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REPRESENTATIONS OF IDEALS IN POLISH GROUPS AND IN BANACH SPACES
PIOTR BORODULIN-NADZIEJA, BARNABAS FARKAS, AND GRZEGORZ PLEBANEK

ABSTRACT. We investigate ideals of the form {A C w: ZHGA X, is unconditionally convergent}
where (x,)ne. 1S @ sequence in a Polish group or in a Banach space. If an ideal on w
can be seen in this form for some sequence in X, then we say that it is representable
in X.

After numerous examples we show the following theorems: (1) An ideal is repre-
sentable in a Polish Abelian group iff it is an analytic P-ideal. (2) An ideal is repre-
sentable in a Banach space iff it is a non-pathological analytic P-ideal.

We focus on the family of ideals representable in c,. We characterize this property
via the defining sequence of measures. We prove that the trace of the null ideal,
Farah’s ideal, and Tsirelson ideals are not representable in ¢, and that a tall F,, P-ideal
is representable in ¢, iff it is a summable ideal. Also, we provide an example of a
peculiar ideal which is representable in ¢, but not in R.

Finally, we summarize some open problems of this topic.

1. INTRODUCTION

Recall that an ideal J on w is summable if it is defined by a measure, i.e. there is a
(mass) function m: w — [0, 00) with Ziew m(i) = oo such that

le] &= Zm(i)<oo.
i€l
In this case, we write J = J,,. Summable ideals, together with density ideals, are the
flagship examples of analytic P-ideals on w. However, this class contains also ideals
which are, from the combinatorial viewpoint, very far from summable and density
ideals (see examples in the next section).

In this article, we consider some natural generalizations of summable ideals. Con-
sider a space X equipped in enough structure to speak about convergence of series, e.g.
a Polish Abelian group or a Banach space. We say that an ideal J on w is representable
in X if there is a function m: w — X such that

Ile] Z m(i) converges unconditionally in X .
iel
If X is complete, then the family of sets defined by the right part of the formula above
is an ideal on w.
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Particular examples of non-summable ideals of this form appeared already in [ ]
and [ ] (so called Tsirelson ideals). We deal rather with the general questions:
Which ideals can be represented in (certain) Polish Abelian groups and in (certain)
Banach spaces?

In Section 3 we present a short survey on the basics of analytic P-ideals and on the
related main tools we will need.

In Section 4 we introduce the notion of representations of ideals, and present some
examples of representations of classical analytic P-ideals.

In Section 5 we prove that an ideal is representable in some Polish Abelian group
iff it is an analytic P-ideal; and an ideal is representable in a Banach space iff it is,
additionally, non-pathological.

Recall the theorem due to Solecki which says that each analytic P-ideal can be de-
fined by using a lower semicontinuous submeasure. Morally, this result says that each
analytic P-ideal is in a sense similar to the density ideals. Indeed, many facts about
the density ideals can be generalized almost automatically by considering arbitrary
submeasures instead of those given by the density functions.

Partially, our research has a similar motivation. We investigate how much analytic
P-ideals resemble the summable ideal. Although our results can be interpreted as
an indication that “in a sense” each analytic P-ideal (especially non-pathological) is
summable, one should not expect here as strong consequences as in the case of Solecki
theorem. One of the main reason is that there is no general theory of summable ideals.
However, we believe that

(i) our approach reveals some “geometric” properties of non-pathological ideals
and therefore it can be helpful in their classification;
(ii) these methods can be useful in providing new interesting examples of non-
pathological analytic P-ideals;
(iii) representability of certain ideals in Banach spaces can be seen as a combinato-
rial property of the space itself and this may lead us to develop new methods
in the theory of Banach spaces.

A few more words on (iii). For example, one can ask which ideals are represented
in concrete Banach spaces. It seems that the characterization of representability in ¢,
is one of the most interesting questions here. We have not been able to characterize
fully the ideals representable in ¢, but in Section 6 we prove that tall F, ideals are not
representable in ¢, (if we exclude the “trivial” case of summable ideals). We also show
that the trace of the null ideal is not representable in c,. These results suggest that
ideals representable in ¢, are more connected to density (like) ideals.

In contrast, the ideals represented in £; should be more close to summable ideals.
Actually, ideals representable in Ef are exactly the summable ideals. In Section 7 we
show that this is no longer true for £,: we present an F, ideal which is representable
in £; but which is not summable.

In Section 8 we list some of our related open questions with additional explanations.
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3. PRELIMINARIES

Denote by Fin the ideal of finite subsets of w, Fin = [w]~®. If J is an ideal on w,
then we always assume that it is proper, i.e. w ¢ J, and Fin € J. Write J* = P(w) \ J
for the family of J-positive sets and J* = {w \ X : X € J} for the dual filter of J. If X € J*
then the restriction of Jto X isJ [ X ={A€ J: AC X}. An ideal J on w is F,, Borel,
analytic if J € P(w) ~ 2 is an F,, Borel, analytic set in the usual product topology of
the Cantor-set.

J is a P-ideal if for each countable € C J there is an A € J such that C C* A for each
C € C (where C C* Aiff C \ Ais finite). In other words, J is a P-ideal iff the preordered
set (J,C%) is o-directed.

J is tall (or dense) if each infinite subset of «w contains an infinite element of J.

If A € P(w) then the ideal generated by A is

d(A) = {X cw:aa epaIx | Ja}.

In our investigations Borel P-ideals play the most important role. We show some
classical examples of these ideals (for more see [ Jor[ D:

The mentioned above summable ideal:

1
31/n={A§w:Zn+1<oo}.

neA

J1/n is a tall F, P-ideal. In general, if h: w — [0, 00) is such that D nee, h(n) = oo then
the summable ideal associated to h is I, = {A C w: Y, ., h(n) < oo}. It is also an F,,
P-ideal which is tall iff h(n) — 0.

The density zero ideal:

_lAnn] __lAn[2m,2mh)|
Z=4{4AC w: lim =0r={ACw: lim ————=0¢.

n—o00 n n—o00
Z is a tall F,5 P-ideal. In general, if i = (U,) e, IS @ sequence of measures on w
with pairwise disjoint finite supports and lim sup,,_,, t,(w) > 0, then the density ideal
associated to fi is Z; = {A C w : u,(A) — 0}. It is always an F,5 P-ideal which is tall iff
max{u,({k}): k € w} %0.

Generalized density ideals: If § = (¢,)nee i @ sequence of submeasures on w (see
below for the definition of a submeasure) with pairwise disjoint finite supports and
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limsup,_,, ¢,(w) > 0, then the generalized density ideal associated to § is 25 = {Ac
w: ¢ (A)— 0}. 2 is an F;5 P-ideal which is tall iff max{y,({k}): k € w} =o0.
The Fubini-product of {#} and Fin:
{}Fin={ACwxw:Ynewl|A),l<w}

where (A),, = {m: (n,m) € A}. It is a non-tall F,5 P-ideal. Observe that {#} ® Fin is a
density ideal: for n,m € w let supp(uy,,) = {(n,m)} and let u, ,({(n,m)}) = ﬁ It
is easy to see that if @ = (U m)nmee then {0} ® Fin = Z;.

Farah’s ideal: The following ideal is the simplest known example of an F, P-ideal

which is not a summable ideal (see [ , Section 1.117]):
min{n, |AN[27,2" !
3F={A§w:2 tn| E )|}<oo}.
new n

The trace of the null ideal : Let N be the o-ideal of subsets of 2“ with measure
zero (with respect to the usual product measure). The Gg-closure of a set A € 2= is
[A] = {x €2“: 3% n x[n €A}, a G5 subset of 2¢. The trace of N is defined by

tr(N) = {AC 25: [A] e N}
It is a tall F,5 P-ideal.

Remark 3.1. Observe that in some sense J;,, S tr(N) € Z: let Jy.. be the “tree
version” of the summable ideal, that is,

Jiree = {A c2%@: Yo7kl < oo}.
SEA

Then clearly J;,, and Jy. are isomorphic (by the most natural enumeration of 2=¢),
and Jiee € tr(N). Furthermore, if 2. is the tree version of the density zero ideal,

|An 27 _ O},

Ziree = {A C2¢: lim

n—oo

then it is isomorphic to Z and tr(N) € 2 ec-

We will apply Solecki’s representation of analytic P-ideals. A function ¢: P(w) —
[0,00] is a submeasure (on w) if (@) = 0; if X, Y C w then p(X) < p(XUY) <
(X)) 4+ ¢(Y); and @({n}) < oo for n € w. ¢ is lower semicontinuous (lsc, in short) if
¢(X) =1lim,_,,, (X Nn) for each X C w.

If ¢ is an Isc submeasure then for X € w let [|X||, = lim,_,,, ¢(X \ n); and let

Exh(p) ={X € w : [IX[|, =0},

Fin(p) ={X C w: p(X) < oo}.
It is easy to see that if Exh(p) # P(w), then it is an F,s P-ideal, which is tall iff
¢({n}) — 0. Similarly, if Fin(p) # P(w) then it is an F, ideal. Clearly, J, .}y S

Exh(¢) <€ Fin(y) always holds, where J,((}) stands for the summable ideal generated
by the sequence ¢({n}).
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The next theorem provides one of the most important tools in the theory of analytic
P-ideals.

Theorem 3.2. (see [ , Thm. 3.1.]) Let J be an ideal on . Then the following are
equivalent:
(i) J is an analytic P-ideal;
(i) J = Exh(yp) for some (finite) Isc submeasure ;
(iii) J is Polishable, that is, there is a Polish group topology on {J with respect to the
usual group operation such that the Borel structure of this topology coincides with
the Borel structure inherited from P(w).

Furthermore, J is an F; P-ideal iff J = Exh(¢) = Fin(¢) for some Isc submeasure .

In particular, analytic P-ideals are F 5.

The implication (ii)=>(iii) is not difficult: for A,B € Exh(¢p) let d,,(A,B) = ¢(AAB).
Then it is easy to see that d<p is a (translation) invariant complete metric (we can
assume that ¢ ({n}) > 0 for every n), the generated topology is finer than the subspace
topology, and Borel(Exh(¢),d ) = Borel(P(w)) | Exh(p).

If we refer to Exh(y) as complete metric group, then we mean that it is equipped
with d,,.

Remark 3.3. Notice that the Polish topology on Exh(¢) does not depend on the choice
of . It follows from the fact that Exh(¢) = Exh(%)) if, and only if for every sequence
(A, )nee of pairwise disjoint finite sets (p(A,) = 0 < Y (A,) — 0).

The summable and (generalized) density ideals can be written of the form Exh(¢)
very easily.

The definition of Farah’s ideal explicitly contains the definition of a submeasure ¢,
and clearly Jr = Exh(¢) = Fin(¢p).

We also show the standard presentation of tr(N) of the form Exh(¢). For every
non-empty A C 2<% let

p(A) =sup { Zz—'S' :BCAisan antichain}.
SEB

Notice that actually this supremum is maximum: for each A C 2<% let B, be the

antichain of the C-minimal elements of A, then ¢(A) = Y, 275l Then tr(N) =

Exh(¢).

SEBA

4. GENERALIZATION OF SUMMABLE IDEALS

Let G be a nontrivial Hausdorff topological Abelian group (with the additive nota-
tion). We will use the following basic notions from the theory of topological Abelian
groups:

e Anet (a;);e in G is a sequence in G indexed by the underlying set of a directed
poset (I, <).
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e The net (a;);e; converges to b € G if for every neighborhood U of b there is an
ig € I such that a; € U for every i > ij,. Clearly, a net has at most one limit.

e A net (a;);c is a Cauchy-net if for every neighborhood V of 0 € G, there is a
Jo €I such that a; —a;, €V for every j = j, (this is a simplified but equivalent
definition of Cauchy nets).

e G is complete if every Cauchy-nets converge (the reverse implication always
holds).

Recall (see [ ]) that if G is metrizable and complete, then there is a compatible
invariant (and hence complete) metric on G.
Using nets, we can define the unconditional convergence of infinite series in G: let

h: & — G be a sequence in G. Then we write ZHEw h(n) = a € G if the net

th (sh(F) :Zh(n): Fe [w]“") ordered by € on [w]=¢

neF
converges to a; in other words:
VopenU>a3dFe[w]"®VEe[w] ™ (FCE=>s,(E)eU).

It is easy to see that Znew h(n) = a iff h(7(0)) + h(w(1))+ --- + h(w(n)) 2% 4 for
every permutation 7 of w.

Similarly, the series associated to h is unconditionally Cauchy if the net Y h is Cauchy,
ie.

VopenV303F€[w]“®VEe[w\F]~“s,(E)eV.

Now we are finally ready to introduce the main definition of the article. Assume
that Zne » N(n) does not exist. Then the (generalized) summable ideal associated to h,
Jg is the ideal generated by

Sg = {A Cw: Zh(n) exists in G}
neA
= {A C w: A is finite or Zh [A is convergent in G}.

Of course, Sg is not necessarily an ideal. It is always closed for taking unions but
not necessary for taking subsets, see e.g. G = Q (with the usual addition) and let
h: w—Q, h(n) = ﬁ However, it is easy to see the following.

Fact 4.1. If G is complete, then Jg = Sg. If G is complete and metrizable, then Jg is tall
iff h(n) - 0€G.

Definition 4.2. We say that an ideal J on w is representable in G if thereisan h: w — G
such that J = J,f". If C is a class of topological Abelian groups then J is C-representable
if it is representable in a G € C.

For example, we can talk about Polish- or Banach-representable ideals. Notice that
we can always assume that G is separable because essentially we are working in
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(ran(h)) (where (H) denotes the subgroup of G generated by H), this clearly holds
true for Banach spaces too because span(ran(h)) is separable.
Let us see some examples:

Example 4.3. Summable ideals are exactly those ideals which are representable in
R. For any h: w — R the sum Zn@h(n) exists (in the unconditional sense) iff
ZneA|h(n)| < 00, and hence Jf = Jlllfll = Jjpy. Similarly, J is summable iff it is rep-
resentable in R".

We will frequently use the classical (real) sequence spaces {1, {,, and c,. We assume
that the reader is familiar with their basic properties.

Example 4.4. The ideal Z is representable in co. Let h(0) = 0 and h(n) = 2 Xe, iff
n € [2K,25%1) where e; = (§x )me- Then Z="7°.

Example 4.5. If (G,),¢,, is a sequence of non-trivial discrete Abelian groups, then J
is representable in [ [, G, iff there is a countable (not necessarily infinite) family
{Xp:new} C[w]® such that

J={ACw:Vnewl|AnX,| < w}.
For example, {0} ® Fin has this property.

Example 4.6. Tsirelson ideals (see [ ]and [ D T have the following form

AeTiff Z a,e, is unconditionally convergent in T,
neA
where (e,) e, is the standard basic sequence in ¢4, (&;)nece € o \ £; is fixed, and T is
a Tsirelson space. Note that here T can be understood either as the original Tsirelson
space or as its dual. Of course every Tsirelson ideal is representable in a Tsirelson
space.

Example 4.7. Let T be the group R/Z. Notice that an ideal is representable in T (or in
T™) iff it is a summable ideal. Indeed, if J is a summable ideal where h: w — [0, 00),
then we can assume that h < 1/2 because J, = J;, where h’(n) = min{h(n),1/2}. It is
easy to see that considering h as a sequence in T, we obtain the same ideal.

If h: w — T =[0,1), then it is not difficult to show that J;f = J, where g(n) = h(n)
if h(n) <1/2 and g(n) =1 — h(n) else.

Example 4.8. An ideal is representable in R® iff it is an intersection of countable
many summable ideals. Indeed, assume that h: w — R, h(n) = (x;)ke.,, and define
hi: @ — R, h(n) = x}! for k,n € w. Then Jﬁw = (\kew In,» and of course, the same
idea works in the reverse direction too.

There are non F; (and hence non summable) ideals which are representable in R®.
Let {X;: k € w} be a partition of w into infinite sets, such that >’ L — 50, and let

neXy n+l
1
Hoz{AEw:Vk Z <oo}.
neAnan+1
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Then Jp = ey, In, where hy(n) = xz’_‘::) , and hence it is representable in R®. J, is not
F, e.g. because the almost disjointness number of J,, a(Jy) = w (simply {X;: k € w} is
an Jy-MAD family), and we know that a(J) > w for every F ideal J (for more details
see e.g. [ 1. We will come back to the question of representability in R® later
(see Question 6.14).

Proposition 4.9.

(a) Everyideal J on w is representable in a normed space.

(b) There is a normed space X with dim(X) = 2° such that every J is representable
in X.

(c) Every ideal J is representable in a group satisfying g + g = 0.

Proof. (a): Let X4 be the linear subspace of £, (or {; or cy) generated by

{(?‘jfj)) ed)

where y, is the characteristic function of A, e, = (6, s )ker- Let h: w — X, h(n) =
n‘zen.
We claim that J = J;fa. Clearly J C 32{3. Conversely, if B ¢ J and A, ...,A_1 €7

then we can pick an me€ B\ (Ao U---UA;_;) and hence
|>or0 a0 3 hm == s D R

neB nea, n€A_1
for any ay, ..., a;_; € R which yields that ), _,h(n) = (Xl;l_gn))new ¢ Xy

(b): Let ID be the family of all ideals on w (we know that |ID| = 2¢) and let X be
the finite support product of Xs:

1
>
m2

X= @Xa = {x € l_[X3 Allx@I#0:JID} is ﬁnite}

JeD Jelb
with the norm [|x|| = sup {||x(J)|| : J € ID}. Clearly, if J # Fin then dim(X,) = ¢ and
hence dim(X) = 2°.

(c): Equip J with the subspace topology inherited from P(w) and with the usual
group operation (symmetric difference). Then it is easy to see that J = Ji where

h(n) = {n}. O

Question 4.10. Does there exist a normed space X such that all ideals on w are rep-
resentable in X but dim(X) < 2°? (If 2° = ¢*" for some n € w, then the answer is NO
because in this case |X|® < 2°.)

5. CHARACTERIZATION OF POLISH- AND BANACH-REPRESENTABILITY

Theorem 5.1. An ideal J is Polish-representable if and only if J is an analytic P-ideal.
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Proof. We present two proofs for the “only if” part. In the first one, we show that
Polish-representable ideals are F 5 P-ideals by a direct calculation. In the second proof
we show that all Polish-representable ideals are of the form Exh(¢) for some Isc sub-
measure .

First proof (sketch): Let G be a Polish Abelian group, d be a complete and translation
invariant (compatible) metric on G, and assume that h: w — G such that >, _ h(n)
does not exist. Then

new

Jg = {A C w: the net Zh [A is Cauchy}

:ﬂ U ﬂ {Agw:d(o,sh(AﬂE))<8}

£>0 Fe[w]<® E€[w\F]<®

and the last set is clearly clopen, hence 3}? is Fyg.

Next, we show that J,f" is a P-ideal. Let (A;)ke., be a sequence of pairwise disjoint
elements of J,f", Zna‘k h(n) = a;. For every k we can choose an N, € w such that if
E € [A; \N]=¢, then d(0,s,(E)) < 27%. Clearly, b := ZneAk\Nk h(n) = a; —s,(ANNy)
and d(0, by) < 27K, It is not difficult to see that A = UkewAr \ Ny € Jg and of course
A, C€* A for every k. The only additional property of d we need to use here is the
following easy consequence of the translation invariance: d(0,go+ g1+ + gn—1) <
d(0,80) +d(0,81) + -~ +d(0, g,-1) for go,&1,..-,8n-1 €G-

Second proof: We show that if G is a Polish Abelian group and h: w — G, then there
is an lsc submeasure ¢ such that Jg = Exh(¢). Let ¢ be defined by ¢(#) = 0 and if
A # 0 then

©(A) =sup{d(0,sy(F)) : 0 #F € [A]~*},

where d is a complete and translation invariant metric on G. Applying translation
invariance of d (see above), it is easy to see that ¢ is an Isc submeasure.

Jg C Exh(¢): Assume that A€ JY, i.e. that Y h|A is Cauchy, that is, for every £ > 0
there is an N € w such that d(0,s,(E)) < ¢ for every E € [A\N]<®. Then p(A\N)<¢
so limy_,o, p(A\N)=0.

Exh(¢) € JIS": Assume that A € Exh(¢), that is, 9(A\N) — 0 if N — co. Assume that
@(A\N) <e.IfE € [A\N]<® then d(0,s,(E)) < 9(A\N) < €. It yields that >_h[Ais
Cauchy, i.e. A€ Jg.

Proof of the “if” part: Let J = Exh(¢) be an analytic P-ideal. We show that J = jgxh(so)

where h: w — Exh(¢p), h(n) = {n}. First assume that A € J. If p(A\ n) < ¢, then
d,(A,E) < e whenever Ann C E € [A]=® (of course, s,(E) = E) hence ZHGA h(n) =
Ae JEXh((p). IfB¢J,A€ ], and ny € B\A, then d,(A,E) > ¢({no}) for every E € [B]=*
with ny € E, in other words Y, _,h(n) #A, and so B ¢ SEXh(“D). O

To characterize Banach-representability, we need the following notion:
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An Isc submeasure ¢ is non-pathological if it is the (pointwise) supremum of mea-
sures dominated by ¢, i.e. for every AC w

©(A) =sup {u(A): u is a measure on P(w), and V¥ B € w u(B) < ¢(B)}.

Because of the lower semicontinuity, it is enough to check that this equality holds for
every A € Fin (for more details and characterizations of non-pathological submeasures
see [ , Cor. 5.26]).

An analytic P-ideal J is non-pathological iff § = Exh(¢) for some non-pathological Isc
submeasure . For example, summable ideals, density ideals, Farah’s ideal, tr(\N), and
Tsirelson ideals are non-pathological. In general, constructions of pathological ideals,
even pathological 1sc submeasures are non-trivial (see [ ] for an example of such
a construction and [ ] for further references).

It is easy to see that all non-pathological generalized density ideals are representable
in ¢y (see the idea of Example 4.4).

If h is a function from w to a classical sequence space, then we will write h =
(Pnkew if h(n) = (X})keqw- If x; = 0 for all n, k, then we write h > 0.

Lemma 5.2. Assume that h = (X)), kee: @ — Lo is such that Y h does not converge. If
o alo
h = (1%} Dn ke then T, =T,

Proof. J ®C J *: Trivial because ||s;(F)|| < |Isy(F)|| for every finite F C w. Jff" c Jflf":
Assume Zh’ A is not convergent, i.e. not Cauchy. It means that for some ¢ > 0 for
all N € w there is an Fy € [A\ N]=¢ such that ||s;/(Fy)|| > €. We show that neither
> hAis Cauchy and that % witnesses it. Indeed, let N be arbitrary and fix a k such

that
DICTEDIWHESS
ne€Fy neFy
Let Fy = F](\), U FI%, be a partition such that k € Fz(\)z iff x; < 0. Then

s (PN =1 x |>— or  lsy(Fy)ll = Zx;:|>—

neky 0 neky 1

Theorem 5.3. An analytic P-ideal J is Banach-representable iff it is non-pathological.

Proof. Proof of the “if” part: Let J = Exh(y) for some non-pathological ¢, and let
(Uikew be a sequence of measures on w such that ¢(F) = sup {ux(F): k € w} holds
for every F € [w]=%, and so for every subsets of w. Let h: w — £, be defined by

h = (uk({n}))p kew> i€

h(n) = (uo({n}), ua ({nh), pw2({n}), ...)
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(confront Example 4.4). Clearly, if F € [w]<¢ then s(F) = (uo(F),u1(F),...) and
hence ||s,(F)|| = ¢(F). It implies that h is as required because

Ae Jflw iff Zh [A is convergent (i.e. Cauchy)
iff Ve>03INVFe[A\N]= [|sp(F)|=¢(F)<e¢
ifft Ve>03IN ¢(A\N)<e¢ (ie. nli_)rgocp(A\n) =0)
iff A< Exh(¢).

Proof of the “only if” part: Assume J = 3;1‘ for some Banach space X and h: w — X.
We can assume that X = {_, because {,, contains isometric copies of all separable
Banach spaces. Applying Lemma 5.2, we can also assume that h > 0. For k € w and
AC wlet pug(A) =Y, o, h(n)y (so py is a measure on w), and let ¢ = sup{uy: k € w}.
Just like in the proof of the “if” part, we have ||s;(F)|| = ¢(F) and, by the same
argument as above, one can prove that Jfl"" = Exh(¢). O

Remark 5.4. We would like to present an alternative proof for the “only if” part where
we do not need to use {,, (and Lemma 5.2). Assume that Exh(yp) = 3;1‘ for some
Banach space X and h: w — X. We will construct a non-pathological lsc submeasure
) such that Exh(¢y) = Exh(q).

Let {: P(w) — [0, 0] be defined by &(@) = 0 and for A # @

@A) = sup {lIsp(F)|: 0 # F € [A]~“}.

In Theorem 5.1 we already proved that @ is an Isc submeasure and Exh(y) = J;f =
Exh(p). How to construct 1? Fix an F € [w]<® and let F/ C F such that §(F) =
llsn(F)Il. Applying the Hahn-Banach theorem, there is an xj € X* with ||x;|| = 1 such
that x (sy(F")) = llsy(F")||. Then the function vg : P(w) — [0, o0]

ve(B) =x;(sy(F'nB)) = > xi(h(n)

neF’'nB
defines a signed measure with support F’. If v = v;r — v, where v;r ,Vp are measures

and v; 1 vg, then let up = v;r + v, . (In other words, the measure uy is uniquely
determined by up({n}) = |vg({n})|.) Finally let ¢ = sup{uy : F € [w]~“}, a non-
pathological Isc submeasure.

We claim that ¢ <1 <2 and hence Exh(vy) = Exh({) = Exh(p).

G <2 GOF) = lIsp ()l = x:(55(F")) = ve (F') = v (F) < pp(F) < 9(F).

Y < 2@: for every finite F and E if P = supp(v; ) = {k € F’ : x}(h(k)) > 0} then

pr(E) =up(F'NE)=v;(F' NE)+v, (F' NE)
=|x; (sx(F' NENP))|+|x; (su(F' N E\ P))|
<|lswE NENP)||+ ||snF nE\P)
<@(E) + $(E),

where we used that |x;(y)| < [|y|l for every y € X because [|x|| = 1.
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6. REPRESENTABILITY IN Cp

We will need the following notions (see [ ] and [Mat]):

An lsc submeasure ¢ is density-like if for every € > 0 there is a 6 > 0 such that if
A, € [w]=® is a sequence of pairwise disjoint finite sets with ¢(A,) < &, then there is
an X € [w]® such that ¢ (| ,cxAn) < €. An analytic P-ideal J is density-like if there is
a density-like submeasure ¢ such that J = Exh(y). Clearly, generalized density ideals
are density-like. At this moment we do not have any other examples of density-like
ideals (see Question 6.10).

An Isc submeasure ¢ is summable-like if there is an € > 0 such that for every 6 > 0
there is a sequence A, € [w]~® of pairwise disjoint finite sets with ¢(A,) < 6 and
there is a k € w such that ¢ (|J, .y A,) > ¢ for every Y € [w]¥. An analytic P-ideal J
is summable-like if there is a summable-like submeasure ¢ such that J = Exh(y). For
example, summable ideals which are not trivial modifications of Fin (i.e. # {AC w :
JANX| < w} for some X C w) and Farah’s ideal are summable-like.

Applying Remark 3.3, it is not difficult to see that if Exh(¢) = Exh(y) and ¢ is
summable- / density-like, then 4 is also summable- / density-like.

Clearly, an ideal cannot be both density- and summable-like. Moreover, tall F, P-
ideals are not density-like. In [Mat] Matrai constructed an F, P-ideal which is neither
of them. Stawek Solecki remarked (in personal communication) that the Tsirelson
ideal defined through the classical Tsirelson space (not its dual) is another exam-
ple of F, P-ideal which is neither summable- nor density-like (and is clearly non-
pathological).

A less obvious example of summable-like ideal is tr()N) (see below) which is interest-
ing because in some sense it is as far from being a real summable ideal as it is possible:

in [ ] is was proved that tr(N) and Z are totally bounded, that is, ¢ must be
finite (i.e. ¢(w) < 00) whenever tr(N) = Exh(p) (or Z = Exh(¢)). The authors of
[ ] observed that if the splitting number, s(J) of an analytic P-ideal J is w then

it must be totally bounded.
Proposition 6.1. tr(N) is summable-like.

Proof. We know that tr(N) = Exh(y) where
p(A) =sup { ZZ_M :BCAisan antichain}.
SEB
Lete = % and 6 > 0 be arbitrary. Fix an m € w such that 27 < §, and for every n let
A, ={s€2"*™ s | [nm,nm+ m) = 0}.
It is easy to see that A, is a finite antichain and that the measure of the associated
clopen set A, = Usa‘n [s] is @(A,) = 27™ < 6 where [s] = {x € 2¥:5 C x}. Clearly,

pM)=2A).
The family {A,,: n € w} forms an independent system: if n, < n; <--- < ni_y, then

Zno ﬂgnl ﬂ---ﬂgnk_l ={x€2“:Vi<k x| [nym,(n;+1)m) =0}
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and hence A ([, A, ) =27k = (27™)k,
Applying independence, if Y € [w]?" then

. 2 om 1
_ _ __1Y\k+1 -mk _ 1 _ _p—my2m m—oo .~
¢(UAH)—A(UAH)—]<:1( 1)kt (k)(z Yo=1-(1-2"m>" 1% -

ney ney

therefore if m is large enough, then ¢ (|, .y A,) > % =e. O

ney

Representability in ¢, can be characterized by combinatorics of the defining sub-
measure. This approach will help us showing that several classical ideals are not rep-
resentable in c;.

Proposition 6.2. An ideal { is representable in c iff there is a lsc submeasure ¢ and a
sequence (Uy)xeq, Of measures on w such that J = Exh(y), ¢ = sup{ui: k € w}, and
{k: m e supp(u)} is finite for every m € w.

Proof. If J = Exh(y) for some submeasure ¢ = sup{u;: k € w} as in the statement.
Then the basic representation of Exh(y) in £, (see Theorem 5.3) is actually a repre-
sentation in c.

Now assume that h = (x}}): w — ¢y, h >0, and J = J;O. We will modify h. To every
n fix a k, such that |x}/| < 27" for every k > ky,, and let i’ = (y}): w — ¢, where
Yi = x; if k <k, (otherwise y; = 0). It is easy to see that 3;9 = J and therefore we
can use the proof of Theorem 5.3 again to obtain the measures {u; : k € w} such that
Jd= 3;‘3 = Exh(vy) where ¢ = sup{u: k € w}. Clearly, 1 is as desired. O

Proposition 6.3. Let (U )re., be a sequence of measures on w such that {k: m € supp(u)}
is finite for every m € w. Let ¢ = sup{uy: k € w} and J = Exh(p). If uy is bounded for
every k, then J is a generalized density ideal.

Proof For any k we can fix an n; such that g (e \ ng) < 275 Let ui(A) = p(Anny).
We claim that if ¢’ = sup{u; : k € w}, then Exh(¢’) = Exh(¢).

Clearly, Exh(¢’) 2 Exh(y) (because ¢’ < ¢). So, assume that A € Exh(¢’), i.e.
for every € > 0 there is an N € w such that if F € [A\ N]=%, then ¢/(F) < &. We
will find an M such that ¢(F) < 2¢ for every F € [A\ M]~“. Let K € w be such
that 27X71 < ¢ < 27K, For all k < K fix an m; > n;. such that p;(w \ m;) < 2751
and let M = max{N,my,my,...,mg}. It is easy to see that if F € [A\ M]~¢, then
O(F) < ¢'(F)+ 2781 < 2¢,

To finish the proof, we show the following general fact.

Claim. Assume that 1 = sup{vy: k € w} where v, is a measure for every k, |{k: m €
supp(vi )} < w for every m, and |supp(vy)| < w for every k. Then Exh()) is a general-
ized density ideal.

Proof. We can easily find an interval partition (P, ),c,, of w such that for every k there
is an n with supp(vy) € P, UP, .. Let ¢,(A) = sup{vi(ANP,): k € w} for every n.
Notice that ¢, is a submeasure concentrated on P,. We show that if ¢ = (¢,),c,,, then
Z@* = EXh(l/))
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Clearly sup,,c,, ¢.(A) < supyc,, vr(A) holds for every A, in particular
(pn(A) = (Pn(Aﬂ Pn) < iup Vk(A\ min(Pn)),
cw

and thus 2 2 Exh(1)). Conversely, if A ¢ Exh(1)) then there is an & > 0 such that for
every m there is a k;, such that v, (A\m) > ¢. The set {k,,: m € w} is infinite because
the supports of v;’s are finite. For a fixed m, there is an n,, such that supp(v, ) <
P, UP, .;and hence

en,(A) =, (A\m)>e/2  or ¢, 11(A) =, 1(A\m)>e/2.

The set {n,,: m € w} is also infinite because P, U P, ; can cover only finitely many
supports of v’s. Therefore ¢,(A) - 0 and A¢ Z 5. 0

Clearly, ¢’ and the sequence (u;)k satisfies the conditions of the claim, so we are
done. O

Corollary 6.4. If an analytic P-ideal is totally bounded and representable in c,, then it is
a generalized density ideal.

Corollary 6.5. tr(N) is not representable in c.

The next result shows that among tall F,, ideals the representability in ¢, is equiva-
lent to the representability in R.

Theorem 6.6. A tall F, P-ideal J is representable in c iff it is a summable ideal.

Proof. (Non-trivial implication.) Fix an lsc submeasure ¢ such that J = Exh(¢) =
Fin(¢). Suppose that J is representable in c,, and (using Proposition 6.2) fix a non-
pathological submeasure v = sup{u,: n € w} such that J = Exh(v) and there is a
strictly increasing function f : w — w such that u,({k}) =0 if n > f (k). Also, assume
that ¢ > ). Otherwise, we could consider ¢ + 1 instead of ¢ (notice that Exh(y¢) =
Exh(p +1)) and Fin(¢) = Fin(p +1)). Because of tallness, ¢ ({n}),y({n}) — 0.

Assume on the contrary that J is not summable. Let v, = max,,<, U,,. Then J,, =
Exh(1),) is summable for every n (J, = J, where h,(k) = ¢,({k})) and we have
JC€--CJpq €7, €+ €Ty Hence, for each n we can find A, € J, \ J. We can
assume that (i) (A, ), are pairwise disjoint and (ii) ¢, (4,,) < 27" for every n.

(i): Fix a sequence (B )ie,, such that H, = {k: A, = B} is infinite for every n.
Then by recursion we can pick finite sets F;, C By such that ¢(F;) > k and max(F;) <
min(Fy ). Finally let A’ = J{F; : k € H,}. Then A/, CA, and A, ¢J.

(ii): Applying tallness, for every n there is an m,, such that

YalAn\m) < D a(imp) <27,
meA,\m,
hence after finite modifications (ii) holds true.

In particular, | J,.,Ax € J, because ¢, (Ar) < ¢r(4x) < 27% (if n < k) and hence
we can use o-subad_ditivity of .

Now we will construct a set X € Exh() \ Fin(¢), which will lead us to the contra-
diction. First, we can fix a sequence (X, ),e,, such that
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(a) X(/) S [A0]<w and X;H—l S [Af(maX(X,/l)-i-l)] <w,
(b) max(X;) < min(X ),
(©) (X))~ 1 for every n.

Let X’ = (., X/, and consider the following ideals on X”: J | X’ is a tall F,, P-ideal
(hence not density-like), and 2 is a tall generalized density ideal (hence density-like)
where @ = (¢ [ X} )pee- Clearly, J | X" € Z5. Therefore there is an X C X’ such that
@(X) =00 (i.e. X ¢ Fin(¢)) but p(X NX) — 0. We show that X € Exh(3)).

Let k, = max(X;)+ 1 and X,, = X NX,. Clearly X1 C Az )N [ky,kpyq). Fix
m,N € w. We have two cases:

1. f(ky) = m. Then using N < ky < f(ky) we obtain that

U Aj) fwm( U Aj)
Jjzfky) Jjzfky)
< Z 277 = 9= fln)+1 < g=ky+1 < 9—N+1.
Jjzfky)

2. f(ky) < m. Then we work with a partition of X \ ky and obtain that

o Un(X Nlky,kyi1)) = Xy i1) SYPXn41) < @Ky 41);

* UnNk12) = i (Ui 0A7) < m (Ui ds) < 9m (Ui dy) <277
In both cases, (X \ ky) < ¢(Xy41)+2"¥+1. Moreover this value does not depend

on m and tends to 0. Hence (X \ ky) = Sup,ee bm(X \ ky) X, 0, ie. X €
Exh(4)). O

(X \ ky) < .U'm(

Corollary 6.7. Farah’s ideal and the Tsirelson ideals are not representable in c.

Proposition 6.8. Let J be representable in cy. Assume that there is no A € [w]® such
that J | Ais contained in a summable ideal. Then J is a generalized density ideal.

Proof. We can assume that J = Exh(¢), where ¢ = sup{u;: k € w} issuch that {k: m e
supp(u)} is finite for every m. Suppose there is k € w such that . is unbounded. Let
A = supp(uy) and notice that J [ A € Exh(uy) = J,,,(y}). Therefore, J [ A is contained
in a summable ideal. Hence each u; is bounded. But then, by Proposition 6.3, J is a
generalized density ideal. O

It seems that it is difficult to find a density-like ideal which is not a generalized den-
sity ideal (see Question 6.10), so it is difficult to find a (non-pathological) density-like
ideal which is not representable in c,. The above proposition shows that the situation
differs drastically with summable-like ideals: it is impossible to find an example which
is representable in ¢, and which does not resemble a summable ideal at least locally.
So, representability in ¢, seems to be closely connected to density-likeness. However
the question of the full characterization is still open.

Question 6.9. How to characterize analytic P-ideals which can be represented in ¢,?

It is connected to an irritating question mentioned before:
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Question 6.10. Is there a density-like ideal which is not a generalized density ideal?

In the context of Proposition 6.8 there remains a question, how much ideals con-
tained in a summable ideal resemble summable ideals itself. Despite the fact that
summable ideals are quite small, there are nontrivial examples of ideals covered by
a summable ideal which seem to be quite far from being summable itself. A natural
example of such an ideal is Farah’s ideal. Indeed, notice that Jr can be covered by
summable ideals in many ways, e.g. let h(k) = 1/n if k € [2",2" + n) and h(k) = 0
else, then Jr € J;. There is even a density ideal covered by a summable ideal:

Example 6.11. Let u,({k}) = 1/n, h(k) = 27" for k € [2",2"*1). Then Zg € Jp simply

. ) an n
because if a € w® and = 0 then Znew on < 0.

On the other hand, tr(N) cannot be covered by any summable ideal.

Example 6.12. tr()N) (and hence Z) cannot be covered by a summable ideal. Let
h: 2<® — [0,00). It is easy to find an branch x € 2 such that Zxrngth(t) = 00
for each n € w. Choose a sequence of pairwise disjoint finite sets (F,),c., such that
F,C{t:xnCt}and Ztan h(t)> 1. Then | J . F, € tr(N) \ Jp.

new

Question 6.13. How do (analytic P-)ideals which are contained in a summable ideal
look like?

This question is connected also to the question of representability in R®. We men-
tioned (see Example 4.8) that an ideal is representable in R® iff it is a countable
intersection of summable ideals. In particular, it has to be contained in a summable
ideal, so neither tr(N) nor Z is representable in R®.

Question 6.14. Is there any characterization of ideals representable in R®?

In the next diagram, we summarize all possible connections between properties of
ideals we investigated, and also put easy examples into every “bubble” (where we
know any).
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summable-like ideals Matrai’s land

density-like ideals

otr(N)

generalized
density ideals

°Z

o Fin

non-trivial

summable ideals

°Ji/n

Tsirelson
ideals

non-pathological analytic P-ideals (i.e. Banach-representable ideals)

Explanations:

e A summable ideal is non-trivial if it is not a trivial modification of Fin.
e Jo®d,={AC2x w: {n: (i,n)eAlef;,i=0,1}.
e “?” means that we do not know any examples in this “bubble.”

7. REPRESENTABILITY IN {4

Notice that if an ideal is represented in ¢; by a sequence whose every coordinate
is non-negative, then it is a summable ideal. However, in general this is not true. We
present an example of an ideal J which is representable in £, but is not summable. The
construction is motivated by the standard example of an unconditionally convergent
but not absolutely convergent sequence in ¢;.

We will need two interval partitions (P,),e,, and (Q,)ne, Of w: Let P, = [0 +
1+2+---+n0+1+2+---+n+(n+1)), let Qy = [0,1) and if n > O then let
Qu=[14+2+4+---+2"114+2+4+---+2"). Define the following sequence of
“Rademacher-like” vectors:
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e ro=(1);
rn=073)»r2=0G—3)
en=G it =Gl =g -11-h,
=G LIsb i b=t S
11 _1_11 11 11 11

8=y e ere e 8 =6 e e e e 8D
and so on. In general, in the nth block we construct r; € R?" for i € P, (notice that
2" =|Q,]), they are the first |P,| many “Rademacher-like” vectors in R?". Define the
operation T: R* — L'[0,1] by T(x) | I, = 2"x; for k < 2" where I, = [z—kn, kztl
and x = (Xy)x<on. Then T is an isometric linear embedding and {T(r;) : i € P,} is
the sequence of the first n 4+ 1 usual Rademacher functions. In particular the following

version of Khintchine’s inequality holds true: there is C > 0 such that for any sequence

(¢i)iep, of real numbers
1/2
Zciri SC(ZC?)
1

ieP, ieP,

(this is an immediate corollary of [ , Theorem 3.25]).

Now, we will define a sequence x = (x;);e,, in £; which will represent the Rademacher-
ideal Jg = Jf}. Simply “shift” the vectors (r;);cp, to the interval Q,, put zeros into every
other coordinate, and divide it with n (if n > 0). More precisely, if i € P, then let
supp(x;) =Q, and
ri(k)

n

x;(min(Q,) + k) = for k <2

ForX CwletAy ={ne€w: P,NX #0}.

Theorem 7.1.

(0) Jrisatall F, ideal.

(1) If X € Jg then Ay €Ty p.
@)) IfAX S jl/ﬁ then X € HR.
(3) Jgr is not a summable ideal.

Proof. (0): Tallness is trivial because ||x;|| = 1/n if i € P,. Let ¢: P(w) — [0,00) be

defined by
pA) = Z max{ in

new i€F

:Q);éFanﬂA}.
1

One can see that @ is a submeasure and Ji = Fin(¢).
(1): Let ),y x; = a and assume on the contrary that ZHGAX 1/n = oo. Without loss
of generality assume that X NP, = {j, } is a singleton for each n € Ax. Clearly, ||x; ||, =

1/n for each n € Ay and thus [lalhy = || ey xi]ly = | s, Xilly = Zinea, 1111 =
ZHGAX 1/n = oo, a contradiction.

(2): Suppose ZHGAX 1/4/n < co. This time we can assume that X NP, = P, for
each n € Ax. We are going to use different (but in ¢, equivalent, see [ , Theorem
3.10]) definition of unconditional convergence: ».(x,), is unconditionally convergent
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if for any choice of signs (¢€,,),, the series > (€,.x,), is convergent, in the classical sense,
that is, the sequence of initial subsums is convergent.
For any choice of signs (€ )i, Ko € Py, and K; € P, , Ky < Ky, ngp,n; € Ay, using
Khintchine’s inequality we have
e+ Q) e

E € Xk E €;X;
ieP, i€P, NK;

kexn[Ko,K;) i€P, \Ko

+
1

1

Sy

1L neayn(ng,ny)

n+1 1/2 ng,n;—00
5 0
n

<c- (
n€AxNlng,n]
because of our assumption on Ay.

Before (3), we need a general Lemma:

Lemma 7.2. Assume that a = (a;)pews D = (Dp)new> ¢ = (C)new € Co» An> by, €y = 0 for
every n, and that J, € J,. Then J,. € J,. (Where ac = (a,,¢;)ne and bc = (b,Cp)new)-

Proof. Fixan X € J,.. We can assume that X = w by restricting our sequences to X. We
have to show that w € J;.. For every m define B,, = {n: b, > 2™a,}, and let C = ||c||,-

Claim There is an m such that B,, € Jj.

Suppose that B,, ¢ J;, for every m. Then we can find a sequence (F,,) e Of finite
sets such that for every m (i) F,, € B,,, (ii) 27™ <s,(F,,) < 2~™"! and (iii) max(F,,) <
min(F,,;,). Then clearly B =1 J__, B, €J, but s,(F,,) > 1 for every m hence B ¢ Iy,
a contradiction.

mew

Let m be such that B,, € J;. Then

D ibuca SC D byt D by,

new neBm n¢Bm

SCZ bn+2m2ancn

neB,, n¢Bm

<cC Z bn+2mZancn<oo.

neB,, new

0

(3): The ideal J is not a summable ideal. Suppose that Jz = J; for some h: w —
[0,00). Let d(n) = s,(P,) and e(n) = s;(P,)/n. According to (2) J;, 5z € J4 and by the
Lemma (applied for a(n) = 1/+/n, b(n) = d(n), and c¢(n) = 1/n) we have J_1_ € J,.
This just means that e € (.

For each n € w pick i, € P, of the smallest possible weight with respect to h. (1)
implies that the set X = {i,: n € w} ¢ Jx (simply because Ay = w ¢ J;;,). But
ZneX h(n) < Znew @ = Znew e(n) < 00, a contradiction. O

1
nyn

Question 7.3. Is there a nice characterization of representability in £;? Does it imply
e.g. that the ideal is F,,?
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8. SOME RELATED QUESTIONS

The topic of this article can be developed in many ways, e.g. by considering char-
acterizations of representability in particular structures. Below we list some problems
which we found interesting.

Representations in C[0,1]. The Banach space C[0,1] of continuous real-valued
functions on the unit interval with the sup-norm is (isomorphically) universal for the
class of separable Banach spaces, i.e. it contains copies (via linear homeomorphisms)
of all separable Banach spaces. Therefore, all non-pathological analytic P-ideal are
representable in C[0,1].

Question 8.1. Is there any “canonical” way of representing non-pathological analytic
P-ideals in C[0,1]? Here “canonical” stands for a simple construction of a representa-
tion of Exh(sup,,c,, ) in C[0, 1] from the defining sequence (u,),c., of measures on
w.

Question 8.2. Assume that all non-pathological analytic P-ideals are representable in
a Banach space X. Does it imply that X is (isomorphically) universal for the class of all
separable Banach spaces?

Weak representations. Another natural way to associate ideals to sequences in

topological Abelian groups is the following: If h: w — G then let
5}? = {A Cw: Zh [Ais Cauchy}.

Clearly, 5}? is always an ideal, and Jg - 5}? = JE where G 2 G is the completion of
G. Of course, if G is complete, then Jg = 55

For example, let X be a Banach space and consider X with the weak topology w =
o(X,X*). Then we can talk about ideals representable in the completion X of (X,w).
If we are interested in a special case, namely, ideals of the form ﬁ’w, i.e. ideals of the
form Jf where we work with sequences h : w — X C X with range in X only, then
applying [ , page 44, Thm. 6] it is easy to see that these ideals are F,,.

w

Question 8.3. Is there any characterization of ideals of the form 51;1( where X =

Co,el,eoo?

Ideals defined by families of finite sets. It seems that numerous ideals can be
written in a quite special form. For a function f: w — [0,00) and finite set F C w
define a measure in the following way: u);(A) =s5¢(ANF) = ZkeAnF f (k). Now for a
family F C [w]<® we can define a submeasure (p; = SUDpeg ué.

For instance, consider 2= instead of w, and let f, g: 2® — [0,00), f(s) = 27kl and
g(s) = |s|72. Then we obtain the following example:

o if F=[2¢]<%, then Exh(tpé) is the summable ideal;
o if F = {levels}, then Exh(tpé_i) is the density ideal,;
e if ¥ = {antichains}, then Exh(tpé) is tr(N);
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e if F consists of finite subsets which do not have more than 2" /n elements from
n-th level, then Exh(tpé) is Farah’s ideal.

We hope that some families of finite sets (with an appropriate f) could give us some
interesting ideals.

Question 8.4. Is there any characterization of ideals of the form Exh(cpé)? Or at least
in the special cases described above (i.e. with a fixed f)?

Basic representations. Let E be the canonical basic sequence of c¢,. Consider a
linear space X’ C ¢, equipped with a norm ||-|| and let X be the completion of (X', ||-||).
We will say that an ideal J is basically represented in X if

Aeliff Z a, X, unconditionally converges in X
neA

for some sequence (a,,),c,, from R* and a sequence (x,,),c., from E (where we assume
that e = x,, only for finitely many n’s, for every e € E).

It seems that this representations ties ideals with Banach spaces in a more evident
way than the standard representation. E.g.

e summable ideals are those basically representable in {;
e density ideals are those basically representable in cj;
e Tsirelson ideals are basically representable in Tsirelson space(s).

Perhaps this approach can be used to construct peculiar Banach spaces. For example
we can ask if there is a norm such that tr(N) is representable in the above way?
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