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Abstract

We analyse average-based distributed algorithms relying on simple and pairwise
random interactions among a large and unknown number of anonymous agents.
This allows the characterization of global properties emerging from these local
interactions. Agents start with an initial integer value, and at each interaction
keep the average integer part of both values as their new value. The convergence
occurs when, with high probability, all the agents possess the same value which
means that they all know a property of the global system. Using a well chosen
stochastic coupling, we improve upon existing results by providing explicit and
tight bounds of the convergence time. We apply these general results to both
the proportion problem and the system size problem.

Keywords: Averaging stochastic process; Interacting particle systems; Markov

chain; Coupling; Distributed algorithms
1. Introduction

This paper focuses on the deep analysis of a particular type of averaging stochastic
processes. In the averaging process, as introduced in [I], the n agents start indepen-
dently from each other with an initial integer value, interact randomly by pairs, and
at each interaction, keep the average of both values as their new value. This type of

processes belongs to the general category of stochastic interacting particle systems [5],
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that are applied in many fields (biology, computer science, physic, etc) to characterize
global properties emerging from local interactions. For instance, in [8], the authors used
this model to analyze the rumor spreading time which is the number of interactions
needed for all the agents of the network to learn a rumor initially known by only one
agent. In [4], the authors analyze biological agents (gene or infectious disease) spreading
(mean spreading time and stable gene distribution) for diverse type of networks and
considering pairwise interactions.

In our context of large-scale distributed algorithms, where interaction-based algo-
rithms are represented by the population protocol model, agents have little computa-
tional power, limited size memory, are indistinguishable one another and are unaware
of the population size n of the system [2]. The key is to propose efficient algorithms
that make agents cooperate perform computational tasks such that such as determining
the proportion of agents that started their computation with a given integer value, or
computing the population size. Both problems (proportion of agents that start with
some initial value A and population size) can be solved by relying on average-based
population protocols. In a previous work [7], we analyzed the convergence time (also
called the mixing time) at which all the n agents of the distributed system are able to
determine the proportion of them that started with value A. This work has been used
in [3], where the authors tackle a consensus problem derived from the proportion one.

We introduce the discrete-time stochastic process C' := {Cy, t > 0}, where the
random vector C is defined by C; := (Ct(l), ey Ct(n))7 to represent the evolution of
the agent values. For all agents ¢ = 1,...,n, C't(i) represents its value at time ¢ > 0.
Since Ct(i) are integers for all time ¢, process C' does not converge to a unique absorbing
state, as in [T}, 6] when dealing with real numbers, but to an absorbing class of states
included in the open ball of center L = (¢,...,¢) € R™ and radius 3/2 equipped with
the infinite norm, where ¢ := > | C’(()i) /n, as shown in Theorem |3| The discrepancy
of the system, that is the difference between the maximum and minimum value among
all nodes, defined by max;<;<p Ct(i) —minj<;<p Ct(i), has been studied in [9], where the
authors show that its expectation is in O(1) for regular graphs. Moreover they note
that in many applications, agent values cannot be divided arbitrarily, and we need to
deal with the discrete case where the values of each node can only be integers. This

discretization entails a non-linear behavior due to its rounding errors, which makes this
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analysis much harder than in the continuous case.

In most papers on the subject (e.g. [Il [l [9]), the complexities are always of the
O(n polylogn) type, without any study of the constants arising in these complexities.
Indeed, these analyses are interesting but not sufficiently precise because if the con-
stants occurring in a O(n polylogn) complexity are large, they totally annihilate the
effect of the logarithm. That is why we focus in this work on precise values of the
complexities, i.e. of the type n(aln(n) + b), where a and b are numerically obtained
constants. This is the main objective of this paper which necessitates a quite detailed
mathematical analysis of the behavior of the system.

We provide in this paper a rigorous theoretical analysis of the behavior of average

based distributed algorithms. The main contributions of this paper are the following.

e The process C' converges to an absorbing class of states included in the open
ball of center L = (¢,...,¢) € R™ and radius 3/2 equipped with the infinite
norm. More precisely, it is proved in Theorem [3| that for all § € (0, 1), and for
allt > (n—1)(2In(K + v/n) —Ind — In2), we have

P{[|Cy — Llloc = 3/2} <4,

where K is a constant depending only on the initial vector condition Cy. The
proof of this result is based on a quite novel coupling technique for which the
coupling process is called the shadow process of C'. Using this result, it is shown
in Corollary |1 that the discrepancy of the system is equal to 0 or 1 with any high
probability, i.e. that

P { max Ct(i) — min Cf@ > 2} <.

1<i<n 1<i<n
e First, we apply our result to the proportion problem (see Theorem , and show
that it significantly improves the one obtained in [7] (see Figure [1). We also

apply our result to another problem, the system size problem (see Lemma,[7]).

The remaining of the paper is orchestrated as follows. Section [2| presents the math-
ematical model which is based on random interactions between the agents. Section [3]
details the analysis of the convergence. The main contribution is the use of the shadow
process, a novel stochastic coupling technique. In Section [4] we apply our results to

both the proportion and the system size problems. Section [5| concludes the paper.
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2. The model

We denote by X; the random pair of distinct nodes chosen at time ¢ to interact and

for every i,7 =1,...,n, with i # j, we define

pij(t) = P{X; = (i,7)}.

The time unit is discrete and corresponds to a single interaction. At each discrete
instant t, two distinct indices ¢ and j are chosen among 1,...,n with probability
pi,j(t). Once chosen, the pair of agents (7, j) interacts, and both agents update their
respective local value C’t(i) and Ct(j ) by taking the mean value of their values prior to

this interaction. This average-based technique leads to

) ) (1) (4) (4) ()
(Ciﬁl,ct(iﬁ)qq +G HC G D and C{1y = C{" for r £1,5. (1)

2 2

We suppose that the sequence {X;, ¢ > 0} is a sequence of independent and identi-
cally distributed random variables. Since C} is entirely determined by the values of
Cy, Xo,X1,...,X¢_1, this means in particular that the random variables X; and C}
are independent and that the stochastic process C' = {C;, t > 0} is a discrete-time
homogeneous Markov chain. Classically, we suppose that X; is uniformly distributed,

that is,
Lz
n(n—1)’

where 14 denotes the indicator function, which is equal to 1 if condition A is true and

pij(t) =
0 otherwise.

3. Convergence time of average-based algorithms

We will use in the sequel the Euclidean norm denoted simply by ||.|| and the infinite

norm denoted by ||.||s and defined for all z = (x1,...,2,) € R™ by

.....

We recall the following invariant result of average-based population protocols.

Lemma 1. For every t > 0, we have

Xn: ol = zn: ag).
i=1 i=1
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Proof. For all integers k, we have k = |k/2] + [k/2], so the transformation from C}
to Cy41 described in Relation does not change the sum of the entries of Cy1;. O

We denote by ¢ the mean value of the entries of C; and by L the row vector of R™

with all its entries equal to £, that is

LS~ o0
(.=~ C, dL:=(,....10. 2
n IZZI ¢ el ( ’ ’ ) ( )
Remark that C has a finite value space composed of a set of transient vectors and an
absorbing class of vectors whose entries are equal to |£] or [¢]. This absorbing class is

reduced to a single absorbing vector when ¢ is an integer.

We first show that the expected value E (||C; — L||?) is bounded.

Theorem 1. For every t > 0, we have

1 t n lin oday
E L)< (1-—) E _L|?) 4 & i odd)
(6~ 21P) < (1= 27 ) B (G- L) + § - 202 ®)

Proof. In order to simplify the writing we use the notation Y; := ||C; — L||*>. One
can deduce from Relation that

LSS [(o) — o)
M 9 ZZ [(Ct - ¢ ) e e oaay | =G}
i=1 j=1
We recall that X; and C; are independent and that p; ;(t) = 1/(n(n—1)). Conditioning

first by C}, then taking the expectations, we get

E (Yi41|Ct) = Y: — 5 ZZ [(Ct( )~ ngj)) - 1{c§i)+c§j’ odd}:| pij(t)
i1 j—1
L oy (o0 - qn)?
Y- ——— COD DN 1 w6 :
" 2n(n—1) Pt {( t t ) (o +of Odd}]

Using that (see [6])

n

) N 2 n
(Ct(l) - Cg”) =2nY; and Z Z 1{C§”+C§j) odd} = 2q:(n — qu),

n n
=1 i=1 j=1

=137

where integer ¢; is the number of odd entries of vector C;, we deduce that

E(K+1|Ct)=<1—ni1)yt+m. (@)
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Since ¢; € {0,1,...,n}, the function g defined, for = € [0,n], by g(x) = z(n — z) has
its maximum at point x = n/2, so we have 0 < g(x) < n?/4. Thus g(¢) = ¢:(n —q;) <
n?/4. If n is even then ¢; can be equal to n/2 which means that the best upper bound
of g(q;) is n?/4. If n is odd then ¢; cannot be equal to n/2. The maximum of g;(q;) is
then reached either at point ¢z = (n—1)/2 or at point ¢, = (n+1)/2. For both points,
we have g(q;) < (n—1)(n+ 1)/4 = n?/4 — 1/4, so the best upper bound of g(g;) is
n?/4 — 1/4. Putting together the two cases, we obtain

2

n- 1{77, odd}
4 4

g(n—q) <

Using this inequality in Relation , we get

n _ 1{n odd}
n—1) 4n(n-—1)

E Y1 | Cy) < (1—1>n+4(

n—1
Taking the expectation in both sides, we obtain

n _ ]-{n odd}
(n—1) 4n(n-1)

E(Yin) < (1= 21 ) E0D) + 5

n —

Solving this recurrence leads to Relation . O

3.1. A first bound on the convergence time

We introduce A, the distance between ¢ and its nearest integer, that is
Ai=min{l — |£],[¢] — ¢} =min{l — [{|,1—(£— [£])}.

It is easily checked that we have 0 < A < 1/2. In Theorem 4 of [7], we dealt with
the case where A is equal to 1/2. In the following, we extend that analysis first to the
case where A = (n — 1y, oaqy) /(2n) (see Theorem and then, to all A € [0,1/2] (see
Section . We start by the following two lemmas.

Lemma 2. Leth = [{|+1/2 and H = (h,h,...,h) e R". If\ = (nf I Odd}) /(2n),

then
1¢n odd} n 1{n odd}
—_I? = _ |2 — Anodd S 1 Z{n odd}
IC: ~ L2 = |G, — B - Moo > 7 Lo )

Proof. Vector Cy — L is orthogonal to vector e, with all entries equal to 1. Indeed,

<0th,e>:zn:(c§”Le) —nl —nl = 0.

i=1



Stochastic Analysis of Average Based Distributed Algorithms 7

Hence, since L — H = (¢ — h)e, we deduce that C; — L and L — H are orthogonal too.

Applying Pythagore’s Theorem, we obtain
IC: = LI = [|C; — H|” — | L — H|*. (6)

We moreover have |L — H||2 = n(f — h)® = n(1/2— ({— [£]))*. By definition of
A and since X = (n — 1y, oaq3)/(2n), we have either £ — [£] = (n — 1 oaa})/2n or
£ —[£] = (n+ 14y oda})/2n. In both cases, we get

1nodd}
L— H|?=-inodd 7
L ]2 = e @

Observe that
) 2
ICe— HI? > 0 win [CF — ([¢) +1/2)] > nl1/2P = n/a. ®)

Injecting in Relation @, and applying Inequality , we get Inequality . 0

Lemma 3. If A\ = (n -1 odd}) /(2n) then we have

n+ 1{n odd}
2n '

Proof. Note first that if A = (n -1 odd}) /(2n) then we have

max Ct(i) — min Ct(i) >1<<=||Ct — Lo >
1<i<n 1<i<n

n+1lmo
HC’t—LHOOZI—)\:%. (10)

If maxi<i<n Ct(i) —minj<i<p Ct(i) = 1 then, using Relation , we have

11%12_1%1" C't(i) < ;lzn; C’t(i) =/(< max C’t(i) = 1221 C’t(i) + 1
It follows easily that mini<;<, C’t(i) = [4] and maxi<;<p C’t(i) = [¢]. Hence, we have

11 — Liloo = masc{¢ — €], [6] — )} =1 A

since max {¢ — |£],[¢] — )} + min {£ — [£], [¢] — £)} = 1. We deduce

max 9 — min 0 =1 s €y — L[], = " Hnodd) (11)

1<i<n 1<i<n 2n
If [|C; — Llloo = (4 1{n oaay)/(2n) then ||Cy — L||os = max {¢ — |£],[¢] — £)}. Observe

moreover that

max Ct(i) — 1,

1<i<n ‘

[C; — Lo = max ‘Ct(i) - ﬁ‘ = max <

min Ct(i) — ED

1<i<n

<i<n

= max < max C’t(i) — /¢, — min Ct(i)) .
1<i<n 1



8 Mocquard, Robin, Sericola and Anceaume

By identification, we have either

W) _p_yp_ ~ min ¢ =[] —
max C;’ —{=4{— |{] and ¢ nin, Cy [¢0] —¢

1<i<n

or

max C\”) —¢=T[¢]—¢and ¢ — in W =r— 1.

1<i<n

Hence, maxj<i<n Ct(i) — minj<i<, C, Z) = [{] — |¢]. If £ is an integer (i.e. n divides
Dy C(gi) = nf) then [¢] — |£] = 0. This implies that A = 0, which is impossible here
since A is supposed to be equal to (n -1 Odd}) /(2n) and n > 2. Otherwise, if £ is
not an integer, then [¢] = [£]+1. Combining this result with Relation (L], we deduce

that
n+1lg, o
max C( — min C’ =1+ |G — L] = DT “{nodd}
1<i<n 1<i<n M
Hence, combining this relation with Relation , we deduce Relation @D 0

We can now prove the following theorem.

Theorem 2. For all § € (0,1), if X\ = (n— I, odd}) /(2n) and if there exists a
constant K such that ||Co — L|| < K then, for everyt > (n—1)(2In K —Ind — In 2),
we have
+1 :
1P{|C’tL|oo>n{"0dd}}—]P{max C() min Ct(z)>1} <4, (12)
2n 1<i<n 1<i<n

or equivalently,

P { max C( = mln C( +1,>1-4. (13)
1<i<

1<i<n

Proof. We first show that

i 1n0
maXC — min Ct(’)>1zHCt_LH2>Q_&

2. 14
1<i<n 1<i<n — 4 4n + (14)

Let h=[¢]+1/2 and H = (h,h,...,h) € R". In the same way, if maxj<i<p, Ct(i) -
ming <;<p, C’t(i) > 1, then there exists an agent ¢ such that |C’t(i) — h| > 3/2, and for all
je{1,2,....n}\ {i}, |CY¥) — h| > 1/2. We can thus write

+ 2.

2
(i) B 25 n—1 § :Q
11}1532(”6' 1mln C >1 = ||C;—H|* > 1 5 1

Applying Lemma we thus obtain Relation , and deduce that

) ]-no
IP{maXC ~ min Ct(l)>1}<1P{||Ct—L||2>Z—{ dd}+2}. (15)

1<i<n 4n
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Then, from Relation of Theorem (1} we obtain
E(fo -z 2 e ) o (10 LY e, - oy
¢ 4 in - n—1 0 '
Let 7T=(n—1)(2InK —Ind —In2). For ¢t > 7, we have

t
(1_ L ) < omt/n=1) < g=r/tn=1) _ 20
-] < <

n— K2

Moreover, since ||Co — L|| < K, we get E(||Co — L||?) < K? and thus
n 1{n odd}
E|(|[C—L|?—~+—"222) <26
(10— 21 = 4 Tzt ) <

Using the Markov inequality (Lemma [2| ensures that we take the expectation of a non

negative random variable), we obtain for ¢t > 7,

1nodd}
P, —p|2 - 24 Hnoddh 5 90 5
{ici—op -+ 2ot 5 o <

Hence, we deduce from Relation that, for ¢t > T,

P { max C’t(i) — min C't(i) > 1} <.
1<i<n 1<i<n

Remark that maxi<;<p Ct(i) cannot be equal to mini<;<y, Ct(i) here. Indeed, if so, then

vector C} is equal to vector L, implying that ¢ is an integer. In such a case we have

A = 0, which is impossible since n > 2. Hence,

P { max C’t(i) — 1r<n_i£1 Ct(i) < 1} =P { max C’t(i) = 1r<n1£ C't(i) + 1}

1<i<n 1<i<n

and we directly obtain Relation . Finally, applying Lemma |3] we deduce that

1<i<n 2n

i ¢ +1 n o
IP{maX Ct()_ min Ct() >1} :IP{||Ct_L||oo> n{‘“}}’
1<i<n
which ends the proof. 0

Note that maxi<;<p Cgi) =minj<;<p Ct(i) + 1 implies that minj<;<p Ct(i) = |¢] and
maxj<;<n Ct(i) = [{]. Hence, Theorem [2| assures us that if A = (n — 1y, oaay) /(2n),
then the protocol converges after at least (n—1) (2In K — In § — Iln 2) interactions, with
any high probability 1 — § towards a class of absorbing states which are vectors with

entries equal to either |£]| or [£].
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3.2. The shadow process and the main result

The goal of this section is to obtain a result identical to the one of Theorem [2] but
without any assumption on A. This is done by using a stochastic coupling technique
in which the process coupled with process C' is called the shadow process of C.

The shadow process associated with process C' is denoted by D := {D;, ¢t > 0} and
defined at time ¢ = 0 by Déi) = C’éi) +1{ieB,}, where By is any fixed non empty subset
of b agents with b <n —1, i.e. By C {1,...,n} and |By| =b.

For every t > 1, the random vector D, is defined as Cy, that is, when the couple

(i,7) is chosen to interact at time ¢, i.e. when X; = (4, ), the vector Dy is given by
(4) ©)) () €)
i j D D D D r r .
(Dt(—ithgi)l):(\‘ . ; L J7’V ! ; ! —‘> and Dt(_gl:Dg)fOI"l”#Z,j.

In other words, processes C; and D; are coupled by process X;: they behave identically

in the sense that at each time, the same two agents are chosen for the interaction. The
only difference lies in their initial values. Lemma [4] shows that, if at time t = 0, Dy is

initially in the shadow of Cjy then at any time ¢ > 0, D; remains in the shadow of C;.
Lemma 4. For all t > 0, there exists a non empty set By of b agents, i.e. By C
{1,...,n} and |B| = b, such that for all i € {1,2,...,n}, we have

Dwgi) = Ot(i) + 1gieB,)- (16)

Proof. The proof is made by induction. Relation is clearly true for t = 0 by
definition of Dgy. Suppose that at time ¢ > 0, there exists a set B; C {1,2,...,n} with
| B| = b, satisfying Relation . Let 7 and j be the two agents interacting at time t,
i.e. let X; = (i,7), for both processes C; and D;. We distinguish the following cases.

e Case 1: i,j € B;. In this case, we have

PO D e 4o g |
Dﬁ@l{ e e b B RR

In the same way, we have Dt(i)l = Ct(i)l + 1, which means that i, € Byy1. The

other entries being invariant, we have By;; = B;.

e Case 2: i,j ¢ B,. In this case, we have Dii)l = Ct(fl and Dt(i)l = C’t(i)l which

means that i,j ¢ Biy1. The other entries being invariant, we have By, = By.
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e Case 3.1: i € B; and j ¢ B; and Ct(i) + Ct(j) is even. In this case, we have

o _ |0+ | o rive? | e v | _ o
Dt+1 = 2 = 2 = 2 — Ct+1'

In the same way, we have Dt(i)l = Ct(i)l + 1, which means that ¢ ¢ By;1 and

J € Byy1. We thus have By = (B \ {i}) U{j} and so |Byy1| = |Be| = b.

e Case 3.2: i € B; and j ¢ B; and Ct(i) + Ct(j) is odd. In a similar way to the
case 3.1, we have Dt(i)l = t(i)l +1and Dgi)l = Ct(i)l, which means that i € By
and j ¢ Byy1 and so By = By.

e Case 4.1: i ¢ B, and j € B, and Ct(i) + C’t(j) is even. In a similar way to the
case 3.2, we have Dt@l = t(_?l and Dt(i)l = Ct(i)l + 1, which means that i ¢ B, 41
and j € Byy1 and so Byy1 = By.

o Case 4.2: i ¢ B, and j € B, and C’t(i) + C't(j) is odd. In a similar way to the
case 3.1, we have Dgl = Ct(i)l +1and Dt(i)l = Ct(i)l, which means that i € By

and j ¢ Byr1. We thus have By = (B \ {j}) U {i} and so |Biy1| = |B| = b.

In all cases, we have shown that Byy1 C {1,2,...,n}, that |Bi1| = |B¢| = b and that
is true at time ¢ + 1, which completes the proof. O

As we did for process C, we denote by £p the mean value of the entries of D, and

by Lp the row vector of R™ with all its entries equal to ¢p, that is

n

S "D and Lp := (fp,...,tp).

i=1

1
lp = —
n

We use the shadow process D to extend the results of Theorem [2] for any value of A\. We
first show that for any process C, we can construct a shadow process D verifying the
condition of Theorem 2| that is a shadow process D such that the fractional part Ap of
¢p, defined by Ap :=min{lp — [¢p],[¢p] —¥¢p} =min{{p — |¢p|,1— (¢p— |¢p])}

verifies
n-— 1{n odd}
2n '

Recall, from Relation and Lemma that nf =" | C'(()i) is an integer.

Ap =

Lemma 5. For any process C, there ezists a shadow process D with parameter b such
that {p — [£p| = (n — 1y oaay)/(2n). More precisely, let d > 0 be the smallest integer
such that n divides nf 4+ d. Then
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o If0<d<mn/2 thenb=d+ (n— 1 oday)/2,
o Ifn/2<d<mn, thenb=d— (n+1g, oqay)/2.

Proof. Let By be a set of b agents with b € {1,--- ,n—1} and D, be the correspond-
ing shadow process, associated with process C;, defined in Section By definition
of £p, we have, from (1), {p = ¢+ b/n which gives {p — [{p| =L +b/n— [+ b/n].
Let d be the smallest integer such that n divides nf 4+ d. Integer d thus belongs to
{0,-++,n—1} and we have {p — |{p| = (b—d)/n— [(b—d)/n].

e Case 1: if 0 < d < n/2 then, by taking b = d 4 (n — 1, od4})/2, we check that
be{l,---,n—1}. Since 0 < (n — 14y, oaa})/(2n) < 1, we have

n— 1{n odd}

lp —|lp] = {

2n

n— ]-{n odd} _ n— ]-{n odd}
2n 2n ’

e Case 2: if n/2 < d < n then, by taking b = d — (n+ 1{;, oad})/2, We also check
that b € {1,--- ,n —1}. Since —1 < —(n + 1y, oaa})/(2n) < 0, we have

) _|_€ J __n+1{n0dd} _ _n+1{nodd} _n_l{nodd}
b bi= 2n 2n B 2n '
Hence, £p — [€p| = (n — 14y, oaa})/(2n), which ends the proof. O

The shadow process D, associated with process C, is thus constructed from the rest of
the Euclidean division of nf by n. Taking the complement of this rest to n, we deduce
the value of parameter b of the shadow process D. In order to prove the main theorem

of this paper, we still need the following technical result.

Lemma 6. For allt > 0, we have
n—1
IC: = Llloe = 1P¢ = Lplloc < —— and ||D; = Lpl| = [|C; = LI| < V/n.
Proof. From Lemma [ we easily get

1Bt b
n n’

L5~ o)
p=—=)» D,/ =¢
Observing that

|De = Lollsc = max{¢p ~ min D, max DY —1p},

<i<

_ _ — min O® (i) _
IC: — L|| oo = max{¥¢ nin. Cy ,gl%xnct l},
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we first deduce that
; (#) (2)
— > — - > — .
HDt LDHoo = <ED 1I§nz'1£nDt ) and ||Dt LD”oo = (1@?<XnDt ED) (17)
We distinguish the following two cases.
If |Ct — L||oo = £ — miny<i<p Ct(i) then, applying Relation , we obtain

|Gy = L|los — | D¢ — Lplloo < (/z— min c}”) - <eD — min Dﬁ”) 7
1<i<n 1<i<n

and since, from Lemma @, we have min;<;<n Dgi) < minj<i<p C’t(i) + 1, we deduce

b n—1
||Ct*L||oo*||Dt*LD||oo§5*5D+1:1*E§ —

If ||Cy — L||oo = maxi<i<n C’t(i) — ¢ then, applying Relation ([17)), we obtain

ICy = L|loo — |D¢ — Lpllso < <Inax i — e> - <max DY — eD> ,

1<i<n 1<i<n

and since, from Lemma {4, we have maxj<;<n C’t( ) < maxi<i<n DE ), we deduce again

b n-1
||Ct_L||oo_HDt_LD||ooSg_gsz S 5
n n

which completes the proof of the first inequality.
To prove the second one, note that Dy — L is orthogonal to unit vector e. Indeed

n

(D; —Lp,e) =Y (Dt(i) - £D) —nlp —nlp = 0.

i=1
Hence, since Lp — L = (¢{p — £)e, we deduce that Dy — Lp and Lp — L are orthogonal
too. The Pythagore’s Theorem then gives |D; — L||?> = |D; — Lpl||*> + ||[Lp — L||?,
which implies that ||D; — Lp| < ||D: — L||.

From Relation , we have D,Ei) — Ct(i) = lyiep,) for every i = 1,...,n. Since
|B;| = b, this leads to ||D; — Ci|| = v/b. From the triangle inequality and since b < n,
we get | D; — L|| < ||D; = Gyl + [|C; = L|| = [|C; = L|| + Vb < ||C; = L|| + v/n. O

The following theorem is the main result of this paper.

Theorem 3. For all § € (0,1), if there exists a constant K such that ||Co — L|| < K,
then, for allt > (n — 1) (2In (K + v/n) — Ind — In 2), we have

P{|C, - Lllw 2 3/2) <5. (18)
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Proof. Let d be the smallest integer such that n divides n¢ + d. From Lemma [5]

there exists a shadow process D associated with a set By of b agents, such that

b— b— _lno
d V—F dJ:TL { dd}.

o= lbp] ===~ on

Hence,

Ap = min n— 1{n odd} 1— n— l{n odd} _ n— 1{n odd}
2n ’ 2n 2n '

Moreover, combining the hypothesis ||Co— L|| < K and Lemmal6] we get ||[Do— Lp|| <
|Co — L|| + v/n < K + y/n. We can thus apply Theorem [2| to process D with A\p, Lp
and K + +/n in place of A\, L and K respectively. We thus obtain, for all 6 € (0,1) and
for every t > (n — 1) (2In(K + /n) —Iné — In 2),
+1 n % . i
]P{||Dt—LD||OO > ”{d”} :IP{max D — min DY > 1} <.

2n 1<i<n 1<i<n

From Lcmma@ we get [|Cy — Lo < ||Dy — Lp||oe + %1, This inequality allows us to

- n

write
n+1nodd n+1n0dd n—1 3
1D = Lplloe < —220 — i€y — Lf|oe < —— 220 4 <,
2n 2n n 2
thus
3 n+ 1 n odd
P{C = Llloo < 5 ¢ 2 P{[Dy = Lpfloe < —— 22t
2 2n
or equivalently
3 n+1lg, o
P(|C = Lo > 5 b <P [Dy = Ll > ——22d L <5,
2 2n
which completes the proof. O

Theorem 3| thus extends the results of Theorem 6 of [7] to the case of any value for
A. For any A value, process C; belongs to the open ball of radius 3/2 and center L, with
any high probability in the infinite norm, after no more than O(nln(K + /1)) time or
O(In(K +/n)) parallel time as shown in Relation (I8). Note that in Relation (8], we
give explicitly the constant arising in this complexity. This constant depends on the
upper bound K of ||Cy — L|| and the initial vector Cy is given by the application the
user wants to deal with. In the next section, we calculate the upper bound K for two
different types of applications : the proportion problem and the system size problem.

We conclude this section with the following corollary which shows that under the
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condition of Theorem [3] the greatest difference among the entries of vector Cy, which
represents the values of the agents at time ¢, is less than or equal to 2 with any high

probability.
Corollary 1. For all 6 € (0,1), if there exists a constant K such that ||Co — L|| < K,
then for allt > (n—1) (2In (K + /n) — Iné — In 2), we have

]P{ max Ct(i) — min C’t(i) > 2} <9 (19)

1<i<n 1<i<n

Proof. Observe that

IC: = Lljoo < 3/2 = max c —¢<3/2and l— min Y < 3/2

— max Ct(i) — min C’t(i) < 3.
1<i<n 1<i<n

This leads to IP{HCt — LHoo < 3/2} S ]P{maxlgign Ct(z) — minlgign Ct(l) S 2}, since

the C't(i) are integers and we conclude by applying Theorem 0

4. Applications

In this section, we apply the average-based distributed algorithm studied above to
derive, from local average-based interactions, two global properties of our system: first
the proportion of agents whose initial value is equal to A and second the number of
agents n of the system.

We suppose that agents initially start their execution either with the initial value
A or B. Let ns be the number of agents starting with value A. If agent ¢ starts with
value A, we set C’éi) = m and if he starts with value B, we set Céi) = 0, where m is an

integer, known by all the agents, which will be determined later. We thus have

|Co — L|I*> =na (m - n,jlm)Q +(n—ny) (n’;m)z =m?na (1 - %4) . (20)

4.1. Solving the Proportion Problem

The proportion problem consists for each agent to compute the proportion v of
agents that initially started the average-based algorithm with the initial value A. We
have y4 = n4/n. Recall that the number n of agents in the system is not known to the

agents. Relation gives a function of n4 which reaches its maximum for n4 = n/2.
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At that value we obtain ||Cy — L||> < m?n/4, that is
1Co — L] < mv/n/2. (21)

Recall that C’t(i) represents the local value of agent ¢ at discrete time ¢{. We show
that the local estimation of the proportion 4 is given by the quantity Ct(i) /m. More
precisely, the following theorem gives an evaluation of the first instant ¢ from which
the distance between Ct(i) /m and 74, for all the agents, is less than a fixed ¢ with any

high probability 1 — §, the integer value m being determined by the threshold e.

Theorem 4. For all 6 € (0,1) and for all e € (0,1), by taking m = [3/(2¢)], we
have, for allt > (n —1)(Inn —1nd + 21n(2 + 1/¢) + 1n(9/32)),

IP{‘C’t(i)/m—WA’ <eg, for allizl,...,n} >1-9.

Proof. Since m = [3/(2¢)], we have, from Relation (21)),

1o — L < TV _ [31ﬁ§<3+1)\/ﬁ_(3+25>ﬁ'

2 2| 2 2 2 de

By choosing K = (3 + 2¢)+/n/(2¢), we obtain

3+ 6e
4e

21n(K+w€)=21nK >\/ﬁ] —Inn+2In(3/4) +2In(2 + 1/).

We are now able to apply Theorem [3| which leads, for all § € (0,1) and for all
t>(m—1)(Inn—1Ind+2In(2+ 1/¢) +1n(9/32)), to

P{lICt — Lljoc 2 3/2} <6
or equivalently, since £ = y4m, to
P {‘Ct(i)/m—fyA <3/@m), foralli=1,...,n} > 134,
The fact that m > 3/(2¢) completes the proof. O

In Figure [, we compare our new bound of the convergence time obtained in
Theorem [4| for the proportion problem with the one previously obtained in [7]. One
can observe that we have considerably improved it. As usual, the parallel convergence

time is the convergence time divided by the number n of agents.
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FI1GURE 1: Bounds comparison of the parallel convergence time for the proportion problem.
For each n, we simulate the parallel convergence time (star points) using 105 experiments.
We also compute the two upper bounds of the parallel convergence time obtained in [7]
(dashed line) and in Theorem [4] (plain line). For each experiment the initial proportion of
agents starting with A is a uniform random number in [0,1] and we have taken § = 10™* and

¢ = 1072, which gives m = 150. Note the logarithmic scale of the z-axis.
4.2. Solving the System Size Problem

We now address the system size problem and suppose that each agent knows n 4.
We prove that each agent is able to determine either the exact value of the number n
of agents or an approximation of this number, depending on the initial input value m
with any high probability.

We introduce the following two functions, wpiy and wmax, which will be used by
each node to get the lower and the upper bound of n, respectively. They are defined,
for all integers k, by

Imam +00 k<1
Wnin (k) = {214 + 3} e T [ T
2k — 3 -

We first start by a general result on the convergence time for the system size problem.

Lemma 7. For all § € (0,1), for all positive integers m and na, and for all t >

(n—1) (ln (m\/rm—i- ﬁ) —ln§—1n2>, we have

P {wmm (C’t(i)) <n < Wnmaz (C’t(i)) , foralli=1,... ,n} >1-6.
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Proof. From , we obtain ||Cy — L|| < my/na(l —na/n). Applying Theorem

with K =m+/na(l —na/n), we get
P{IC— Ll <3/2} 215, (22)

forall t > (n—1) (ln(m\/nA(l —na/n)++/n)—Ind —In 2). Then, recalling that

¢ =nam/n and using the fact that
|Gy — Lllos < 3/2 = foralli=1,....n, C) —3/2 <nam/n < C" +3/2, (23)

we deduce first that, for all i = 1,... n, nAm/(Ct(i) + 3/2) < n, which implies that
Wmin <Ct(i)) = [nAm/(Cgi) + 3/2)—‘ <n.

By definition of wpayx, if C’Ifi) < 1, then obviously in that case n < wmax(Ct(i)). If
C’t(i) > 2, we deduce from Relation that n < nAm/Ct(i) — 3/2, which means
that n < {nAm/(C’t(i) - 3/2)J = wmam(Ct(i)). We thus have shown that, for all ¢ >

(n—1) (ln(m\/nA(l —na/n)++/n)—Ind — 1n2), we have
Mﬁ*ﬁ&<3ﬁ:$wmn«$0Sngwwmafo,hnmi:Luwn (24)
The use of Relation completes the proof. O

Suppose that an upper bound N of n is known. Then we prove that with any high

probability, after a given number of interactions (computed below), any agent ¢ can

locally compute the exact system size n, i.e. wmm(C’t(i)) = wmw(Ct(i)) =n.

Theorem 5. For all § € (0,1), for all positive integers na and N with n < N, by
taking m > 3N (N + 1) /na, we have, for allt > (n—1) (Inng + 2lnm —1nd),

P {wmm (Ct(i)) = Wmaz (C’t(i)) =n, foralli=1,... ,n} >1-0. (25)

Proof. Since n < N, the condition on m gives 3n(n + 1) < nam or equivalently to

3n? < nam — 3n. Multiplying each side of this inequality by 4n4m/n?, we obtain
12n4m < (2nam/n)? — 12nam/n = 4(nam/n — 3/2)* — 9. (26)

On the other hand, from , we have ||Co — L|| < my/na(l —na/n). Using the fact
that /1 —2 <1—2/2, for all x <1, we get

n
ICo — L|| < mm@—ﬁ)
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Denoting by K this upper bound of ||Cy — L|| and using successively the condition

mna > 3n(n + 1) and the fact that ng > 1, we obtain

K+\/ﬁ:mm+\f_mn‘;‘7n mﬁmmﬂ-\f—w

< \/nam.

Using this inequality in Theorem we get, forallt > (n—1) (lnng +2lnm —1nd — In2),
P{||C; — L||oc <3/2} > 1 — 4. Observe now that ||C; — L|j < 3/2 implies that
nam/n —3/2 < C't(i), for all 7, which in turn implies, from , that

0 < 12n4m < d(nam/n —3/2)2 —9 < 4(CV)% — 9,

in which we used the condition m > 3n(n 4+ 1)/na to ensure that nam/n —3/2 > 0.
Combining these two results and using the definitions of the integer functions wyi, and
Wmax, We obtain

12nam 2nam 2nam
4(05“342 B 2015"?— 3 2Ct(§+ 3
= Wmax (Ct@) — Wmin (C’t(i)) <1 = Wmax (Ct(i)) = Wnin (Ct(i)) .

IC: — Lo < 3/2 = <1

From in Lemma [7] we also have
t o < = Wmin 4 <n < Wnae ' , Ior a L= yeeey T
IC: — Lo < 3/2 (c,f”) (c§’>) for all i = 1

Thus, 1 — 6 <P {||C; — L] < 3/2} <P {wmm (Ct“)) = Wimas (Cf”) - n} O

5. Conclusion

In this paper we have presented a thorough analysis of the bound of the convergence
time of average-based population protocols, and applied it to both the proportion
problem and the system size one. Thanks to a well chosen stochastic coupling, we have
considerably improved existing results by providing explicit and tight bounds of the
time required to converge to the solution of these problems. Numerical simulations

illustrate the tightness of our bounds of convergence times.
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