, p > 2. To name a few, for example, see
Rubin and Sethuraman (1965), Nagaev (1965, 1979), Michel (1976), Slastnikov (1978), Amosova
(1979), and Frolov (2005). It should be pointed out that the ranges the moderate deviations in
these references are smaller (e.g., ¢, = O(y/logn)).

The Cramér type moderate deviations for dependent random variables have also been studied
in the literature. Ghosh (1974), Heinrich (1990) studied the moderate deviation for m-dependent
random variables. Ghosh and Babu (1977), Babu and Singh (1978a) studied moderate deviation
for mixing processes. Grama (1997), Grama and Haeusler (2000, 2006) and Fan, Grama and Liu
(2013) investigated the large and moderate deviations for martingales. Babu and Singh (1978b) es-
tablished moderate deviation results for linear processes with coefficients satisfying » .2, i|a;| < oo.
Wu and Zhao (2008) studied moderate deviations for stationary processes under certain conditions
in terms of the physical dependence measure. But it can be verified that the results from Wu and
Zhao (2008) can only be applied to linear processes with short memory and their transformations.
Recently Peligrad et al. (2013) studied the exact moderate and large deviations for short or long
memory linear processes. Sang and Xiao (2018) studied exact moderate and large deviations for
linear random fields and applied the moderate result to prove a Davis-Gut law of the iterated
logarithm. Nevertheless, in the aforementioned works, the moderate deviations are studied for
dependent random variables with p-th moment, p > 2. The exact moderate deviation for random
fields under Cramér’s condition has not been well studied. For example, the optimal range [0, ¢;]
and the exact rate of convergence in (1) had been unknown in the random field setting.

—1| =0, (1)

The main objective of this paper is to establish exact moderate deviation analogous to (2) for
random fields under Cramér’s condition. Our main result is Theorem 2.1 below, whose proof is
based on the conjugate method to change the probability measure as in the classical case (see, e.g.,
Petrov (1965, 1975)). The extension of this method to the random field setting reveals the deep



relationship between the tail probabilities and the properties of the cumulant generating functions
of the random variables such as the analytic radius and the bounds, for x within some ranges
related to the sum of the variances and the analytic radius of the cumulant generating functions
of these random variables. Compared with the results in Sang and Xiao (2018) for linear random
fields, Theorems 2.1 and 3.1 in this paper provide more precise convergence rate in the moderate
deviations and explicit information on the range [0, ¢,], which is much bigger than the range in
Theorem 2.1 in Sang and Xiao (2018). In Section 3 we show that Theorem 2.1 is applicable to
linear random fields with short or long memory and to nonparametric regression analysis. The
results there can be applied to approximate the quantiles and tail conditional expectations for the
partial sums of linear random fields.

In this paper we use the following notations. For two sequences {a, } and {b,} of real numbers,
an~b, means a, /b, — 1 as n — oo; a, x b, means that a,, /b, — C as n — oo for some constant
C' > 0; for positive sequences, the notation a,, < b, or b, > a, means that a, /b, is bounded.
For d,m € N denote I'¢, = [-m, m]? N Z4. Section 2 gives the main results. In Section 3 we study
the application of the main results in linear random fields and nonparametric regression. All the
proofs go to Section 4.
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2 Main results

Let {X,;,n € N,j € Z%} be a random field with zero means defined on a probability space
(Q, F, P). Suppose that for each n, the random variables X,,;, j € 7% are independent and satisfy
the following Cramér condition: There is a positive constant H,, such that the cumulant generating
function

Lnj(2) =logEe*Xni  of X,,; is analytic in D, (3)

where D,, = {z € C: |z] < H,} is the disc of radius H,, on the complex plane C, and log denotes
the principal value of the logarithm so that L,;(0) = 0. This setting is convenient for applications
to linear random fields in Section 3.

Without loss of generality we assume in this section that limsup H,, < co. Within the disc
n—o0

{z € C:|z| < Hp}, Ly; can be expanded in a convergent power series

oo

Vknj
k=1

where 7y, is the cumulant of order £ of the random variable X,,;. We have that v1,; = EX,,; =0
and ya,; = EXEL]- = aij. By Taylor’s expansion, one can verify that a sufficient condition for (3)
is the following moment condition

m!
—o0

EX <

,ZU-HEL_m for all m > 2.

This condition has been used frequently in probability and statistics, see Petrov (1975, p.55),
Johnstone (1999, p.64), Picard and Tribouley (2000, p.301), Zhang and Wong (2003, p.164), among
others.



Denote

Sn - Z an7 Sm,n = Z an7

jeZd jerd,
B, = Z aij, Fo(x) = P(S, <z By)
jEZY
and assume that 5, is well-defined and B, < oo for each n € N. The following is the main result

of this paper.

Theorem 2.1 Suppose that, for alln € N and j € Z¢, there exist non-negative constants cnj such
that
|Lnj(2)| < cnj, VzeCuwith |z| < Hy, (4)

and suppose that B, H2 — 0o as n — oo, and

Cni= Y cnj = O(B,H}). (5)

JjEZA

If £ > 0 and x = o(H,\/B,,), then

where
o0
= Z 5kntk
k=0

is a power series that stays bounded uniformly in n for sufficiently small values of |t| and the
coefficients Piy, only depend on the cumulants of X,; (n € Z,j € 7).

For the rest of the paper, we only state the results for = > 0. Since A, (t) = > 72, Brnt® stays
bounded uniformly in n for sufficiently small values of |t| and Sy, = gfﬁ > jezd V3nj from the proof
of Theorem 2.1, we have the following corollary:

Corollary 2.1 Assume the conditions of Theorem 2.1 hold. Then for x > 0 with x = O((Hn\/Bn)l/?’)
we have

%&(S - eXp{ 72 2 73”’} <1 +O<Hi$;_n>>'

n EZd

Notice that 3/2 zjezd Y3nj = O(1) under the condition z = O((Hm/Bn)l/?’). Also taking into

the account the fact that for x > 0
e—x2/2

T/ o’

1—®(x) <

we obtain the following corollaries:



Corollary 2.2 Under the conditions of Theorem 2.1, we have that for x > 0 with x = O((Hm/Bn)l/?’) ,
) —w2/2
1= By = (1= 0@ ep {2 3 s b+ 0 (5 ).
( 6B3/2 gZ:d ! H,v/B

Corollary 2.3 Assume the conditions of Theorem 2.1 and Zjezd Y3n; = 0 for all n € N. Then
for x >0 with x = O((Hn\/Bn)l/?’), we have

Fo(z) — ®(z) = o<%>.

2
Also as 1 — ®(z) ~ - 127re_m /2 as x — oo, we have

Corollary 2.4 Under the conditions of Theorem 2.1, if © — oo, © = o(H,~/By,), then

Fo(z+ %) — Fu(x)
1— F,(x)

—C

—1—e

for every positive constant c.

3 Applications

In this section, we provide some applications of the main result in Section 2. First, we derive a
moderate deviation result for linear random fields with short or long memory; then we apply this
result to risk measures and apply a same argument to study nonparametric regression.

3.1 Cramér type moderate deviation for linear random fields

Let X = {X;,j € Z%} be a linear random field defined on a probability space (2, F, P) by

Xj = Z ai€j—i, je Zd,
i€zl

where the innovations ¢;,7 € Z¢, are i.i.d. random variables with mean zero and finite variances
o2, and where {a;,i € Z?} is a sequence of real numbers that satisfy Y iczd a? < o0.

Linear random fields have been studied extensively in probability and statistics. We refer to
Sang and Xiao (2018) for a brief review on studies in limit theorems, large and moderate deviations
for linear random fields and to Koul et al. (2016), Lahiri and Robinson (2016) and the reference
therein for recent developments in statistics.

By applying Theorem 2.1 in Section 2, we establish the following moderate deviation result
for linear random fields with short or long memory, under Cramér’s condition on the innovations
g;,1 € Z%. Compared with the moderate deviation results in Sang and Xiao (2018), our Theorem
3.1 below gives more precise convergence rate which holds on much wider range for z.

Suppose that there is a disc centered at z = 0 within which the cumulant generating function
L(z) = L., (z) = log Ee*® of ¢; is analytic and can be expanded in a convergent power series

"*H



where 3, is the cumulant of order k of the random variables ¢;, ¢ € Z%. We have that y1=Eeg =0
and o =Ee? =02, i € VA
We write

Sn = Z Xj = Z bnj€j, (8)

jerd jeZ

where by; = > ;cra ai—j. In the setting of Section 2, we have X,,; = bpje;, j € Z%. Then it can
be verified that for all n > 1 and j € Z, X,,; satisfy condition (3) for suitably chosen H,. In the
notation of Section 2, we have

By=0")Y by,  Fulz)=P(S, <z\/By).
jEeZA

Hence, we can apply Theorem 2.1 to prove the following theorem.

Theorem 3.1 Assume that the linear random field X = {X;,j € Z% has short memory, i.e.,
A::Z\ai\<oo, a::Zai;éO, 9)
i€z i€z
or long memory with coefficients
ai = U([i)b(i/[i])|i[ =, i€ Z%]i| #0, (10)

where a € (d/2,d) is a constant, I(-) : [1,00) — R is a slowly varying function at infinity and b(-) is
a continuous function defined on the unit sphere Sy_1. Suppose that there exist positive constants
H and C such that

|L(z)| < C (11)

in the disc |z| < H. Then for all x > 0 with = o(n%?), we have
1—Fy(z) 3 x r+1
1_d(z) P {ndm An <—nd/2> } <1 + O<—nd/2 )> (12)

)\n(t) - Z Bkntk
k=0

where

is a power series that stays bounded uniformly in n for sufficiently small values of |t| and the

coefficients Br, only depend on the cumulants of €; and on the coefficients a; of the linear random
field.

To the best of our knowledge, Theorem 3.1 is the first result that gives the exact tail probability
for partial sums of random fields with dependence structure under the Cramér condition.

Due to its preciseness, Theorem 3.1 can be applied to evaluate the performance of approxima-
tion of the distribution of linear random fields by truncation. We often use the random variable
X]m = Zier% a;e;—; with finite terms to approximate the linear random field X; = ZiEZd a;€j_;
in practice. For example, the moving average with finite terms M A(m) is applied to approximate
the linear process (moving average with infinite terms). In this case, Theorem 3.1 also applies to

the partial sum S)" =3 jerd X = > jeza bpye;- Here only finite terms by, are non-zero. Denote

Bl =0 (b,  Fl(x)=P(S) < axy/By).
jezd



Then for all # > 0 with 2 = o(n%?), we have
1—-F"z) T r+1
1— (x) _eXp{nd/ﬂn<nd/2>}<1+0<nd/2)>’

[e.9]
w0 =D Bt
k=0

and where the coefficients 3] have similar definition as 3j,. To see the difference between the two
tail probabilities of the partial sums, we have

5 oo (Sl i) e )] (40 (552)
zexp{ d/z[/@On ﬂon+z Brn — ﬂm)( d/2>k]}<1+0<37%/;)>,

where

. H

here as in the proof of Theorem 3.1, we take M, = max;cza |by;|, Hn = 557, My" = max;cza [b75],
_ _H

Hn = 530

50n—6B Z%ng 12MB Z TL] 7

jezd

m HrT m H73 m\3
Bon = cDhm E V3nj = Tonrm m E (bnj) .
6B - 12M™ B -
jEZ4 jEZ4

If v3 # 0, 11_5;2(&)) is dominated by exp {nﬁ—Z(ﬁOn - 5&)}. If v3 = 0, then By, = B}, = 0 and

11__5,’;((:”)) can be dominated by eXp{ (Bin — ﬁﬁ)} which depends on whether 74 = 0. In general,

Theorem 3.1 can be applied to evaluate whether the truncated version ij is a good approximation

to Xj in terms of the ratio 11__5,’7‘1(& )) for x in different ranges which depends on the property of the

innovation ¢ and the sequence {a;,i € Z}.

Theorem 3.1 can be applied to calculate the tail probability of the partial sum of some well-
known dependent models. For example, the autoregressive fractionally integrated moving average
FARIMA (p, 3, q) processes in one dimensional case introduced by Granger and Joyeux (1980) and
Hosking (1981), which is defined as

¢(B)X, = 6(B)(1— B) .

Here p, ¢ are nonnegative integers, ¢(z) =1 — ¢12 — - - — ¢,2P is the AR polynomial and 6(z) =
14612+ ---64291s the MA polynomial. Under the conditions that ¢(z) and 6(z) have no common
zeros, the zeros of ¢(-) lie outside the closed unit disk and —1/2 < 8 < 1/2, the FARIMA(p, 5, q)
process has linear process form X,, = > 72 a;en—;, n € N, with a; = Z(d)) ’6( ; +O(i71). Here I'(+)
is the gamma function.

3.2 Approximation of risk measures

Theorem 3.1 can be applied to approximate the risk measures such as quantiles and tail conditional
expectations for the partial sums S, in (8) of linear random field X = {X;,j € Z9}. Given the



tail probability « € (0,1), let Qq.n be the upper a-th quantile of S,,. Namely P(S,, > Qq.n) = a.
By Theorem 3.1, for all z > 0 with z = o(n%/?),

P(S, > 2+/Bn) = exp {%An(#) }(1 ~ ®(2))(1 + o(1)).

We approximate Qq,n by oV Bp, where v = z, = o(nd/ 2) can be solved numerically from the
equation

exp {%An(#) }(1 —3(2)) = .

The tail conditional expectation is computed as

E (Sn’Sn Z Qa,n) - an'n

P(Sn Z Qa,n)
VB, [ y? y
= Qa,n + o 0 /\/Bi €xXp W)\n (W) (1 - @(y))dy,

which can be solved numerically. The quantile and tail conditional expectation, which are also
called value at risk (VaR) or expected shortfall (ES) in finance and risk theory, are important
measures to model the extremal behavior of random variables in practice. The precise moderate
deviation results in this article provide a vehicle in the computation of these two measures of time
series or spacial random fields. See Peligrad et al. (2014a) for a brief review of VaR and ES in the
literature and a study of them when a linear process has p-th moment (p > 2) or has a regularly
varying tail with exponent ¢ > 2.

3.3 Nonparametric regression

Consider the following regression model
Yn,j = g(zn,]) + XTL,j) J € F[riw

where g is a bounded continuous function on R™, z, ;’s are the fixed design points over rd c zd
with values in a compact subset of R™, and X,, ; = ZieZd ai€n j—; is a linear random field over
Z¢, where the i.i.d. innovations €n, satisfy the same conditions as in Subsection 3.1. The kernel
regression estimation for the function g on the basis of sample pairs (2, j, Y5 j), 7 € I'2 C Z? has
been studied by Sang and Xiao (2018) under the condition that the i.i.d. innovations &, ; satisfy
llen,illp < oo for some p > 2 and (or) the innovations have regularly varying right tail with index
t > 2. See Sang and Xiao (2018) for more references in the literature for regression models with
independent or weakly dependent random field errors.

We study the kernel regression estimation for the function g on the basis of sample pairs
(2njsYnj), J € Ffl, when the i.i.d. innovations e, ; satisfy the conditions as in Subsection 3.1.
Same as in Sang and Xiao (2018) and the other references in the literature, the estimator that we
consider is given by

gn(2) = Y wnj(2)Va s, (13)
JETy,
where the weight functions wy, j(-)’s on R have form
K(52)

n

Zierg K( Z_hznm)

Wy, j(2) =

8



Here K : R™ — R™ is a kernel function and h,, is a sequence of bandwidths which goes to zero as
n — oo. Notice that the weight functions satisfy the condition > jerd Wnj () =1.
For a fixed z € R™, let

Sn(2) = gn(2) —Egn(2) = Y wnj(2)Xnj = Y _ bnj(2)en,

jerd jeZ
where by, j(2) = 3_cra wni(2)ai—;. Let Bp(z) = o? > jezd bij(z), M, (z) = ?éz%§|bnj(z)|. By the

same analysis as in the proof of Theorem 3.1, we take H, oc M,(z)~! and derive a moderate
deviation result for S,(2) = gn(z) — Egn(2). That is, if B,(2)H2 — cc asn — o0, x > 0, & =

o(Hp+/Bn(z)), then
P(Sn(z) > 2y/By(z)) = (1 — @(:E))exp{

3

/\< x )}<1—|—O< z+1 )>
Hyn/Bn(2) " \Hy\/Bu(2) Hy\/Ba(2)! )’

(14)
A similar bound can be derived for P(|S,(z)| > 21/Bn(z)). Notice that these tail probability
estimates are more precise than those obtained in Sang and Xiao (2018), where an upper bound
for the law of the iterated logarithm of g,(z) — Eg,(z) was derived. With the more precise bound
on the tail probability in (14) and certain assumptions on g and the fixed design points {z, ;} [cf.
Gu and Tran (2009)], one can construct a confidence interval for g(z).

More interestingly, our method in this paper provides a way for constructing confidence bands
for the function g(z) when z € T, where " C R™ is a compact interval. Observe that for any
2,2/ € T, we can write

Sn(2) = Su(2) = D (bnj(2) = buj(2)en -

JEZA

Under certain regularity assumption on ¢ and the fixed design points {z, ;} [cf. Gu and Tran

(2009)], we can apply the argument in Subsection 3.1 to derive exponential upper bound for the
tail probability P(|Sn(z)—Sn(2)| > 21/Bn(z,2')), where By (z, 2') = o2 > jezd (bn,j(z)—bmj(z’))z.
Such a sharp upper bound, combined with the chaining argument [cf. Talagrand (2014)] would
allow us to derive an exponential upper bound for

P( sup 15n(2) = Sn(?)] >$>7

z,2'€T Bn(Z,Z,)

which can be applied to derive uniform convergence rate of g,(z) — g(z) for all z € T and to
construct confidence band for the function g(z), z € T'. It is non-trivial to carry out this project
rigorously and the verification of the details is a little lengthy. Hence we will have to consider it
elsewhere.

4 Proofs

Proof of Theorem 2.1

Since y1,; = 0, the cumulant generating function L,;(z) of X,; can be written as

[ee]
Lnj(2) = log E e =
k=2

i
’Ynyzk
k!



Cauchy’s inequality for the derivatives of analytic functions together with the condition (4)
yields that

(15)

By following the conjugate method (cf. Petrov (1965, 1975)), we now introduce an auxiliary
sequence of independent random variables {X,;}, j € 74, with the distribution functions

€T

Vagla) =2 [ cnaviy (),

—00

where V,,;(y) = P(X,; < y) and z € (—Hy, H,) is a real number whose value will be specified
later.

Denote
— ~ ) ~ — 2
mnj:Ean, O'nj:E(an—mnj) 5
Sm,n: E an7 Sn: E an7
JETd, jezd
=7 — - 2
M, = Mg, B = E :Unj
jEZA jEZ4
and

Folz) = P8, < T, + 2\/B).
Note that, in the above and below, we have suppressed z for simplicity of notations.

We shall see in the later analysis that the quantities S,, M, and B, are well-defined for
every n and z € R with |z| < aH,, where a < 1 is a positive constant which is independent
of n. Throughout the proof we will obtain some estimates holding for the values of z satisfying
|z| < bH,,, where the positive constant b < 1 may vary but is always independent of n. We will
then take a to be the smallest one among those constants b. The selection of the constants does
not affect the proof since the z = 2, we need in the later analysis has property z = o(H,,).

Also, the change of the order of summation of double series presented in the proof is justified
by the absolute convergence of those series in the specified regions.

Step 1: Representation of P(S,, < z) in terms of the conjugate measure

First notice that by equation (2.11) on page 221 of Petrov (1975), for any m € N, we have

P(Spn < ) = eXp{ 3 Lnj(z)} / e AP(Sn < ). (16)

— 00

Note that the condition (5) implies that C,, < co,n € N. From (15) it follows that for any w with

10



lw| < 2H,, and for any m € N we have

> Lnj(w)‘ =

JETE,

OO’Yk'
nj_k
2.0

jerd k=2

Therefore, for any v with |v| < $H,, and z with |z| < $H,,

E exp{vSmn} = H Eexp{vX,;}

jerd
IO / ey ()
jerd = jerd © -
o (18)

_ H B_L"j(z)/ (v+z :ch H e~ Lnj( nj(v-‘rz)

jErd, - JErE,
— exp < Z [Lnj(v+ z) — Lnj(z)]> < 00, as m — Q.

jeZd

Hence, S, is well-defined and S,,,, converges to S, in distribution or equivalently in probability
or almost surely as m — oc.

For the = in P(S, < z), let f(y) = exp{—zy}1{y < z} and M > 0. By Markov’s inequality,
we have

E{ £ (Sma) U1 Sman)| > M} }
{exp{ 2Smn t1{exp{—2Sm.n} >M}}

1

<E
< [E exp{— 2szn}}] [ {1{eXp{—Z§m,n}>M}}]
e

eLn <—z>} : [% E{ exp{_zgmm}ﬂ :

1

ol [ o]

jerd, jerd,

1
2

<

Hence, by (17) we have that for |2| < :+H,,
hm limsup E {f(gm,n)lﬂf(gm,nﬂ > M}} =
M—00 m—oo

Applying Theorem 2.20 from van der Vaart (1998), we have
/ e YdP(Smn < y) — / e YdP(S, <y)

11



as m — oco. And taking into account that

P(Spmn <z) — P(S, < )

exp{ > Lnj(z)} — exp{ > Lnj(z)}

jerd, jezad

and

as m — oo we obtain from (16) that

P(S, < 2) = exp{ 3 Lnj(z)} / e aP(S, < y). (19)

jezd >
Step 2: Properties of the conjugate measure

From the calculation of (18) it follows that the cumulant generating function L,;(v) of the random
variable X,,; exists when |v| is sufficiently small and we have

fnj(’l)) = —Lnj(Z) + Lnj(v + Z), (20)
j € Z¢. Denoting by Vikn; the camulant of order k of the random variable Ynj, we obtain

_ B [dkfm(v)] B dkLnj(Z)
Vhng = dvk lv=0  dzF
Setting £ = 1 and k£ = 2 we find that

_ dLnj(2) =~ VYemj 1
= _ , 21
Minj D “—1" (21)
=2
and
_ d” Ly, (Z) > Yen _
2 J _ J —2
MT T Z; -2 (22)

which means that M, is well-defined and, as a function of z € C, is analytic in |2| < %Hn
Also, without loss of generality, we assume that

lim sup BCn <1 (24)

5 <
n n n
By the definition of M,, and (21), we have

My=2Y qomi+ .. (k’Yingl')!Zk—l

JEZ? jezd k=3

=z2B, + Z Z (]:injl')!zk_l.

jEZI k=3

12



It follows from (15) that

‘—2

’chn] ]z_

00
Z ’Yknj _
k:3

‘Z ‘Z’an

- 2H2

"k3

for |z| < byH, and a suitable positive constant b; < 1 which is independent of j and n. This
together with (25) implies that for |z| < b1 H,

Cr Ch
|z|< H2)<|M|<|z|< +@>'
Taking into account the condition (24), we get that
M, x |z|B,. (26)

Moreover, (25) implies that for |2| < $H,,

M, — 2B, < ZZM% ‘Z_l

74 k=3
N (27)
| 2|2 z|F3 8|z|2C’n
= H3 Z Z ”J k=3 = g3
Also, by the definition of B,, and (22), we have
5} k _
B, = Z'Yzm+ZZ g
jezd €74 k= 3
L (28)
_ knj k-2
By + Z Z (k —2)!
€74 k=3

It follows from (15) that

K

Zklcn‘]
=2k (k—2)! = 2H2

for |z] < byH, and a suitable positive constant by < 1 which is independent of j and n. This
together with (28) implies that for |z| < boH,,, B, is well-defined and

Cn Cn
— <
B, SHZ = <|B,| < B, +2H2

Condition (24) then implies that
B,, x By, (29)

Furthermore, (28) and (15) imply that for |z| < $H,,

Z Z k'Cn] ‘Z

jezd k=3

B

k3

§|—3ZZk —1anHk3 (30)

jEZd k=3
- 28|Z|Cn'

13



Step 3: Selection of z

Let z = z, be the real solution of the equation

M,
= , 31
' VB oy
and let
" H,\/B,
Then
_ M, 1 o Tknj gt

=B, = HaB, 2 2= (- 1) (33)

JEZ k=2

By (23) we know that Hyﬁn is analytic in a disc |2| < $H,, and

_ 3C,
~ H2B,

7
H, B,
in that disc. It follows from Bloch’s theorem (see, e.g., Privalov (1984), page 256) that (33) has a
real solution which can be written as

z = i A t™ (34)
m=1

i< by 30 30 ?
2 H2B, \H2B,)

Moreover, the absolute value of that sum in (34) is less than 1 H,. Condition (5) implies that there
exists a disc with center at ¢ = 0 and radius R that does not depend on n within which the series
on the right side of (34) converges.

It can be checked from (33) and (34) that

for

H2
ainp = Hn and aon = —ﬁ Z ’73n] (35)
" jezd

Cauchy’s inequality implies that for every m € N,

Hy,
|amn| < oRm’

Therefore, as t — 0, a1,t becomes the dominant term of the series in (34). Hence, for sufficiently
large n we have

1
§tHn < z<2tH,, z=o0(H,)

and taking into account (32) we get

IN
w
IN

E

(36)

[\]
g
3

14



It follows from (17) and (23) that for z < 1 H,,
37|
|6 = > Lz (g 20, + C < 3Ch.
jezd

For the solution z of the equation (31) we also have

[e.9]

T ) ’ch] Yeknj k
My =) Lu(2) ZZ P3P
jezs jEde 2 jezd k=2
k
D)k
-yt "ﬂ(zamt )
Jj€7d k=2
J2nj k 37
2”] a%ntj - Z bnt ( )
jezd =

H2B 12
— H2B,t
Z e

- Hant2

SR H2B, 3\, (1),

where \, ( ) = Zzo Oﬂkntk with B, = b(k_,_g)n(H%Bn)_l

Recall that the series Z 1 amnt™ converges in the disc centered at ¢ = 0 with radius R > 0
that does not depend on n, and the absolute value of this sum is less than %Hn We see from (37)
that the function )\ n(t) is obtained by the substitution of > " | amyt™ in a series that converges
on the interval (— Hn, ;H ). It follows from Cauchy’s inequality that

3C, 3
H,%Ban"'g < Rk+3’

|Bin| < k>0,
which means that for [t| < 3R, A\,(t) stays bounded uniformly in n. In particular, by (35) and

(37), we have [y, = % > jezd Vang-
From now on we will assume that z is the unique real solution of the equation (31).

Step 4: The case 0 <z <1

Now we prove the theorem for the case 0 < z < 1 using the method presented in Petrov and
Robinson (2006). Throughout the proof, C' denotes a positive constant which may vary from line
to line, but is independent of j,n and 2. If f,(s) is the characteristic function of S, /v/B,, we then
have that for |s| < H,v/By,/2

o0

fu(s) = / e dP(S, < u\/B,)

—00
[e.9]

= [ @aps, <y

—00

= exp{ > Lnj(z's/\/z?n)}.

jEZ

15



Then

log fuls) = D Lnglis/V/Ba) = 30 > L (is/v/Ba)*

jezZd jezd k=2

== Y BB+ YN T s/ VBt = =2+ Y0 Y T (is/ /B

jezd jezd k=3 jE€Z k=3
Thus, using (15) we get that for |s| < 0H,v/ B, /2, with 0 < § < 1,
- sl " sl Y’
1 +52/2] < . <C 1-6)""
o fule) b2 S gd,;,c”’<ﬂm/3_n> - "<Hn¢B_n> =0
j =
Then, for appropriate choice of § we have that

6_32/4’8’3(7” 6_82/4’3’3

H3\/B,’ H,v/By, '

for |s| < 6H,\/B,/2. Now applying Theorem 5.1 from Petrov (1995) with b = 1/7 and T' =
dH,\/By, /2 we get that

fals) —e > < C

C
F.(z)—® < . 38
sup P (¢) = $(o)] < 7= (33)
Since 0 < 2 <1, B,H2 — 00 as n — o0, and A, (Hn\x/BT) is bounded uniformly in n, we have
ep] ) ( r ) =1+ O(H;'B;'/?)
Ho/B, "\ H,\/B, e
Together with condition (5), to have (6) in the case 0 < x < 1, it is sufficient to show
1-F,
7@) =1 + O L ,
1—®(x) H,\/B,
which is given by (38), since 1/2 < ®(z) < ®(1) for 0 < x < 1.
So we will limit the proof of the theorem to the case x > 1,2 = o(H,/By,).
Step 5: The case z > 1, x = o(H,/B,,)
Making a change of variables y ~ M,, + y/ B, and applying (31), we can rewrite (19) as
1—F,(x) =exp { —2M,, + Lnj(z)} / B __expy — zyr/ By, tdF,(y)
]gz:d (x\/B_n_Mn)/\/ B { }
= exp { —zM,, + Z Lnj(z)} / exp { - zy\/Fn}an(y). (39)
jezd 0
Denote r,(z) = F,(z) — ®(x) and we show that for sufficiently large n
C
n < ) 40
sup [ ()] < TV (40)
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Let f,,(s) be the characteristic function of (S, — M,)/v/ B,. We then have that

Fuls) = [ €aP(S, < /By +0,)

_ / =)/ Bugp(s, < y)

_ exp{ B ZsMn/\/i Z Lnj(2 } / (Z+is/\/§_n)ydp(5n <y)
jezd

- exp{ —ZSMn/\/7 Z Lni(2) + Z Ln;( z+zs/\/7 }
jGZd jGZd

Then by (20) for|z| < $H, and |s| < H,\/B,/6 we have that

log f,,(s) = —ZSMn/\/i-i— Z L( ’LS/\/7

jezd
:——s + = zs/\/7 [d ZJEZdLm( )]yzeis/\/B_n7

where 0 < |0 < 1. For |z| < +H,, and |s| < §H,\/B,/6, with 0 < § < 1, we have that
‘ |:d Z]EZd L”J( ) . ‘ |: Z Z ’Yknj ]f}
dy3 y=bis/\/Bn

PR ef“(

jezd k= 3
-3 =\ -4
_48C, s/ By,
<ZZ/<; —1)( 7<3/\/ > = <1— Hn/2>
jeZd k=3
< P o).
Thus,
- 2 8’3’3071 —4
|log f,,(s) +5°/2| < ———=(1—-6)"".

H3\/B,

Then, for appropriate choice of § we have that

6_82/4|8|3Cn - 06_82/4|8|3
—3 =
H3\/B, H,\ By,

for |s| < 6H,\/ B, /6. Now applying (29) and Theorem 5.1 from Petrov (1995) with b = 1/7 and
T = §H,\/ B, /6, we have (40).

Fals) — e < C

17



By (40) we have

1 00 y2
= — ex —zy\/ By, — = rdy + ay,
271'/0 P{ Yy } Yy
where |ay,| < HngBTJ
Denote
o) y2 —
I = exp{ — 2y Bn—?}dy:w(z B,)
0
and _ 9
o M, vy -3
I = {- 52 - Lhiy=v(.5,°),
2 /0 exp B 2 y =1( )
where o oo ,
Y(x) = ;Tw()x) = eg/x e~ T dt
is the Mills ratio which is known to satisfy
T 1
Z'2+1 <1/}(.Z')< ;7

for all x > 0. Hence, by (36) and (29) we obtain

an anz\/ By, N fo

zl T r2\/ B,
§C< z\/ By, 1 )

_l’_
zH,v/B, H,B,xz\/B,

IN
Q

1 1
<Hn\/Bn * Hn\/an2>
c

IN

=
E

n

Hence,

an = 110(an/B_n). (42)

For every y; < y2 we have that (y2) — ¥(y1) = (y2 — y1)¢'(u), where y1 < u < yo. As for

18



u >0, [¢/(u)] < w2, then using (5), (36), (26), (27), (29) and (30) we get that

I — 1] = /u)HMnB;%—z B,
< 7u2;B_n(‘Mn—zB Bn>
2

aeE >§\/B—(Z 7 )
- ( x!B — By )
- $2\/_ B, H3 VB, + B,
< ( x2Cy, )

x \/_ B, H3 H3\/_
= w2\/_(B H? H3B ) C;Cn

Bj H?
< Hn\/B_n'
Hence,
(2 — L _ C C C  a?+1 C

= < < ,
ol T o H B, By ) THnVBat(w) T wHuVBy w " HaV/B,
which means that

I :12(1+0(H7LL\/B_11>>. (43)

Finally, combining (39), (31), (32), (37), (41) and (42) we get

+ Hant?’)\n(t)} /000 exp{ - zy\/gn}df
72 3

—eo{ =5+ g () (v o)

{ x? x3 1
=expy — +

x
— An L14+0|——) |-
2 " H,/B, (Hn\/Bn)}\/% 1< i (anBn)>
By (43) and the fact that I = ¢(x), we see that

H?B,t*
1 — F,(x) :exp{—"i

a8 el ) (ol

This proves (6). The proof of (7) follows a same pattern and is omitted.

Proof of Theorem 3.1

Since 71 = 0, we see that the cumulant generating function L,;(z) of the random variable
bnjci,j € 74, is given by
’kanj Zk.

Lyj(z) = logE ei% = u

k=2
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Cauchy’s inequality for the derivatives of analytic functions together with the condition (11) yields

that
k'C

Hk
Denote M;, = max |bnj|. Then by (44), for any H, with 0 < H,, < 72— and for any z with |z| < H,
JEZL "

vkl < (44)

we have
n by i H
Z|7k|| ik P |k<CZ| jHnl"
- b2, H? 201)3].}1,3
— < .
- ’bnan’ B H?
Hence,

2002 Hy 20 B, H?
o2~ o2H?

C, =
jezZd

Then by Theorem 2.1, if B,,H2? — co as n — oo, we have

— F(x 3 x x
for x > 0,2 = o(Hp/Bh).

If the linear random field has long memory then we have that (see Surgailis (1982), Theorem
2) B,, x n?¥72%12(n). As the function b(-) is bounded, then for j € T¢ we have

[bnsl < C1 > Ui =Gl — 517
ierd
2dn
<O Y ETH(R)ET o 0 (n),
k=1

where we have used the fact (see Bingham et al. (1987) or Seneta (1976)) that for a slowly varying
function I(z) defined on [1,00) and for any 6 > —1,

T 9+ll
/1 yel(y)dywxef(lm), as x — oo.
It follows from the definition of a; in (10) that (for sufficiently large n) M,, = max |brj| is attained
JEZL

at some j € 'Y, Hence, M,, = O(n%=%1(n)). We take H, & n~%"*~1(n) which yields

H,\/ B, x nd/?

Then the result follows from (45).
If the linear random field has short memory, i.e., A:= 3", ala;| < o0, a:=3,czaa; # 0, we
can take M,, = A and H,, = %. Moreover, we also have

D bl <D0 laigl=Cn+ 1)) fail = A@2n+ 1)

JEZ? jEZ jeld iezd
and
M o lbugl = 1> > aiyl =+ 1D ail = la|(2n +1)4,
JjEZY jEZ ield A

20



which means that >, cya [bn;| o ne.

On

As for all n € N we have that |b,;| < A by the definition of A, then
Db < AN byl < 4220+ 1)%
jezd jezd
the other hand, for j € I‘Cfn /o) We have that |brj| > |a|/2 for sufficiently large n. Hence,

Sz Y B> %2(2 ln/2] +1)7.

ic7d od
JEL yel"m/zJ

Thus, > cz4 b%j oc n¢ and the result follows from (45).
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