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Abstract

We introduce a definition of long range dependence of random
processes and fields on an (unbounded) index space T' C R? in terms
of integrability of the covariance of indicators that a random function
exceeds any given level. This definition is particularly designed to
cover the case of random functions with infinite variance. We show
the value of this new definition and its connection to limit theorems
on some examples including subordinated Gaussian as well as random
volatility fields and time series.
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1 Introduction

Let X = {X;,t € T} be a stationary random field on an unbounded index
subset T of RY, d > 1, defined on an abstract probability space (2, F, P). If
Xy is square integrable then the classical definition of long range dependence
is

/T |Cx (t)| dt = +o0, (1)

where Cx(t) = Cov(Xy, X;), t € T. There are also other definitions e.g. in
terms of spectral density of X being unbounded at zero, growth comparison
of partial sums (Allan sample variance), the order of the variance of sums
going to infinity, etc., see the modern reviews in [I5], [5], [35] for processes
and [20] for random fields. All these approaches are not equivalent to each
other.

More importantly, there is no unified approach to define long memory
property if X is heavy tailed, that is with infinite variance. Many authors use
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the phenomenon of phase transition in certain parameters of the field (such
as stability index, Hurst index, heaviness of the tails, etc.) regarding their
different limiting behaviour. To give just a few examples, we mention [40] for
the subordinated heavy-tailed Gaussian time series whereas [34], [32], [31],
[27], [37] consider the extreme value behaviour of partial maxima of stable
random processes and fields and a connection with their ergodic properties.
In [I2 p. 76], the short or long memory for stationary time series is defined
by using different limits in functional limit theorems. Papers [10] 28] analyze
different measures of dependence (such as a-spectral covariance) for linear
random fields with infinite variance lying in the domain of attraction of a
stable law. Those are used to define various types of memory and prove
corresponding limit theorems for partial sums.

The main goal of our paper is to give a simple uniform view into long range
dependence which applies to any stationary (light or heavy tailed) random
field X; see Definition Bl In Section we show that all rapidly mixing
random fields are short range dependent in the sense of the new definition.
No moment assumptions are needed there. In Section B.3] the sufficient con-
ditions for a subordinated Gaussian (possibly heavy-tailed) random field to
be short or long range dependent are given. We show that the transition from
short to long memory occurs at the same boundary for both finite and infi-
nite variance random fields; see Theorem and Example .9 This cannot
be achieved using the classical definitions based on second-order properties.
In the next section, the same is done for stochastic volatility random fields
of the form X; = G(Y;)Z,;. Different sources of long range dependence are
described. Conditions for long or short memory of a—stable moving averages
and certain max—stable processes are discussed in the forthcoming paper [25].

As indicated above, one can approach long memory from two different
perspectives: through the distributional properties of the process or limiting
behaviour of suitable statistics. Our definition falls into the first category.
Thus, as the next step, we attempt to link the definition with limit theo-
rems. In this context, the appropriate statistic to study appears to be the
volume of level sets of the field. This is done in Section @l First, we consider
subordinated Gaussian random fields and show the agreement between our
definition and the limiting behaviour. See Section 1.1l In the following
section we indicate that our definition is not suitable to capture limiting be-
haviour of the empirical mean. In Section we consider the corresponding
problems for random volatility models. In order to do so, we have to develop
limiting theory for integral functionals of random volatility models, including
the case of limit theorems for the volume of level sets of X. These results
are of independent interest.

For better readability, proofs of the most of results are moved to Ap-



pendix.

2 Preliminaries

Recall that T is an unbounded subset of R%. Let Ny = NU{0}, and let v4(-) be
the d-dimensional Lebesgue measure. We denote by R either R, = [0, +00)
or R_. = (—00,0], depending on the context. For instance, G : R — Ry
means that G maps R either to Ry or to R_. Let || - || be a norm in the
Euclidean space RY. For two functions f,g : R — R we write f(z) ~ g(z),
r — aif lim,,, f(z)/g(z) = 1, where g(z) # 0 in a neighbourhood of a. Let
(f.9) = [ f(x)g(x)dz be the inner product in the space L*(R) of square
integrable functions. Additionally, we shall make use of the inner product
(f,9)p = [ f(x)g(x)@(x) dr in the space L7 (R) of functions which are square
integrable with the weight ¢, where ¢ is the standard normal density. For a
finite measure p on R, let supp(u) be its support, i.e., the compliment of the
largest measurable subset of p-measure zero in R.

Let (€2, F, P) be a probability space. We say that {X;, t € T'} is a white
noise if it consists of i.i.d. random variables X,.

For any random variable X let Fix(r) = P(X < z) and Fx(z) = 1—Fx ()
be the cumulative distribution function and the tail distribution function of
X, respectively. Let Fxy(z,y) = P(X <=z,Y <y), z,y € R be the bivariate
distribution function of a random vector (X,Y’). Later on we make use of
the known formula

Cov(X,Y) = E (Cov(X,Y|A)) + Cov (E(X|A), E(Y].4)) 2)

for any o—algebra A C F.
A random field X = {X;,t € T'} is called associated (A) if

Cov (f (X1),9(X1))) =0

for any finite subset I C T" and for any bounded coordinatewise non-decreasing
Borel functions f,g : Rl — R, where X; = {X,,t € I}. X is called
positively associated (PA) or negatively associated (NA) if

Cov (f(X1),9(X,))) =20 (£0),

respectively for all finite disjoint subsets I,J C T, and for any bounded
coordinatewise non-decreasing Borel functions f : Rl = R, ¢ : RVl — R,
see e.g. [1].

We use the notation B ~ S, (¢, 1,0) for an a-stable subordinator B with
scale parameter o > 0, cf. [36].



3 Long range dependence

Consider a real-valued stationary random field X = {X;,¢ € T'}. Introduce
Covx(t,u,v) = Cov (1(Xy > u),1(X; >v)), teT, z,vek

It is always defined as the indicators involved are bounded functions.

Definition 3.1. A random field X = {X,t € T} is called short range
dependent (s.r.d.) if for any finite measure p on R

Ui,x = // |Covx (t,u,v)| p(du) p(dv) dt < +o0.

T R2

X is long range dependent (l.r.d.) if there exists a finite measure pn on R such
that a;iX = +o00. For discrete parameter random fields (say, if T C Z2), the
Jp dt above should be replaced by EteT:t#O.

3.1 Motivation

Assume that X is stationary with marginal distribution function Fy(z) =
P(Xy < z), z € R, covariance function C(t) = Cov(Xy, X¢), t € T, and
moreover,

Covx(t,u,v) >0or <0forallteT, uveR. (3)

Examples of X with this property are all PA or NA- random functions.
Applying [2T, Lemma 2|, we have (the equality is originally attributed to
Hoeffding (1940))

Cx(t) = /COVX(t,u,v) du dv. (4)

Then, X is long range dependent if

/|CX(t)|dt://|Covx(t,u,v)|dudvdt:+oo, (5)

T R2

which agrees with the classical definition.

However, in Definition Bl we integrate |Covx (¢, u,v)| with respect to a
finite measure p x p instead of Lebesgue measure dudv. First, in case of
the infinite variance the right-hand side in ([f]) is often infinite, regardless
of a dependence structure. As such, the classical definition of long memory
is irrelevant in the infinite variance case. Second, our definition will have
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a natural link with the asymptotic behavior of volumes of excursions of X
above levels u, v. Recall the functional central limit theorem (CLT) for
normed volumes of excursion sets of X at level u proven in [26] (see also [41]
Theorem 9, p. 234] for a generalization of this result to fields without a finite
second moment). Namely, for a large class of weakly dependent stationary
random fields X on R, the function

/COVX(t,u,v) dt, u,veR

Rd

is the covariance function of the centered Gaussian process which appears as
a limit of

va ({t €[0,n): X; > u}) — n?Fx(u)
/2 ’

ueR, n— oo (6)

in D(R) equipped with the .J; Skorokhod topology. If in particular the ran-
dom field is PA or NA, then by the continuous mapping theorem, it holds

Jeva ({t €[0,n)": X, > zil}d)/;t(du) —n? [ Fx(u)p(du) N N(O, 037)() (7)

as n — oo for any finite measure p with 0'27 + as in Definition Bl So X is
s.r.d. if the asymptotic covariance 037 + in the central limit theorem () is
finite for any finite integration measure p prescribing the choice of levels u.
On the contrary,

for i = d4y,y means that a different normalization is needed in (@) and a
non-Gaussian limit may arise.

Let us point out at a possible interpretation of Definition B.I]in financial
context. Assume X = {X;,t € Z} to be a time series representing the stock
price for which an American option at price ug > 0, t € [0,n], n € N is
issued. The customer may buy a call at price uy whenever X; > ug for some
t € [0,n]. Relation (@) with p = dg,,y writes here

vi({t €[0,n]: X; > ug}) — nFx(ug) 4 5
i — N(O,05{u0}7x).

Then the long range dependence in the sense of Definition B.] of the stock
price X (i.e., crg{ X = +00) means that the amount of time within [0, n]
UO b

at which the option may be exercised is not asymptotically normal for large
time horizons n. On the contrary, the s.r.d. of stock X means asymptotic



normality of this time span for any price ugy for which the option was issued
provided that X satisfies conditions of papers [26] or [41].

In terms of potential theory, the value ai + in Definition [3.11is the energy
of measure p with symmetric kernel K (u,v) = [ |Covx (¢, u,v)|dt, cf. [19, p.

T
77 ).
Self—similar random fields. We conclude this section with the formula-

tion of the long range dependence in a special case of self-similarity.
Let X = {X;,¢t € R%} be a real valued multi-self-similar random field.

By definition, it is stochastically continuous and there exist numbers Hy, ..., Hy >
0 such that for a diagonal matrix A = diag(ay,...,aq) with ay,...,aq > 0 it
holds

{Xa, t eREY L {al . allaX, t e R},

Introduce the notation 1 = (1,...,1) € R% and e = (e*,...,¢e%) for s =
(s1,...,8q4) € R By [I1, Proposition 6], the field

Y ={Y,=e ZmsliX,. s e R
is stationary. Using Definition B.1] for Y together with the substitution ¢; =

e’ 1 =1,...,d, we say that X is s.r.d. if for any finite measure x4 on R it
holds
d
. d dv) dt
// Cov <1<X1 > u),l(Xt >0 - Htf’)) w < 400,
R R? j=1 Hj:l L

where dt = dt, ...dt; means integration with respect to Lebesgue measure
in RZ. On the contrary, X is L.r.d. if the above integral is infinite for some
finite measure p on R.

3.2 Checking the short or long range dependence

Denote by P,(-) = u(-)/u(R) the probability measure associated with the
finite measure p on R. Let U,V be two independent random variables with
distribution P,. Then the variance ¢, y from Definition Bl becomes

2

2(®) / E|Covx(t, U, V)] dt = / E| Fx,.x, (U, V) = Fx,(U)Fx, (V)] dt.
(9)

This relation is useful to check the s.r.d. of X by showing the finiteness of
o7 x for any ii.d. random variables U and V. Definition Bl is equivalent to
the following lemma.

T T



Lemma 3.2. A stationary real-valued random field X with marginal distri-
bution function Fx is s.r.d. in the sense of Definition [31 if

[ [ 1Cudes) =l Ptan) Poiy) i < oo

T (ImFx)2

for any probability measure Py on Im Fx where Cy; is the copula of the

bivariate distribution of (Xo,X:), t € T, and ImFx = Fx(R) C [0,1] is
the range of Fx on R = RU {+o00} U {—0c0}. X is Lr.d. in the sense of
Definition 31l if there exists a probability measure Py on I'm Fx such that the
above integral is infinite.

Proof. By relation (@) and Sklar’s theorem (cf. e.g. [I4, Theorem 2.2.1]) we
have for any finite measure 1 on R

o2 ¢ = iA(R) / / (Cou(Fx(u), Fx(v)) — Fx(u)Fx (v)| Pu(du) Pu(dv) dt.

T R2

The choice of Cpy; is unique on I'm F, cf. [14, Lemma 2.2.9]. Applying the
substitution x = Fx(u), y = Fx(v) we get that

02 = iA(R) / / (Couler,y) — xy| Polde) Po(dy) dt,

T (ImFx)2

where the probability measure P, has a cumulative distribution function
1t ((—o0, Fx(2))), z € [0,1], and Fy is the generalized inverse for Fx. [

Lemma implies that the new definition of memory is marginal-free,
i.e., independent of the distribution of marginals F, if Im Fx = [0, 1], which
is the case for absolutely continuous Fx. It essentially involves only the
bivariate dependence structure encoded in the copula Cj,.

If condition (B]) holds then application of the Fubini—Tonelli theorem leads
to

7hx = i) [ Cov(F(X), Fu(X0) dt.

where F),(z) = P,((—o0,)) is the (left-side continuous) distribution func-
tion of probability measure P,. In this case, the s.r.d. condition ai, x < +0
reads as a classical covariance summability property of the subordinated ran-
dom field Y; = F,(X;), t € T.

By stationarity of X, it holds Covx(t,u,v) = Covx(—t,u,v) for any
t,—t €T, u,v € R. Hence, in order to show l.r.d. for T'= R it is enough to



check that

/ |Covx (t, ug, up)| dt = +00
0

for some uy € R. For T' = Z it is sufficient to consider Y .~ |Covx (¢, ug, ug)| =
+00.

3.2.1 The short-range dependence for mixing random fields

Let U,V be two sub-o—algebras of F. Introduce the z-mixing coefficient
2(U,V) (where z € {«, 8, 6,1, p}) as in [13] p.3]. For instance, it is given for
z = « by

ald,V)=sup{|P(UNV)—=PU)P(V)|: UelU, VeV}.

Let X = {X;,t € T} be a random field. Let Xo = {X;,t € C}, C C T, and
ox, be the o—algebra generated by X¢. If |C] is the cardinality of a finite
set C' then the z-mixing coefficient of X is given by

zx(k,u,v) = sup{z(ox,,0x,) : d(A,B) >k, |A| <u,|B| < v},

where u,v € N and d(A, B) is the Hausdorff distance between finite subsets
A and B generated by the metric on R?. The interrelations between dif-
ferent mixing coefficients zy, z € {«, 3, ¢,%, p} are given e.g. in [13] p.4,
Proposition 1].

We state the result that links mixing properties and the short-range de-
pendence. The field X may be non-Gaussian and have infinite variance.

Theorem 3.3. Let X = {X;,t € T} be a stationary random field with
z—mizing rate satisfying [ zx (||t]],1,1) dt < 400 where z € {o, B, ¢, 1, p}.
Then X is s.r.d. in the sense of Definition [T with

/T/]R2 |Covx (t, u,v)| p(du) p(dv) dt < S/TzX(HtH, 1,1)dt - *(R) < +o0.

Proof. Without loss of generality, we prove the result for a-mixing X. In-
troduce random variables &(u) = 1(Xo > w), n(v) = 1(X; > v), where
t € T, u,v € R. Then, by the covariance inequality in [I3, p. 9, Theorem
3] connecting the covariance of random variables with their mixing rates we



have

/LW”“”WMth/@MW ()| a(du)p(do)dt
/Zo«UXh>axt<ut/ﬁ|m- ) loel19(0) ot (dv)

§8/&MWWLWHWGM<+w,
T

where ||Y|| = Ess-sup(Y). O

To illustrate the above theorem, we let Y = {Y;, t € N} to be a stationary
a.s. non-negative ¢—mixing random sequence with univariate cumulative
distribution function Fy and [p, ¥y (|[t]],1,1)dt < +oco. Examples of 1)
mixing random sequences can be found e.g. in [13, Example 4, p. 19] (see

also references therein), [16, Theorem 2.2], [29, Proof of Claim 2.5], [6], [38]
p. 54-55]. Let FZ_1 be the quantile function of a random variable Z with
EZ? = +o0. Set G(z) = F,;'(Fy(x)), * > 0, then X; = G(Y;), t € N is
1-mixing as well. Moreover, it is s.r.d. by the last theorem and has infinite
variance because of X Lz

Remark 3.4. For a Gaussian ¢-mizing random field X, the statement of
Theorem is trivial, since such X is m—dependent [17, Theorem 17.3.2],

and the integral [ |Covx(t,u,v)|dt in Definition [31 is bounded by 2m for
0

any u,v € R.

3.3 Subordinated Gaussian random fields

Recall that ¢(x) is the density of the standard normal law. We use the
notation ®(z) for its c.d.f. Introduce the Hermite polynomials H, of degree

n € Ny by
Hy(x) = (=1)"¢"(2) /()
where ¢ is the n-th derivative of ¢. Clearly, it holds

HO('T):L H1<$U> =, HQ('x) 21’2—1, H3(.T):SL’3—3.’L‘,

For even orders n, Hermite polynomials are even functions, whereas for odd
n they are odd functions. It is well known that Hermite polynomials form
an orthogonal basis in L?(R). For any function f € LZ(R) with (f,1), =0
let

rank (f) = min{n € N: (f, H,), # 0}

9



be the Hermite rank of f. Furthermore, the Hermite rank can also be defined
for functions f ¢ L7(R), as long as (| f|'*’, ) < oo for some 6 € (0,1); see
[40] or [5, Section 4.3.5].

Let Y = {Y;,t € T} be a stationary centered Gaussian real-valued ran-
dom field with Vary; = 1 and Cy(t) = Cov(Yp,Y;), t € T. The subordi-
nated Gaussian random field X is defined by X; = G(Y;), t € T, where
G :R — Im(G) C R is a measurable function.

Assume first that X is square integrable. The following lemma is proven
in [33] Lemma 10.2]:

Lemma 3.5. Let Zy,Zy be standard normal random wvariables with p =
cov(Zy, Zs), and let F, G be functions satisfying EF?(Z,),EG*(Z;) < +o0.
Then

Co(F(2),G(z) = 3 LTG0 e

Let Cx(t) = Cov(Xy, X3), t € T. Assuming Cy (t) > 0 for all t € T" and
applying this lemma to our subordinated process X = G(Y) we get that it
is s.r.d. in the sense of Deﬁnition B:I] if

/\CX )| dt = ( /CY )dt < +oo. (10)

We shall see that an analogous result holds also if X has no finite second
moment. Introduce the condition

(p) |Cy(t)| < 1forallt+#0if T is countable and for vz—almost every t € T
if T' is uncountable.

The following result gives the conditions for s.r.d of a subordinated Gaussian
random field, without a moment assumption. Its proof is given in Appendix.

Theorem 3.6. Let Y be a Gaussian random field introduced above. Let X be
a subordinated Gaussian random field defined by X; = G(Y;), t € T, where G
is a right-continuous strictly monotone (increasing or decreasing) function.
Assume that the condition (p) holds. Let

) = (UGG () ) (1)

where G~ is the generalized inverse of G if G is increasing or of —G if G is
decreasing. Then X is s.r.d. in the sense of Definition [31 if and only if

Zb’“ ! /|Cy H)|CEH(t) dt < +o0 (12)

k=1

for any finite measure p on R.
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Corollary 3.7. Assume that the conditions of Theorem [3.8 hold.

(i) Let u(dz) = f(z)dx for f € L'(R) such that f(z) > 0 for all x € R.
If G € CY(R) and Im(G) = R then by(n) = (G'f(G), Hy)2, k € N.
In this case, all coefficients bp(p) are finite if for some 6 € (0,1) it
holds E[|G'(Yo) f(G(Yo)|'?] < +oo. If G'f(G) is an even function
then by() = 0 for all natural odd k.

(i) If X, = G(|Y3]), t € T, then the s.r.d. condition ([I2) simplifies to

o0

b2k71 2
; (21{:;7) /TCY’“(t) dt < 400. (13)

Remark 3.8. Based on Theorem [3.8 and Corollary [3.7, the l.r.d. in the
sense of Definition[31] can also be formulated as follows:

(i) X =G(Y) islr.d. if Jug € R: bp(dgu,)) < +00 for all k and the series
(@) diverges to 4+o00.

(ii) If the initial process Y is s.r.d. then all powers of Cy are integrable on
T and the long memory of X = G(|Y]) can only come from function G.
This can happen e.qg. if its coefficients by(u) decrease to zero slowly
enough. Conversely, assume that Y is Lr.d., 0 < by_1(u) < +o0
for all k € N and some finite measure . If there exists k € N s.t.
[ C¥(t) dt = +o0 then X is Lr.d.

Let us illustrate the last point of Remark by an example.

Example 3.9. Let G(z) = ¢/ o >0, T = R%. Then it is easy to see
that

P(|Xo| > x) = L(x)x™?,

where L(z) = /2/(wlogx). For a € (1,2], it holds E X, < oo, E XZ = +o00.
To compute boy_1(11), we notice that

Vbor—1 (1) = \/%—W /UQH%KV 2alogu) p(du), k€ N.

Using the upper bound |Hop_(z)| < xe®/*(2k — DI/4, x > 0 from [, p.
787] one can show that

bar—1(p) < 1%[(% — D)2 (/loo — 1Ogu,u(du))2

(&%
< —

< 1 (11, 400) ) [(2k — DU < oo

11



for all k € N.

We note that the use of the finite measure j is crucial here, since e.g.
in case of the Lebesque measure the integral floo u~2\/logu pu(du) is infinite
for a < 2.

Now by Stirling’s formula [{], Theorem 1.4.2], we get

[k - DU e

@) ~ W’ k — +oo (14)
for cg >0, so
bzgéﬁ ~0 <%) k= +oo. (15)

Assume that Cy(t) ~ ||t]|7" as ||t]| — +o00, n > 0. Then X = e¥*/(o),
a >0, 1s

o lr.d. ifne(0,d/2] since then

= b2k71 2
;@T;m/Tcyk(t)dt:mo.

e s.r.d. if n > d/2 since then we have

/ C*tydt =0(k™") as k — +oo,
R4

[e.e]
and the series ([I3) behaves as Y, 7 < +00.
k=1

Here the source of long memory of X s the l.r.d. field Y. If a > 2 the
variance of Xo is finite, and our results agree with the definition in () by
relation ([IQ) if we notice that rank (G) = 2. However, the main point of this
example is that we have the same transition from short to long memory (that
is n=d/2) for both finite- and infinite variance fields.

Note that for n € (d/2,d) the Gaussian field Y is l.r.d. but the subordi-
nated field X = eY?/2) s sr.d. This agrees with the classical theory in case
of finite variance, but is novel in case of infinite variance.

3.4 Stochastic volatility models

We present a way of constructing random fields with long memory by intro-
ducing a random volatility G(Y;) (being a deterministic function of a random
scaling field Y = {Y;,t € T'}) of a random field Z = {Z,;,t € T'}. We assume
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that Y and Z are independent. An overview of random volatility models and
their applications in finance can be found in e.g. [39] and [3, Part II]. For
eacht € T, X; = G(Y;)Z, is a scale mixture of G(Y;) and Z;, see [42] Chapter
VI, p. 345]. Let F; = 1 — Fy be the marginal tail distribution function of
Zy for stationary Z.

For a finite measure yu, introduce the functional

D, (G(Y), Zy) = / / Cov (Fy (u)G(Y)), Fy (v)G(Y0)) p(duw)pu(dv) dt.

T R2

The next lemma follows trivially from relation (2]), independence of Y and
7/ and Tonelli theorem.

Lemma 3.10. Let a random field X = {X;,t € T} be given by X; = G(Y;)Z,
where Y = {Y;,t € T} and Z = {Z;,t € T} are independent stationary
random fields, Z has property @), G : R — Ry and P(G(Y}) = 0) =0 for
allt € T. Then

//COVX(t, w,v) p(du) p(dv) dt = D, (G(Y), Zy)

T R2

+//E[Covz(t,u/G(K)),v/G(Yt))] p(du) p(dv)dt. (16)

T R2
Let us illustrate the use of Lemma B.10

Corollary 3.11. Let the random field X be given by X, = AZ, t € T,
|T| = 400 where A > 0 a.s., A and Z are independent and Z € PA is
stationary. Then X s L.r.d. in the sense of Definition [31 if there ewists
ug € R FZ(UO/A) = const a.s.

The above corollary evidently holds true if e.g. Zy ~ Exp(\), A ~
Frechet(1) for any A > 0. It also clearly applies to a subgaussian random

field X where A = VB, B ~ Sa/2 ((cos %)2/04 , 1,0), a€ (0,2),and Z is a

centered stationary Gaussian random field with covariance function C'(t) > 0
for all + € T and a non-degenerate tail F.

The following corollary describes the situation where light-tailed Y is
responsible for the L.r.d. of X, while Z — for heavy tails.

Corollary 3.12. For the random field X = {X;,t € T} given by X, = Y, Z,,
t € T, assume that random fields Y = {Y;,t € T} and Z = {Z;,;t € T} are
stationary and independent. Assume that Zy has a reqularly varying tail, that
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is, P(Zy > x) ~ L(z)/x“ as © — 400 for some o > 0 where the function
L is slowly varying at +oo. For Yy > 0 a.s. assume that EYY < oo and
E (YY) < oo for some § > o and allt € T. Let Y,Z € PA(NA). Then
X islrd if Y*={Y> teT} is l.r.d.

Now we scale a l.r.d. (possibly heavy—tailed) random field Z by a random
volatility G(Y') being a subordinated Gaussian random field.

Lemma 3.13. Let Xy = G(Y;)Z; be a random field as in Lemma 310 As-
sume additionally that 'Y is a centered Gaussian random field with unit vari-
ance and covariance function p(t) > 0 satisfying condition (p). Then

- (Fy(u/G(- du
k' T
The following example illustrates our definition of l.r.d. in the context of a
popular long memory stochastic volatility model that is used in econometrics
to model log-returns of stocks, see [0, p.70ff] and references therein.

Example 3.14. Assume that X = {X,,t € Z} has a form X, = '¢/*Z,,
where Z; 1s a sequence of i.i.d. random variables with finite moment of order
246 for some 6 > 0, while Y; is a centered stationary Gaussian PA long
memory sequence with unit variance and covariance function Cy satisfying
condition (p). Both sequences Z; andY; are assumed to be independent from
each other. From Ezample 34 we know that ¢¥o/* is reqularly varying with
index o = 2. By Breiman’s lemma the tail distribution function of |Xo| is
also reqularly varying with indexr o = 2 and hence Xo has infinite variance.
Choose j1 = Oy for some ug € R. Lemmas and [3.13 yield

Z/Covxtuv (du)p(dv) :i ZCY (17)

FZ UO/G Hk

where G(x) = e*"/*. Since Fy(uo/G) is symmetric, monotone nondecreasing
and bounded we get (Fz(ug/G), Hg), = 0 for all odd k, and it is finite for all
even k € N. Moreover, by Lemma[f1], 2) we have rank (Fz(uo/G)) = 2. It is
clear then that X is Lr.d. if >_,° | p*(t) = +o0. In particular, if Cy (t) ~ [t|™"
as |t| — oo, then lr.d. occurs if n € (0,1/2]. Again, similarly to Example
[2.9, the point here is that we obtain long memory in case of both finite and
infinite variance.
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4 Limit theorems

In this section, we investigate connections between Definition B.1] and limit
theorems for random volatility and subordinated Gaussian random fields. In
order to do so, we have to specify the statistic whose limiting behaviour we
consider. We focus on the volume of the excursion sets.

In Section 1] we consider subordinated Gaussian random fields. In Sec-
tion [ 1.1] we show by a natural example that our definition of long memory
is in agreement with the existing limiting behaviour of the volume of excur-
sions of X over some levels u. On the other hand, in Section E1.2], we will
indicate that the limiting behaviour of the empirical mean cannot be directly
related to our definition. The latter is not surprising.

In Section we consider related problems for stochastic volatility ran-
dom fields.

From now on, we assume the random field X to be measurable. In what
follows, L will indicate a slowly varying function at infinity, that can be
different at each of its occurrences.

We start with the following lemma that will play a major role.

Lemma 4.1. Let Y, Z be independent random wvariables such that Y ~
N(0,1). For any monotone right-continuous non—constant function G : R —
Ry with vy ({z € R: G(x) = 0}) = 0, consider the functions G(y) = G(|y|)
and

Cezaly) =EH{G(y)Z > u}] - P(GY)Z >u), yeR  (18)

for a fited u >0 1f G >0 and u <0 if G < 0. Then the following holds:

(i) Let G : R — Ry be as above such that E|G(Y)|** < +oo for some
0 € (0,1]. Then rank (G) = rank ((¢1u) = rank (g z.) = 1.

(ii) Let G : R, — Ry be as above such that E|G(Y)|**? < 4o for some
0 € (0,1], G~ (u) # 0, where G~ is the generalized inverse of G. Then
rank (G) = rank (C(;’Lu) = rank <C5,Z7u) = 2.

Remark 4.2. (i) If Z = 1 the assertion of Lemma [{.1|(i) holds under
milder assumptions on G and w. Thus, let G : R — R be a monotone
right-continuous non—constant function such that E|G(Y)]'*? < +oo
for some 6 € (0,1]. Then for any u € R rank (G) = rank ((g1.) = 1.

(ii) The assumption of nonnegative or nonpositive G is essential to the
statement rank (Cg.zu) = 1 of Lemma [{.1(i) since for G(y) = y and
symmetric Z we have E)Y1{YZ > u}] = 0, so the Hermite rank of
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Ca,zu s greater than 1. Similarly, one can construct examples of func-
tions G with rank (Cs ,,) > 2 for some u € R if the assumptions
of Lemma [J1\(ii) do not hold. For instance, G~(u) = 0 means that
rank (G ) > 4.

(iii) If G is nonnegative or nonpositive and uw = 0 then it is easily seen that
Ca,zo =0 and, formally speaking, its Hermite rank is infinite.

4.1 Limit theorems for subordinated Gaussian processes

Let X = {X;,t € R} where X; = G(Y;) and Y = {V;, ¢ € R?} is a station-
ary isotropic l.r.d. centered Gaussian random field with covariance function

Cy (t) = [tIT"LAEll), € (0,d/q) (cf. [I8, 22 23]). Here EG*(Yp) < 400

and q is the Hermite rank of (G. Under some technical assumptions on the
spectral density f(A) of Y (cf. [23] Assumption 2]) it holds

nt/2=d [ =a/2(p) / G(Y)dt - R, n— +o, (19)
where
B B
R— d T] q/2/ / A1+ Ag, u)d (d)\l) (dé )7]/2’ (20)
Rda (AL DD

I'((d=n)/2)

d.n) = 5 —mrr oy

N0 = Gandt )’

and fﬂédq is the multiple Wiener—Ito integral with respect to a complex Gaus-
sian white noise measure B (with structural measure being the spectral mea-
sure of Y, cf. [I8, Section 2.9]). It is easy to see that in case ¢ = 1 the
distribution of R is Gaussian. However, the normalization n"/?=4L=1/2(n)
differs from the CLT-common normalizing factor n~%? which agrees with
the fact that X is l.r.d. in the sense of the usual definition as in (Il). For
g > 2, one gets a g—Rosenblatt—type distribution for R, see [43 24] and
references therein for its properties in the case ¢ = 2.

4.1.1 Volume of level sets

We specify the above situation to the level sets. Assume G : R — R to
be a monotone right—continuous function such that E|G(Y)|'*? < 400 with
0 € (0,1). Let the variance of X, be infinite. For any u € R introduce the
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function g¢,(z) = (g1.u(x), where (g1, is given in (I8). By Remark F.2(i),
the Hermite ranks of G and g, are equal to one. If n € (0,d) then
i 0Dt [y, LG > ) dt = v WP (GO > 0)
nd=n2L2(n) nd=1/2L1/2(n) —

as n — 400 where R is given in (20). The normalization in this limit theorem
is not of CLT-type n~%? which should be attributed to the Lr.d. case. Let
us compare this behavior with Definition B.Il As an example, we consider

G(z) = sgn(z) <ex2/52 - 1) , rz€eR

for some 5 > /2(1+40). Note that it is possible that the variance of
X = G(Y) is infinite. Set p = d;0y. By Remark B.8, 1) we get by(u) =
H?(0)/(27) < +oo for any k > 0, by > 0, by = 0, etc. By the choice
Cy (t) = |Itl|~"L(|It]]), n € (0,d) we get that [, |Cy(t)|dt = +oc0, and the se-
ries (I2) diverges. Then X is L.r.d. in the sense of Definition Bl for n € (0, d)
which is in accordance with the above limit theorem.

4.1.2 Empirical mean: infinite variance case

In this section we show that Definition [3.] cannot be linked the behavior of
integrals or partial sums of the field X if X has infinite variance. For that, we
use the framework of time series X = {X}, t € Z} where many more models
have been widely explored, as compared to (continuous-time) random fields.

Consider (similarly as in Section B3) a subordinated time series X; =
G(|Yy]), t € Z, where {Y;, t € Z} is a centered Gaussian long memory linear
time series with nondecreasing covariance function Cy(t) = Cov(Yp, Y;) ~
[t|="L(t), t — 400, n € (0,1), and such that P(|Xo| > x) ~ z7“L(z),
a € (0,2). It is further assumed that G has Hermite rank ¢q. By Corollary
B7(ii), X is short range dependent in the sense of Definition Bl whenever
for any finite measure p on R

[e.e] o0

bog—1(p
Z%;)Zc@k(t) < +oo0. (21)
k=1 Tot=1
We note that
= ooL%(t) [ edt
2k

;cy (t) < ¢ / eyt < / o5 FEN (22)
= 1 1

where 6 > 0 is arbitrary and cg,c; > 0 are some constants. The second
inequality holds since L(t) < cpt® for t > t, where ¢y > 0 is large enough and
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Parameter range | Limit of normalized sums S,,
1-1/a<n<1 a-—stable
0<n<l-1/a Rosenblatt

Table 1: Short or long memory of X; = e¥?/(22) in the infinite variance case

a € (1,2) in dependence of the long memory parameter 1 of Y according to

paper [40].

co = 3(0,t0) = (14+0)L(t)/t5 < 1 for large ty, cf. [30, Proposition 2.6]. The
right-hand side of (22)) is finite and equal to O(1/k) whenever n € (1/2,1)
since 0 > 0 can be chosen arbitrarily small. The series in (22) diverges if
n € (0,1/2). If n = 1/2 the summability of the series in (22) depends on the
particular form of the slowly varying function L and will not be discussed
here.

Thus, for n € (1/2,1) X is s.r.d. whenever

bar—1
Z; 7(];@('[];) < 400 (23)

k=
for any finite measure p.

Now we have to consider a special example of function G in order to
get more explicit results for the s.r.d. case. As in Example B9 set G(x) =
e’/ o e (0,2]. By relation (), condition ([Z3) is satisfied for n € (1/2,1),
hence X is s.r.d. in the sense of Definition Blif n € (1/2,1) and Lr.d. if
ne(0,1/2).

Let us compare this result with the limiting behaviour of the partial sums
Sp = 1 (Xy —E[X}]) as given in [40] and [B], Section 4.3.5], cf. Table 1.
There, some discrepancies are seen, that is Definition Bl does not agree with
the asymptotic behaviour of S,,.

4.2 Limit theorems for the integrals of functionals of
l.r.d. random volatility fields

In this section we will justify that our definition of l.r.d. is in agreement with
limit theorems for volumes of level sets for random volatility models. Unlike
as in the subordinated Gaussian case where the limiting results are known,
a general asymptotic theory has to be developed.

Let X be a random volatility field of the form X, = G(Y;)Z;, t € Z,
where
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e {G(Y;),t € R} is a subordinated Gaussian measurable random field,
which is sampled at points ¢ € Z<,

o {Z;,t € Z} is a white noise,
e the random fields Y and Z are independent.

Our goal is to prove limit theorems for »,_, g(X;) as n — oo, where
W, = [-n,n]?NZ% and g is a real valued Borel-measurable function such
that

Elg(Xo)] =0, E[g*(Xo)] > 0. (24)
Introduce the function
¢(y) =E[g(G(y)Z)] -
It follows from (2] that for v1—almost every y € R
§(y) <oo. (25)
By () we also have E[¢(Yy)] = 0. Let
J(m) = (§, Hn), = E[Hy (Y0) 9(G(Y0) Zo)]

be the mth Hermite coefficient of £&. We recall that a sufficient condition for
the finiteness of J(m) is

Eflg(Xo)|"*] = E[€(vo) ") = E | [Blg(G(¥) Zo) | V|| <00 (26)

for some 6 € (0, 1], where ) is a sigma-field generated by the entire sequence
Y. Let rank (§) = g. Furthermore, set

m(y, Zt) = 9(G(y)Z:) — Elg(G(y) Z1)] = 9(G(y) Z:) — &(y)

which is almost everywhere finite by ([23)), and x(y) = E[m?(y, Z,)] . We also
assume

E[x*(Yo)] < oo (27)

Note that under (7)), using Lyapunov inequality on a space of finite measure
and the stationarity of Y;, we have for any finite subset I C Z¢ that

E (Z X(Y;)) <00 .

tel

The following result shows that the limiting behaviour is primarily deter-
mined by the function &, with £ = 0 being the boundary case.
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Theorem 4.3. Assume that random field X, = G(Y;)Z;, t € 7%, is as above,
where additionally

e Y is a homogeneous isotropic centered Gaussian random field with the
covariance function Cy(t) = E[YoYy] = [[t||7"L(||t]]), n € (0,d/q) and
L is slowly varying at infinity,

e Y has a spectral density f(\) which is continuous for all X # 0 and
decreasing in a neighborhood of 0.

Assume that (24), 26]) with 0 = 1, 7)) hold.
1. If £(y) =0 then
n~ 23" g(Xy) —5 N(0,0%), - oo, (28)
tEWn
where 0® = E[g*(X,)]2¢ > 0.
2. If £(y) £ 0 then

ndn/2=d =42 (p) Z 9(Xy) SR, n— 4o, (29)
teWny,

where the random variable R is given in 20) with W = [—1,1]¢.

Example 4.4. Assume that g(y) = y, E[G*(Y)] < oo and E[Z] = 0. Then
£(y) = Gy)E[Zy] = 0 and (28) always holds. In this case, there is no
contribution from the long memory of the random field Y;.

Example 4.5. Assume that ¢g(y) = y — E[G(Yy)Zo), E[Zs] # 0. Then
E(y) = E[Zo] {G(y) — E[G(Ys)]}. Condition 1) is satisfied if E[| Zo|*] < +o0,
E[G*(Yy)] < +oo. In this case £(y) #Z 0, and (29) always holds.

Example 4.6. Assume that g(y) = ¢.(y) = H{y > u} — P(G(Yy)Zo > u)
where G is nonnegative or nonpositive v;—a.e. Then

§(y) = E[{G(y)Z0 > u}] = P (G(Y0)Zo > u) # 0

if u # 0, so case ([29) applies. If v = 0 then {(y) = 0 (compare Remark
1.2((iii)), so case (28) holds true.

Example 4.7. Let the random volatility field X; = G(|Y;|)Z;, t € Z¢ be as
in Lemma where {Z;} is a heavy-tailed white noise, EZZ = +o00. Let
Y satisfy the assumptions of Theorem 3l Choose G(z) > 0 as in Lemma
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M), and Cy(t) ~ |[t||”" as ||t|| — +oo be nonnegative. Similarly to
Example B.14, an analogue of relation (I7) holds true: for p = gy, uo > 0
we have

> FZ UO/G Hk

Z /Covx(t,u,v) Z Z Cr(t

teZd,t#0p2 =1 teZ4, t£0

where G(y) = G(|y|), y € R. Since rank (Fz(uo/G)) = 2, X is Lr.d. in the
sense of Definition BIIif Y,y ;.o C3(t) = +oo, that is, if n < d/2.

Consider function ¢ from Example with u = ug > 0 and G instead of
G. By Lemma [41], 2) rank ({) = 2. By Theorem and Example [.6] the
asymptotic behavior of the cardinality of the level sets of X at niveau uy is
of Lr.d.-type if n € (0,d/2) which is in agreement with our definition.

Remark 4.8. We would like to connect the assumption & =0 to our defini-
tion. Let g, h be functions such that E[g(Xo)] = E[h(Xo)] = 0. IfE[g(Xo)h(X})] <
oo for allt, and Elg(G(y)Zy)] = E[h(G(y)Zo)] = 0 for all y, then fort #0

Cov(g(Xo), h(X,) / / G (40) Z) ELB(G (42) Z0)) Py (g, i) :(2(;)

where Py, y, is the joint law of (Yo, Y:). In particular, take

g(x) = gu(x) = 1(z > u)—P(Xog > u), h(z)=hy(z) =1z >v)-P(X >v).

= > / |Cov(gu(Xo), ho(X,))| dudv = 0,

teZe, t£0
and the random field X is s.r.d. according to Definition[31 in case & = 0.

5 Summary and outlook

We proposed a new definition of long memory for stationary random fields X
indexed by any set T C R? which works also for heavy tailed X. We showed
that this definition fits well the asymptotic behavior of the volume of the
excursion set of X at a level u € R in a unboundedly growing observation
window W,,. This connection to non—central limit theorems was proven for a
class of random volatility fields with a subordinated l.r.d. Gaussian volatility.
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6 Appendix: Proofs

Proof of Theorem[3.4 1If X is a centered stationary unit variance Gaussian
random field with covariance function Cy (t),

1 { u? — 2ruv + v?
exp { —

1 Cy (1)
Cov (t,u,v) = —
OVX<7U,U> 27T/0 m 2(1—7“2)

see [8, Lemma 2.
Consider representation (3I]). Since the density f,vy) of a bivariate nor-
mal distribution with zero mean, unit variances and correlation coefficient

Fr equals
1 { x2j:2rxy+y2}>0
/T —p2 P 21—17) [ =

then it is easy to see that

b o

ICy (1)l

. 1 22 — 2sign(Cy (t))razy + y°
|Covy (L, z,y)| = o N {_ 2(1 — r2?) dr.
0

Since G is strictly monotone, by properties of the generalized inverse of GG
we have

“+o00 400

[ [ [ 1covcttuvlutauntana -

T —oo —o00

/ /|COVY(t’G_(“)vG_(v))lu(du)u(dv)dt:

T(rmi(G))?
/ e (G-~ 20 Cr (6™ o) + (€ () rddes
T(Im(G))? 0 2(1=r?) o1 —r2

By [9, Formula (21.12.5)] for the density f(yyy with correlation coefficient
sign(Cy (t))r € (—1,1) it holds

> (I)(kJrl) (x)(b(kdrl) (y)
k!

fov(z,y) = (sign(Cy (t))r)*, z,y € R. (32)

k=0

By condition v4;({t € T : |Cy(t)] = 1}) = 0, the above series converges
uniformly for r € (=1, 1), so integration over r € [0;|Cy(¢)|] and summation
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with respect to k can be interchanged. Then the above triple integral reads

|Cy ()]

Pk 1) (k+1) (G (v
/ / / Z - q) el ))(Sign(Cy(t))T)deu(du),u(dv)dt

m / / iyk Hk<G (v )>3ign(CY(t))k

x%u(du)ﬂ(dv)dt
= [ [ 1evoietc wieon Y AT 0 uuutaunar.
k=0 ’

T Im(G)?

Abel’s uniform convergence test allows us to interchange the sum and the
integral over Im(G)?. Since by, > 0 we get

/ Z [ o6 wpele o) PEEEEE LD 0 )10y o) e

Im(G

( / o(G™ (u))Hp(G™ (u)),u(du)) Q\Cy(t) Gy (t)kdt

T k=0 Im(@)

/ z’f oy (2 )|Cy(t)kdt:;bk;!(ﬂ ) / |Cy (1)

k= 0

where the integral over T and the sum are interchangeable by Tonelli’s the-
orem subdividing 7" into parts TT ={t € T : Cy(t) >0} and T~ ={t € T":
Cy(t) < 0}. Then X = G(Y) has short memory if

b
Z ’“ /|cy )pF L (t)dt < +o00
k=1

for any finite measure p on R. U

Proof of Corollary[3.7. 1. It follows from relation (II]) using the change
of variables u = G(x) and by [5, Lemma 4.21].

2. W.lo.g. assume G to be an increasing function. Since the probabil-
ity density of the centered uni- and bivariate Gaussian distribution is
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invariant under transformation x — —z,y — —y we get
Covx(t,u,v) = P(|Yo| > G~ (u), |Ys| > G~ (v))

— P(]Yo| > G~ () P(JYi| > G~ (v))
=2(P(Yo> G (u),Y, > G~ (v)) — P(Yy > G~ (u))P(Y; > G~ (v))

+ P(Yo> G~ (u),Y, < —G~(v)) — P(Yo > G~ () P(Y, < —G~(v))).
Denote Z = =Y;, v = G~ (u), y = G~ (v). It holds
P(Ye > 2,Y; > y) = P(Ye > ) P(Y: > y) = Cov(1(Yy = 2), 1(Y; = ).
P(Yy>ux,Y, < —y)—PYy > 2)P(Y: < —y) = Cov(1(Yy > 2), 1(Z > y)).

Since Cov(Yy, Z) = —Cy(t) and zy = G~ (u)G~(v) > 0 we have by
formula (B1]) that

Cy(t)

/ 1 2 — 2ray + 2 d
exp | — r
V= 2(1 - 12)
0
Cy
n / 1 x? — 2ray + o> d
exp | — r
iz P 2(1— 12
0
Cy (8)]

/ 2 = 2ray + y? 22 4 2ray + y? dr

= ex — — €eX — .
P 2(1 — r2) P 2(1 — r2) ior?
0

Similarly to the proof of Theorem B.6l we use representation ([B2]) to
write

2
Covy (t ==
[Covx (t,u,v)] = o

“+o00 400

T/éi |Covx (t, u,v)|p(du)u(dv)dt

—2 [/ z%%Hk(x)m(y)w(af)w(y)|Cy(t)|’“+1u(dU)M(dv)dt

~ [ am| [ e @e @t | icvopka
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Proof of Corollary[Z11. Choose = 6{yy}, uo € R and write

//Covx(t,u,v) p(du) p(dv) dt = /COV (Fz(uo/A), Fz(uo/A)) dt

T R? T
+ /E[Covz(t, uo/A, ug/A)] dt > /Var (Fz(uo/A)) dt =
T T
since Z € PA, Fy (uo /A) is non-degenerate and bounded. 0J

Proof of Corollary[3.12. Without loss of generality assume Z,Y € PA. Then
Y € PA, too, and the second term in (I6) is nonnegative. Denote

Ayo(t) = Cov (F’Z(u/%),pz(v/}/;)) , uw,veR,,teT.

Since Y € PA and the function Fy (u/ . ) is bounded and nondecreasing
for u > 0 we get A,,(t) > 0 for all u,v € Ry, t € T. Using the regular
variation of the tail of Zj, the independence of Y and Z and Potter bound
[30, Proposition 2.6] one can easily show that under the above assumptions
on the integrability of Y it holds

Auo(t) ~ Fz(u)Fz(v)Cov (Y, YY),  u,v — 400,

for any ¢t € T. Then for sufficiently large N > 0 there exists ug > N such
that for the Dirac measure y1 = dg,,) and some € € (0, 1) we have

//COVX(t,u,v)u(du)u(dv)dt > /Auo,uo(t)dt > 5F§(u0)/Cov (Y, V%) dt

T R2 T T
which is infinite if Y is l.r.d. Thus, X =Y Z is L.r.d. if Y is L.r.d. 0

Proof of LemmalZ.13 Without loss of generality, assume G to be nonnega-
tive. By Lemma .5 Fubini and Tonelli theorems for G, (y) = Fz (u/G(y))
we get

DL(G(Y).20) = [ [ Cov(Gulva), (i) ulcuyutao) at
i GwHk‘ g{,u(du)) /pk(t) dt.

k=1 T




The change of order of the sum and integrals is justified by Weierstrass
uniform convergence test since for almost all t € T’

5 MG HulelGus il %pk(t) SIORES

k=1 k=1

due to (1,|Hy|), < VE! by Cauchy-Schwarz inequality and due to condition
(p)- O

Proof of Lemma[4.d 1. If G : R — R is monotone then rank (G) = 1 due
to

(G. 1), = EYG(Y)] = / T(Gly) - C(—y) yely)dy £0. (33)

What is the Hermite rank of (¢ 7.7 First consider Z = 1. Since the
Hermite rank of y — 1{y > u} — Fy(u) is one we can write

(Conm Hi)o =EYH{G(Y) > u}| =E[YI{Y > G~ (u)}] #0,

where G is non-decreasing w.l.o.g. Hence, rank (¢z1,) = 1 for any
u € R. Now let G : R — R4 and Z be arbitrary. W.l.o.g. assume G to
be nonnegative. Then

(Cos Hi)y = / Fr (u/G(y))yoly) dy # 0,

since for any u # 0 the function y — Fy (u/G(y)) is monotone, and we
can use the reasoning (33]). For nonpositive G replace Fz above by Fy.

2. W.lo.g. assume that G is nonnegative and nondecreasing. We prove

that rank (G) = 2.
Clearly, since y — G(|y|) is even, we have E[Y'G(|Y])] = 0. Now,

E[H,(Y)G(|Y])] = 2 / TG — Dely)dy |

We note that

/Ooo(y2 — 1)ep(y)dy =0 (34)

and hence by symmetry fol(yQ —De(y)dy = — floo(y2 —1)(y)dy. Also,
by the mean value theorem, due to monotonicity of non—constant G,

there exists yo € [0, 1) such that

/0 Gly)(? — Diply)dy = Glyo) / (v — Deoly)dy .
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Therefore,

/OOO Gy)(y* — 1)p(y)dy
> Glyo) / (7 — Dly)dy + C(1) / T Dely)dy
— Gw) / T~ Dely)dy + G / T = Dely)dy

— (G(1) - Clw)) / " Dply)dy > 0.

For nonnegative nonincreasing G, we can use the estimate

/O G — Dely)dy < Glno) / (v — Doly)dy

e / "7~ Do)y = (Gl — G(1) / (v — Dply)dy < 0.

If G(y) <0 just multiply it by —1. This proves that the Hermite rank
of G(|y|) is 2.

Now compute the Hermite rank of (5, , for any u € R. Since (5, , is
even, rank ((z,,) > 1. Assuming w.l.o.g. that G is nonnegative and
nondecreasing we calculate

(Ca 0 Ha)p = E[(Y? = DH{G(Y]) > u}]

- / (v — D1{Jy] > G (u)}oly) dy = 2 / (v — 1)oly) dy 0

G~ (u)

due to B4) and G~ (u) # 0. So rank (5, , = 2. For general Z, we note
that (5, is even, so rank (Cz ,,) > 1. If G is non-negative then

(o g Ha)p = / Foy (/G y))) Haly)o(y) dy # 0

by the first part of the proof of 2) since F (u/G(]y|)) is a monotone even
function of y. Modifications of the proof for G < 0 or GG nonincreasing

are obvious.
O

Proof of Theorem[{.3. Let Y be the o—algebra generated by the entire ran-
dom field {Y;,t € Z%}. Then

D gX) =Y (9(X) —Elg(X) [ V) + Y Elg(X) | V] = M, + K, ,

teWn teWn teWn
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where

M, =" (g( 9(X) | V) = > m(Ys, Z)

teWn teWn,

K,= Y Elg(X) | Y] =) W),

teWn, teWn

and

The above decomposition is allowed by ([25). The limiting behaviour of the
sum depends on an interplay between M,, and K,,. First, we state the limiting
results for M, and K, separately.

Lemma 6.1. Under the assumptions of Theorem[{.3, it holds

M, :=n"%*M, LN N(0,0?) ,
where o* = E[x(Y)]2? > 0.
Proof. We calculate

E [exp{izMn} | y}

—F exp{% Z m(Y},Zt)} |y]
teWy,
eXp{ 7D Vt} \y]

teWny,

where V; = m(Y}, Z;). Note that, due to stationarity of Y and Z, the random
variables V; are identically distributed and conditionally independent, given
Y. Therefore,

E [exp{izm} | y]

~2fon {5 i)

teWn,

The standard inequality,

lexp(itz) — (1 + itz — t*2%/2)| < min{|tz|?, |tz|*}

v o] 5[+ - 12%) )

2 1131173
SE[min{‘z| Vi ’\z| Vi }|y] = E[V..|Y].

yields

nd n3d/2
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For complex numbers 21, ..., z,, wy, ..., w, of modulus at most 1, we have

m m m
i=1 i=1 i=1

b o] (e -2
- (i} o] 5[ - 155 ]

We argue that
An(Y) = 0 (35)

in probability. If this is the case, then the conditional characteristic function

E [exp{izMn} | y]

- Ie((e -5 )

teWn

and

have the same limit in probability. Applying the log to the above expression
and log(1 — z) = —z + O(2) we have

A v
log B,(Y) = Y _ logE [1 + T/; — n; | y}

teWy,
1z
= 2 BV Y- o Y EV? V)
teWy, teWy,
6
FOMLZE ST (B o) Y B 19
teWn teWwn,

The expression in the last line is op(1) by ([27). By the definition, E[m(y, Z;)] =
0 and hence E[V; | Y] = 0. We have E[V;? | V] = x(Y;) and therefore

log B,(YV) = —5— X (Vi) +0p(1) .



Since x is measurable, the ergodic theorem ([44] p. 339]) implies that
— Z ;) = E[x(Yo)]2%, n — +oo,
teWy,

whenever the covariance of the field x(Y;) goes to zero as ||t|| — +o00. To
check the latter property, we use Lemma to conclude

Cov(x(¥), x(Y2))| < |y (¢ \Z SLOE

as [[t|] — 400, since the infinite series in the last expression is finite due to
Var(x(Yp)) < oo; cf. ([1). Hence, log B,(Y) — —2z%02/2 in probability. By
continuous mapping theorem, it holds

E [exp{izMn} | y} Ly e PP 4o

E [exp{izMn} | y]
integrable. Using the property of L'-convergence of uniformly integrable
sequences we get

Since < 1 for all n € N this sequence is uniformly

E [exp{izMn}] e P72 = 4o,
and we are done. O
Lemma 6.2. Under the assumptions of Theorem[{.3, it holds
n?2=d =2 (n)K, LR, no .

Proof. Consider the random variable

K= [ i

m!
m=q
According to [23, Theorem 4] and [2, Theorem 4.3] the random variables
Ky Ka(q)

VVark,’ v/ VarK,(q)

have the same limiting distributions as n — +o00. Furthermore, if n € (0,d/q)
we have by [23] Theorem 5] that

nd/2=A =92 (p) / H,(Y;)dt

[7n7n]d

converges in distribution to random variable R. U

If £(y) = 0, the long memory part K, is not present and we apply Lemma
If £(y) # 0, we note that the rate of convergence in Lemma [6.2is slower
than in Lemma 6], whenever n € (0,d/q). O
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