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DP-MINIMALITY: INVARIANT TYPES AND DP-RANK
PIERRE SIMON

Abstract. This paper has two parts. In the first one, we prove that an invariant
dp-minimal type is either finitely satisfiable or definable. We also prove that a definable
version of the (p,q)-theorem holds in dp-minimal theories of small or medium directionality.

In the second part, we study dp-rank in dp-minimal theories and show that it enjoys
many nice properties. It is continuous, definable in families and it can be characterised
geometrically with no mention of indiscernible sequences. In particular, if the structure
expands a divisible ordered abelian group, then dp-rank coincides with the dimension

coming from the order.

The class of dp-minimal theories is a generalisation suggested by Shelah of
the classes of o-minimal and C-minimal theories. It also contains the field Q, of
p-adics. Strongly related to it is the notion of dp-rank defined in NIP theories as
follows: the dp-rank of a partial type m(x) over A is > k if there are a = 7 and
k sequences (I;, i < k) mutually indiscernible over A (that is, I; is indiscernible
over Al;) none of which is indiscernible over Aa. Dp-minimal theories are
theories in which all 1-types have dp-rank 1, or equivalently dp-rk(z = z) = 1.

This paper is divided into two main sections which can be read independently.
In the first one we study invariant types and a definable version of the (p,q)-
theorem. In the second one, we prove some properties of dp-rank in dp-minimal
theories.

We first present our results on invariant types. Assume that T is NIP. In [8],
Shelah proves that given an arbitrary type p over some saturated M and a = p,
one can find some tuple ¢ € U such that tp(c/M) is finitely satisfiable in a small
B C M and tp(a/cM) is weakly orthogonal to all types finitely satisfiable in
some small B C M. Thus one can consider ¢ as a maximal analysis of p over
finitely satisfiable types. Our initial idea was to consider what happens when
p is taken to be invariant. It is an easy observation that if p is orthogonal to
all finitely satisfiable types (i.e., we cannot do any analysis), then it must be
definable (see Lemma 2.3). This gave rise to the hope of being able to analyse
any invariant type over finitely satisfiable types, with a definable ‘quotient’.
However, this ended up being harder than expected and the main questions are
left unresolved. We only manage to treat the dimension one case, where no
mixed situation can occur. Thus our first main theorem is the following:

THEOREM 0.1. If p is an invariant type of dp-rank 1, then it is either finitely
satisfiable or definable.
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In turned out that those ideas were useful in studying another related problem:
that of finding definable (or partially definable) types. If p(x) is a global M-
invariant type, then for any formula ¢(x;y), we can consider the subset d,¢ C
Sy (M) of types ¢(y) such that p - ¢(x;b) for any b |= ¢. The type p is definable
exactly when the sets d,¢ are open for all ¢ (and hence they are also closed).
We are concerned here with finding types extending some given formula and for
which some prescribed type ¢ falls in the interior of d,,¢. We only succeed under
strong assumptions on the theory.

THEOREM 0.2. Assume that T is dp-minimal and of medium or small direc-
tionality, then given any model M and formula ¢(x;b) € L(U), if ¢(x;b) does not
fork over M, then there is a formula 0(y) € tp(b/M) such that Ny coqq) S(230')

is consistent (and hence does not fork over M ).

That this holds in any NIP theory was conjectured in [2]. This conjecture
amounts to asking for a definable version of the (p, ¢)-theorem of finite combi-
natorics, as we will explain in Section 2.

In a subsequent paper [12] with Sergei Starchenko, we show that one can adapt
the constructions given here to find definable types in dp-minimal theories with
definable Skolem functions. With those hypothesis, we show the existence of a
definable type extending any non-forking formula. In particular, this holds for
Q-

The second part of this paper studies dp-rank in dp-minimal theories. Little
is known about dp-rank in general, apart from the fact that it is sub-additive
([4]). This implies that the dp-rank of an n tuple in a dp-minimal theory has
rank at most n. For that reason, we only work with finite ranks here, whereas
in general the dp-rank can be an infinite cardinal (see e.g., [11, Chapter 4]). In
[6] we proved with Itay Kaplan that—after extending the base—the sequences
I; in the definition of dp-rank can be taken to be sequences of realisations of p.
The first main result of this part (Proposition 3.4) is a strengthening of this for
dp-minimal theories. In fact, the situation is as good as it could possibly be:
the dp-rank of a tuple (ai,...,a,) can be witnessed by mutually indiscernible
sequences of points, each of them starting with one of the a;’s. As an immediate
consequence, the property “dp-rk(a/A) > k” is type-definable in a.

Our second main result (Theorem 3.8) says that dp-rank can be characterised
without mentioning indiscernible sequences and implies, if T eliminates 3°°, that
it is definable in families. Our theorems can be summarised as follows:

THEOREM 0.3. Let T be dp-minimal, and for &1 assume elimination of 3°°.
We work only in real sorts.

@o If acl satisfies exchange, then dp-rank coincides with acl-dimension and
this happens if and only if dp-rank is additive.

@1 For every formula ¢(%;7) and integer k, the set of parameters b for which
dp-rk(¢(Z; b)) = k is definable.

@2 Let a be a tuple and A a set of parameters. Then there is a formula
o(z) € tp(a/A) such that dp-rk(¢(z)) = dp-rk(a/A).

@3 The formula ¢(xg, ... ,xn—1) has dp-rankn if and only if there are formulas
Or(zx) of dp-rank 1 and a formula ¥ (xo, ... ,Tn-1) of dp-rank < n such that $(T)
contains the definable set N\, _, Or(xx) \ ¥(Z). In fact, ¥(Z) can even be taken
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as a hypersurface (meaning that when we project on the first variable, all fibers
have dp-rank <mn —1).

B3 Assume that T has no non-realised generically stable type. Then &3 holds
with (z) = L.

@4 The formula ¢(xo, ... ,Tn—1) has dp-rank > k if and only if its projection
to some k variables has dp-rank k.

Note the following consequence: in dp-minimal theories, one can give an al-
ternative, equivalent definition of dp-rank as follows. A formula has dp-rank at
least 1 if and only if it is infinite. Then inductively, a formula ¢(zg,... ,zp—1)
in n free variables has dp-rank n if and only if @3 is satisfied. Finally using @y,
a general formula ¢(xg,... ,x,—1) has dp-rank k, where k£ < n is maximal such
the projection of ¢ to some k variables has dp-rank k.

Elimination of 3°° is necessary for @1 to hold. Without it, we still can show
a weaker statement: the set of parameters b such that dp-rk(¢(z;b)) > k is
type-definable.

It is proved in [9] that in a dp-minimal divisible ordered group, any infinite
definable set in dimension 1 has non-empty interior. We then deduce from ®g
that under the same hypothesis, any definable set in n variables has dp-rank n
if and only if it has non-empty interior. We will in fact prove this directly in
Section 3.4.

Finally, notice that the hypersurface ¢)(Z) in @3 is necessary in general. For
example, in the theory of pure equality the formula zy # ;7 has dp-rank 2 but
does not contain a rectangle.

Acknowledgements Thanks to Sergei Starchenko for motivating me to work
on Conjecture 2.1. Thanks also to Itay Kaplan for reading some previous versions
of this paper. Finally, many thanks to the referee for a careful reading of the
paper and a number of useful comments and corrections.

81. Setting and basic facts. Throughout, T is a complete theory, which we
do not always assume to be NIP and U/ is a monster model. We write M <+ N
to mean M < N and N is |M|"-saturated.

The notation ¢° means —¢ and ¢' means ¢.

If M <* N and p € S(N), then p is M-invariant if for any b,’ € N and any
formula ¢(z;y), b =p b implies p b ¢(z;0) +> d(x;0'). If N is not specified, we
mean N = Y. If M is omitted, we mean “for some M such that M <+ N”. Any
M-invariant type over N extends in a unique way to a global M-invariant type.
Thus there is no harm in considering only global invariant types.

Let I = (a; : i € Z) be any sequence. We define the Fhrenfeucht-Mostowski
type (or EM-type) of I over A to be the set of L(A)-formulas ¢(x1,...,2,)
such that U | é(ai,,...,a;,) forall iy < - < i, € T, n < w. If Iisan
indiscernible sequence, then for every n, the restriction of the EM-type of I to
formulas in n variables is a complete type over A. If I is any sequence and J
is any infinite linear order, then using Ramsey’s theorem and compactness, we
can find an indiscernible sequence J indexed by J and realising the EM-type of
T (see [13, Lemma 5.1.3]).
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As usual, we say that two types p, ¢ € S(N) are weakly orthogonal if p(x)Uq(y)
defines a complete type in two variables over N. If p and ¢ are M-invariant types,
we say they are orthogonal if they are weakly orthogonal as global types. Note
that this implies that p|y and ¢|n are weakly orthogonal for any N such that
M <t N.

An important notion in this work is that of commuting types. If p(z) and ¢(y)
are two global invariant types, then p(z) ® ¢(y) denotes tp(a, b/U) where b |= ¢
and a = p|Ub. We say that p and ¢ commute if p(z) ® q(y) = q(y) @ p(x). We say
that p and ¢ commute over M7 if p(z) ® q(y)|a, = ¢(y) @ p(x)|as, . Note that by
associativity of ®, if p and ¢ commute, then p commutes with ¢ =¢®--- ®4.

The following observation will be used frequently: Assume that p and ¢ are
M-invariant global types. Let M <™ N. Build successively b = q|n, a = plno
and I a Morley sequence of g over Nab. Then the sequence b+ I is indiscernible
over Na if and only if p and ¢ commute.

Of course, if p and ¢ are orthogonal, then they commute. In NIP theories, we
can consider commuting as a kind of weak form of orthogonality. This may seem
exaggerated since for example a type may commute with itself, but it turns out
to be a useful intuition. It is also motivated by the study of distal theories (see
[10]) where in fact the two notions coincide (and this can be taken as a definition
of distal theories amongst NIP theories).

Recall that, in an NIP theory, a global invariant type p is generically stable if
it is both definable and finitely satisifiable over a small model. This is equivalent
to saying that p commutes with itself: p(z1) ® p(x2) = p(x2) ® p(x1) (see [11,
Theorem 2.29]).

We recall also the notion of strict non-forking from [1]. Let M be a model
of an NIP theory. A sequence (b;);<., is strictly non-forking over M if for each
i < w, tp(b;/b<; M) is strictly non-forking over M which means that it extends to
a global type tp(b./U) such that both tp(b,/U) and tp(U/Mb,) are non-forking
over M. We will only need to know two facts about strict non-forking sequences:

(Existence) Given b € Y and M = T, there is a sequence b = bg, by, ... which
is strictly non-forking over M. We might call such a sequence a strict Morley
sequence of tp(b/M).

(Witnessing property) If the formula ¢(z; b) forks over M, then for any strictly
non-forking sequence b = by, by, . .., the type {¢(x;b;) : i < w} is inconsistent.

If ¢(x;y) is an NIP formula, we let alt(¢) be the alternation number of ¢,
namely the maximal n for which there is an indiscernible sequence (b; : i < w)
and a tuple a with =(¢(a;b;) < P(a;biq1)) for all ¢ < n. If (b i < w) is
indiscernible and {¢(z; b;) : ¢ < alt(¢)/2+1} is consistent, then {¢(z;b;) : i < w}
is also consistent.

1.1. Dp-rank and dp-minimality. Sequences (I; : i < k) are said to be
mutually indiscernible over A if each I; is indiscernible over A U I;.

We briefly recall the definition of dp-rank and refer the reader to [11, Chapter
4] for more information. We will only need to consider finite dp-ranks, hence we
restrict our definition to this case.
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DEFINITION 1.1. Let 7(z) be a partial type over some set A and n < w. Then
7(z) is of dp-rank < n if for any a | m(x) and any n + 1 sequences Iy, ..., I,
mutually indiscernible over A, there is k < mn such that Ij is indiscernible over
Aa.

The partial type 7 is of dp-rank n (written dp-rk(n(z)) = n) if it is of dp-rank
<n, but not <n —1.

One can check that this definition does not depend on the choice of A over
which 7(z) is defined.

We will often write dp-rk(a/A) instead of dp-rk(tp(a/A)).

If w(x) is a partial type over A, then the definition implies immediately that
dp-rk(w(z)) = max, dp-rk(p) where p ranges over all complete A-types extending
m(x).

PROPOSITION 1.2 ([4]). Dp-rank is sub-additive: for any a,b and A, we have
dp-rk(a,b/A) < dp-rk(a/Ab) + dp-rk(b/A).

Equality need not hold as we will see in Section 3. However, it is always the
case that dp-rk(¢(z) A ¥(y)) = dp-rk(é(x)) + dp-rk(¥(y)), where = and y are
disjoint tuples of variables.

A theory T is dp-minimal if every one-type has dp-rank at most 1. Equiva-
lently, T" is dp-minimal if for every set A, infinite sequences Iy, I; of tuples and
every element a, if I is indiscernible over AI; and I; is indiscernible over Aly,
then either Iy or I is indiscernible over Aa. By Proposition 1.2, every n-tuple
a has dp-rank at most n (over any set A).

Any dp-minimal theory is NIP.

§2. Invariant types. Our guiding conjecture in this section is the following
which first appeared in [2].

CONJECTURE 2.1. Let T be NIP and M = T. Let ¢(x;d) € L(U) be a for-
mula, non-forking over M. Then there is 0(y) € tp(d/M) such that the partial
type {¢p(x;d') : d' € O(U)} is consistent.

First, a few basic observations:

- As ¢(z;d) does not fork over M, it extends to some M-invariant type p. (Re-
call that in NIP theories, non-forking and invariance are the same over models,
1].)

- If p is finitely satisfiable, then in particular, ¢(x;d) has a solution a in M.
Then we can take 6(y) = ¢(a;y). In this case, the formula ¢(z;d) also extends
to the definable type x = a.

- If p is definable, then we may take 0(y) to be the ¢-definition of p.

Hence the interesting case is when p is neither definable nor finitely satisfiable.
This is where the ideas mentioned in the introduction become useful.

The (p, q)-theorem. We note that this conjecture can be seen as a definable
version of the (p, ¢)-theorem from finite combinatorics; the statement of which
we recall now. Let ¢(z;y) be a formula. We define the dual VC-dimension of
¢(z;y) as the maximal n < w (if it exists) for which there are tuples b, ... , bp—1
and (ac : C € n) such that

): ¢(ac;bk) — kel
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If such a maximal n does not exist, we say that ¢(z;y) has infinite dual VC-
dimension. A formula has finite dual VC-dimension if and only if it is NIP (see
[11, Chapter 6]).

FacT 2.2 ((p, q)-theorem). Given integers p > q, there is an integer n such
that the following holds. Let ¢(x;y) be a formula of dual VC-dimension < q and
let W C MYl be the set of tuples b for which ¢(x;b) is not empty. Let Y C W
be finite and assume that for every Yo C Y of size p, we can find Y1 C Yy of
size ¢ and a € M such that Y1 C ¢(a; M), then there are ag,...,an—1 such that
Y C \/i<n (b(ai; M)

See [11, Chapter 6] for more details and for a proof of a special case. This
theorem was used in [2] to prove uniformity of honest definitions. We refer the
reader to [7] for the original proof.

Let T be NIP and M = T. Assume that ¢(z;d) € L(U) does not fork over
M. By lowness (see [11, Proposition 5.38]), there is ¢(y) in L(M) such that for
any d' = 9¥(y), the formula ¢(x;d’) does not fork over M. Let W C S, (M) be
the set of types containing the formula ¥ (y). As noted in [2, Proposition 25],
the (p, q)-theorem implies that we can write W = J,_,, Wi such that for each
i <n, {¢(x;d") :d € U,tp(d'/M) € W,} is consistent (and thus does not fork
over M).

Conjecture 2.1 and compactness imply that we can choose the sets Wy to be
clopens. In fact, the converse is also true: if we can choose the Wj’s to be
definable, then Conjecture 2.1 follows since tp(b/M) must lie in one of them.

Finally, note that it is enough to prove the conjecture when T is countable,
because we can restrict to a countable T containing ¢(x;y). Then we can also
assume that M is countable: if it is not, we can replace it with a countable
submodel over which ¢(x;d) does not fork.

2.1. Recognising definable types. The following lemma holds in any the-
ory and is the key to identifying definable types.

LEMMA 2.3. An M -invariant type p(x) is definable if and only if for every
M-finitely satisfiable type q(y), p(z) @ q(y)|lm = q(y) @ p(x)|n-

PROOF. If p is definable, then it is known (and easy to see) that it commutes
with every finitely satisfiable type (see [11, Lemma 2.23]). Conversely, assume
that p commutes with every M-finitely satisfiable type as in the statement of the
proposition. We first show that p is an heir of its restriction to M. Assume that
this is not the case. Then there is ¢(x;y) € L(M) and d € U such that p F ¢(x; d)
and for all b € M, p b —¢(x;b). Let g be any global coheir of tp(d/M). Then
p(z) ® q(y) F ¢(z;y) by construction, but necessarily, ¢(y) ® p(x) F —é(z;y).
This contradicts the hypothesis.

To conclude it is now enough to show that p|ps has a unique heir to U. Let
Po, p1 be two global heirs of p|ps. If pg # p1, then for some formula ¢(z;b) € L(U),
we have po b ¢(z;b) and p1 F —¢(z;b). Let ag = polame and a1 = pi|mp. By
the heir property, we know that both tp(b/Mag) and tp(b/May) are finitely
satisfiable in M. Let go (resp. ¢1) be a global extension of tp(b/Mag) (resp.
tp(b/May)) which is finitely satisfiable in M. As both ag and ay realise p|yr, we
have qo(y) @ p(z) = ¢(a;y) whereas q1(y) @p(x) = ~¢(x;y). But as qolar = q1|n,
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we have p(z)®Qqo(y) F ¢(z;y) <= p(x)®@¢1(y) F ¢(x;y). We get a contradiction
to the commutativity hypothesis. B

In the study of the dp-minimal case, we will work by induction on the number
of variables. Hence the following will be useful.

LEMMA 2.4. Let T be NIP. Let ¢(x,y;d) € L(U) and M = T such that
o(x,y;d) does not fork over M. Assume that there are (a,b) E ¢(z,y;d),
tp(a, b/U) is M -invariant and tp(b/U) is finitely satisfiable in M. Then there is
bo € M such that ¢(x;bg,d) does not fork over M.

PROOF. Let (d; : i < w) be a strict Morley sequence of tp(d/M). Let n
be larger than the alternation number of ¢(x;y). Then b satisfies the for-
mula (3z) A, ., ¢(z,y:dy). Therefore there is by € M satisfying the same for-
mula. We claim that ¢(z;bg,d) does not fork over M. Indeed, there is a’ such
that A, ¢(x;bo,dr) holds. By hypothesis on n, this implies that the type
{p(x;b0,d;) : i < w} is consistent and therefore ¢(z;bo,d) does not fork over
M. —|

COROLLARY 2.5. Assume that T' is NIP. If all invariant 1-types are finitely
satisfiable in a small model, then all invariant types are.

Now to show Conjecture 2.1 by induction it would be enough to consider the
case where for every M-invariant type extending ¢(Z;d) none of the induced
one-types are finitely satisfiable.

2.2. One variable.

LEMMA 2.6. Let B C U and let a € U be a tuple such that dp-rk(a/B) = n.
Let by, ... b, inU be infinite sequences, mutually indiscernible over B, none of
which is indiscernible over Ba. Let ¢(x;y) € L, |z| = |al.

Then there are formulas 1)(x) € tp(a/Bby..b,) and 0;(y) € L(Bby..b,) 1 = 0,1,
such that:

oo for each b € B!, one of 0y(b) or 61(b) holds;

o for1=0,1,U = 0(y) ANhi(z) = ¢! (z;y).

PROOF. Let r € S, (Bb;..b,) be finitely satisfiable in B. Let 7’ be any global
extension of r to a type finitely satisfiable in B. Let [ = I(r') € {0,1} be such
that v’ = ¢'(a;y).

Assume that we can find ¢ = 7 such that = —¢!(a;c). Then let J be a
Morley sequence of 7/ over everything and é = ¢+ J. The sequences by, ... ,by,,¢
are mutually indiscernible over B and none of them is indiscernible over Ba.
This contradicts the fact that dp-rk(a/B) = n. Thus by compactness, there are
0,(y) € r and v,.(z) € tp(a/Bb;..b,) such that = 0,(y) A . (z) = ¢'(z;y). In
particular, [ depends only on r, not on ', and we can write [ = I(r).

Let S C Sy(Bbi..b,) be the set of types finitely satisfiable in B. It is a closed
set, thus compact and contains all types realised in B. We can extract from
the family {60,(y) : » € S} a finite subcover {0,(y) : » € S*}. For |l = 0,1,
let S} = {r € S* : l(r) = I} and define 6;(y) = vreSl* 0-(y). Also define
() = Nrege Yr(2).

We have that 6,6, cover S, in particular, 6y(B) U 6;(B) = BlYl. Also for
1=0,1,(x) € tp(a/Bby..b,) and U = 0;(y) A (z) — ¢ (25 y). 4
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LEMMA 2.7. Let M <* Ny <% N and let a € U be a tuple such that dp-rk(a/N) =
n. Let by,... by in U be infinite sequences, mutually indiscernible over N,
none of which is indiscernible over Na. Assume also that tp(aby..b,/N) is M-

mwvariant. Then
tp(a/N1by..b,) F tp(a/N).

More precisely, given ¢(x;y) € L, |x| = |a|, there are formulas 0,(y) €
L(N1by..by) (1=0,1) and (z) € tp(a/N1b1..b,) such that:

oy for each b € N one of 63(b) or 61(b) holds;

o1 for 1 =0,1, U = 0i(y) Ap(x) — &' (z;9).

PROOF. Let ¢(z), 6;(y) be given by Lemma 2.6 with B = N.

Write 0;(y) = 0;(y; b1, ... ,bn,e) and (z) = (x;b1,... ,by,e) withe € N. As
tp(aby..b,/N) is M-invariant, we may replace e by any ¢/ =y, e. In particular,
we may assume that e € N;. This gives what we want. —

Our first theorem is stated for a type of dp-rank 1 in an arbitrary theory.

THEOREM 2.8. (T any theory) Let p be a global M -invariant type of dp-rank
1. Then p is either finitely satisfiable or definable.

PROOF. Assume that p is not definable. Then there is a global type ¢ finitely
satisfiable in M such that p does not commute with ¢q. Take N = M sufficiently
saturated. Let ¢(x;y) € L, d € N such that ¢(z;d) € p.

Let (a,b) E p ® q|n, then let T be a Morley sequence of ¢ over Nab and
let b = b+ I. The sequence b is indiscernible over N, but not over Na. Let
M <t Ny <t N with tp(N;/Md) finitely satisfiable in M.

Apply Lemma 2.7 to a, N, N and b, with n = 1. The second part of the
conclusion gives formulas 6;(y),¥(y) € L(Nib). Write 6;(y) = 0;(y;b,e) and
Y(z) = (x;b, e) with e € Ny.

Since ¢(z;d) € p, we know that the formula 6;(d;b,e) holds. As tp(b/N) is
finitely satisfiable in M, there is by € M such that

bo = 01(d; z,€) A (3x)(Vy) (01 (y; 2, €) — d(x;y)).

Since Np is a model, there is ag € Ny such that (Vy)(0:1(y;bo,e) — ¢(ao;y))
holds. In particular ¢(ag;d) holds. As tp(N1/Md) is finitely satisfiable in M, we
can find aj, € M satisfying ¢(z;d). As ¢(x;d) was any formula in p, this proves
that p is finitely satisfiable in M. —

Hence if T is dp-minimal, Conjecture 2.1 is proved for any formula ¢(z;d),
|x| = 1.

2.3. Two variables. In this section and the next one, we assume for sim-
plicity that 7" is dp-minimal and try to deal with formulas in more than one
variable.

The next proposition solves Conjecture 2.1 for formulas in two variables.

PROPOSITION 2.9. Assume that T is dp-minimal. Let ¢(x1,x2;d) € L(U) be
non-forking over M; |x1| = |xa| = 1. Then there is 6(y) € tp(d/M) such that
Narcoqy (@1, 32;d") is consistent.
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PROOF. Fix some model M < N, N is very saturated and let ¢(x1,x9;d) €
L(N) be non-forking over M. Let a1as = ¢(x1,22;d) such that tp(ai,as/N)
is non-forking over M. By Lemma 2.4, we may assume that p; = tp(a;/N)
is not finitely satisfiable in M. Therefore it is definable and since it is not
generically stable, it does not commute with itself. Also we may assume that
p = tp(a1, az/N) is not definable, therefore there is some type ¢ € S(NV) finitely
satisfiable in M such that p does not commute with q.

Now let ¢, c2 € U such that (a1”az,cz2,c¢1) Ep® q¢® p1|n. Let T be a Morley
sequence of p; over everything and J a Morley sequence of g over everything.
Then the sequences ¢; = ¢1+1 and ¢ = co+ J are mutually indiscernible over IV
(because the types p1 and ¢ commute). But neither of them is indiscernible over
Najas. Take some M <T Ny <t N such that tp(IN1/Md) is finitely satisfiable
in M. As the dp-rank of a;"az over N is 2 (by Proposition 1.2), we can apply
Lemma 2.7. We conclude that tp(ai°az/¢i1¢2N1) = tp,(ai”az/N) as witnessed
by some ¢ (x; ¢, 2, €), 0;(y; ¢1,C,€e), 1 = 0,1, with e € Ny.

As tp(¢e/Néy) is finitely satisfiable in M, there is &, € M such that:

= 01(d; ¢1, 65, ) A (F2)(Vy) (01 (y; €1, 6, €) — B(z59)).

Let ©(d; ¢y, 5, e) be this conjunction. Since tp(¢i/N) is definable over M,
there is a formula dO(y;za,t) € L(M) such that for all y, 22, € N, we have
dO(y; za,t) +> O(y; 1, 22,1). As tp(e/Md) is finitely satisfiable in M, we can
find €’ € M such that dO(d; &, e’) holds. Then unwinding, we see that the type
{¢(z;d") : d' = dO(y; ¢4, e’)} is consistent, as required. -

2.4. More variables. The proof of the two-variable case relied on the fact
that non-forking formulas in one variable extend to definable types. However
the conclusion we obtain is weaker and this prevents us from going on to higher
arities. In this section, we do our best to pursue nonetheless. We manage to
make an induction go through, but with an even weaker property.

In this section, we assume that T is countable.

We start with a local version of Lemma 2.3.

LEMMA 2.10. Let M < N and let a € U such that p = tp(a/N) is M-
invariant. Let ¢ € Sy(M) and b € ¢(N). The following are equivalent:

(i) p® q4lp = § ® plar for every global coheir G of q.

(i) for every formula ¢(x;y) € L(M) such that a |= ¢(x;b), there is 0(y) € q
such that for any b’ € (M), a = ¢(x; ).

PROOF. (i) = (ii): Assume that (i) holds and let ¢(z;y) € L(M) such that
a | ¢(z;b). Then (i) implies that there is no coheir § of g such that ¢ = —¢(a;y).
In other words, ¢gU{—¢(a;y)} is not finitely satisfiable in M. This exactly means
that for some 0(y) € ¢, (M) N ~p(a; M) = B, hence ¢(a;b") holds for every
b e O(M).

(ii) = (i): Assume (ii). Let ¢(z;y) € L(M) such that p ® ¢ F ¢(z;y) and
O(y) € L(M) given by (ii). Let ¢ a global coheir of ¢, and we have to show
that ¢ F ¢(a;y). Assume not, then ¢ - —¢(a;y) A 6(y). But that formula is not
realised in M. Contradiction. B

Hence to solve Conjecture 2.1, it is enough to prove that given M <™ N and
¢(z;d) € L(N) non-forking over M, there is a € ¢(U;d), tp(a/N) does not fork
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over M and commutes over M with every coheir of tp(d/M). (Because then,
taking 6(y) € tp(d/M) as in point (ii) of the lemma, we have that {¢(x;b') : b’ €
O(U)} is consistent.)

We will not succeed in finding such a type, instead we will obtain a weaker

property.

LEMMA 2.11. Let M < M; <t N and let a € U such that p = tp(a/N) is
M -invariant. Let g € Sy(M) and b € ¢(N). The following are equivalent:

(i) p® dla, = @l for every global coheir q of q extending tp(b/My);

(i) for every formula ¢(x;y) € L(My) such that a |= ¢(x;b), there is 6(y) €
tp(b/My) such that for any b’ € 0(M), a = ¢(z;0).

PROOF. We assume that tp(b/M7) is finitely satisfiable in M, otherwise ev-
erything is trivial.

(i) = (ii): Assume that (i) holds and let ¢(x;y) € L(M;) such that a = ¢(x; b).
Then (i) implies that there is no global coheir g of ¢ extending tp(b/M;) such that
q F ~¢(a;y). Therefore the partial type tp,(b/M1) U {—=p(a;y)} is not finitely
satisfiable in M. Hence there is 6(y) € tp(b/M7) such that O(M) C ¢(a; M).

(ii) = (i): Assume (ii). Let ¢(z;y) € L(M7) such that p ® g F ¢(z;y) and
O(y) € L(My) given by (ii). Let ¢ a global coheir of ¢ extending tp(b/M7), and
we have to show that ¢ - ¢(a;y). Assume not, then ¢ - —¢(a;y) A 6(y). But
that formula is not realised in M. Contradiction. B

We introduce the notion of “as-forking” as defined in Cotter & Starchenko’s
paper [3]. For this, we assume that 7" is NIP.

Assume we have M <* N and as € U such that tp(az/N) is M-invariant.
We say that a formula 1(x, as;d) € L(Nag) ag-divides over M if there is an M-
indiscernible sequence (d; : i < w) inside N with dy = d and {¢(x, a2;d;) : i < w}
is inconsistent. We define as-forking in the natural way: the formula ¥(x, as; d)
ag-forks over M if it implies a finite disjunction of formulas v;(x, as; d;) € L(Nas)
each of which as-divides over M.

Fact 2.12. Notations being as above, the following are equivalent:

(i) ¥(x,a2;d) does not ay-divide over M ;

(i) ¥ (x, az;d) does not ag-fork over M ;

(ii5) if (d;i : i < w) is a strict Morley sequence of tp(d/M) inside N, then
{Y(z,a2;d;) : i < w} is consistent;

(iv) there is a1 = ¥ (x,az;d) such that tp(ay,as/N) is M-invariant.

The proof of the equivalences of (i)-(iii) can be found in the Appendix of [3].
The proof is an easy adaptation of the corresponding facts for usual dividing and
forking proved in [1]. Tt is assumed in [3] that tp(az/N) is M-definable, but this
is only used through Remark 5.11 there which only needs M-invariance.

It remains to show the equivalence to (iv). It is clear that (iv) implies (iii).
Conversely assume that (iv) does not hold. Then t¢(z,az;d) implies a finite
disjunction of formulas of the form 0(z,az;e,e’) = =(¢(z,az2;€) < ((z,az;€’)),
with e, e’ € N, tp(e/M) = tp(e//M). By NIP, the formula 6(z,y;e,e’) divides
over M (since it does not extend to an invariant type) hence 0(x,as;e,e’) as-
divides over M which implies that ¥ (x, a2;d) as-forks over M.
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Let M <% N, M is countable and d € N. We can find M < M; < N such
that:

ey M is countable;

o, tp(d/My) is finitely satisfiable in M;

o, for every finite m € M, there is d’ € M; such that (m,d") = (m, d);

o3 for every finite m € My, there is a strict Morley sequence (m; : i < w) of
tp(m/M) in My, with mg = m;

It easy to build such a model in w steps: first fix a global coheir ¢ of tp(d/M).
Let M = M, and having built M* take M**t1 D MP* to satisfy ey, 3 where m
is taken in M*. Then move M**! so that tp(d/M**+1) = G|M**!. Having done
this inductively for all k, let M; be the union of the M*’s.

PROPOSITION 2.13. Assume T is countable and dp-minimal. Let M < My <+
N, and d € N as above. Let ay,a2 € U, |a1| = 1, such that p = tp(a1,a2/N) is
M -invariant, ¢o(ay,az;d) holds for some d € N and tp(az/N) commutes over
My with every coheir of tp(d/M) extending tp(d/M).

Then there is aj € U such that ¢o(al, as; d) holds, tp(al, az/N) is M-invariant
and commutes over My with every coheir of tp(d/M) extending tp(d/My).

PROOF. We say that a tuple a’az, |a|] = |a1], is I'-good, when:

~T' = {(¥g(z1,22),00(x2;d)) : ¢ € T'r}; where 14,04 € L(M1);

— T € L(M,) and each ¢ € T'p, has the form ¢(z1,x2;y), |z:| = |ail, |y| = |d|;

— for each ¢(x1,z0;y) € T', we have

E ¥y(a, a2) A bg(az; d) and

E (V2,y) (¥s(x, a2) A Og(az;y) — d(z, az;y)).

Claim 1: If a"as is I'-good, where

Iy ={¢ € L(M): ¢ =d(z1,22;y) € tp(a,az,d/M1)},

then tp(a, az/N) commutes over M; with every coheir of tp(d/M) extending
tp(d/My).

Proof: We have to check condition (ii) of the Lemma 2.11. Let ¢(x1,z2;y) €
L(My) such that a’ag | ¢(x1,x9;d). By hypothesis on tp(as/N), and Lemma
2.11, there is df(y) € tp(d/Mi) such that for every b € M, we have df(b) —
04(az;b). Then for each b € df(M), we have |= @(a,az;b). Hence the claim is
proved.

Fix an enumeration of formulas ¢(x1, z2; y) in L(M), of order type w for which
¢y is the first formula. Assume that we are given a1, as as in the statement and
some T, T';, finite, such that a; as is T-good. Let v, (21, 22;9) € L(M;) be the
conjunction of ¢4(x1,x2) for ¢ € T'r. If a;”ap commutes over M; with every
coheir of tp(d/M) extending tp(d/My), we are done. Otherwise, there is such
a coheir ¢ such that p = tp(a1,as/N) does not commute with § over M;. Let
I"a1a’b realise ¢* @ p® G over N and set b = b+ I. Then b is indiscernible over
Mias (because tp(az/N) commutes with § over M), but it is not indiscernible
over Mijaias by assumption.

Let ¢(z1,x2;y) be the least formula in L(M;) which is not in 'z and such
that ¢(a1,as;d) holds. We can apply Lemma 2.6 with (a, B,n,b;..b,) there
being (a;, Myaz,1,b) here. It gives us formulas v (z1,az2;b,e) € tp(a1/Miasb),
0;(y) = O(az, b, e;y), 1 = 0,1, e € My such that:
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(*) (1, a2;b,e) AO(az,b,e;y) — ¢ (1, a2;y).
Claim 2: We have = 0, (d).

Proof: We first show that tp(d/M;asb) is finitely satisfiable in M;. So let
C(y;ma,as,b) € tp(d/Myiazb). By es, there is d’ € M; such that (my,d’) =
(my,d). As tp(az,b/N) is M-invariant, we have d’ |= ((y; m1, az,b) as required.
It follows that one of 6y(d) or 61 (d) must hold. But since ¢(a1, az;d) holds, 8y(d)
cannot hold by (x). So the claim is proved.

Claim 3: tp(b/Mjasd) is finitely satisfiable in M.

Proof: Let ¢(Z;m1,a2,d) € tp(b/Myazd), m; € M;. By ey, there is d' €
M; such that my°d’ =p mi°d. As tp(ajazb/N) is M-invariant, we also have
(Z;m1,az,d’) € tp(b/Miaz). By construction, and using that tp(ag/N) com-
mutes with ¢ over M, b realizes a Morley sequence of § over Mjay. Hence
tp(b/Miaz) is finitely satisfiable in M. We thus get some &’ € M such that
é(b';my,az,d") holds, but then so does ¢(b';my,as,d) since my°d and m;"d’
have the same type over Mas. This proves the claim.

Let (e;,g; : © < n) € My be a sufficiently long strict Morley sequence over
M with (ep,90) = (e,g9). By M-invariance of tp(ajasb/N), (a1, az;b,e;) A
¥« (a1,az; g;) holds for all i < n.

By Claim 3, there is b’ € M satisfying:

= (F2) N\jcp (@, a2V, €3) A hu(@, a2; 9i);

- (VIE, y)}/)(:l?, az; b/v 6) A 91(0'27 b/v € y) - (b(il?, az; y);

- 91 (CLQ, bl, €5 d)

By Fact 2.12 and having taken n large enough, the first point implies that
Y(x, az; b, €) Ay (x, az; g) does not ag-fork over M. So we can find a) realising
that formula such that tp(a},as/N) is M-invariant.

Set I, =T U{¢(z1,22;y)} and IV = T'U {(¢(z1,x2),01(x2;d))}, then the

pair a}"az is I'-good.

Now to prove the proposition, we iterate the above procedure using af ag
instead of a1,az and I instead of I'. If we stop at some finite stage, we have
what we want. If not, then we have defined a sequence a¥, k < w of tuples and
increasing sets I'y. Let a} € U be such that tp(a},az/N) is an accumulation
point of tp(a¥,az/N). Then a} ay is T-good, where I' = U< Tk and its type
over N is M-invariant. Hence by the first claim, we are done. —

Remark 2.14. Why do we bother with M;?7 The problem is that to make sure
that I' increases throughout the construction, we need it to remain finite. So
we can only deal with a countable set of parameters. This is the role of Mj: it
controls a priori the parameters from ¢ and 6.

2.5. Directionality. Recall that an NIP theory T is of small directionality,
if given a model M and p € S(M), then for any finite set A of formulas, the
global coheirs of p determine only finitely many A-types (and thus p has at most
2/T1 coheirs). Tt is of medium directionality if it is not of small directionality and
if the global coheirs of every such p determine at most |M| A-types (and thus p
has at most |M|/T| coheirs).

Those notions are defined and investigated by Kaplan and Shelah in [5].



DP-MINIMALITY: INVARIANT TYPES AND DP-RANK 13

THEOREM 2.15. If T is countable, dp-minimal and of small or medium direc-
tionality, then Conjecture 2.1 holds.

PROOF. Let M = T be countable, M <* N and ¢(z1,...,2,;d) € L(N)
non-forking over M. By the remark after Lemma 2.10, we need to prove that
thereis a = (a1,...,an) € p(U;d), tp(a/N) does not fork over M and commutes
over M with every coheir of tp(d/M).

Let @ C Sy(U) be a countable set of coheirs of ¢ = tp(d/M) such that for
every finite A, and any coheir ¢ of ¢, there is s € @ such that ¢ and s have the
same restriction to instances of formulas in A. Let § = @ .o s (the product
being taken in any order). Let also ¢ be a strictly non-forking coheir of ¢ (which
exists by [1, Proposition 3.7 (1)]). Finally, let & in N realize 5 ® §().

We can find a countable model M; such that M < M; < N, tp(e/M;) =
§® ¢“)|p, and ey, e are satisfied with € instead of d. Without loss, assume
that d € € and call d = (d; : i < w) the realisation of ¢ in e.

We now build by induction on k& < n tuples (a¥,...,af) = ¢(z1,... ,2,;d)
such that tp(a¥, ... ,ak /N) is M-invariant and tp(af, ... ,a¥/N) commutes with
every coheir of tp(e/M) extending tp(e/M).

As ¢(z1,. .. ,2,;d) does not fork over M, thereis (af,...,a’) = ¢(x1,... ,2,;d)
such that tp(al,...,al/N) is M-invariant.

Assume that for some k < n, we have found (af,...,ak). For | < k, set

aytt = af. Fix some m > alt(¢) and define

(bk(xlu'-' ,1’]@+1;J) = (3$k+27"' ,(En) /\ ¢(£L’1,(E2,... 7xn7dz)

i<m
Note that by M-invariance, (af, ... ,a},,) | ¢x. By Proposition 2.13, we may
find a’zﬁ € U such that (af,... aﬁ,aiﬁ) = ¢ and tp(af,... ak,azﬁ/N) is

M-invariant and commutes with every coheir of tp(é¢/M) extending tp(e/Mj).
Next, by the properties of strict non-forking sequences, we know that the for-

mula ¢(af,...,af, aZﬁ, Thio,... ,Tn;d) does not (af,... af, aﬁi}) fork over
k+1 ak+1 k+1 aktl. g
M. Hence we may find a;J,,...,a,"" €U such that ¢(ay" ", ... ,a;"";d) holds
and tp(a¥*1, ... @t /N) is M-invariant. This finishes the induction.
Let a = (a?,...,al).

Claim: p = tp(a/N) commutes over M with every coheir of tp(d/M).

Proof: By construction, p commutes over M; with § ® ¢*). In particular,
p commutes over M with any s € Q. Let ¢ be any coheir of tp(d/M) and
Y(x;y) € L(M) a formula. Assume that p - ¢(z;d). Let s € @ be such that
s and ¢ have the same restriction to instances of ¢». Then p commutes with s,
hence s F ¥(a;y), so ¢ F ¥(a;y). As this is true for all ¢, p commutes with ¢
over M.

This finishes the proof. -

At this point one would hope that every dp-minimal theory is of small or
medium directionality, but unfortunately this is not true. In fact RCF has large
directionality (see [5]).
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§3. Dp-rank. In this section, we will always distinguish points a, b, ... from
tuples @,b,.... We do not work in T°¢ and in fact most of our results do not
carry through to imaginaries.

The reader should have in mind the definition and basic properties of dp-rank
as recalled in Section 1.1.

Assumption: From now on, T is a dp-minimal (one-sorted) theory.

3.1. Additivity and acl-dimension. To begin with, we characterise when
dp-rank is additive, i.e., when dp-rk(a,b/A) = dp-rk(a/Ab) + dp-rk(b/A). By
an immediate induction, this is equivalent to dp-rk(a,b/A) = dp-rk(a/Ab) +
dp-rk(b/A) for all a,b, A.

We say that acl satisfies exchange if for any base A and any two points a, b, we
have b € acl(Aa)\ acl(A) = a € acl(Ab). In this case, acl defines a pregeometry
and gives rise to a dimension in the usual way.

OBSERVATION 3.1 (T is dp-minimal). Assume that dp-rank is additive, then
acl satisfies exchange.

PRrROOF. Note that for a point a, we have dp-rk(a/4) =1 <= a ¢ acl(A).
Let A,a,b such that b € acl(Aa) \ acl(A). Necessarily, a ¢ acl(4). Then
dp-rk(ab/A) = dp-rk(a/A) 4+ dp-rk(b/aA) = 1. We also have dp-rk(ab/A) =
dp-rk(b/A) + dp-rk(a/bA) = 1 + dp-rk(a/bA). Hence dp-rk(a/bA) = 0 and
a € acl(bA). !
We now show the converse.

PROPOSITION 3.2 (T is dp-minimal). Assume that acl satisfies exchange, then,
over any base A:

oy dp-rank is additive;

o1 dp-rank coincides with acl-dimension;

e if ai,...,a, are acl-independent, then we can find mutually indiscernible
non-constant sequences I, ... , I, such that I begins with ay.

PROOF. Tt is enough to prove 5 (because it shows that dp-rank is bounded
below by acl-dimension, and the opposite inequality follows from sub-additivity).
We show it by induction on n. For n = 1, it is clear.

Assume it for n and let aq,...,a,4+1 be acl-independent over some base A.
Then as, ... ,a, are acl-independent over Aa, 41, hence by induction hypothesis,
we can find non-constant sequences Iy, ... , I,, mutually indiscernible over Aa, 41
and I starts with ay.

Claim: a1 ¢ acl(A, I, ..., I,).

If this is not true, then by exchange, there are some finite set B C AU U---U
I,, k <nand b € Ij such that b ¢ acl(B), but b € acl(Ba,+1). Now increase
all the sequences to be of order type Q. We see that there are infinitely many
points having the same type as b over Ba,41. A contradiction.

We can therefore find a sequence I,,+1 which is indiscernible over Al ... I, and
begins with a,+;. By Ramsey’s theorem, we can make the sequences I1,... , I,
mutually indiscernible over Al, 1 which gives what we want. —

Here is a simple example where dp-rank is not equal to acl-dimension. Take
L = {R} and T says that R defines a graph-theoretic tree (a graph with no
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cycle) where each node has infinite degree. Given two points a, b, either a and b
are in different connected components, or there is a unique path between a and
b. The length of this path is called the distance between a and b. In this latter
case, all the elements in the path are in acl(a,b). Furthermore acl(a) = {a}
for any a. Take aRb, then a,b are acl-independent, however one can check that
dp-rk(a,b) = 1.

Note that T is w-stable: over a model M there is a unique type of Morley
rank w at infinite distance of all a € M, and for each n < w and a € M, there
is a unique type of Morley rank n of an element at distance n from a and at
distance > n from all other points of M. Also T is dp-minimal: this last fact
can be checked directly, or can be seen to follow from [9, Theorem 4.7] which
says that any order-theoretic tree is dp-minimal.

3.2. Strong witnesses of dp-rank. The main technical result of this section
is a generalisation of e above which does not involve acl-independence.

Let A be a set of parameters and I = (¢; : i € Z) an A-indiscernible sequence
indexed by a dense order Z. We will say that a tuple a breaks I over A if for
some u € Z, a breaks I at ¢, which means that there are v < v < w and a
formula ¢(a, y) with parameters in A such that either:

- for all i € (v,w), (@, c;) holds if and only if i = u
or

-for all i € (v,w) \ {u}, ¢(@,c;) holds if and only if i > u.

In particular, I is not indiscernible over Aa.

Let I = (¢; : i € Q) be A-indiscernible and a a tuple. Assume that a breaks
the sequence I at k different places, then dp-rk(a/A) > k. Indeed, assume for
example that a breaks I at cg,...,cx—1. We can divide I into k sequences
Iy = (Ci < 1/2), I = (Ci : 1/2 <1 < 3/2), o, Ik = (Ci : (2k— 1)/2 < Z)
The sequences (I; : i < k) are mutually indiscernible over A and none remains
indiscernible over Aa.

The following is an easy exercise on indiscernible sequences.

LEMMA 3.3. Let p € S(A) and n < w. Assume that dp-rk(p) > n and let
a = p, then there are sequences Iy, ... ,In—1 mutually indiscernible over A,
I = (cF i € Q), such that for each k < n, a breaks the sequence I at cf.

PROOF. Start with sequences Jy, ... , J,—1 witnessing that dp-rk(tp(a/A)) >
n. So the Ji’s are mutually indiscernible over A and none of them remains
indiscernible over Aa. Without loss, assume that each Jj is indexed by a very
saturated dense linear order with no endpoints.

Write Jy = (¢; : i € J). As Jp is not indiscernible over Aa, there areu <v € J
and a formula ¢(z;y, m) with parameters m € AU (¢; : ¢ € J \ [u, v]) such that
E o(a;cy,m) A —d(a;c,,m). Let J' be an interval of J containing u,v and
disjoint from the indices of elements of mN.Jy. Let Jj = (¢;"m :i € J'). By NIP
(finite alternation), one can partition J’ into finitely many convex subsets such
that the truth value of ¢(a;y’z) is constant on each. It is then easy to extract
from Jj a subsequence Iy indexed by Q such that a breaks Iy at some point.

Doing inductively the same for each Ji, we obtain what we want. B
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PROPOSITION 3.4 (T is dp-minimal). Assume that dp-rk(ag,...,a,—1/A) =
r, then for some indices i1,... i, € n, there are (non-constant) mutually indis-
cernible sequences (over A) In, ..., I, starting respectively with a;,,... ,a;

.

PROOF. We prove the result by induction on n. Assume that dp-rk(a,b/A) =
r, where a = (ag,... ,an—1) and let Jy,...,J, be given by Lemma 3.3 applied
to a'b. If dp-rk(a/A) = r, we conclude by induction. Otherwise, there is some
sequence, say Ji, which is indiscernible over Aa.

Write, J; = (¢; : ¢ € Q) such that a"b breaks Jy at ¢g. Set by = b and for every
0 < k < w, find some by, such that

tp(d, b, (Ci-‘rk)iEQ/A) = tp(d, b, (Ci)iEQ/A)'

In particular a’b; breaks the sequence J; at cy.

Let b = (b, : i < w) be a sequence indiscernible over Aa and realising the
EM-type of (by : k < w) over Aa.

Claim: dp-rk(a/Ab) > r — 1.

Assume that dp-rk(a/Ab) < r—2. Then we cannot construct r—1 sequences as
in the statement of the proposition. By compactness, we can find some formula
#(za,b) € tp(a/Ab) which ensures this (where b € b). Then by the induction
hypothesis, any @ satisfying ¢(x3, b) has dp-rank over Ab which is < r—2. Also,
again by compactness, there is some formula 1(7) € tp(b/A) such that the same
holds for ¢(x4,b") whenever b’ |= (7).

By construction of b, we can find such a b’ in the original sequence (b : k < w).
Let m = |b'| and without loss b € b'. So we have dp-rk(a/Ab’) < r — 2. Consider
the tuple 0’"a. By sub-additivity its dp-rank over A is < m+r —2. On the other
hand, it breaks the sequence J; at m different places, and it also breaks each of
the sequences Jy, ... ,.J,. Hence dp-rk(b’,a/A) > m + r — 1. This contradiction
proves the claim.

Now: we have dp-rk(a/Ab) > r — 1 and b is indiscernible over Aa. As all the
points in the original sequence (by : k < w) have the same type over Aa, we may
assume that b is in b. By induction hypothesis, we find sequences I,... , I,
each starting with a point from the tuple @ and mutually indiscernible over Ab.
Let I, be indiscernible over Al ..., I._1a and realise the EM-type of b over it.
As all elements from b have the same type over Aa, we may assume that the
sequence I, starts with b. So we are done. B

Note that conversely, if there are sequences I,...,I. as in the statement
of the theorem, then we have dp-rk(as,...,a,/A) > r, as witnessed by those
sequences.

Part of the following corollary was observed during the proof. The third bullet
is immediate, and the other two follow from the proposition by compactness.

COROLLARY 3.5. Assume that T is dp-minimal.

o, Ifdp-rk(a/A) =r, then there is ¢(T) € tp(a/A) such that dp-rk($(Z)) = 7.

oy Let ¢p(z;y) be a formula over A. Then the set {c : dp-rk(é(x;c)) < r} is
open over A.

o3 Assume that dp-rk(as,...,an/A) = r, then there are iy,... i, such that
dp-rk(ai,,... ,a; JA) =r.
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We give examples of theories of finite rank where the first two bullets fail.

Let L ={FE,, F,,c:n < w}, where E, and F,, are binary relations and c is a
constant symbol. The axioms of T say that E,, and F,, are equivalence relations
with only infinite classes. Each E, 1 (resp. F,,4+1) refines E,, (resp. F},) and the
F,,’s are cross-cutting with respect to the E,,’s. The theory T admits elimination
of quantifiers in the language L and is stable.

Consider the type {xF,c A xF,c: n < w}. Then that type has dp-rank 1, it
is in fact a minimal type. However any formula in it has dp-rank 2.

To obtain an example where the second bullet fails, we modify slightly the
previous one. Consider a two sorted structure (M, S). The first sort M is a
model of the previous theory. The second sort S is isomorphic to (w; <). There
is in addition a binary relation R(z;s) C M x S interpreted so that R(a; k) holds
if and only if M = aEicAaFye. Tt is not too hard to see that this theory is NIP.
Now in a saturated model, dp-rk(R(z;s)) < 1 holds if and only if A __s > n,
which is not an open condition.

In fact those two theories can be interpreted in a dp-minimal theory. For
the first one, simply take Lo = {e,(z;y)} and My an Ly-structure where each
e, defines an equivalence relation with only infinite classes and e, refines e,.
Then the first structure M is definable in M§.

To deal with the second one, add a sort (w,<) to My and a binary pred-
icate r(x;s) interpreted so that r(Mp,n) is some e,-class and the sequence
(r(Mop,n) : n < w) is decreasing with non empty intersection. Call M; the
resulting structure. The structure (M, S) above can be defined in MZ.

We sketch a proof that M; is dp-minimal. To obtain quantifier elimination,
first add to (w, <) predicates d,(x,y) saying that z and y are at distance n, then
add a function symbol f from the main sort to the order sort defined so that
f(z) is maximal such that R(z; f(z)) holds (or equal to 0 if no such value exists).
Now consider a point z and two mutually indiscernible sequences I = (a@; : i < w)
and J = (b; : i < w). Without loss (using f), everything lives in the main sort.
As we have EQ in a binary language, we may assume that @; = a; and b; = b;
are singletons. Also, we may assume that none of the a;’s or b;’s is equal to z.
Then the sequence I can fail to be indiscernible over x for one of two reasons:
either for some n,i < w, =(agenar) and xeya; or f(a;) # 0 for all i, f(x) # 0
and the sequence (f(a;) : ¢ < w) is not indiscernible over f(x). The same goes
for J. It is then routine to check that none of the four senari can happen.

n<w

3.3. Characterising dp-rank. We now aim at showing &3 from Theorem
0.3 which says that a set of maximal dp-rank is a product of 1-dimensional sets
minus a hypersurface. To simplify the exposition, we first deal with an easy case,
when the structure is linearly ordered.

3.4. The linearly ordered case. In this section (M, <) is a dp-minimal
densely ordered structure and assume that any definable set in dimension 1 is
the union of an open set and finitely many points. By Theorem [9, Theorem
3.6], this holds in particular if M expands a divisible ordered group.

An open box of U™ is a definable set of the form {(zq,... ,2n—1) 1 ax < 2} <
b} for some ag, by, € U, ap, < bi. Note that an open box of U™ has dp-rank n.
A tuple a lies in the interior of a set ¢(z) if it lies in some open box included in
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¢(z). This is a definable condition, hence the interior of a definable set is again
definable.

PROPOSITION 3.6. With the assumptions above, let ¢(T) € L(A) be a definable
subset of M™ which is of dp-rank n. Then ¢(Z) has non-empty interior (that is,
contains some n-dimensional open boz).

PRrROOF. We prove the result by induction on n. By assumption, the result
is true for n = 1. Assume that we know it for n. Consider a formula ¢(z,7),
|g| = n, of dp-rank n + 1. By Proposition 3.4, we can find two non-constant
mutually indiscernible sequences (a; : i < w) and (b; : j < w) such that ¢(a;,b;)
holds for all ¢, j. Pick some ¢ < w and consider the set ¢(a;, 7). This is a subset
of M™, which contains each Bj. Let 1(a;, §) be its interior. Then by induction
hypothesis, the set ¢(a;, ) A =b(a;,y) has dp-rank < n. Hence all the b;’s lie in
1/1(@1'7 g)

Fix j < w. Then by compactness, there is some open box 0;(7) defined over U
such that b; = 0;(y) and 6;(y) is included in each t(a;, 7). Consider the set of
all @ € U such that ¢(a;U) contains §; (). This is a definable set which contains
all the a;’s. In particular, it is infinite and therefore has non-empty interior. Let
¥;(x) be an open interval in it. Then ¢;(x) A 6;(7) is an open box included in
o(2,7). .

Using Corollary 3.5 we conclude that the dp-rank of a set X coincides with
the maximal n such that some projection of X to M™ has non-empty interior.
One therefore has a nice dimension theory to work with. In fact, one could hope
to prove that definable sets in any dimension are tame in some sense: take for
example a definable set X in M?2. Then we know from the theorem above that
X \ X has dp-rank 1. It should then be possible to show that such a set cannot
be too complicated. Since the plane can be linearly ordered by a lexicographic
ordering, the results in [9] might be relevant. We will not pursue this.

COROLLARY 3.7. Dp-rank is definable: for every formula ¢(Z;y) the set of
tuples b such that dp-rk(¢(Z; b)) = k is a definable set.

PROOF. One can express in a first order way the fact that a set contains some
k-dimensional box. Then the result follows from the remark above. —

3.5. The distal case. We now generalise the previous result to any dp-
minimal theory which has no generically stable types. First recall some defini-
tions: A generically stable type p is a global type which is both definable and
finitely satisfiable in some small model M. Equivalently, it is an M-invariant
type whose Morley sequence is totally indiscernible. The restriction of a generi-
cally stable type to a subtuple of variables is again generically stable. Hence if
there is a non-realised generically stable type of some arity, there is one of arity
one. Clearly, if the structure admits a linear order, then there is no non-realised
generically stable type, since there is no non-constant totally indiscernible se-
quence.

An NIP theory is called distal ([10],[11, Chapter 9]) if the following property
is satisfied: whenever Iy + I 4 I5 is an A-indiscernible sequence of tuples, Iy and
I, are infinite and b is a tuple, if Iy + I is indiscernible over Ab, then Iy + I} + I»
is indiscernible over Ab. It is easy to see from the definition that a distal theory
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cannot have a totally indiscernible, non-constant, sequence (take b to be a tuple
in I1). In particular, it cannot have a non-realised generically stable type. It is
shown in [10, Corollary 2.30], also [11, Corollary 9.19], that the converse holds
for dp-minimal theories: A dp-minimal theory T is distal if and only if it has
no non-realised generically stable types. In particular, any linearly ordered dp-
minimal theory is distal (hence any o-minimal or weakly-o-minimal theory) and
also Th(Q,) is distal.

THEOREM 3.8. Assume that T is distal (and dp-minimal). Let ¢(T) € L(A)
have dp-rank n = |z| over A. Then ¢(Z) contains a product Op(zo) A -+ A
On—1(xn_1) where each Oi(xx) € L(U) defines an infinite set.

PRrROOF. We prove the result by induction on n. For n = 1 it is clear. Assume
that we know it for n and let ¢(z,§) have dp-rank n + 1 over A, |y = n.
Take (ag,b1,... ,b,) satisfying ¢(x,7) such that dp-rk(ag,b/A) = n + 1. By
Proposition 3.4, we can find sequences (I, Jy, ... , J,) mutually indiscernible over
A such that I starts with ag and Jj, starts with by. Without loss, I is ordered by
w + w and we can write I = (a; : i < w + w). By indiscernability, ¢(a;,b) holds
for all i. Also, dp-rk(b/IA) = n as witnessed by the sequences (Jy, ... ,Jy,).

Let Ip = (a; : i <w)and 1 = (a; : w < i < w+w). By distality of T, for
any a such that Iy + (a) + I; is indiscernible over A, ¢(a,b) holds. Therefore by
compactness, there is a formula 0y (z) € tp(a,,/IA) such that = 0y(x) — ¢(z,b).
Let ¥(g) = Vz(0o(x) — ¢(x,7)). Then ¢(y) is a formula over I'A satisfied by
b. As dp-rk(b/IA) = n, also dp-rk(x/(g)) = n. We now apply the induction
hypothesis to () to obtain 61 (z1),... ,0n(zn). 4

Note that conversely, if a set contains such a conjunction, then it has dp-rank
n.

3.6. The general case. We now deal with the general case.

DEFINITION 3.9. A definable set ¢(zo,...,z,—1) is called a hypersurface if
for every ag, the set ¢(ag,x1,...,2,—1) has dp-rank < n — 1.

By convention, the formula xg # z¢ is the only hypersurface in dimension 1.
Note that a hypersurface ¢(zo, ... ,zn—1) has dp-rank < n.

THEOREM 3.10 (T is dp-minimal). Let ¢(Z) € L(A) have dp-rank n = |Z|.
Then there are formulas O (x) € L(U), k = 0,... ,n — 1 defining infinite sets
and a hypersurface 1(z) € L(U) such that N\, Ox(xr) — (0(ZT) V Y(T)).

PrOOF. We prove the result by induction on n. It is clear for n = 1. Assume
that we know it for n and let ¢(zo,Z) € L(A) have dp-rank n + 1 over A. As
in the proof of Theorem 3.8, we can find a sequence I = (a; : i < w) and b such
that I is indiscernible over Ab, dp-rk(b/IA) = n and ¢(a;,b) holds for all 4.

By NIP, we can build a maximal sequence (ag, ... ,a]_;), such that:
- I' := I} + (a; : ¢ > 1) is indiscernible over A, where the sequence I} =
(a07 0/07 ai, a/lla ey Qr—1, agfl);

- =¢(aj,, b) holds for all k < I;

- dp-rk(b/IA + {a}, : k < 1}) = n.

Take a, such that the sequence I+ (a;, a.)+(a; : ¢ > 1) is indiscernible over A.
Let ¢(%) = tp(b/AI"). By maximality of the sequence (a}, : k < [) the partial type
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q(Z) A ~¢(ax, T) has dp-rank < n. By continuity (Corollary 3.5, e1), there is a
formula (%) € ¢(Z) such that dp-rk(¢(Z) A ~¢(a«, Z)) < n. By Corollary 3.5, g,
there is some formula 6y(x¢) € tp(as/AI’) such that dp-rk(¢(Z) A —¢(a’, Z)) <
n for all a' satisfying 6o(zg). Let tho(xo,Z) = bo(z0) A ((T) A =¢(z0,T). By
construction g (zo, Z) is a hypersurface.

The induction hypothesis applied to ((Z) gives 61(z1),...,0,(z,) and a hy-
persurface ¢’(Z). Then define ¥ (o, Z) = 1o(x0, T) V '(ZT).

By unwinding the definitions, one sees that the formulas 6y(xo), ... ,0,(zy)
and ¥ (zg, T) have the required properties. -

Notice that conversely, if we can find such 6y (xy) and hypersurface ¢(Z), then
the set ¢(Z) has dp-rank n.

As already mentioned in the introduction, the hypersurface is necessary: take
for example the formula ¢ # x7 in the theory of equality. It has dp-rank 2, but
does not contain a product 0g(xo) A 01(x1) of infinite 1-dimensional sets.

Remark 3.11. In many cases, I expect that the formula 1 (Z;y) defining the
hypersurface can be chosen to be stable. However, I do not know a sufficient
condition that would ensure that.

COROLLARY 3.12. Assume that T is dp-minimal and eliminates 3°°. Let
o(Z;5) be a formula and k < w. Then the set of b’s such that dp-tk(¢(z; b)) = k
is definable.

PROOF. We show this by induction on n = |Z|. By Corollary 3.5, it is enough
to treat the case k = n.

A formula in dimension 1 has dp-rank 1 if and only if it is infinite. Thus the
case n = 1 follows from elimination of 3°°. Assume that we have established the
result for n and let ¢(zo, Z; §) be a formula, T = (z1,... ,z,). Let b be such that
dp-rk(¢(z0,T;b)) = n. Then Theorem 3.10 gives us formulas Oy (zx;€), k < n
and a hypersurface ¢(xg, Z; €), where we have made the parameters & appear.
By induction hypothesis and the n = 1 case, the fact that 0y (zx;€) is infinite for
all k£ and the fact that ¢(zo, Z; €) is a hypersurface are expressible by a formula
C(€). (This is where it is important that v (zo,Z;€) is a hypersurface and not
merely a set of dp-rank < n.) It follows that for any &’ such that

32 |CE A | N\ (e 2) = ($lxo, 3:6) V(20,25 2)) | |
k<n
the set ¢(zq,Z; ') has dp-rank n. Therefore the condition “dp-rk(¢(wo, Z; b)) =

n” is an open condition in b. However we know from Corollary 3.5, e, that it is
also closed. Hence it is definable. B

PROBLEM 3.13. Study to what extent some of those results can be generalised
(in a weaker form) to arbitrary NIP theories of finite rank.
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