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Abstract

Pitman (2003), and subsequently Gnedin and Pitman (2006), showed that a large class of
random partitions of the integers derived from a stable subordinator of index « € (0, 1)
have infinite Gibbs (product) structure as a characterizing feature. The most notable case
are random partitions derived from the two-parameter Poisson—Dirichlet distribution,
PD(«, 0), whose corresponding «-diversity/local time have generalized Mittag—Leffler
distributions, denoted by ML(e, €). Our aim in this work is to provide indications on
the utility of the wider class of Gibbs partitions as it relates to a study of Riemann—
Liouville fractional integrals and size-biased sampling, and in decompositions of special
functions, and its potential use in the understanding of various constructions of more
exotic processes. We provide characterizations of general laws associated with nested
families of PD(«, 0) mass partitions that are constructed from fragmentation operations
described in Dong et al. (2014). These operations are known to be related in distribution
to various constructions of discrete random trees/graphs in [n], and their scaling limits.
A centerpiece of our work is results related to Mittag—Leffler functions, which play a
key role in fractional calculus and are otherwise Laplace transforms of the ML(«, 0)
variables. Notably, this leads to an interpretation within the context of PD(«, 0) laws
conditioned on Poisson point process counts over intervals of scaled lengths of the
a-diversity.

Keywords: beta-gamma algebra; Brownian and Bessel processes; Gibbs partitions;
Mittag—Leffler functions; stable Poisson—Kingman distributions
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1. Introduction

It is known [41, 44, 46, 47, 54] that random partitions of the integers [n] := {1, ..., n},
say {Cy,...,Cg,}, with K, <n unique blocks and sizes n;=|Cj|, can be generated
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Gibbs partitions 315

by sampling n variables conditionally from independent and identical random discrete
distributions of the form F(y) =) ;2 P¢l{y,<y), where the collection (Uy) are indepen-
dent and identically distributed (i.i.d.) Uniform[0, 1] random variables independent of
(Pp)€Poo={s=(s1,52,...):81>sp>--->0and 221 si = 1}. P denotes the space of
mass partitions summing to 1 [5, 31, 47]. Here we are interested in cases where the distribution
of (P¢) may be derived from that of a stable subordinator, say T, := (T (D) : 1> 0), of index
a€(0,1). Set Ta(l) := Ty, where T, is a positive stable random variable having Laplace
transform E[e *7«] =e~" and density denoted as f,(r). Now, following [31, 41, 46, 47],
let (Ay) denote the ranked jumps of the subordinator T,, with corresponding Lévy density
P (8) = oes_“_l/ I'(1 — ), and construct (Py := Ay¢/Ty) € Poo. In this case, (P¢) ~ PD(e, 0),
where PD(«¢, 0) denotes the Poisson—Dirichlet distribution with parameters (¢, 0) [54]. For
K, =k, the probability of {Cy, ..., Ci} is given by what is referred to as the exchangeable
partition probability function (EPPF),

k—1 k
o' (k)
pa(nl,...,nw:WE(l—a)n,1, (1.1)
where, for any non-negative number x, (x),=x(x+1)---(x+n—1)=T(x+n)/I'(x)
denotes the Pochhammer symbol. The EPPF (1.1) and its two-parameter extension [42, 43],
defined for 0 > —«,

() Tom

), F(k) Pa(n1, ..., HE), (1.2)

DPa,o(1, ... ng) =

derived from the two-parameter Poisson—Dirichlet distribution (Py) ~ PD(«, 0) [54], consti-
tute the most tractable and notable class of EPPFs that exhibit an infinite Gibbs or product
form [47]. The EPPF (1.2) is obtained by replacing 7, in the above discussion with another
variable Ty, ¢ having density fy, ¢ (f) = i~ Jo®)/EIT, ?]. Furthermore, it corresponds to random
partitions generated by the two-parameter Chinese restaurant process with law denoted as
CRP(«, 0). An important quantity, derived from (1.2), is the probability of the number of
blocks K,, = k, denoted in the PD(«, 0) case as IP’(") (k) = Py o(K, = k) with

a®/e)r T by

(n)
o) = ) T Fa

(k), (1.3)

where PY(k) = LR S, (n, k), with Su(n k)= L S5 (— 1Y(5)(—jer), denoting the
generalized Stirling number of the second kind. See [45 47] for more detalls in relation to the
derivation of IP’((Z)G (k). Theorem 3.8 and Corollary 3.9 of [47, pp. 68—69], and more generally
[46, Proposition 13], show that, asn — oo,n " “K,, — T ¢ o almost surely (a.s.). Within this con-
text, Ty  1s referred to as the a-diversity of PD(«, 6). To may be interpreted as the inverse of
the local time process (L, t > 0) of a general Bessel process of dimension 2 — 2¢, which corre-
sponds to Brownian motion when o = 1/2 [41, 47,53, 54]. See [47 p. 88] for a general descrip-
tion related to the present context. Following [41, 47, 54], T, % .0 (Or a version having the same
distribution) may be interpreted in terms of the local time spent at O up to time 1 of a general-
ized Bessel bridge. See [41, Section 3, Theorem 3.8, Lemma 3.11, Definition 3.14, Corollary
3.15] for more details. We will refer to such variables Tt; ‘; as a-diversity/local times. T, %, with

density g4(z) := fu (Z‘é)z_é_l /a, is often referred to as having a Mittag—Leffler distribution.
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Hence, T, g or any variable equivalent in distribution, is said to be a generalized Mittag—
Leffler variable with distribution denoted as ML(«, 0), and it has the power-biased density g,

Z%ga(z)
E(T,"1

8a,0(2) = (1.4)

See [11, 12] for its simulation and other properties. Note that (Pg) ~ GEM(a, 6) denotes the
size-biased rearrangement of (Py) ~ PD(w, 6). See [15, 42, 43, 47, 54] for further descriptions
and the relations between these various concepts. Throughout this paper, G, denotes a
Gamma(a, 1) variable, and B, ; denotes a Beta(a, b) variable.

1.1. Mittag-Leffler Markov chains

Variables having generalized Mittag—Leffler distributions ML(c, 6) arise in various Pélya
urn and random graph/tree growth models [1, 7, 17, 20, 21, 25, 27-29, 37-39, 56, 57]. Of inter-
est to us are Markov chains, Z := (Z,, r > 0), arising in those references in the case where
Zy ~ML(«, 6) and the marginal distribution of each Z, is ML(«, 8 + r). Furthermore, there is
a sequence of random variables (B}, j > 1) defined, for each integer j, as Bj=Z2;_1/Z;, and
hence there is the exact relation Z;_; =Z; x B;, where remarkably the B; are independent
Beta(éﬂr"‘a—ﬂ*l, 177"‘) variables, and (By, . . ., Bj) is independent of Z;, for j=1, 2, . . . In these
cases, the sequence may be referred to as a Mittag—Leffler Markov chain with law denoted
as Z ~MLMC(«, 0) [56]. The Markov chain is described prominently in various generalities,
i.e. ranges of « and 6 [17, 20, 24, 25, 56], characterized by a stationary transition density
Z,|Z,—1 =z given by, fory > z,

a(y—2)a " Lygay)
r (1;_(1)&:((2)

We are further interested in cases where we can couple Z ~ MLMC(«, 6) with a nested family
of mass partitions ((Py ), ¥ > 0). That is, when (P¢,0) ~PD(«, 0), Zj is its «-diversity/local
time and induces (Py,,) ~ PD(«, 6 4 r), with Z, ~ML(«, 6 + r) as its a-diversity/local time;
additionally, we require that (By, ..., B,) is independent of (P, ,) for r =1, 2, . .. Such nested
families may be constructed by fragmentation operations on spaces of mass partitions P
[13]. Hence, in these cases, we shall write ((P¢,;), Zy); r > 0) ~ MLMCiyg(ar, 6), and this
distributional notation for Z appears in [27]. More details will be given in Section 3.

P(Z, edy|Z,—1=z2)/dy= (1.5)

1.2. Preliminaries on Poisson—Kingman distributions and Gibbs partitions

We now describe the more general class of EPPFs constituting Gibbs partitions, as derived
and discussed in [16, 46, 47], called Poisson—Kingman (PK) partitions. Those works showed
that sampling from (Py) | Ty, = ¢ with law PD(« | 7) leads to a general class of random partitions
that have an infinite Gibbs (product) structure as a characterizing feature. Specifically, the law

of {Cy, ..., Cx}| Ty =1t can be expressed as
k
Palnis .o | ) =G PO[] =1, (1.6)
j=1
where
ke~

" ! n—ka—1
o) |:/0 JaOW)(t—V) dv:| .
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As in [46], for any non-negative function A(f) satisfying E[h(T,)] = 1, we may mix PD(« | f)
over the density, y (df)/dr := h(t)f,(¢), to obtain an infinite class of distributions for the Gibbs
random partitions. We shall write

(Pg)~PKa(y)=/ PD(ol|t)y(dt)=/ PD(a|s—$)h(s—$)ga(s)ds. (1.7)
0 0

For instance, PD(«, 6) arises when y(df) =f ¢(¢) d¢, which is obtained by setting A(f) =
79 E[T, ?]. Integrating over (1.6) with respect to y (df) leads to the EPPF of the PK partitions
(see [47, Theorem 4.6] and [16, Theorem 12]), expressed as

al~kr
Py, ) = V=g Pelrs oo, (1.8)

where V, ; = fooo Gfxn’k)(t)y(dt). Naturally, evaluation of (1.8) relies very much on the form

of (Gr((x”’k) (7). Pitman (see [46, Section 8] and [47, Section 4.5, p. 90]) developed the Brownian
case of @ = 1/2, which in many respects is the most remarkable, and showed that the EPPF in
that case can be expressed explicitly in terms of Hermite functions or, equivalently, confluent
hypergeometric functions. For a general 0 <« < 1, it is nonetheless non-trivial to obtain a
representation of Gfx"’k)(t) in terms of special functions or other transcendental functions, a
question posed in [47, Problem 4.3.3, p. 87]. An answer was provided by Theorems 2.1 and
3.1 of [22]. Using representations in [58, 59], alternative expressions of Gg”k)(t) were given
in terms of Fox H functions for any general o, and in terms of readily computable Meijer
G functions for the case of o« =m/r, with co-prime integers m < r. See [34] and references
therein, as well as [22], for more on these special functions, especially their connections to
fractional calculus.
A distributional interpretation follows from expressing (1.6) as
(n—ka) ( l)

o, ko

faT X pe(ny, ..., ng), (1.9)

paln, ... nglt)=
where f", (n— ka)(t) denotes the conditional density of Ty, | K, = k when K, IP’(") o(k), and it cor-
responds to the densities of random variables equivalent in distribution to a varlable denoted
(n—ka)
as Ya,ka , such that

Y(n ko) d Ty ke d Tyn
o, ko - 1

, (1.10)
ﬂkot n—ka IB «
k. Z—k
where the variables in the ratios are independent. The equalities in distribution can be read from
—

_1
[23, (2.11)]. The expression (Ta’n ﬂk g_k) = Ta_‘fj ,Bk,g_k also arises in [14, Proposition 2]
as the conditional -diversity of a PD(O&, 0) distribution. As such, one may represent (1.8) as

Py, . ) =E [h (Y;f’,;l"“))]pa(nl, ), (1.11)

where the expectation is also identical to E[A(Ty) | K, = k]. Although the PD(«, 6) class of
models dominates the broad literature, there has been significant interest in the general class
of Gibbs partitions [3, 8, 10, 19, 22, 33, 52]. Our exposition takes another viewpoint of this
general class, as we begin to describe next.
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1.3. Outline

The results in [16, 22, 46], coupled with refinements in this work, allow us to describe
explicit distributions and establish scaled limit theorems for myriad random partitions of
[n], and related constructions based on (P¢) ~ PK(y). For instance, it is known from [46,
Proposition 13] (see also [47]) that if K}, is the number of blocks in a partition of [n] generated
by a PK,(y) sampling scheme, then, as n — oo, n~%K,, — T~% a.s., where T has distribution
y(dr)/dt = h(t)f,(?). In general, however, those results have not been exploited to provide
insights in terms of interpretations, or in fact how to utilize the general framework of Gibbs
partitions in novel ways, for what would otherwise be interesting exotic random processes.
More specifically, for a given choice of y, how does one interpret (P¢) ~ PK,(y) in (1.7)?
For example, if y corresponds to Ty | Y =y, (P¢) ~ PK4(y) does not necessarily equate to
the distribution of (P¢) | Y =y. As another example, [40, (1.2)] describes a class of Pdlya
urn models based on randomized discrete inter-arrival times that induce random limits
corresponding to a broad class of distributions denoted as UL(v, (ax)k>1}). It is a simple
matter to select y with this distribution, and thus achieve comparable limits; however, there is
no immediate interpretation of (Py), etc.

In order to give some insights into issues of novel usage and distributional interpretations of
the Gibbs partitions, this paper presents broad-based intertwined themes which we first sketch
below. Section 2 shows that (G‘(x"’k)(t) may be expressed in terms of Riemann-Liouville frac-
tional operators of orders v =n — ka, for k=1, ...n, and then shows how Gibbs partitions
can be used in the decomposition of certain special functions. Results are then obtained for the
case of general v > 0, which connects to various distributional results and identities, including
known results for PD(«, 6) derived from a different perspective. Section 3 presents general-
izations of results for ((Pe,;, Zy); r > 0) ~ MLMCfae (0, 8) When (P¢9) ~ PKy(y), under the
fragmentation regime described in [13]. We use a special identity for products of related beta
distributions that arise in the MLMC(«, 0) case, developed in Proposition 2.3, to illustrate
interesting mixture representations. Section 4 presents applications of the general develop-
ments in Sections 2 and 3 to the case of generalized Mittag—Leffler functions derived from the
Laplace transform of ML(«, 6) variables. Section 4.1 describes decompositions of these special
functions. Sections 4.2 and 4.3 offer distributional interpretations of the results in Section 4.1
in terms of PK distributions based on conditioning (P) ~ PD(«, 6) on Poisson point process
counts over random intervals depending on the relevant ML(«, 6) variables.

2. Connections to Riemann-Liouville fractional operators

We present some results from the viewpoint of fractional integrals indexed by fy
and a parameter v > (. In particular, a simple change of variable allows us to express

a= ke, (HGER (1) as
n—ka _ 1 ! n—ka—1
<I+ a) ()= T ko) /0 FaW)(E—V) dv

B[ =T Mg, ]
n '(n — ka) ’
Replacing f,(¢) with any integrable function f(¢), we see that these equations arise as spe-

cial cases of right-sided Riemann-Liouville fractional operators of orders v =n — ka, for
k=1, ...n,defined by

(2.1)

1 t
(I%f) (0 = o) /O F)(t —uw)" " du.
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The left-sided counterpart defined by

(I2f) (==~ f f@)u—0""" du

I'(v)

can also be considered, though we omit further discussion for brevity. The identity (2.1) leads
to natural connections to the field of fractional calculus, wherein the interplay between special
functions, probability theory, in particular as it relates to size-biased sampling, and fractional
operator theory is illustrated. Noting that Ggl’l)(t) = 1 leads to the equation

a1 ) () = o),

which identifies f;(#) as the unique solution to a particular Abel equation involving general
functions f(¢) [30, 35, 59]. In addition, as can be read from [46, (18), (19)], the equation and its
unicity arise as a special case of properties of infinitely divisible variables [60], and are directly
related to size-biased sampling with n=1. Using (1.9) and (2.1), the conditional density of
Ty | K, = k when K, ~ p™ 0(k) can be expressed as

(n ka) O‘F(n) e ko
Jaka T® (I+ a)(t) 2.2)

Hence, we have the relation

n—koz a)(t)
T(k)

=N L)) =

"fa
I(n) Z ]P,(nz)(k) fa(t) )

2.1. Decomposition of special functions

One of the unexploited features of the Gibbs partitions, beyond the case of inducing various
distributions over partitions, is that it provides a method of obtaining decompositions for a host
of special functions connected to f,. We further note that while these decompositions will now
be shown to arise from basic probabilistic principles, their derivations from other perspectives
would not be so transparent.

Lemma 2.1. Let ¢(t) denote an arbitrary non-negative function such that E[p(Ty)] < o0o. Set
ht) = () /Elo(Ty)), and thus y(dr)/dt = h(t)fy(t). For each n > 1 there is the decomposition

Elp(Ta)] = Z Ele(To) | Kn = k] Po,o(Ky = k), (2.3)
k=1

where E[o(Ty) | K, = k] can be expressed as

n—ka aF(n) * —n (n—ka
E|:¢<Y¢§zkak )>]= tw ), YO (") (0 dr. (2.4)

Then,
o= (k) . Blp(To) | Ky =K
T'(n) Elp(T,)]

(i) Vi 32/ GYP @y (dh =
0
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(ii) Ele(Ty) | K, = k] can be expressed as
ko ko
IE[ﬁo(Ta) | Kpt1=k+ 1]+ 1- ” Elp(Te) | Knt1 = k].

Proof. Equations (2.3), (2.4), and statement (i) follow from the conditional distribution of
Ty | K, = k as expressed in (1.10), and its density representation in (2.2). Statement (ii) follows
from (i) due to backward recursion [16, Definition 3 or (8)]: V,, x = (n — ko) V1.6 + Vit 1.k+1,
forn=1,2,..,k=1,2,...,n,withV;  =1. O

Remark 2.1. When not considering constructions for V), x, both (2.3) and (2.4) apply for any
integrable real- or complex-valued function ¢.

A study of the general class (Ifrfa) (1) follows, which connects to various distributional
results and identities, including known results for PD(«, 6) derived from a different per-
spective. See Proposition 2.1 and Remark 2.3 for connections between I f; and results in
[6, 23, 48].

2.2. Properties of 7 fo, v > 0

Throughout, let (7,(7):t > 0) denote a generalized gamma subordinator with Lévy den-
sity s~ le™/T'(1 — ). We next provide a study of I' fo for general index v > 0, where
we derive a subordinator representation which is used to exploit and connect results in [54,
Proposition 21] and related literature on size-biased sampling in the PD(«, 0) setting.

Theorem 2.1. Select h(t) > 0 such that h(t)fy(t) is the density of a random variable T, implying
E[A(Ty)] = 1. Let (t4(1) : 0 <t < A% + Gﬁ) denote a generalized gamma subordinator over a
random interval [0, \* + G v ]. Then, for any v, A > 0, we have

o0 P ) 1 o0 o0 (1})
/ e Mh(t) (Ifo) (0 dt = —— / / h(u + $)) (u, ) duds, 2.5)
0 Aver Jo Jo '

where, for a fixed ., fo(;i(uy )= A u""le M/ T (v) x (e* e~*fy(s)) corresponds to the density
of the conditionally independent pair of random variables

2.6)

Gy () a (A +G2) =) 7,(0%)
Ao ) A A
Hence, we can define the sum asa random process (Ta,v()»); A > 0) by the sum of the random
variables in (2.6). Specifically, Ty (1) is defined as

1

(X +Gy)  1,(09) 5 W +Gy)  1a(A*+Gy) 5 A+ Gy
N Y (A ( ze ’

2.7)

=

A+ Gy

[

The variables separated by x are not independent for fixed ).

Proof. Equation (2.5) is obtained by noting that the left-hand side can be expressed as
IS L2 (0= )Y Th(tye™ dt]f,(s) ds/ T'(v). In order to obtain the representation in (2.6),
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first the independent increment property of subordinators gives 7, (A% + Gg) — 74(A%) inde-
pendent of t,(A%). Furthermore, 7, (A% + G;;) — 74(A%) 4 ra(Gg). We can then appeal to [54,

Proposition 21] to obtain t (Gaz) 4 G,, which is otherwise easy to verify. O

Corollary 2.1. For a fixed ) > 0, the random variable Ta,u(k) defined in (2.7) has a density

intas .
et ! 1\ 1ov_y v
e [ fa(m ) A =i 2.8)
r(z) 0

and its Laplace transform is, for y > 0, E[e‘yTa-v(")] =(1+ %)_Vexa_()“"y)a.

(i) When the density (2.8) is exponentially tilted by e for a fixed y > 0, the corresponding
random variable can be represented as Ty, (X + ).

(it) Let Gy denote an Exp(1)-distributed variable independent of Ty. Then, for v=1—a,
the density of Ty ,1—q(X), described by (2.8), agrees with the density of Ty, | G1 /Ty = A,
specified as Al_“t(e)‘a e_)"fa(t)) /a. This yields the known identity

1

! 1 l-a _ 1
T%a)/o fa(tuof)(l—u) a 1du=;€fa(t),

1

which corresponds to the result Ty =Ty 1 X B

(T,*. T,5....) ~MLMC(a, 0).

a,l?

in, for instance, the case

o
Ll;a

Proof. The density and the Laplace transform are straightforward. The result in (i) follows
readily from the density in (2.8). The identity in (ii) can be deduced from a careful reading of
[41, 53]; see, in particular, [53, Remark 3.6 and (3.q)], which yields the appropriate form of
the conditional density. (|

1
Remark 2.2. Note that G1/T, 4 G In addition to [41, 53], this variable arises in many
instances with various interpretations. See [9] and [23, (2.24), p. 1324] for generalities and
related references.

2.2.1. Gamma randomization and subordinator representations. Throughout the remainder of
this work, let (e;) denote a collection of i.i.d. Exp(1) variables, and let (Fz = Zﬁ:] e, L > 1)
denote the arrival times of a standard Poisson process. A recent treatment in [49], applied to the
case of species sampling models derived from Ty, i.e. sampling from F(y) =Y ;2 Py Ly, <y
where (Py) ~PD(«, 0), shows that a mixed Poisson process (NTa A= 2721 l{rj/Taf;L},
A> 0), where (I'y) are independent of 7, (1) := Ty, has an interpretation as the number of
animals/customers arriving up to time A. Since Ty (1) =Y 72, Ay, it can be interpreted as the

total abundance of animals when each Ay is interpreted as the (ranked) abundance of type £.
1

Notice that I'1 /T, 4 GIE, and

P(Ty €dt |INr,(M)=1)=P(Tp €dt |T'/To =1) = P(Ta,l,a(k) e dp), (2.9)

- 1
indicating that T 1—¢ <Gf ) 4 Tq. See an earlier version of this work and [26], both following

[49], for results related to If'[k“ ‘« corresponding to when N, (A) = n. Consider now, for G4
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1
independent of Ty g, the variable G119 /Ty.0 4 Gj.o - Then, from [26, Corollary 3.4] (see also
[13], [54, Proposition 2.1]), or by direct integratiorl; over A in (2.9),

N 1
]ID(Ta,l—a (G9+a) € dt> = P(Ta’g e dn).

We now provide a result for I'} f, for general v > 0 and a general gamma variable.

Proposition 2.1. For any w > 0, let Gg be a gamma random variable with parameters (9 1)

which is independent of Ta v(A), and let Y, évc)u 47 T, ,,(Gw) be a random variable such that YSJZU

Gw = A satisfies the distributional dynamics in (2.7). Then there are variables constructed on

the same space, denoted as T, ~ ML(«, v), independent of By, v ~ Beta(w, v), and T,

ML(«a, v + ), independent of Be » ~ Beta(a, aﬂ), such that, for Z,E,“(,I = (Yélvz)) , we have

the exact representation

o, a)+v

ZO‘(»X(U =T, X ﬂg,v oz w+v X 13“) U' (2.10)

o,

Proof. We can choose Y(S’)L: ~a,U(G%). The result follows by applications of [54,
Proposition 21] and the beta-gamma algebra. For more specifics, see [54, (98)—(100),
p. 877]. O

Remark 2.3. Proposition 2.1 reveals a (surprising to us) connection between the general 1Y f;

and random variables apearing in [6, 23]; see also [36]. In particular, the variables Z((fa)) indexed
by (v, w) correspond to the entire range of variables given in [6, Lemma 6, (10)], and agree
also, in full generality, with the identity in [23, (2.11), p. 8]. So, from a distributional per-
spective, (2.10) is not new, except for the subordinator representation which leads to pointwise
equalities. However, [48] also develops an equivalent variation of (2.10) in the case of PD(«, 0)
interval partitions, employing the subordinator representation.

In relation to I!f,, we now give equivalent expressions of the densities of the random
variables in (2.10).
Proposition 2.2. Let f(v) (t) denote the density of Yé ), defined via Zé“u)) = (Yé,”c),)) in (2.10).

(i) Using the form of the density indicated by Ty, o)/ Bw.v, it follows that, for w > 0,

r
0= %j)w) U (1) () @2.11)

where al'(0)E[T,“] = F(%)

(ii) Using (2.8), an alternate form of fé,”)u(t) is obtained as

al'(v + w) (U+w)/1 1\ v v
U—wt fa fue Jlu « (1 — I/t)"‘ du. (212)
rE)r(s) 0 ( )

(iii) Combining (2.11) and (2.12) yields, for v > 0,

! 1=v_ Y _
(I3f) (0= (la)/fa(ma) (1 —we ! du
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We now demonstrate how we can use Proposition 2.2 to recover results in the PD(«, 6)
setting. Recall that under PD(«, 6) the distribution of K, is given by IP(") (k) defined in (1.3). It

follows that a joint distribution of (7,9, K;,) is proportional to ¢ ~f (n= ka)(t)IP("é)(k), and hence,

o, ko
from (2.11), f(ingf:li () is the conditional density of (T, ¢ | K, = k) and, from Proposition 2.1,

corresponds to the density of the random variables

(n—ka) . Ta,9+k(x Ta,9+n
Y = - . (2.13)
obtha ,39+kot‘n7ka L

’Bg—s-k,g—k

Randomizing (2.13) with K, ~ IE”("(9 in place of k, and using the distributional properties of an
MLMC(e, 0), leads to a perhaps not so well-known identity involving products of independent
beta variables appearing in the related literature:

T8 a9+n]_[ﬂe+a+f |l —T‘9+nﬂe+,< 1k, (2.14)

Now, as pointed out in [24, Proposition 6.6(iii)], (2.14) results in the distributional equality

n
d
Hﬂow;j—l’]%a =ﬁg+Km£7Kn, (2.15)

Jj=1
leading to the following result, which will be used in the next section.

Proposition 2.3. The density of the product of independent beta random variables
]_[;’:1 Botati-1 1-a, arising, for instance, under an MLMC(«, 0) distribution, can be

expressed as
Z P ®)fpg ,, 0,00 (2.16)

k=1

Remark 2.4. Letow = 1/m, form =2, 3, ... Inthe MLMC(%, 0) case of (2.15), for 6 > —1/m
we have the following distributional identity:

n m—1
d
l_[ /3;?(0+j—1)+1,m—1 = l_[ :39+£,n- 2.17)

j=1 i=1

As special cases, when o =1/2 we have the easily deduced fact that ]_[" :322(0 -1 = 4

,39 ,»and when o = 1/3, 1_[ =1 ,33(9+J) 22= /39+ X ,39+ - Equation (2.17) follows from

representatlons of ML(m, 9) variables in terms of beta and gamma variables (see [23, Section
8] and related references discussed there), the identity (2.14), and beta-gamma algebra.

3. Mittag-Leffler Markov chains under PK,(y)

As discussed in Section 1.1, Markov chains Z ~ MLMC (¢, 6) arise by various constructions
in the literature, and do not completely determine the law of a collection ((Py ), Zy; r > 0).
Here we recall that ((Py¢,), Z,; r > 0) ~ MLMCfpae(r, 0) may arise from iteration of the
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PD(«, 1 — ) single-block size-biased fragmentation operation described in [13], when the
law of (Pg0) ~PD(«, 0). This section provides distributional properties of nested families
((P¢.r), Zr; r>0) induced by fragmentation operations described in [13] when, in general,
(P¢,0) ~ PKy(y). This should be particularly useful in cases where PK () can be interpreted.
Simplifications and various decompositions are facilitated by Proposition 2.3. As in [13],
for (P¢) € Po, let Py denote its first size-biased pick and let (Pg); := (Py)\ P, denote the
remainder. A PD(«, 1 — «) fragmentation of (Py) is defined as

Frag, |_o((Po)) := Rank((P)1, P1(Q)) € Poo,

where, independent of (Py), (Q¢) ~PD(e, 1 — @), and Rank(-) denotes the ranked rearrange-
ment. Let ((Qg)); j=1) denote an independent collection of PD(c, 1 —a) mass partitions
defining a sequence of independent fragmentation operators (l:/r\agg?l_a(~); j=> 1). It follows
from [13] that a version of the family ((Py,,), Z; r > 0) ~ MLMCfpae (e, 0) may be constructed
by the recursive fragmentation, forr=1,2, ...,

— — — (1
(Pe,) =Fragy)|_o ((Pe,,—1)) = Fragl)_, o o Fragy)_q ((Pe0), 3.1)

o, 1 —a

when (P¢,0) ~ PD(c, 6). These operations may also be described in terms of nested partitions
of [n] [5, Section 3.1.1], and there is a corresponding sequence of block counts (K, , > 0),
non-decreasing in r > 0, such that jointly n=%(K,, , > 0) — Z as n — o0.

We next describe the marginal (joint) law of (Z,; r > 0) when (P¢,0) ~ PK,(y). Suppose
that Z ~ MLMC(«, 0) with accompanying (Bj = Z;_1/Z;, j > 1), which is a collection of inde-

pendent variables such that, for each j> 1, BjNBeta(%-_l, %) A description of the

distribution of Z | Zy =y is obtained from (1.5). Setting the density of Zj to h(y_é)ga (v) leads
to a description of the distribution of Z ~ MLMC[V](oz) and, using the change of variable, this
distribution is characterized by the joint density of (B, ..., By, Z;) given as

r l r _l
l_[fﬁa+i—1 Hx(bi)h(‘g_a l_[bj a) 8a,r(8),
=1 o =1

where g (s) is the density of an ML(«, r) variable as defined in (1.4). It follows that when Zy
has density h(y_é)ga(y), Z, has a marginal density,

L L 1
B, (53 7) = E[h(s‘a [16.m l_aﬂga,r(s) =hn, ("), (B2)
=1 ¢

|
where hg,);g (1) =h(t) and hg;g ®= t"E[h(t l_[ Ba i 1(X>:|/IE[TO‘_’], for r=1,2,...
=1 ¢
1
This means that, for each integer r, the corresponding Z, * has density
T
Vivne, (@D/dt =B (0fi() = E[h (r | ) }fa,r(r). (3.3)
=1 ¢ ¢
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We next formally establish that the marginal distribution of each (P ;) is PKa(yf(Qg ) when
otherwise they have joint distribution as if they were constructed from (3.1) in the case where

(Pe,0) ~ PKu(y).

Proposition 3.1. Consider ((Pq,;), Zy; v > 0) ~ MLMCgag(at, 0), formed by the fragmenta-
tion operations in (3.1) when (Pgo)~PD(e, 0). If (Pgo)~PKy(y), the distribution of
((Pg.r), Zr; r=>0) is denoted as MLMC[y] (a) such that, for each r and for y(r) described

frag frag,
in (3.3), (Py,r) has marginal distribution

* _1
PK,, (yf‘r;)g )= /O PD(a | s ) g](cgga (s; ) ds,
with a-diversity/local time Z, having density g(r) (s; y) defined in (3.2).

frag

Proof. The proof of this result is essentially the same for any » > 1. As such, we will verify

the result for r=1. Here, (P¢,1) = F/r\ags,)l_a ((Pg,o)), where (Pg.0) ~ PKy(y), and, indepen-
dent of this, (QEI)) ~PD(e, 1 — ). Let EEZ:?)_Q) denote the expectation with respect to the joint

law of ((P¢,0), (Q1")) when (P¢,9) ~ PD(a, 0). Then, when (P¢,9) ~ PK,(y), the distribution
of (Pg,1) is characterized, for a measurable function €2, by

0 — () —&
E-O a)[ (Fragayla ((Pg,o))>h(zo )} (3.4)
The random variables in (3.4) follow the MLMCjyag(et, 0) dynamics where By ~ Beta(1, %)

is independent of (P¢,1) = Frag\,|_o((P¢.0)) ~ PD(a, 1). Note that Zo =Z; x By, with Z; ~
ML(«, 1). Hence, with these specifications we can write the expression in (3.4) as

Blawr.on(z B )] = [ BP0 1 2i= sl 6 ds

The equality follows by noting that, under the MLMCtyyg(er, 0) distribution, (Pg,1) ~ PD(e, 1)
and, given Z| = s, B] = b, has law PD(a | s’i) to conclude the result. O

3.1. MLMC{"], () EPPFs and partitions of [n]

Recall the interpretation of the random variables Y("gfz; in (2.13) with corre-
sponding densities f("e f,fo)[(t) Define <I> (O)_ [ ( ;"JZ;)], where d>( (O):
Jo° h(r) o(t"kaka)(t) dt =V, r(k(") Here, for r—O 1,2, ..., weuse

(2-k) > - _
P r ()= /0 ]E[h(t]_[ Bol, w)}/oﬁf’r OL 3.5)
i=1 [3 Yo
and we have the identity
n
> B0, L) =E[AD, (Tw)] = (3.6)
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We now provide a description of the corresponding EPPFs and the distributions of the number
of blocks for the nested sequence of random partitions of [r].

Proposition 3.2. Consider (Py.,), Zy; r > 0) ~ MLMCga]g(a), where (Py.0) ~ PKg(y). Then,

for each r >0, the PKO(()/f(r;)g ) partition of [n], with number of blocks K, , = k, has an EPPF

which can be expressed as
()l k)
B (1) X Pl ).

Hence, the distribution of K, , is Pfx")r(k)cba +k(r) fork=1, , n. Furthermore, as n — oo,
n *Kn., 2% Zy, where Z, has density (3.2).

Proof. The derivation of the EPPF, and hence the distribution of K}, ,, follows by using
(1.11) as applied to (3.3) in conjunction with (3.5) and (3.6). The asymptotic behavior follows

as a particular instance of [46, Proposition 13]' see also [47, Lemma 13]. U
Remark 3.1. For clarity, for r=0, <I> (0) X pa.o(ny, ..., ng) 1is equivalent to
M(nl, ...,np) in (1.11) for a PKy(y) partltlon of [n], and hence the distribution of

the corresponding number of blocks, K, ¢, may be expressed as
(K, 0 = k) = By @ys(0). (3.7)

3.2. Mixture representations for MLMCR’;g(a)

We now use Proposition 3.2 to obtain mixture representations and identify related Poisson—
Kingman models. See Remark 2.4 for other possible simplifications in those special cases,

in particular for « = 1/2. For each fixed r=1,2,...and j=1, ..., r, define the probability
measures
()
Vi, (A0)/dt = ——=r =22 (1), (3.8)
o, (0
where Cfoj_j)(O) = ]E[h(Y(ir/_Ofa))] =V, j“l;jé(’) from the previous section.

Proposition 3.3. Consider (Py.,), Zy; r > 0) ~ MLMCY

frag(oz), where (Py o) ~ PKy(y). Then,
for each fixedr=1,2, ...,

(Pe.r) ~PKo (v, ) Z P (K, 0 =)PKa (v ),
j=1
where P y](K,o—])—]P’(r)O(])d) o I)(O) is identical to (3.7) with (v, j) in place of (nk).
Furthermore, forj=1, ..., r, PK, (yt(m] ) ) is the distribution of a mass partition (P(j) ) defined
as in (1.7) with mixing measure specified in (3.8). Hence, the EPPF of a PKy (Vf(ra;];) ) partition

of [n], with number of blocks K,(,’ )r =k, can be expressed as

(n—ka) p= o
E|: <Yanr+l?otﬁ ):|
(=)
@5 (0)

X Pa,r(n] s ).
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Proof. With regards to Proposition 3.2, apply a special case of the identity in (2.15),
]_[;: 1 Bati-1 wtiol 1w 4 Bk,. I Ky where its density is given in (2.16) of Proposition 2.3, taking the
form )"}, ]P’(r)o(])fﬁ : (u) to the expression in (3.3). The remainder follows from appropriate

normalization and the same procedure for deriving the EPPF of a PK distribution. U

Remark 3.2. We have the identity

.
(G—h (r) (n—kat) p~ %
o) =Y e n(veinn 1) |

j=1
4. Mittag—Leffler function Gibbs classes

4.1. Decomposing generalized Mittag—Leffler functions in terms of scaled Prabhakar
functions

As mentioned in the introduction, the Mittag—Leffler function plays an important role in
fractional calculus as described in [18]. Here we show that the Mittag—Leffler function and its
generalizations pertinent to the PD(«, ) distribution can be decomposed in terms of scaled
versions of Prabhakar functions [55], defined in the most general form as

i S S (3)) @n
= U Tpt+w’ '

where p, i, k € C, and Re(p) > 0. See [18, Chapter 5] for more discussion on these functions.
Recall that the Mittag—Leffler function may be defined by

o —)»T 0( - ad ( )\.)Z o _)\l/o(Xa

where, for T, 4 T, and otherwise independent, X,, := T, /T ,. Remarkably, although T, does

not have a simple density, except for ¢ = 1/2, [61] (see also [4, 32, 53] and [9, Exercise 4.2.1])
shows that the density of X, is, for y > 0,

sin (Ta) ye~l

Sx,(¥) = y2¢ 2 cos (ma)y* +1°

Adjusting the notation slightly, [23, Section 3] showed that, for 6 > —«,

E[e e8] = E[fe"“%es ] = K5~ ), “2)

where X g := Ty /Tq,0 is the Lamperti variable studied in [23], and

e +1)( A)zi(—x)f Fr¢+1+0re+1
o0t = U TE+DT@t+0+1)

6
which further reduces to El(y"‘g) (—X), for & > 0. We now extend these results for the case of
general w and v.
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Proposition 4.1. Consider the random variables Z(E[E,Z defined in (2.10). Their Laplace trans-
forms are equal to

o O N € r
) A):Z( M T(2+6M(w+v)

E - 9
@t & (L) (el +w+v)

4.3)

=0

and may be expressed as speczal instances of scaled versions of Prabhakar functions. That is,
e
oz a)+v( )‘) - F(w + U)Ea,w+v( )‘)'

Proof. Using (4.2),

i) ”"ﬂo v Xeortv <“+”+1)
222 _ +
E[e , :I _]E[e ] [ aw+v+l ﬂg’g)]

1= L)@ +6)

@ v +

CHT TR O
We now show that the generalized Mittag—Leffler functions can be expressed in terms of

special cases of the previous result.

The result is obtained by substituting E[,B U

Proposition 4.2. Following Lemma 2.1, set @(t)=e " "t=¢/E[T;?]. Then, E[p(Ty)]=

E; 0—:1) (— X), and there is the decomposition, for each fixed ) > 0,

( +1) (L+k) (5 +Kn)
ozB-H( )L)_Z]P)(n) (k)Ea9+n(_)‘)_ ae[EaO-i-n (_)‘)]

O+n
where El(x ;H)l( A= E[Eégﬁn( — Aﬁg%’g_k)] can be expressed as

B0 (=0 T(E+k+0TO +n)
Becan — )= Z & T2 +Rr@e+6+n)
= ! a o n
as read from (4.3).

Proof. The result follows by combining Proposition 4.1 with Lemma 2.1 to obtain

51 E[T,Y | Ky =k]
Elp(Ta) | Ky =k = B[ artna |  “e 15 =1

E[T; 7]
where E[T;? | K, =k] =TI (% + k) /[T (K)T(©O + n)]. O

4.2. PD(«, #) masses conditioned on Poisson counts over intervals [0, ALy ¢]

In this section we use the notation Ly g := T_Q ~ ML(«, 0) to denote the «-diversity/local
time, where local time means more specifically that Ly g := L; is the local time at O until time
1 under a PD(«, 0) distribution. See [50, Section 3] for this notation within the context of
regenerative PD(«, 0) interval partitions of [0, 1]. As a reminder, L, ¢ has density gy ¢(s) o

sg ga(s) given by (1.4). It is clear from Lemma 2.1 that, for each fixed A > 0, the generalized
Mittag—Leffler functions in Proposition 4.2 can be connected to a PK, (y) distribution, where
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h(t) = (1) /E[p(T,)] with ¢(1) = e M0 /IE[TO[_G]. Hence, under this choice of A(z), we have
the densities

e M fy 0(t) 0 e M gq0(5)
yn/di= ——2222 0 g0 ny = =22 (4.4)
¢+ , %+
Ea,0+l( —A) Ea,(9+1( — )

We will show here that these densities correspond to conditional distributions of 7, 9 and
Loo:=T, g respectively. We write (Pg,o(4)) ~ Lfﬁ)e (1) to denote a mass partition having a
PK distribution specified by (4.4), expressed as

o0
1
L) () = /0 PD(ar | 57 %) gy (s | 1) ds. (4.5)

It is our desire to provide a plausible interpretation of this model. ggg)g(s | 1) has the expo-

nentially tilted density of Ly := T, g» which corresponds to the density of the local time
until time 1 or the a-diversity in this setting. For all 6 > —a, it is generally a power-biased
and exponentially tilted density of g,. Hence, although not having the same interpretation
as N7, (1) described in Section 2.2.1, [49] suggests that the general distributional form of
gg?)e(s | A) can be obtained by conditioning L, g, or, more generally, (P¢) ~ PD(e, 6), on the
mixed Poisson process

o0
<NL0(Y9 (t) = Z l{r(/Lavg Sl}’ t 2 O) . (46)
=1
That is to say, for each fixed A, Ny, ,(A) counts the number of points of a Poisson process, (I'y),
in the random interval [0, ALy ¢], and otherwise (I'¢ /Ly 9, £ > 1) can be interpreted as arrival
times. We shall assume that (I'¢) is independent of (Py), and thus (P¢) | La,g =5, Ni, ,(A) =
has distribution PD(« | s_otl), as desired. Throughout, we will use the following easily verified
facts by conditioning on L, ¢. First, for fixed A, and forj=0, 1, .. .,

Ao
P(Np,, () =, La,p € ds) = —-5e ™ gq 0(s) ds, 4.7)
‘ i
andforj=1,2,...,
P cdn 1,yed /= . sle gy o(s)d (4.8)
Lug Tl SE)IETGTINS e ’

The next result, which follows from (4.7) and (4.8), describes the marginal distribution
of the mixed Poisson process that illustrates a specific case of the Poisson switching identity
described in [49, Lemma 4.5].

Proposition 4.3. For 6 > —a andj=0, 1, ...,

(04
VE[TZ T (e

P(NL, ,(M) =) = W ab+jat+1C—2);

which is the same as (\/))P(I';/Ly,p € dA)/dA, for j # 0. Furthermore, this implies

%) —) .
gty = St s PTG+ D) pen
“ FO+1) S 0O +je+1) o 0+je+1

(—=A).
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The next result describes how the distributions of the form in (4.4) and (4.5) may be obtained
by conditioning on (Np, ,(?), t > 0).

Proposition 4.4. Suppose that, for 0 > —«, (P¢)~PD(a, 0), with a-diversity/local time
Ly.o ~ML(a, 0). Then, distributions of the form in (4.4) and (4.5) may be obtained by
conditioning on the mixed Poisson process (Np, ,(1), t > 0), described in (4.6), as follows.

(i) Forj=0,1,2, ..., the density ggg)eﬂa(s | L) ds is equal to
P(Lg6 € ds| Np,,(A\) =) =P(La.64jo €ds | Nz, 4, (M) =0).

(ii) The density of Lao | Tj/La, = & is given by gy o (s | 1), forj=1,2, ...

. 0 .
(ili) (Pe)| Niyy () =j~LEy 1y, forj=0.1,2, ...

Proof. Statg:ments (1) and (ii) follow from (4.7), (4.8), and Proposition 4.3, using additionally
the fact that §/gq 0 (5) X gu,0+jw (5). Statement (iii) follows from (i) and (ii), since (P¢) | Ly,9 =

8, Np, ,(A) = has distribution PD( | s‘é). [l
Remark 4.1. For G5 ~ Gamma(§, 1) independent of (P¢) ~ PD(«, 8), we can show that (Py) |
Gs/Lyg=A~ Lg% 1sq(A), for any § > 0, by similar arguments.

The next result follows from Proposition 4.2 and Lemma 2.1.
Proposition 4.5. Suppose that (Pg (1)) ~ ]Lf)g)e (A), specified by (4.5); then, its corresponding
EPPF of a partition of [n] is given by

GOy
0 .0 -
PO, )= e, ), (4.9)
: &+
Ea,@—&-l(_)‘)

with the distribution of K, o(1), denoting the corresponding number of blocks, given by

B0
P (Kn,o(A) = k) = %Pgﬁguc). (4.10)
Eyor1(—2)

Furthermore, lim,,—, oo n~ %K, 0(1) = Zo(X) a.s., where Zo(A) has density g&% (s]A).

d
Remark 4.2. For any 6 > —1/2, Léﬂ =4Gy, 1
responds, up to a scale, to a power-biased and exponentially tilted Raleigh distribution.
Interestingly, g(lo )9+ ; (x| 1) corresponds to densities of distributions denoted by UL(ZG +Jj+
3.6+3

1
and hence g(LO)g (x| 2) x e =1 oo

1, (ﬁﬁ-l ﬁfﬂ)) arising as special cases in [40, Example 3.9, p. 199].
4.3. Fragmentation processes MLMCEQg(a) derived from (Pg (1)) ~ ]foo)o Q).
We now apply the general results for fragmentation processes in Section 3 to the case

where (P¢o(1)) N]L((B)Q()L). Among other possible descriptions from the previous section,
the distributional results below may correspond to the following scenario. Suppose that
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((Pe,r); Zr; r 2 0) ~ MLMCrrgq (@, 0); then ((Pe,r), Zr; r=0) | Nz, (A) =0, where Zg := La 6
has the distribution described in Proposition 4.6 below.

Proposition 4.6. Suppose that, for A >0, ((P¢,/(A), Z,(h); 1> o) ~MLMC) (@), with y
specified by (4.4). Then, (P¢o(\) ~ LYy (A) and, for r=1,2, .

o0
_— 1
(Pe,r (1)) = Frage_o ((Pe.r—1G0) ~ L, () = /0 PD (ot [ 57w ) gy(s | 1) ds,

where
-
B iy Ay sy
8up(s12):= T 8o,6+r(S) (4.11)
Ea9+l( )

is the density of Z,(A). The EPPF of a partition of [n] can be expressed as

(k)
E |:Ea,9+r+n(_)‘ 1_[;:1 ﬂ%oraﬂl’laa)]

&+
Eyori(=2)

X Pa,g+r(N15 - . oy 1), 4.12)
Letting K, -(A) denote the corresponding number of blocks, it follows that as n— 0o,

N7 K k() 5 Zo().

Proof. In this section,

o

l_(9+r)E |:exp { )\,t_(x l_[l 1 ,Ba+z 1 l—ot } 1_[1 1 a+, 1 1— Otj|

hge)lg (t) = P ( 1) .
E[7e ] E[Ta By 41 (= 2)

Hence, after some manipulation, it follows that in this case gfrag (s; y), as generally described

in (3.2), is equal to g(r) (s|A) defined in (4.11). The remaining results are obtained from
Proposition 3.2 and the form of the EPPF in 4.9). O

Remark 4.3. Using

r 9+1)F(9+a+1 1+£)

.
E etiol 1w
|:111:39+an lvla:| 1_[ 9+a+t I)F(% +f)

z:l

for £=1,2, ..., the numerator in (4.12) can be explicitly expressed in terms of a 3(r + 1)-
parametric Mittag—Leffler function (see [18, (6.3.8), p. 162]), which generalizes Prabhakar
functions (4.1).

4.3.1. Mixture representations. In this section we consider K, ~ PV )9, corresponding to the
number of blocks in a PD(«, 0) partition of [r] = {1, ..., r}. Applying the identity (2.15), we
have, for any A > 0,

|:exp { —X 1_[,39+a+1 11—« }j| =Eg0 [e*wgw(r,g-x, ZP(r) (HE[e —*o £,
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2o, r . . . . .
where E [e gt ] =1F (g +J g + o = )») is a confluent hypergeometric function of
the first kind. Hence, the general results in Section 3.2, coupled with the specific results

developed for ]Lg)g (1), lead to mixture representations involving PK distributions with mix-
ing measures defined by confluent hypergeometric functions as follows. Consider, for each

r=1,2,...andj=1, ..., r, mass partitions (Pg)r()»)) ~ L((;’é)(k), where
L0 = [ PD(als4) g"s | 1) d 413
WAOE (] s™%) gUPs | 2)ds 4.13)
0
with

IFL(8 47 84+ L; — )

&+
ot,(-)+r( —A)

Gad(512) =

8a.0+r(5)- (4.14)
E

The next result follows from an application of Proposition 3.3, followed by the results in
Propositions 4.5 and 4.6.

Proposition 4.7. Consider the same settings as in Proposition 4.6, and the distributions
specified by (4.13) and (4.14). Then, forr=1,2,...andj=1,...,r,

Pes 0N~ L) =Y Pag(Kro(t) = DLYT (L),
j=1

where Py (K 0(M) =) is specified by (4.10) with integers (1j) in place of (n,k). The EPPF of
(Pg)r()\.)) ~ Lg’é) (X) based on a partition of [n] can be expressed as

Btk
E |:E(£,6+n+2( - )"3§+j, ;—j):|

. pa@—i—r(nla "'7”]()7
-+ ’
Eot,0+r( —A)
where the expectation at the numerator equals
SR T6ntn (540,61,
0+ :
= £ T(al+60+n+r) (Tr)z

Remark 4.4. In the case of o =1/2, regardless of the specification for Zy ~ y, we have

2
the (joino) distributional result Z := (7, r = 0) % (2y/ % + ¥2{_, er, r= 0) ~ MLMCII(}),

The case of MLMC(%, %) corresponds, up to a scale, to the components of the line-breaking
construction of the Brownian continuum random tree as in [1, 2] (see also [39]).

Remark 4.5. We used the notation Ly ¢ to invite possible interpretations of conditioning on
Np,, (1) within the context of strings of beads ([0, Ly ], dL™"), where dL~! is a discrete
random measure whose ranked masses are PD(«, ), as discussed in [50, 51, 57].
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