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Abstract

We present Lyapunov-type conditions for non-strong ergodicity of
Markov processes. Some concrete models are discussed including diffusion
processes on Riemannian manifolds and Ornstein-Uhlenbeck processes
driven by symmetric a-stable processes. For SDE driven by a-stable
process (a € (0,2]) with polynomial drift, the strong ergodicity or not is
independent on a.
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1. Introduction

Strong ergodicity of Markov process is an important topic in ergodic theory for stochas-
tic processes. Lyapunov criteria (drift conditions) for strong ergodicity have been discussed
to obtain the sufficient conditions for strong ergodicity of Markov processes, see [2],
M), [5], [10], [I6]. However, to obtain the necessary condition, we have to prove that
Lyapunov functions do not exist. This is usually impractical, so we hope to find a sufficient
(Lyapunov) condition for non-strong ergodicty.

It is well known that for right continuous Markov processes, strong ergodicity means
the uniform boundedness of first moment of hitting time. Our technique is based on this
criteria and the martingale formulation.

The main results are two-fold. First, the Lyapunov-type conditions for null-recurrence
of Markov processes are obtained by using two Lyapunov functions, see [6] for Markov
chains and [12] for general Markov processes. We extend the method to non-strong
ergodicity. Second, motivated by Green function, we also obtain sufficient condition by
using a Lyapunov function sequence.

Let (X;)i=0 be a Markov process on a Polish space (F, &) with transition function
Py(z,-). A o-finite measure 7 on (E, &) is called an invariant measure for (X;)s>o, if for all
t>0and A e &, n(A) = [, P(x,A)r(dx). The process is called ergodic, if there exists a
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unique invariant probability measure 7, such that forall x € E, tlim | P (2, ) =7 () |lvar = 0,
— 00

where || - ||var denotes total variation distance.

In this paper, we are interested in the strong ergodicity. (X})¢>¢ is said to be strongly
ergodic (or uniformly ergodic), if there exist € > 0, a constant C' > 0, and a invariant
probability measure 7, such that for all ¢ > 0,

—et

sup HPt(x7 ) - 77(')”Var < Ce
zel

From now on, we suppose that (X;);>0 is a time-homogeneous right continuous Markov
process and evolves on a probability space (2, Z, (Z )10, P) with natural filtration (% )¢=0.
Assume that (X;);>0 is progressive measurable, then for any A € &, its hitting time
T4 :=inf{t > 0: X, € A} is a stopping time with respect to (.%#;)>0.

We recall several notions we are going to use in our main results. Let {E,}5°, C & be
a sequence of bounded open sets such that

E,tE, | JE.=E, (1)

n

Let L be the infinitesimal generator of the process (X;)i>o with the domain D(L) is
given by

Eo [V (Xn)] = V(x)
h

D(L) =<V :(E,&) — (R, A) is measurable: lim exists pointwise,
h—0

and satisfies lim E;[LV(X},)] = LV(m)}.
h—0
Following [5], we use an enlarged domain of L as follows:
¢
Dy (L) = {f :(E,&) — (R, A) is measurable, such that f(X;) — f(Xo) —/ Lf(Xs)ds
0
is a local martingale}.

We say (L, D, (L)) is the extended generator of (X;);>0. According to [II], p.522],
D(L)N{f: Lf is locally bounded} C D,,(L).

A measurable function f : E — Ry is called a norm-like function (or compact
function), if f(z) — oo as & — oo; it means that the level sets {x : f(z) < r} are
precompact for each r > 0.

Now we state the main results of this paper.

Theorem 1. Assume that (Xi)i>0 is non-explosive and ergodic. Let {E,}2°, C & be
defined in (1), and H C Ey be a closed set with w(H) > 0. If there exist non-negative
norm-like functions u(z),v(z) € Dy(L), such that

(a) Vo ¢ H, Lu(x) > —1, and u is locally bounded;
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(b) there exists a constant d > 0 such that Lv(x) < d1g(z);
(c¢) lim sup u(z)/v(z) =

then (X¢)i>0 is non-strongly ergodic.

Remark 1. (1) Specially, let E’ be a countable state space, H be a non-empty finite subset
of E', and (X¢)i>0 be a Q-process with an irreducible regular Q-matrix Q = (gij)i jer, its
generator L is defined as

(Lu)i = ) gijuy, for u = ()icp-
JEE’

According to [II], V := {u = (u;)icpr : for any i € E', w; is finite} C D, (L). Applying
Theorem [l to Q-process, we have that if there exist u, v € V, such that

(a7) Vi ¢ H, dem qijuj = —1, and 3750y giju; <0;

(b)) lim u; = hm v; = 0o, and lim w;/v; = 0,

1—00 —00 1—00

then the Q- process is non-strongly ergodic.

(2) A different criteria for non-strong ergodicity of Markov chain is obtained in [
Theorem 1.15(2)] (they call non-strong ergodicity as “implosion does not occur”). The
criteria is proved by a semimartingale approach for Markov chain (see [, p.2396]) and
the idea is different from our method. For Markov chains, these two methods are both

applicable.

Next, we investigate the first moment of hitting time by the Green function. Let D be a
domain, and define PP (x, A) := P,[X; € A, 7pe > t]. Assume that PP (x,-) exists density
pP (x,y) with respect to invariant measure 7(dx). Then we define the Green function on
D as

Gp(z,y) :/o PP (z,y)dt.

If E,7pe < oo (the condition is ensured by the existence of stationary distribution), then

/pry (dy) // py (z,y)dtr(dy)

(2)
= / P (TDC > t)dt E.mpe.
0

Let H and {E,}32,; C & be as in Theorem [Il Assume that (X;);>¢ is ergodic, then the
Poisson equation

Luy(z) = -1, in E, \ H; 3)
up(z) =0, in B, UH
has finite solution u,(x) = Ex[rg A 7ge] = [ moir GE a(z,y)m(dy). Hence the solution

of Poisson equation (B could be represented by Green function. If sup hm up(x) = oo,
then

sup E,7yp = sup lim Eg[ry A 7ge] = sup lim u,(z) = oo,
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therefore by [7, Lemma 2.1], the process is non-strongly ergodic.
Motivated by this fact, we have the following result:

Theorem 2. Assume that (X;)i=0 is non-explosive and ergodic. Let H and {Ep}02, C &
be as Theorem[d. If for each n > 1, there exists a non-negative function u,(x) € Dy,(L),
such that

(a) Ve € E, \ H, Lu,(x) > —1;

(b) up(z) =0, in ES U H, and u,, is bounded in E,, \ H;

(c) sup lim u,(z) = oo,

xgH "7

then (X})i>0 is non-strongly ergodic.

As a first step of our applications, let us check three simple examples. The following
Corollaries 1, 2 and 3 are known and our new methodology is applied to reproduce these
results as motivation.

Corollary 1. (Diffusion process on half line.) Let L = a( )d > +b(2) L, a(x) > 0 and a,b
be continuous on (0,00). Define C(x) = [['(b y)dy and m(dz) = a(z)”'eC@dz.
Suppose the L-diffusion process (Xt)t>0 on [0,00) wzth reflecting boundary at 0 is non-
explosive and ergodic, i.e.

According to [, Theorem 2.1], the process is strongly ergodic if and only if

0o 00 C’(z)
0= / e CW) / ——dz | dy < o0.
0 Y a(z)

Proof. Here we only consider the necessity In order to apply Theorem [ let u(z) =
(;Ue—C(y) (fyoo a(z)”! C(z)dz> dy and v(z) = [ e ~C¢®dy. Then Lu = —1, Lv = 0, and

o0 oC(y)
lim @ = lim e—dy = 0.
Ao o@) " e ), ay)

By Theorem [II, we see that the process is non-strongly ergodic.
Now we apply Theorem 2l Let E,, = (0,n), H = (0,1). The Green function on E, \ H

(s(n) —s(z Vy))(s(zAy) —s(1))
s(n) —s(1) ’

where s(z) = [} e~ Wdy. Let u,(x) = [1* Gin(z,y)m(dy). For > 1,

nh_)n(f)lo Up(x) = /1:0 e C®) [/tx %ec(l)dl} dt + (s(z) — s(1)) /xoo Wll)ec(l)dl
_ /m o C)
1

a
1 o ]
——e \Vdl| dt.
[/t a(l)

Gl,n(x7 y) =
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Hence when § = oo, according to Theorem [2, the process is non-strongly ergodic. O

Corollary 2. (Single birth processes.) Let Q = (ij)i jez.. 5 a single-birth Q-matriz, i.e.
Gii+1 > 0,Giiq4j = 0 fori € Zy,j = 2. Assume that Q) is totally stable and conservative:
Qi = —Gii = D_j4; 4ij < 00. Define

k n—1
. 1 ;
7(Lk) — E ni F,g") =1, FT(LZ) — E qgk)F,gZ), 0<i<n,
=0 Inntl

1 n—1 k_ d
do=1, dn= L+ quk)dk , n=1, d:= sup D=0 n_ .
dn,n+1 =0

Assume that the Q-process is ergodic, i.e. d < 0o. According to [19, Theorem 1.1], the
Q-process is strongly ergodic if and only if

k

sup F,(LO)d —dy) < o00.
> )

Proof. Here we only consider the necessity. Let H = {0} and

k—1 k—1
we= SEOA—d), ve— 3 FO),
n=0 n=0

It is well known that if d < oo, then u, v satisfy that > . o qiyu; = —1, >~ ;v = 0,

for i ¢ H. By [19, Remarks 2.3(ii)], klim dk/F]gO) = d, hence klim ug /v, = 0. Therefore,
—00 —00

the non-strong ergodicity follows from Remark 1(1). O

Corollary 3. Let Q = (gij)ij>0 s a birth-death Q-matriz with

pi, J=1+1
g, Jj=i1—1
Gij = o (4)
q, J=1=0;
0, otherwise.

(1) If p; = q; = i with a > 1, then the process is ergodic; furthermore, if o < 2, then
the process is not strongly ergodic.

(2) If pi =p >0, qi = q > p, then the process is ergodic but not strongly ergodic.

(3) If pi = p, q; = 1% with « € (0,1], then the process is non-strongly ergodic.

Proof. (1) If p; = ¢; = i®, then the invariant measure p = Y .o, poi~®, hence it is
ergodic iff v > 1. Furthermore, it is strongly ergodic iff S := > 772,322, 77 < oo, ie.
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a > 2 (see Theorem 3.1 in [7]). Specially, we can use Theorem 1 to check the non-strong
ergodicity. Let u; = log(i + 1) and v; = i. Then klim ug /v = 0, and
—00

(L'U)Z = Z qijvj = O, (L’U,)Z = Z qijuj = ia IOg[l — 1/(2 + 1)2]

>0 >0

If & < 2, then we can choose N large enough, such that for i > N, (Lu); > —1. Thus the
condition in Remark 1(1) is satisfied, the process is non-strongly ergodic.

(2) If p; = p, ¢; = q > p, then the invariant measure u = ¢~ 'py Y s (p/Q)n_l
hence it is ergodic.

Let H = {0}, u; = log(i + 1) and v; = 4. Then lim wug /vy =0,
k—00

< 00,

(Lv)i =Y qiv; =p—q <0,
>0

and

|+ 2 i+ 1
(Lu); = ZQij’LLj = plog Ci—l) —qlog <HZ‘ > > —qlog?2, for all i ¢ H.

=0
Thus the condition in Remark 1(1) is satisfied, the process is non-strongly ergodic.
(3) Let uw; = log(i + 1), v; = i, and H = {0,--- ,p"/® Vv 1}. Then klim ug /v, = 0, and
—00
fori ¢ H,
(Lv); = Zqijfuj =p—1" <0,

Jj=0
and - -
1+ . 7+ co—
(Lu); = quuj = plog (Z—l-—1> —i%log < ; > > %t > 1.
Jj=0
So the condition in Remark 1(1) is satisfied, the process is non-strongly ergodic. O

The remainder of this paper is organized as follows. In section B, we give proofs of
Theorem [l and Theorem Pl In section [B] we present a new sufficient condition for non-
strong ergodicity of diffusion process on Riemannian manifold and give some examples.
In section [, we prove the non-strong ergodicity of Ornstein-Uhlenbeck processes driven
by symmetric a-stable noises.

2. General criteria for non-strong ergodicity

In this section we prove Theorem [l and 2l For this, we need the following result.

Lemma 1. [7, Lemma 2.1] Let (X)i=0 be a right continuous Markov process on (E,&).
If (X4)e=0 is strongly ergodic, then we have sup E,74 < 0o, for any closed set A C E with

zeE
m(A) > 0.
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Proof of Theorem [l First, according to the condition (a) and (b), we have that for
t>0andz € E, \ H,

t/\TH/\TE%
Eo[u(Xinrynrse )] — u(z) = Es { / Lu<X3>ds} > Bt At Atesl,  (5)
mn 0

and
tATH ATgg
Ea[o(Xinrynrpe )] — (@) = E, [ / Lv(Xs)ds] <.
" 0

According to Fatou’s lemma, when ¢t — oo, we have for z € E,, \ H,

EZ‘[U(XTH/\TE;:L )] < h_m Ex[v(Xt/\TH/\TE% )] < ’U(%)

t—00

Next, note that on {t < 7y A Tgc}, X; € Ej, \ H, hence by the local boundedness of u,

u(Xt)l{KTHME%} < sup u(z) =M < oco.
Z‘EEn\H

Thus by ergodicity,

0 < lim Ex[u(Xt)l{KTHME%}] < Mtllf?o Pulre ATpe > t] = 0. (6)

t—o00

Therefore,

tliglo E; [U(Xt/\TH/\TE% )] = tllglo E; [U(XTH/\TE,QL )1{t>'rH/\TE7cL }] + tllglo E; [U(Xt)l{tcrH/\rE% }]

< Eq [U(XTHATE;:I )]-

(7)
Now by combining (B]) and (), we have
Ealrh A7eg] 2 u(@) — Eo[u(Xoyarge )]- (8)

Since
E, [U(XTH/\TEg )] =E; [U(XTH)l{TH <TE5}] +E; [U(XTE,QL )1{7'H>7'E7CL}]

and Eg[v(X7pe )1 5r,3] < v(2), it follows from (§) that

u(XTE%)
Eplra A TE,%] > u(x) — EI[U(XTH )] = o(X ) TEC )1{7H>TEC}
o
> u(e) ~ Bafu(X,,)] - ( sup 42
Let n — oo to derive sup E,[rg] > sup u(x) — sup u(z) = oo. Therefore, the process is
x¢H x¢H reH

non-strongly ergodic. U
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Proof of Theorem [2. First, according to the condition (a) in Theorem [2 for ¢t > 0 and
re B, \ H,

t/\TH/\TEEL
B [tn (Xiargnrpe )] — un(x) = By {/ Lun(Xs)ds| = =E [t AT A TEe].
" 0

By similar argument as in the proof of Theorem [I], we get
tlggo Eq[un (Xt/\TH/\TE% )] < Egluy, (XTH/\TE% )]+ tliglo E.[uy, (Xt)]'{t<TH/\TE%}]
< E:c [un(XTH/\TE% )] - O,

(9)

where we use the condition (b) in the last term. So for z € E,, \ H,
Ex[TH VAN TEfL] > un(x)

Next, by letting n — oo, we have for all x ¢ H, E,[rg] > h_>_m tn(x). Therefore,
n o0

sup E [ry] = sup lim wu,(z) = oco.
x¢H xgH V7

This proves that (X¢);>0 is non-strongly ergodic. O

3. Diffusion processes

Let M be a complete connected Riemannian manifold, (X;)¢>¢ be a non-explosive and
ergodic diffusion process on M with generator L = A + Z, where Z is a C' vector field.
Assume that the generalized martingale problem for L is well-posed, i.e. for f € C?(M)

and Lf locally bounded, f(X;) — fo Lf(Xs)ds is a local martingale with respect
to P, for any x € M. On a proper local chart of M , the genetor L has the form
L= Z a5 £ b 2 (10)
et J axlax] P 8:EZ

Specially, if M = R", then the form (I0) is a global representation. If a is positive definite,
symmetric, and a, b are locally bounded, then the martingale problem for L is well-posed
(see [13, Theorem 1.13.1]).

Let p € C?(M x M) be a distance (may not be Riemannian metric). Fix o € M, let
p(x) = p(x,0), and D = sup, p(x) be the diameter, By := {z € M : p(x) < d} be the
geodesic ball.

For &,n € C*(M), define I'(¢,n) = 1 (L(¢n) —&Ln —nLE). If p is the Riemannian
distance on M, then I'(p, p) = 1. When M = R", p is the Euclidean distance and L has the
form (I0) satisfying that a(x) is positive define, we have I'(p, p) = # > oi = i () wiwy >
0.

In this section, we always assume that the distance fucntion p satisfies I'(p, p) > 0.



Non-strong Ergodicity of Markov Process 9
Define .Z = {f € C?[0, D] : f\(ovD) > O,f/\(O,D) >0}. For f € .F
Lf o p(z) =T(p, p)(@)f"[p(x)] + Lp(z) f'[p(2)]. (11)
Next, fix 0 < p < D, choose the functions as follows: for r > p,

a(r) = sup L(p,p)(z), a(r)< inf T(p,p)(2); (12)
p(z)=r p(z)=r

B(r) = (ﬂ;p Lp(x), é(?‘)< lnf Lp(x);
p(z)=r

T(r) = /p %ds, /p

Then by comparing (X;);>0 with its radial process and applylng Foster-Lyapunov criteria
(see [I1, Theorem 5.2(c)]) and Theorem [2] we obtain the explicit conditions for the strong
ergodicity and the non-strong ergodicity of diffusion processes on manifolds.

Theorem 3. (1) If
D _ D C(z)
5 (p) = —C() ©
dp(p) == /p e “W </y a(?) dz) dy < o0, (14)

then the process (Xy)i>o is strongly ergodic.

2) I
(2) If R e G LT .
_p(p)-—/p e = </y =02) ) y = o0, (15)

then the process (Xi)i>o is non-strongly ergodic.

(13)

QI‘IQ

To prove Theorem Bl we need the following lemma.

Lemma 2. Assume the diffusion (X¢)i>0 is non-ezxplosive. If s(D fl Ddl < o0,
then (X¢)i=o0 is transient.

Proof. For r > 1, define s(r) := [/ e=€Wdl, then for r > 1,

a(r)s”(r) + ﬁ(r)s/(r) =0, ie §"(r)+ g(r)s (r)=0.

Thus for z € E with p(z) =

Lso plx) = Alx) <s"[p<x>1 n ﬁgﬂ s'[p(xn) > Afa) <s"<r> +20s <r>) —0. (16)

The martingale property implies that

Eals © p(Xinei, nrg )] > 50 p(2).
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By letting ¢ — oo, we have s o p(z) < (1 — Py[rp, < 7pg])s(R). So

s(R) — s(p(x))

for 1 < <R.
SR , for 1< p(z) <R

Pylrp, <7Be] <

Because (X})¢>0 is non-explosive, let R — D to get that for 2 € E with p(x) > 1,

]P)x [7’B1 < OO]

N

Therefore (X;)¢>0 is transient. O

Proof of Theorem [3]
(1) Vr > p, define

Then f; satisfies that

Hence for © € M with p(x) =r,

Lo pla) = Do, p)(@) ( flp(@)] + —229)_ g1 [p(sc)])
<a(r)f/(r) + Br)f(r) = —1.

(18)

If 6,(p) < oo, then by letting ui(z) = f1 0 p(z), and H = B,, the process is strongly
ergodic by [1I, Theorem 5.2(c)].
(2) Let uy(x) = by, o p(z) be defined by

Un(r) = /n G(r,l)%ec(l)dl, p<r<n, (19)
e | Jis() - (1)
s(r) — s(p)][s(n) — s(l) o
G(r1) == 8(n) = s(p) - (20)
DT b0 = solst) s,
s(n) — s(p) -

For n > p+1, let E, = By,4,. Obviously, Vz € E, \ H, Lu,(z) > —1, and un‘E von = 0-
Rewrite u,(r) as

= [ o) = sn) =) L g [ o) = oot —s0) L

s(n) — s(p) a(l)

s(n) — s(p) a
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If }%imD s(R) < oo, then by letting n — D, we know that (X;);>0 is transient by Lemma 2]
—>

So we assume that lim s(n) = oo. Therefore,
n—o0

r l r o
im0 (r) = | [ / e‘Q(”dt} el [ e [T sea
e p Lp a(l) P . a(l)

- / ety [ / ' _Lecmdl] it + / " o) [ / 1 o dl] ”

p ¢ a(l) » - (1)

= / e [ / _Lec(l)dl} dt.
P ¢ a(l)

Then (3] yields that sup lim u,(x) = sup lim ,(r) = co. It follows from Theorem
a¢H "0 Fep MO0
that (X;)¢>0 is non-strongly ergodic. O
We use Theorem [3] to check some examples such as radial process.

Corollary 4. [8, Example 3.6] Let (Xi)i>0 be a n-dimensional diffusion process with
generator L = A+ VV - V. Here V(z) = —|z|°. Then (X¢)i0 is strongly ergodic if
and only if ¢ > 2. Specially, the classical O.U. process (¢ = 2) is non-strongly ergodic.

Proof. Let p(z) = |z|. By Theorem Bl we know (X});>¢ is strongly ergodic if and only if

o0 C o0 c
/ yt ey (/ 2 le? dz> dy < oo.
1 Yy

By using integration by parts, we obtain that there exist C1, Cy > 0 such that
C o0 c C
Cry" ™ g/ 2o ™ dr < Coy™ eV (21)
y

Hence (X¢)=0 is strongly ergodic if and only if
o0 . . o0
00 >/ yl—ney yn—ce—y dy :/ yl—cdy7
1 1

which is equivalent to ¢ > 2.

On the other hand, we can also use Lyapunov function for strong ergodicity and
Theorem [II

When ¢ < 0, (X¢)i=0 is not ergodic. For 0 < ¢ < 2, we choose u(z) = log(|z| + 1),
v(z) = |z|. Then

n—2 1
(lz +1)*  z|(|z| +1)2

n—1-—clz|

—c|z|°72, and Lv =
]

Lu>

Let r = (n — 1/c)1/c, H =B, and E, = B,,,. When z ¢ H,

c—2
n—1Y\ ¢
— C .
C

olw

1\~
Lv(z) <0, and Lu(x) > — <n p >
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It is easy to check that w,v satisfy the condition in Theorem [ so that (X;);>o is non-
strongly ergodic;

When ¢ > 2, let w(z) = 1 — log(|z| + 1)_1 and it satisfies the Lyapunov condition for
strong ergodicity (see [B, Theorem 5.2(c)]), therefore, (X¢)¢>o is strongly ergodic. O

Now we remark that Theorem [3l is somewhat difficult to get the strong ergodicity for
some non-radial processes. To use Theorem Bl we need to choose a distance function p
to compare (X;);>0 with its racial process. However, for some processes, choosing the
(smooth) distance function (such as Riemannian metric) is difficult to get the strong
ergodicity. However, Theorem [I] can still be valid.

Corollary 5. Let (X;)i0 be a diffusion process on R? with generator L = 53_;2 + 5_;2 —
1 2

azla%l — x%%. Then (Xt)¢=o0 is non-strongly ergodic.

Proof. Let p(x) = |z| be the Euclid metric. For » > 0 large enough, we choose

3 .3
a(r) = alr) = 1, Blr) =~ B(r) = ~—
r r
and 5 5
U(r):logr—kr _1, C(r):logr—r 3_1

For p > 0 large enough, on the one hand,

dp(p) = / y_le_yg/3 </ ze23/3d2> dy > / y~ ! </ zdz> dy = oc;
P y P y

On the other hand, §,(p) < co according to [2I)). Thus Theorem [3is invalid to check the
strong ergodicity.

Now we apply Theorem [[l We choose the functions u(x) = log(z? + 1), v(z) = 23 + 1,
and B, = {x : |z1| < n,|xa] < n} forn > 2, and H = E;. For x ¢ H,

2(1 — 22 222 5
Lu = ( 21) — $12 = —=, Lv:2—2x%<0, and lim w(@) = 0.
(1+z9)?2 1+a3 2 n—o0 v(x)
Thus the process is non-strongly ergodic. O

4. Ornstein-Uhlenbeck processes driven by a-stable noises

Let (Z;)¢=0 be a d—dimensional symmetric a—stable process with generator —(—A)®/2,

which has the following expression:
Cq
——Aa/zfa:::/ flx+2)— f(x) = Vf(x)- 21, — % dz.
(—A)2 f(x) Rd\{o}( (z+2) — f(x) (x) - 21q20<13) o

o201 «
v = e

—(=2)*u is —¢]*a(€).

is the normalizing constant so that the Fourier transform of
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Consider the following stochastic differential equation driven by a-stable noise on R%:
dXt = AXtdt + dZt, XQ =x,

where A is a real d x d matrix. It is well known that the SDE has the unique strong
solution (X})¢>o which is (strong) Feller and Lebesgue irreducible, see, e.g. [16]. We call
(X¢)t=0 d-dimensional Ornstein-Uhlenbeck process driven by symmetric a—stable noise.
The generator L is represented as for any f € D, (L),

= X zZ)— X)) — )z ﬁ z X X
L) = [ (St 2) = J0) = VI A ggen) e + (An V@)
and
f€C2(]Rd):/ [flx+2)— f(2)]—— ! dz < 0o, for z € RY Y € Dy (L).
{1=1>1} |24+

By [I7, Theorem 3|, if the real parts of all the eigenvalues of A are negative, then the
process is exponentially ergodic. We will prove the non-strong ergodicity by Theorem [I1

Theorem 4. Ornstein-Uhlenbeck process (Xi)i=o driven by symmetric a—stable noise is
not strongly ergodic.

Proof. Let u(z) = log(|z| + 1) and v(x) = |z|?, where # € (0,1 A a). Tt’s easy to check
that u(x), v(z) € Dy (L) and |llnrn u(z)/v(x) = 0. Moreover, there exists g > 0 such

that Lu(r) < 1p(gr,). See [16].
To apply Theorem [, we need only prove that there exists C'(d, «) only depend on d, «,
such that
Lu(z) > —C(d, ), for |z| large enough.

First, we estimate the drift coefficient

(x, Ax)
(Vu(x), Ax) = W ij:la . (22)

Next we turn to estimate the fractional Laplacian for |z| large enough.
—(=A)*?y(2) :/ (u(z 4 2) — u(z) — Vu(z) - 214,1<13) C%fdz
RA\{0} |2|dte
>/ (u(z + 2z) —u(x) — Vu(z) - 2) Ca.a dz
~ J{a1<ny |z|dte

Cda
+/ u(x + z) —u(x —dz
[ ) )

=:A(z) + B(x).
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Cda
Az :—/ 2THess(u(z + 02))2 —_dz
@=3 ) [FHes(utar02):] e

Sl < 1 2 1 >/ L
2N\ (el + ) (2l =17 (2l = 13 Jyzieqy 21572

— 0 as |z| — .

The calculation of B(z) is complicated, and is divided in three cases: o € (1,2), a =1
and a € (0,1).
Case 1: a € (1,2). Using Taylor’s formula to u(x), we have

= u\x Z)—Uu Oda y4
B(as)—/{| () @) i

_/ (x 4+ 0z, 2) Cia &
(21513 (|7 + 02 + 1) (Jz 4 02]) | 2|2+

1 Cda
> — dz
/{Z>1} ‘Z’ + 92‘ +1 ‘Z’d'i'a 1
> _C’(d)/ id = _%_
1

a—1

So there exists R; large enough such that —(—A)®2u(z) > —2(10—_(610 for |z| > R;.
Case 2: a = 1. Using integration by parts formula,

= u\x Z) — C u\x Z)—u\x % z
B(z) = /{ e 1) ) e /{ ) )

— C(d) /lmlog <1 " |T+ 1) —dr + C(d) /:o log <%> %dr

:C()[II glo| - 2loglzl 1 log|x|]

—1
— 0 as |z| — oo.

[z +1 |z

Thus there exists Ry large enough such that —(—A)*2u(z) > —1, for |z| > Rs.
Case 3: a € (0,1). First we divide B(z) in three parts:

Cda
Bx:/ u(r + 2) —u(x —dz
@) {1<|z|<\x\—l}( ( )~ ul ))!Z\d“‘
Cda
—I—/ (u(z + 2) —w(@)) gradz
{l2|-1<2I<l+1} 2|4+

Cda
+ / (u(z + 2) — w(@)) g dz
{IzI>|z|+1} |24+

::Il(a:) + [2(%) + Ig(x)
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We estimate I1, Is and I3 one by one. First, we have

Cia
- j[ (log(ja + 2| + 1) — log(|z] + 1)) —e2_d=
{1<]zI<e| -1} 2l

(1<|zI<|z]~1} lz[ +1 |2
|=|—1 r 1

SO fp (LY () [T,
770 8\ Jz+ 1) T (e[ a1 o relr+l-r |

To estimate the last integral above, we use the integral representation of Gauss hyperge-
ometric function F'(a,b,c, z) (see [1, 15.3.1]):

WV

F(a,b,c,z) = NOREED) /01 0711 — )71 — t2)7dt, Re(c) > Re(b) > 0. (23)

By using (23)), we have

|z|—1 _
—/ LN S ! F<1,1—a,2—a,’x‘ 1>
0 re e+ 1—r (1—a)(Jz] — D)*=(|z| + 1) 1+ |z

= Jl(x)
Similarly,
Cda
log x+zl+1)—log(|z| +1 —dz
/ oy (oslle 1)~ log(le + ) e
_ D\ Cya
[ (Lot G,
|>|m|+1} 2| + 1 ]
(r —|:17|—|—1)> 1
—C(d 1 d
”/MH °g< EESE
C(d) ( 2 > c(d) /oo 11
1 R S |
a(al+ 07 B\al+1) " "0 Jyp et i—fal
and

/’ i——;L—ﬂh:———L—WF<Lml+a|ﬂ_1>—ubm)
\

o1 7L — |z 7 aflz] +1 |z| + 1
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Next, we calculate

F (1,1 —a2—a, '1””"1> F (1,a,1 ta, 'm'—‘})
T (@) + Ja(z) = el el

(@ — D) (a] — Doz + 1) offz] + 1)
F(l1-a2-a ) F(L1-02-0 )
Tl D (el 1) (a— (2] + 1)

a1 2] 1
F(l,l—a,2—a,f+|m|) F(l,a,l—i—a,‘z‘H)

T e+ T a(e+ e

::Kl(x) + K2(x)
According to [14], (3.18)—(3.21)],

lim (14 |z])*(Ki(z) + Ka(z)) = mcot (mar/2) .

|z| =00

Hence

o)+ ) > S8 s (5 ) + gyt ()|

_cd (2 C) e )
R g<|$|+1> + = (Ki() + Ka(x)

—0 as || — oc.

Next, we consider I(z). Since

|z|+1 _
/ log<’r ]a:H—i—l) 1 dr>log(\xl+1) [( 1 B 1
\

2l -1 x| +1 ) rite a [+ 1) (Jz] = 1)

— 0 as |z| — oo,

we have lim Iy(z) = 0. Thus for a € (0, 1),

|z|—o00

lim —(—=A)*2u(z) > lim (I(x)+ L(z) + () = 0.
Therefore, we choose Rz > 1 large enough such that —(—A)*/?u(z) > —1 for any |z| > Rs.
Finally, we obtain that for each a € (0,2), there exists a positive number R3 large
enough, such that —(—A)*2u(z) > —¢, where ¢ is a positive number.
Therefore, by combining ([22]) and Case 1-3, we prove that there exists C'(d,a) only
depending on d, , such that Lu(z) > —C(d, «), for |z| large enough. O

Corollary 6. Consider the following stochastic differential equation driven by a-stable
noise on R%:
dXt == b(Xt)dt + dZt, X() = Xo,
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where b(z) = —x|z|%, § > 0. If § >0, [16, Example 1.2] has proved the process is strongly
ergodic. If § = 0, then by Theorem/[4], the process is non-strongly ergodic. Thus the process
is strongly ergodic if and only if § > 0.

Remark 2. According to Corollary [f] and Example @, we know that for SDE driven by

symmetric a-stable process (a € (0,2]) with polynomial drift b(z) = —z|z|°, the strong
ergodicity is independent of a.
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