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Abstract

Using a non-Laver modification of Uri Abraham’s minimal A} collapse
function, we define a generic extension L[a| by a real a, in which, for a given
n > 3, {a} is a lightface II} singleton, a effectively codes a cofinal map
w — w! minimal over L, while every X} set X C w is still constructible.
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1 Introduction

It is well-known that all sets £ C w of the lightface class Z% or H21 are Goedel-
constructible. In fact this is an immediate corollary of the Shoenfield absoluteness
theorem. But one gets models with nonconstructible sets which belong to the
analytic hierarchy just above the mentioned threshold. In particular it is consis-
tent with ZFC that there exists a A% real and a IT} real singleton, see [10], and
such a real can be of minimal L-degree, [11].

Many more results on definable sets of different kind have been obtained on
the base of forcing methods invented in the abovementioned papers. Most of them
employ versions of the almost disjoint coding method of [10]. A recent article [6]
contains several powerful applications of almost disjoint coding, in particular, to
the construction of models with A} well-orderings of the reals, in which the reals
have some very special properties. The paper also contains further references.

Yet the almost disjoint coding technique is pretty useless in the case of models
containing definable generic objects and minimal over the ground model with
respect to this or another property. The first example of such a model was
presented by Jensen [I1I]. Namely, Jensen’s forcing notion J € L consists of
perfect trees in w<“ (a subset of the Sacks forcing), and if a real a € w* is
J-generic over L then 1) it is true in L[a] that {a} is a nonconstructible 73
singleton, and 2) a is minimal over L, in the sense that if b € Lja] Nw* then
either b € L or a € L[b]. (See also 28A in [9] on this forcing.)

Several variations of this forcing are known. In particular, a model in [I3] in
which, for a given n > 3 there exists a minimal nonconstructible II! singleton
but all X} sets 2 C w are constructible, an wy-long iteration of Jensen’s forcing
in [I], or a recent model in [I2] in which there is an equivalence class of the
equivalence relation Eo (a Eg-class, for brevity), which is a lightface H21 set
in w¥, not containing OD elements, and a related model in [7] containing a 72
Groszek — Laver pair of Eg-classes.

The research of this paper was inspired by another minimal-style forcing con-
struction, a generic extension L[a] by Abraham [2] such that 1) {a} is a non-
constructible I3 singleton in L[a], 2) w{‘[a} = w¥ (so a codes a collapse of wl),
and 3) a is a minimal collapse over L, in the sense that if b € Lla], b: w — w},
and b is cofinal in w¥, then a € L[b]. Abraham’s forcing in [2] consists of Laver-
style trees in w1<%, and its complicated construction in L, while having a certain
semblance of Jensen’s method in [I], involves some crucial novel ideas.

Our main result extends this research line. The next theorem asserts the
existence of a model of ZFC, in which, for a given n > 2, there is a II} real
singleton which codes the collapse of w{‘ in minimal way, and in the same time
reals in X! do not code the collapse. The abovementioned result of [2] corresponds
to the case n = 2 in this theorem, of course. We use the blackboard n to
distinguish the fixed number n in the theorem from other numbers n in the text.

1 Ey is defined on the Baire space w® so that x Eo y iff the set {n:2(n) # y(n)} is finite.



Theorem 1.1. Let n > 2. There is a generic extension L[a] of L, by a real
a € w¥, such that the following is true in Lla]: (i) w{‘[a} = wk;

(ii) (minimality) if b € Lla], b:w — w¥, b is cofinal in w¥, then a € L[b];
(iii) the singleton {a} is a (lightface) II. set;

(iv) (vacuous for n = 2) every X! set x C w belongs to L.

2 Structure of the proof

The proof of Theorem [[.1] is organized as follows. Basic notions, related to ws-
branching trees in w1<“ (wide trees), are introduced in Section Bl Unlike [2],
we’ll not focus on Laver-style trees, which makes basic constructions somewhat
simpler. Every set P of wide trees T, closed under restrictions, is considered
as a forcing by wide trees, a WT-forcing in brief, Section [ Every WT-forcing
adjoins a P-generic “real” a € wy®.

Section [ presents a non-Laver modification of Abraham’s method in [2] 2.14],
designed to define uncountable decreasing sequences of wide trees. Basically, any
collection F' of wide trees, satisfying rather transparent conditions of Defini-
tion [6.1], yields a wide tree wr(F), so that if F' C F’ then wr(F’) C wr(F). We
apply the method to prove Theorem [5.3] in sections [7 ] which allows, given a
wide tree S and a family of continuous functions f, : w1 — w1¥, a < w{', to
define a smaller wide tree T' C S, regular in some sense with respect to each f,.

Another technical device, also having its roots in [2], is introduced in Section [0l
It allows to shrink a given wide tree S to a smaller wide tree T' such that any
pre-dense set U C S in a given family of Ni-many such sets meets every infinite
branch in 7" except for a bounded set of them (Corollary @.5]).

Then, arguing in the constructible universe L, we define a forcing notion to
prove Theorem [[.Tlin Section [Ilin the form P =, <ws P.. The summands P,
are Ni-large WT-forcings defined by induction. Any P-generic extension of L
happens to be a model for Theorem [I.1], which we prove in the remainder.

The inductive construction of P, involves two key genericity ideas. The first
idea, essentially by Jensen [I1]], is to make every level P, of the construction
generic in some sense over the union of lower levels P¢, { < o. This is based on
a construction developed in sections [I0] [T, which includes the abovementioned
modification of Abraham’s method. The iterated genericity of the levels P,
implies that the two sets are equal in any P-generic extension of L:

1) the singleton {a[G]} of the principal generic element a[G] € w;¥,
2) the intersection (.., Urep,, -

This equality, eventually leading to of Theorem [I1] is established in sections
12, I3l on the base of studies of continuous functions in sections [7] Bl

The second idea goes back to old papers [§], [13]. In L, let WIF be the
set of all countable sequences P = (P¢)ecy (@ < wq), compatible with the



first genericity idea at each step £ < «. Then a whole sequence (P,)a<w, can be
interpreted as a maximal chain in WTF. It happens that if such a chain is generic,
in some sense precisely defined in Section 1], of Theorem [IT.4], with respect to
all £1_, subsets of WTT, then the ensuing forcing notion P = J,, <w, Pao inherits
some basic forcing properties of the whole forcing by (all) wide trees, up to the
n-th level of projective hierarchy. This includes, in particular, the invariance of
the forcing relation with respect to some natural transformations of wide trees,
leading eventually to the proof of of Theorem [[.T] in sections [T5 — I8l

3 Wide trees

Let w1<¥ be the set of all strings (finite sequences) of ordinals £ < w; — including
the empty string A. If s € w1=* then 1h(s) < w is the length of a string s, and
max s < wy is the largest term in s. Let w] = {s € w;=¥: 1h(s) = n} (strings of
length n). If t € w;=¥ and & < wy, then t7¢ is the extension of ¢ by £ as the
rightmost term. If s,¢ € w;<% then s C ¢ means that the string ¢ extends s, while
s C t means a proper extension. A set T Cwi¥isatreeiff seT = teT
whenever s,t € w;=* and t C s. Then:

— if s € T then sucer(s) = {t € T: s C t A1h(t) = 1h(s) + 1}, the set of all
successors of s in T. If sucer(s) = @ then s is an endnode of T

— BN(T') = {s € T': card(succr(s)) > 2}, all branching nodes of T, and
BN, (T) ={s € BN(T): card ({u € BN(T):u C s}) = n};

— if w € T then define T, ={t € T:u CtVtCu},a restricted tree;

— if T is not pairwise C-compatible then there is a largest string u € T" such
that T'[,, = T', denoted by u = stem(7'), then {stem(T)} = BNy(T);

— T={z€ew¥:Ym(x[meT)}, aclosed set in w;“.

Definition 3.1. A set U C T is dense in a tree T if Vs € T3u € U (s C u),
open dense, if in addition s € U holds whenever s € T, v € U, u C s, and
pre-dense, if the set U' = {s € T:3u € U(u C s)} is dense. O

Definition 3.2. A tree @ # T C wi=¥ is a wide tree, in symbol T € WT, if any
s € T can be extended to a branching node ¢t € BN(T"), s C ¢, and if t € BN(T))
then card (succr(s)) = Ny — i.e., all branching nodes are w;-branching. O

A bigger set WT’ consists of all trees @ # T' C w;<% such that each subtree
of the form T'[,, s € T, is uncountable. Clearly WT ; WT’, but WT is still
dense in WT', so that every tree T'€ WT' contains a subtree S € WT, S C T.

Generally, WT and WT’ belong to the category of uncountably-splitting ver-
sions of the perfect set forcing. Similar forcing notions of this kind, as well as
their Laver-style versions (which require every node above the stem to be a wide-
splitting node), have been thoroughfully studied in set theoretic papers, see e.g.
Namba [14], Bukovsky [4], Abraham [2], Jech [9, Chap. 28], to mention a few.



Lemma 3.3. Suppose that T € WT. If s €T then T|, € WT. If v € X C [T],
X is open in [T, then there is s € T such that s Cx and T],C X. O

Definition 3.4. We introduce two notions of inclusion between trees which
partially honor the branching structure. If S,T C w;=“ are trees then define:

— SC,T iff BN,(T)C SCT;
— SC, T iff SCT and BN,,_1(S) =BN,,_1(T). ]
Lemma 3.5. (i) The relations Cqy and Qé coincide with just C ;
(i) SC/ T — SC, T — SC, T
(iii) if S C,, T then Yu € BN, (T)(there is a unique v € BN,,(S) with u C v);
(iv) if SCI T then S C, T iff Vu € BN,,_1(T) (succr(u) = succg(u)). O
Lemma 3.6. Let T € WT, n < w. Assume that if u € BN, (T) then T,, € WT,

T, €Ty Then the tree S =, epn, (1) Tu belongs to WT and satisfies S S, T
and S|, =T, for all we BN, (T). O

Note that under the conditions of the lemma, if v € BN, (T) then u C
stem(7),), and in addition BN,,(S) = {stem(T}) : u € BN, (T)}.

Lemma 3.7. Assume that ... C4 Ty C3 T3 Co Ty &1 11 Co 1o is an infinite
decreasing sequence of trees in WT. Then the tree T =, T;, belongs to WT,
and we have T' C,, T,,, and hence BN, (T) = BN,,(Ty,+1), for all n. O

4 Wide tree forcing notions and dense sets

A non-empty set P C WT is a wide tree forcing, WT-forcing in brief, if we have
TV, € P whenever u € T € P. Thus WT itself is a WT-forcing, and if S € WT
then the set {ST,:t € S} is a WT-forcing.

Remark 4.1. Any WT-forcing P can be considered as a forcing notion ordered
so that if 7" C T”, then T is a stronger condition. The forcing P adjoins a cofinal
element x € w1¥. More exactly if a set G C P is P-generic over a given set
universe V (and P € V is assumed) then the intersection (\;c,[T] contains
a unique element a[G] € (wY)¥, and a[G] satisfies G = {T € P:a[G] € [T]},
V[G] = V[a[G]], and supa|G] = wY (cardinality collapse).

Elements a[G] of this kind are called P-generic. O

To prove Theorem [L.T] we’ll make use of a certain WT-forcing P C WT.

Definition 4.2. A set D C P is dense in P if for any S € P there is a tree
TeD, TCS, open dense, if in addition S € D holds whenever S € P, T € D,
S C T, and pre-dense, if the set D' ={S e P:3T € D(SCT)} is dense. O

If 7€ WT and D C WT then let DN T ={se€T:3Se€D(T1,C95)}.



Lemma 4.3. Assume that P is a WT-forcing, and D,, C P is pre-dense in P
for all n. Let Sy € P. Then there is a tree T € WT (not necessarily in P!)
such that T C Sy and if n < w then BN, (T) C D, T.

Proof. We wlog assume that each D,, is open dense; otherwise replace it by
D, ={SeP:35 € D, (5 C S)}. Using Lemma and the open density,
define a sequence ... Cy Ty C3 T3 Cy To Cy 11 Cy T C Sp, such that if n < w
and s € BN, (T,,11) then T,, 1], € D,,. By Lemma BT the tree T'= (), T}, is as
required: if s € BN,,(T) then s € BN, (T}, +1), so that T'[, € Ty,41[, € D,,. O

There is no way to directly extend Lemma 3] to the case of wi-sequences of
dense sets. But a somewhat weaker result of Lemma will be possible.

5 Bounded sets and continuous maps

It is known from descriptive set theory that if a continuous map f : P — w¥ is
defined on a perfct set P C w® then f is a bijection or a constant on a suitable
perfect subset P’ C P. A similar but somewhat more complicated dichotomy
holds for wide trees. Say that a set X C wq“ is bounded, if there is an ordinal
[ < w; such that X C . Note that if 7€ WT then the set [T] is unbounded.

Lemma 5.1. Let S € WT and f : [S] — wi® be continuous. There is a tree
T CS, T eWT, such that either f”[T] is bounded or f|[T] is a bijection.

Proof. Suppose that for no T € WT, T C S, f[[T] is bounded. Then, as
the set BN1(.S) is uncountable, by a simple cardinality argument there exist: an
uncountable set U C BN;(S), a number k, and for each ¢ € U — an ordinal
& < wi and a tree Uy € WT satisfying U C S|,, f(z)(k) = & for all z € [Uy]
(same k for all t € U!), and if t # t' belong to U then & # &y .

Then the tree Sy = [J,ciy Us belongs to WT and satisfies S; C} S. In addition,
there is a number k = k1 such that if u # «’ belong to BN1(S1) and z,2’ € [S4],
uCx,u Ca,then f(x)(k) # f(z)(k1).

Similarly, there is a tree Sy € WT, Sy C) Si, and a number k3, such
that if u # «' belong to BNy(S3) and z,2’ € [S1], v C =z, /' C 2/, then
(f(@)(k1), f(2) (k) # (f (@) (K1), f (@) (K2))-

Iterating this construction appropriately by induction, we get a required tree
T =(), Sn € WT by Lemma 3.6l O

The next theorem presents a dichotomy somewhat different than the one
considered by Lemma [5.T] and related to the case of RXj-many maps.

Definition 5.2. If f: w1¥ — w1¥ is a continuous map, and U,V € WT, then
H(U, f,V) is the set of all strings s € U such that (1) [V]N(f?[U]]) is bounded
or (2) fI[Ul] is a total identity, that is, f(x) =z for all z € [U],].

Note that (1) and (2) are incompatible provided U C V. O



Theorem 5.3 (the proof ends in Section ). Assume that S € WT and, for each
a<wi, fo:w¥ = wi® is a continuous function. Then there is a tree T € WT,
T Cy S, such that, for any o < wy, the set H(T, fo,T) is dense in T .

6 Iteration of wide trees

Here we develop another method of construction of trees in WT, similar to a
construction introduced in [2 2.14], and designed for the proof of Theorem [5.31

Definition 6.1. A function J is an iteration (of wide trees), in symbol J € IWT,
if its core C' = dom J is a subtree of w1=* (possibly with endnodes and/or isolated
branches), all values J(u) are trees in WT, and in addition

(1) if uw C v belong to C then v € J(u) and J(v) C J(u)[,;
(2) if w C v belong to C, 1h(v) = 1h(u) + 1, and u ¢ BN(J(u)) then J(v) =
J(u).
In this case we define the wrap of J,

(3) wr(J)={s€w:VuedomJ (uCs = seJ(u)}.

If P C WT then IWT(P) consists of all iterations J € IWT with ranJ C P.
An iteration J € IWT is small if the core C = domJ is at most countable. [

In particular @ € IWT and wr(&) = w1<Y.
If C Cwi=¥ is a tree and s € wi;=* then let proj-(s) (the projection) be the
largest string in C' with u C s; projo(s) = s provided s € C.

Lemma 6.2. If J € IWT then T =wr(J) € WT, C =donJ C T, and

(i) if s € C then s Cstem(J(s)), T C J(s), and sucer(s) = succ(4)(s);
(i) if s€ T~ C and u=projo(s) then s € J(u) and T|4= J(u)l,;
(iii) if s € C is an endnode in C then we have T|, = J(s).

Proof. If u € C then u € T by GIJ(1)] so we have C C T

If s € C then J(s) = J(s)|, by GI(1)| with u = v = s, so that obviously
s C stem(J(s)). If now ¢t € T and s C ¢ then t € J(s) by therefore
TTs C J(s). This implies succer(s) C suce (s (s). To get the equality, let t =
s7¢ € succy(5)(s). Then t € T by BINDH(3)L so ¢ € sucer(s), as required.

()| If s ¢ C then by BA(L)(3)| the criterion of s € T = wr(J) is just s € J(u),
where u = proj-(s). This easily implies the result. And is similar to |(i1)|

To prove T'€ WT, let s € T. We have to prove that (a) if s € BN(T') then
succy(s) is uncountable, and (b) there is a string ' € BN(T) with s C s'. By
we have (a) immediately, so it remains to check (b).

Case 1: s € T~ C. Then T|, = J(u)|, by[(ii)} where u = projq(s). But
J(u)[ s € WT by Lemma B3] which easily implies (b).



Case 2: s is an endnode in C, so T'| , = J(s) € WT by [(iii)} follow Case 1.
Case 3: there is an endnode s’ in C' with s C s’ — apply Case 2 for s’.

Case 4: if all the above fails then there is an infinite branch in C' containing
s, that is, b € wi® such that b[n € C, Vn, and s = b ng, where ng = 1h(s).
Then bfn € J(s) for all n by Therefore, as J(s) € WT, there is a least
number k£ > ng with ¢ = bl k € BN(J(s)). Then by the way J(t) = J(s) by
hence t € BN(J(t)), and finally ¢t € BN(T") by as required. O

The lemma allows to maintain infinite, even uncountable C-decreasing se-
quences of trees in WT, with the help of the following two rather obvious results.

Lemma 6.3. If J C J' are iterations in IWT then wr(J') C wr(J).
If (Je)ewr is a C-increasing sequence of iterations Je € IWT then J =
Ugr Je € IWT and wr(J) = (e wr(Je). O

Lemma 6.4. Let J € IWT, domJ =C CC' CT =wr(J), C’ be a tree.

e Define a natural extension J' of J to C’ by domJ' = C’, J'(s) = J(s) for
seC,and if s € C'\ C and u = proj(s) then J'(s) = J(u)]|,.

Then J € IWT, J CJ', wr(J') = wr(J). O

Condition of Definition imposes important restrictions on the con-
struction of iterations, basically justifying proper shrink only at successors of
branching nodes. Nevertheless it leaves us enough freedom.

Lemma 6.5. Assume that P is a WT-forcing, J € IWT(P), C = domJ,
seT =wr(J), and s ¢ C or s is an endnode in C. Let U € P, U CTJ,.
Then there exists an iteration J' € IWT(P) and a string s’ € domJ' such that
JCJ,sCs,and J(s')CU.

Proof. Let ¢t = stem(U), thus s C t € BN(U) and all shorter strings v C ¢ do
not belong to BN(U). Pick any s’ € U with 1h(s’) = 1h(¢) 4+ 1; then t C s’ ¢ C.
Let u = projo(s). Let J' € IWT(P) be the extension of J to the domain
C'=CU{v:ucovCt}u{s} by J'(u) =J(s) =J(s)], whenever s C u C ¢,
and finally J'(s") = Uly. To see that is satisfied for J' at u = ¢ and
v =, recall that ¢ € BN(U), hence ¢t € BN(J(s)) = BN(J(t)) as well. O

7 Key dichotomy lemma
Lemma 7.1. Assume that P C WT is a WT-forcing, J € IWT(P) is a small

iteration, S = wr(J), go € C =domJ, and f:w® — wi* is continuous. There
is a small iteration J' € IWT(P) and a string g € C' = dom J', such that gy C g,
JCJ, and g € H(T, f,T), where T = wr(J'), i.e.,

(1) [TIN(f7[TT,]) is bounded, —or (2) f is a total identity on [T ,].



The lemma will be crucial in the proof of Theorem [5.3]in Section [8l

Proof. Pick any g1 € S\ C satisfying go C g1. Let u = projc(g1). If f”[ST,,] C
[C] (a bounded set) then let J; € IWT(P) be the natural extension of J to the
domain C; = CU{s:u C s C g1} by Lemma 64l Thus J C J;, domJ; = C1,
Ji(g1) = J(u),,, and wr(J;) = S. Therefore J' = J; and g = g; satisfy (1).

Thus suppose that z1 € [ST ], and y1 = f(x1) € [S]\[C]. As f is continuous
while w1¥ \ [C] open, there is a longer string go € S~ C, g1 C g2, such that
f(z) ¢ [C] for all z € ST,,. If f is a total identity on [T'] ] then let Jo €
IWT(P) be the natural extension of J to the domain Cy = CU{s:u C s C g2}
by Lemma [6.4t now J' = Jy and g = g9 satisfy (2).

Thus suppose that xz € [ST,,], and y2 = f(x2) # x2. There is a yet longer
string g3 € S\ C, g2 C g3, such that f(z) # x and f(z) ¢ [C] for all x € ST ,.
If (f7[ST4,]) N[S] = @ then let J3 € IWT(P) be the natural extension of J to
the domain C3 = CU{s:u C s C g3}; now J' = J3, g = g3 satisfy (1).

Thus suppose that 3 € S|, and y3 = f(g3) € [S]. In addition, 3 # y3 ¢
[C] holds as g2 C g3, hence there is m > 1h(gs) such that ¢t = y3[m € BN(S)\C
and t # s = xzg[m. Let t = y3| (m + 1) (a successor of ¢ in S). There is a string
h € S such that t' C h but h # ¢ = y3| ¢, where £ = 1h(h). As f is continuous,
pick a number n > ng = 1h(gs) such that t” C f(x) holds for all z € [S]
where g = z3[n. Recall that u = proj-(g). Let v = proj-(t),

9]7

C'=CU{wewn™:uCcwCglUu{wew~:vcwCt},
and extend the iteration J to the domain C’ by J'(w) = J(u)l, whenever
uCwCyg, J'(w)=JWw)[, whenever v C w C t, and J'(t') = J(v) |-

Now it suffices to prove (1) in the form [T1N (f"[T'[,]) = @. Let g C x € [S].
Then y = f(z) satisfies t” C y, hence h ¢ y. Let’s show that y ¢ [T]. It suffices
to check t” ¢ T. Suppose otherwise. Then, as t' € C’, we have t" € J'(t') by
However J'(t') = J(v)[},, so it follows that ¢ and h are compatible,
which contradicts to the construction, as required. O

8 The proof of the restriction theorem

Here we accomplish the proof of Theorem [5.3] on the base of the results above.
We argue in the assumptions of Theorem 5.3l

The set P ={S[,:t € S} is a WT-forcing and S € P.

By Lemmas [Tl and [6.3], 6.4], there is a C-increasing sequence of small itera-
tions J, € IWT(P), v < wy, with domains C, = dom J,, and trees S, = wr(J,),
such that Cy = {u:u C o}, where o = stem(S), and Jy(u) = S for all u € Cy,
the sets C' =, ., Cy and T' =, _,, T, coincide (Lemma 6. is responsible),
and in addition (Lemma [7.] is responsible), if s9 € C' = T and a < wp then
there is an index v = 7(sp, ) < wy and a string s € C, such that sy C s and
s € H(Ty, fa, Ty). Then J =, Jo € IWT(P), C =domJ, and T' = wr(J), by



Lemma Moreover, as T' C Ty, we have s € H(T, fo,T') as well. It follows

that the set H(T, fo,T) is dense in T', and obviously open dense. And finally we

have T'C; S by Lemma G.(i)] with s = o = stem(S). (Recall that Jy(c) = S.)
O (Theorem [E3])

9 Belts and covering

Here we introduce the last major tool employed in the definition of the forcing
notion for Theorem [Tl It is based on the following definition.

Definition 9.1. A set H C w;<%:

— meets x € ¥ iff Am (x[m € H);
— is a belt for a tree T € WT, if it meets every = € [T];

— weakly covers T, in symbol T' C¥ B, if there is an ordinal 8 < wy such that
H is a belt for each subtree 7T'[ ., where s € T' and maxs > [ — in other
words, we require H to meet every x € [T] with supxz > 3.

For instance, if n < w then BN, (T) is a belt for 7' € WT. O
Lemma 9.2. Let H C T weakly cover T € WT with a parameter 8 < wy. Then

(i) H is pre-dense in T';
(ii) H weakly covers any tree S € WT, S C T, with the same (3;
(iii) the set X = {x € [T]: H does not meet z} satisfies X C B%.

Proof. [(iii)| Let = € [T] \ 8%, z(j) > 3 for some j. Let s = x| (j +1). Then H
is a belt for T'[,, hence H meets z. O

Remark 9.3. Being a belt is equivalent to the wellfoundedness of the subtree
T ={seT:-~3t e H(tC s)}, hence it is an absolute notion. It follows that
to weakly cover with a parameter [ is an absolute notion, too.

Now assume that H C T weakly covers T € WT with a parameter 8 < wq.
Let x € [T] be an element cofinal in wy (=wy of the given set universe V'), which
may exist in an extension of V, Remark [£.1l We claim that H meets x. Indeed,
x ¢ (% by the cofinality, and on the other hand, the absoluteness of the weak
covering allows to apply Lemma in the extension containing . O

Lemma 9.4. Assume that P is a WT-forcing, T € P, and D¢ C P is open
dense in P for all £ < wy. Then there is a tree S € WT such that S C; T, and
each set Deft S ={t € S:3U € D¢ (S|, CU)} weakly covers S.

Proof. If o < w; then fix an enumeration of the countable set {D¢: £ < a} =
{Df 1k <w}. Using Lemma [3.6] and the open-density of each D¢ in P, define a
sequence ... Cy Ty Cy T35 C3T5 Co 11 Cy Ty =T of trees in WT, such that if
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n > 1 and u € BN,(T,) then T, [, € () 1<, Dg(]). The tree S = (,, T, belongs
to WT and satisfies S C,,41 T,, and BN,,(S) = BN,,(7},) for all n, by Lemma[3.71
In particular S C; T'. Now suppose that £ < w;.

We claim that ¢ itself witnesses D¢f} S to weakly cover S. Let x € [S] and
z(j) = a > ¢ for some j. Then D¢ = Dy for some k. Let n = 1 4+ max{j,k}.
There is a number m > n such that v = z[m belongs to BN, (S) = BN, (7,).
Then ST, CT,1, € DZ(j ) = Dy = D¢ by construction, and we are done. O

Corollary 9.5. If T'€¢ WT and H; C T is open dense in T for all § < wy then
there is S € WT such that S C; T and each H¢ NS weakly covers S.

Proof. Apply the lemma for P ={T'[,:s€ T} and D¢ ={T[,:s€ He}. O

10 Extensions of wide tree forcing notions

The forcing notion to prove Theorem [[LT] will be defined in the form of an ws-
union of its parts — WT-forcings of cardinality < N;.

Definition 10.1. Let 9t be any set and P be a WT-forcing. Another WT-
forcing Q is an M-extension of P, in symbol P Cgy Q, if the following holds:

(A) Q is dense in QU P;
(B) Q refines P: if Q € Q then there exists T € P satisfying Q C T';

(C)if aset D € M, D C P is pre-dense in P and U € Q then the set
DYU={seU:35€D (U], CS)} weakly covers U;

(D) if Ty € P and (Dy,)n<, € M is a sequence of pre-dense sets D, C P then
there is a tree T' € Q such that 7' C T, and BN,,(T') C D, (T for all n;

(E) if To € P and f: wi¥ — wi¥, f € M, is continuous, then there is T' € Q
such that T' C Ty, and either f”[T] is bounded or f[[T] is a bijection;

(F) if f eM, f:w¥ = w® is a continuous map, and U,V € Q, then the
set H(U, f, V), of all strings s € U such that [V]N(f”[U],]) is bounded or
fIUT,] is a total identity, weakly covers U. O

If M = o then we write P C Q instead of P Cy Q; in this case -
are trivial. Generally, in the role of 99 we’ll consider transitive models of the
theory ZFC’ which includes all ZFC axioms except for the Power Set axiom, but
an axiom is adjoined, which claims the existence of w; and Z?(w;). (Then the
existence of sets like w;<¥ and WT easily follows.)

Lemma 10.2. Let P, Q,R be WT-forcings satisfying P C QA Q C R. Then
P C R, and if (K) is one of @ and the pair P T Q satisfies

(K) with some M, then the pair P T R satisfies (K) with the same 9.
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Proof. Let R R. As Q C R, there is a tree Q € Q with R C Q. Then

D1 @Q weakly covers ) by for P, Q. Then easily D{ R weakly covers R.
[D)|If T" C T and t € BN,,(T") then there is a string s € BN,,(T') with s C s'.
IfU’QUand V' CV then H(U, f,V)NU" CHU', f,V"). O

Lemma 10.3. Assume that 9 |= ZFC' is a transitive model, and P € M and
Q are WT-forcings satisfying P Con Q. Then

(i) if a set D € M, D C P is pre-dense in P then D is pre-dense in PUQ ;
(i) of T,T" € P are incompatible in P then T,T' are incompatible in PUQ .

Proof. Let U € Q. Then DNyU weakly covers U by Let s € D U.
Then U =U|,€Q, U CU,and U' C S for some S € D.

(ii)| The sets D(T) = {Se€P:S C TV[S|N[T] = @} and D(T’) belong
to M and are open dense in P by Lemma B3] Therefore D = D(T) N D(T")
is open dense either, and in fact S € D = [S|N[T] =@V [S|N[T'] = & by
the incompatibility. It follows that if U € Q and, by S e D and U € Q,
U CU,U CSNU, then [U|N[T] =@ or [U|N[T'] = &, hence U cannot
witness the compatibility of T, T". O

We now establish the existence of extensions.

Theorem 10.4. Assume that M = ZFC' is a transitive model of cardinality
<Ny, and P € M is a WT-forcing, cardP < Ny in 9. Then there exists a
WT-forcing Q of cardinality Xy, satisfying P Cop Q.

Proof. Step 1. If P € P then by Lemma there is a tree T'(P) € WT,
T(P) C P, such that DT(P) weakly covers T(P) for each D € MM, D C P,
predense in P. The set P’ = {T(P)|,: P € PAs € T(P)} is a WT-forcing of
cardinality 8y and IOJJ(A)(B)lI(C)| hold for Q = P’.

Step 2. To fulillI0I[E)] if P’ € P’ and f : wi¥ — wi®, f € M is continuous,
then by Lemma [B.1] there is a tree T(P’, f) € WT, such that T(P', f) C T,
and either f7[T(P’, f)] is bounded or f[[T(P’, f)] is a bijection. We let P =
{T(P,f)l,: P eP AseT(P,f)}. NowIOI(A)B)UI(C(E) hold for Q = P”.

Step 3. To fulfill note first of all that each set D € M, D C P,
pre-dense in P, remains pre-dense in P UP” by Lemma [0.3(1)] If P” € P” and
d = (Dp)n<w € M is a sequence of pre-dense sets D,, C P, then by Lemma [1.3]
there is a tree T(P”,d) € WT such that T(P”,d) € P”, and if n < w and
s € BN, (T'(P",d)) then 3S € D, (T(P",d)], C S). We let

P” ={T(P",d)[,: P" ¢ P"Ad e M}.
Now I0I(A)[[B)(C)[(D)(E)| hold for Q =P".

To fulfill [0.I[F)]| we begin with some notation. If S € WT and a < w; then
let «°S ={a"s:s€ S}; then ™S € WT and (o) C stem(a”S). Conversely,
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if W e WT and () C stem(W) then let W] = {s € w;~“:a"s € W}; then
Wl eWT and W =a~(W]). We have (a”S)] = S, of course.
Step 4. Let P = {Ry : v < wy}. We convert P” into a single tree

R={A} UUq4cp,(@"Ra) € WT;  then Ry = (R[ ()}, Va.

If f:w® — w® is continuous and o, < w; then define fo5 : w1® — wi¥
so that fos(a™z) = B7f(x), fap(B"x) = a”f(x), and fus(y) = y whenever
y(0) # «, 8. The set of continuous functions F' = {fas: f € MA o, f < wi} is
still of cardinality ¥;. By Theorem [5.3] there exists a tree T € WT, T C; R,
such that if h € F then the set H(T,h,T) is open dense in T'. Therefore by
Corollary there is a tree @ € WT such that @ C; T (hence Q C; R as well)
and if h € F then H(T,h,T) weakly covers Q. Then H(Q,h,Q) weakly covers
Q as well by Lemma since H(T,h,T)NQ C H(Q, h,Q).

Step 5. Note that if @ < wy then the one-term string (a) belongs to @ since
Q Ci R. Now let Qo = (QI () = {g€wi™:a"q € Q}. We claim that the
WT-forcing Q = {Qal,:a <wi Aq€ Qu} satisfies P Cox Q.

First of all, P C P’ © P’ © P"” C Q by construction, and hence P = Q
holds, and we have [O.IJ(C)f(D)I(E)| for the pair P = Q by Lemma

To check let feM, f:w® — wi be continuous, and U = @,
V = Qg be trees in Q. To prove that H(U, f,V) weakly covers U, let h = fu3.
Then H(Q, h, Q) weakly covers @ by Step 4. Thus there is an ordinal £ < wy
such that if € [Q] and supx > £ then H(Q, h, Q) meets x, so x[m € H(Q, h, Q)
for some m. We claim that £ witnesses that H(U, f, V) weakly covers U.

Assume that y € [U] = [Q.], maxy > & Then z = a”y € [Q], so s =
xf(m+1) € H(Q,h,Q) for some m, by the above. Then s = a"t, where
t = y|m. It remains to prove that t € H(U, f,V).

Case 1: [QIN(R7[QT]) is bounded. However h = fog and U = Qq, V = @3,
hence [Q] 1 (A7 [Q1,]) = B~(IV] N (F7[U1,])). Thus the set [V] N (f7[U],]) is
bounded, therefore t € H(U, f,V).

Case 2: h|[Q],] is a total identity, h(z) = x whenever z € @Q[,. Then
B=a, U=V, and f[[U],] is a total identity, thus still t € H(U, f,V). O

11 Blocking sequences and the forcing

We argue in the constructible universe L in this section.

The forcing to prove Theorem [Tl will be defined as the union of a wy-sequence
of WT-forcings of size Ny, increasing in the sense of a relation C (Definition [[0.]).
We here introduce the notational system to be used in this construction.

Definition 11.1. Let WTF be the set of all WT-forcings of cardinality < N;.
IfP = (Pa)a<x is asequence of forcings P, € WTF, then let UP =U,<)Pa,

and let M(P) be the least transitive model of ZFC™ of the form Ly, containing
P, in which both X and the set | JP are of cardinality < Xj.
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If A < wy then let WTTy, be the set of all A-sequences P = (P,)q<» of forcings
P, € WTT, satisfying the following:

(x) if ¥y <X then J(P[7) Con®) Pve
Let WTF = Uy, WIF . O
The set WTF UWTF,,, is ordered by the extension relations C and C.
Lemma 11.2. Assume that k < X\ < wy, and P = (Py)ack € WIF. Then:

(i) the union P = |JP belongs to WTF ;
(ii) there is a sequence Q € WITF such that dom(Q) = X and P C Q..

Proof. To prove apply Theorem [[0.4] by induction on . O

Definition 11.3 (key definition). A sequence P € WTT blocks a set W C WTF
if either P € W or there is no sequence Q € W satisfying P C Q. O

Sets H,, and definability classes. Recall that H, is the set of all sets heredi-

tarily of cardinality < k. Thus z € H,; if the transitive closure TC () is a set of
cardinality < k. In particular HC = H,, is the set of all hereditarily (at most)
countable sets, while Hws is the set of all sets hereditarily of cardinality < Nq;
HC = L, and Hws = L, in the constructible universe L.
X, (H,), resp., X8~ is the class of all sets X C H,, definable in H,, by a X,
formula with parameters in Hy, resp., with no parameters. The classes I1,,(Hy),
ITH» have the same meaning (with I, formulas), and A,(H,) = X, (H,) N
II,(H,), Alx = Y1l “agusual. In particular, Ay(H,) = X, (H,) = I1,(H,)
and Ag" = Xy~ = I~ (definability by bounded formulas, with/without param-
eters). See more on €-definability in [3, Part B, Chap. 5, Sect. 4] or elsewhere.

In particular, we consider the classes XHwz [rHwz AHwz of definability in
Hw, (parameters not allowed) and X, (Hws), I1,(Hws), A, (Hwy) (all parameters

in Hwy allowed) — this is the case K = Ry in the above definitions.

Theorem 11.4 (the blocking sequence theorem, in L). Let n > 2. There exists
a sequence P = (Py)a<w, € WTT,, satisfying the following two conditions:

(i) P, as the set of pairs (a, P,), belongs to the definability class A;I‘_"f ;

(i) if mn > 3 and W C WIF is a X _o(Hws) set then there is an ordinal
v < wg such that the restricted sequence Py = (Pa)a<y € WIF blocks W.

Proof. Let <j, be the canonical A; wellordering of L; thus its restriction to
Hwy; = L, is A{I“’Q. As n > 3, there exists a universal Zfi‘g set U™ C wo x Hws.
That is, U™ is Z;{f% (parameter-free X _, definable in Hw,), and for every set
X C Hwy of type X _,(Hws) (X _, definable in Hwy with arbitrary parameters)

n

there is an ordinal § < w; such that X = U§ = {x: (J,z) € U"}. The choice of
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wo as the domain of parameters is validated by the assumption V = L, which
implies the existence of a A?‘“Q surjection wsy onte Hws.

Coming back to Definition [[T.3] note that for any sequence P € WTF and any
set W C WTF there is a sequence Q € WTF which satisfies P € Q and blocks
W . This allows us to define Q, € WTT by induction on o < wy so that Q, = &,
Q, =U < Q,, and each Q, 41 is equal to the <g-least sequence Q € WTF
which satisfies 1) Q, C Q and 2) if n > 3 then Q blocks 7.

Then P =, <ig Q, € WTF,,. Condition holds by construction, while
follows by a routine verification, based on the fact that WTF € A?W and
U™ € YR (provided n > 3). O

Definition 11.5 (in L). We fix a sequence P = (Py)a<w, € WIF,,, given by
Theorem [IT.4] for a number n > 2, for which Theorem [[.T]is to be established.
In particular P satisfies [(1)] and of Theorem [IT.41
If v < wp then let M, = M(P[v), and Py = Uyery Pa, P = Uqgew, Pa-
]

aly @

12 Some forcing properties

The WT-forcing P € L defined by [L1.5] will be the forcing notion for the proof
of Theorem [Tl The next lemma establishes some properties of P.
We continue to argue in L in the conditions and notation of Definition [11.5]

Lemma 12.1. P is a WT-forcing, all sets P, P, belong to WTEF . In addition:

(i) if a <wy then P—, Con, P,;

(ii) if o < wy and the set D € My, D C P, is pre-dense in P, then it is
pre-dense in P, too;

(iii) every set P, is pre-dense in P;

(iv) if o < we and trees T,T" € P-, are incompatible in P, then T,T" are
mcompatible in P, too;

(V) if f:wi¥ — w¥ is continuous then the set of all trees T € P such that
f7[T] is bounded or f[[T] is a bijection, is dense in P

(vi) if f:w® = wi¥ is continuous then the set of all trees T € P such that (1)
FI[T] is a total identity, or, for some v < wa, (2) f[[T] avoids P, in the
sense that if V € P, then the subset {s € T: [V] N (f"[T[,] is bounded}
weakly covers T, is dense in P;

(vii) if n >3 and a set Q@ C WT belongs to X _o(Hws), then PN (QUQ™) is
dense in P, where Q~ ={T' e WT:-35cQ(SCT)}.

Proof. holds by of Definition MT.11
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We use induction on v, a < v < wa, to check that if D is pre-dense in
P~ then it remains pre-dense in P, U P, = P41 by|(i) and Lemma m
Limit steps, including the final step to P (v = w9) are routine.

(iii)| P, is dense in Pcg41 = Pcq UP, by It remains to refer to |(ii)|
(iv)| Prove by induction on v that if & < v < w; then T,T" are incompatible
in P, using|[(i)] and Lemma

To prove and let Ty € P. There is an ordinal v < wsy such that
To € Poy and f € M,. We have P, Con, P, by Therefore by of
Definition [[0.1l there is a tree 7' € P, such that 7" C Ty and f”[T7] is bounded or
fT[T] is a bijection, so we get Further by of Definition I0lif V € P,
then the set H(T, f, V), of all strings s € T such that [V]N(f”[T'],]) is bounded
or fI[TT,] is a total identity, weakly covers T'. We have two cases.

Case 1: f[[T'],] is a total identity for at least one s € T'. Then the corre-
sponding subtree 77 = T'| ; satisfies (1) of

Case 2: for each V € P,, the set H(V) of all strings s € T such that
VIN(f7[TT4]) is bounded, weakly covers T', thus 7" itself satisfies (2) of

Suppose that n > 3. Let Ty € P, that is, Ty € P<q,, ap < wa. The set
W of all sequences P € WTT, such that Plag C P and 3T € QN(UP) (T C Tp),
belongs to X _,(Hwy) along with Q). Therefore there is an ordinal a < wy such
that P| o blocks W. We have two cases.

Case 1: P[ o € W. Then the related tree T C Tj belongs to Q N P.

Case 2: there is no sequence in W which extends P[a. Let v = max{a,ap}.
Then P, Con, P, by As ag < 7, there is a tree T € P, T C Ty. We claim
that T' € Q—, which completes the proof in Case 2.

Suppose to the contrary that 7" ¢ @, thus there is a tree S € Q, S C T.
The set R =P, U{S[,:t € S} is a WT-forcing and obviously P, C R, hence
still P, Con, R holds by Lemmal[l0.2l It follows that the sequence R defined by
domR =+ 1, Rly =Py, and R(y) = R, belongs to WIT, and even R € W

since S € QNR. Yet P[a C R, which contradicts to the Case 2 hypothesis. [

To prove a chain condition for P, we’ll need the following general lemma. See
Definition [I11.5] on models 971,,.

Lemma 12.2 (in L). If X C Hwy = Ly, then the set Ox of all ordinals o < wo
such that the model (Lo ; X NLy) is an elementary submodel of (Ly,; X) and
X NLy, € My, is unbounded in ws.

Proof. Let oy < wy. There is an elementary submodel M of (L, ; €), of cardi-
nality card M = N;, which contains ag, w2, X and is such that the set M N Ly,

onto

is transitive. Consider the Mostowski collapse ¢ : M — Ly. Let a = ¢(ws).
Then ap < o < A < wy and ¢(X) = X N L, by the choice of M. We conclude
that (Lo ; X NL,) is an elementary submodel of (L, ; X). And carda > 8; in
Ly, hence Ly € M,. Then X NL, € M., as X NL, € Ly by construction. [

Corollary 12.3 (in L). (i) If A C P is an antichain then card A < Nj.
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(ii) Let D,, C P be pre-dense in P, for each n. Then the set of all trees T € P,
satisfying ¥Yn (BN, (T) C D,0T), is dense in P.

Proof. (i) Let A C P be a maximal antichain. By Lemma[I2.2]there is an ordinal
a such that (Ls; P’, A’) is an elementary submodel of (L, ; P, A), where P’ =
PNL, and A’ = ANP.,, and in addition P’, A’ € 9M,,. By the elementarity, we
have P = P., and A’ = ANP., € M,, and A is a maximal antichain, hence a
pre-dense set, in P,. But then A’ is a pre-dense set, hence, a maximal antichain,
in the whole set P by Lemma[2.[(ii)} Thus A = A’, and card A = card A’ < ¥y,

We wlog assume that all D,, are open dense, for if not then replace D,, by
theset {T € P: 35S € D, (T C S)}. Let Ty € P. Pick a maximal antichain A,, C
D,, in each D,,. Then all sets A,, are maximal antichains in PP by the open density,
and card A, < N; by (i). Therefore there is an ordinal o < wg such that the
set A=, An satisfies A C P, and A, Tp, and the sequence (A;),<, belong
to 9M,. By the maximality of D,, and Lemma each D/, = D, NP, is
dense in Pq. It follows by Lemma I2.](i)] and [[D)] of Definition 0.1 that there
is a tree T' € P,, such that 7' C Ty and BN, (T') C D, AtT for all n. O

13 The model

This section presents some key properties of P-generic extensions L[G| of L
obtained by adjoining a P-generic set G C P to L. Recall that the forcing notion
P € L was introduced by Definition [[T.5], along with some related notation.

Corollary 13.1. If a set G C P is P-generic over L then wl < w{'[G] =wl.
Proof. That w! < w{‘[G} follows from the fact that a[G] is a cofinal map w — w¥.
To prove w{‘[G} = w} use Corollary 2.3l O

Blanket agreement 13.2. Arguing in generic extensions of L, we’ll use stan-
dard notation like wg‘ to denote L-cardinals. We also use (WT)¥ to denote “the

set WT defined in L”. Thus for instance P C (WT)L. O

We’ll make use of a coding system for continuous maps, helpful whenever
“the same” continuous f : w1* — Ord” is considered in different models.

Definition 13.3. Let ¥ € Ord. A code of continuous function from (wl)* to
¥ is any map c : domc — ¥ with dome C (wF)<¥ x w, such that the sets
Spe={s€ (wH)<w: (s,n) € domec A c(s,n) = ¢} satisfy the following for any n:

(1) if & #n, uESflg, veSfm,

(2) S = U Sy s a belt for (wh<w ie, Vo e (Wk)“Im(z[m e SE).

Let CCFy be the set of all such codes. If ¢ € CCFy then a continuous f¢ :
(wk)® — 9¢ is defined as follows. If z € (w})* and n < w, then by definition
there is a unique § < o such that z[k € 57, for some k. Let fe(z)(n)=¢. O

then u, v are incompatible, and
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If f: (wk)¥ — ¥“ is continuous then its code ¢ = code(f) € CCFy is defined
by S5 = {s€WhHw:Vre (Wl (scr = f(z)(n) =&}, then f. = f.

Remark 13.4 (absoluteness). Being a code in CCFy is absolute since so is the
condition of being a belt, see Remark O

Lemma 13.5. If G C P is generic over L, ¥ € Ord, y € 9¥ N L[G], then

(i) there is a code ¢ € CCFy N L such that y = fe(alG]);
(ii) if ¥ = w¥ then y is bounded in w¥ or G € L[y];

(iii) if ¥ = w¥ and y is unbounded in w¥ then y = alG] or there is an ordinal
v < w¥ such that y ¢ Uver, [V]-

Proof. ((i)| There is a P-name ¢ € L satisfying y = ¢[G] (the G-valuation of t).
It can be assumed that P forces that ¢ is valuated as an element of 9¥%.

Arguing in L, let 7, = {T" € P : T forces t(n) = £} (n <w and £ < ). The
sets 7, = U§ Tn¢ are open dense in P. It follows by Corollarythat there is
a tree T € G such that T'[, € 7, whenever n < w and s € BN,,(T'). This allows
us to define, still in L, a continuous f’ : [T] — 9 by f/(z)(n) = £ iff the only
string s € BN,,(T') with s C x belongs to 7,¢. Let f :wi“ — ¥“ be a continuous
extension of f’. Then ¢ = code(f) € CCFy N L, and easily y = fc(a[G]).

Let, by ()} ¢ € CCF,. NL and y = fc(a[G]). By Lemma there
is a tree T' € G such that, in L, f.”[T] is bounded or f¢[[T] is a bijection.

Case 1: in L, f¢”[T] is bounded, that is, there is an ordinal 8 < w{‘ satisfying
fe(z) € B¢ for all x € [T]NL. But f. is continuous while [T] N L is dense in
[T] in L[G]. It follows that fe(z) € B for all € [T] N L[G]. In particular
y = fe(alG]) € B¥ since a|G] € [T] (because T' € G), so y is bounded.

Case 2: in L, f.[[T] is a bijection. The bijectivity is equivalent to the
wellfoundedness of the tree W, of all pairs (s,t) of strings s,t € T such that
1h(s) = 1h(¢t) and there exist no strings u,v satisfying: u C s, v C ¢, and
u € Sng, v € Sy, for some n and § # n. Therefore the bijectivity of fel[T] is
an absolute property of ¢,T. Thus f.[[T] is a bijection in L[G], and we have
a[G] = f-'(y) € L[y], as required.

We still assume that, by y = fe(a[G]), where ¢ € CCF,. NL. By
Lemma there is a tree T' € G such that, in L, f.[[T] is a total identity
or, for some v < w¥, f.[[T] avoids P. in the sense of

Case 1: in L, fc[[T] is a total identity, that is, fc(x) = z for all x € [T]NL.
By the same simple continuity/density argument, we have f.(z) = x for all
x € [T] N L[G], in particular y = f.(a[G]) = a[G].

Case 2: v < w¥ and, in L: fc|[T] avoids P., that is, if V € P then the
subset T'(V) ={s e T:[VIN(f?[T1,]) is bounded} (defined in L) weakly covers
T. Now let V € P, and check that y ¢ [V]. By the Case 2 assumption, 7'(V)
weakly covers T'. Therefore, as a[G] € [T] is definitely unbounded, there is a
string s € T(V) satisfying s C a[G]. Then S = T, € G and [V] N (f”[S])
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is bounded, so that there is an ordinal 3 < w¥ satisfying: if 2 € [S]N L and
fe(z) € [V] then f.(x) € . We claim that the implication fc.(x) € [V] =
fe(x) € ¥ also holds for all x € [S]NL[G]. Assume that this is established. As
x = a|G] € [S] (because S € G), we then have y € [V] = y € . (Recall that
y = fe(alG]).) But y is unbounded, hence y ¢ [V], as required.

To prove the claim, let zy € [SJNL[G] be a counterexample, so yp = fe(zg) €
[V] but yo(ng) = & for some ng and £ > 5. The existence of such z is equivalent
to the non-wellfoundedness of the tree W of all strings s € S such that s € S7
for all n # &, and there is no string u ¢ V satisfying: Vj < lh(u)(s € S;?u(j)).
Therefore the existence of x( is an absolute property of ¢, S,V. Thus such an
xg € [9] exists already in L, contrary to the Case 2 assumption. O

Corollary 13.6. Let G C P be generic over L. Then it is true in L[G| that
(i) alG] is the only member of the intersection (.., Urep. [T]:
(ii) {a[G]} is a ITHC singleton;

(iii) there is a II} real singleton {r}, r € w*, such that L[r] = L[a[G]].

Proof. [(i)| Each P, is pre-dense in P by Lemma [2.[iii)} It follows that a[G] €
UTe[Pa, [T], by the genericity. The uniqueness follows from Lemma

(i0)] The sequence P = {(y,P,):y < w¥} is of type AR“? in L by Defini-
tion However Hws in the sense of L coincides with the constructible part
of HC (= hereditarily countable sets) in the sense of L[G], because w{‘[G} = wk
by Corollary M3l Tt easily follows that P is AHC in L[G]. On the other hand,

{alG]} ={z:¥7VQ((1,Q) eP = 3T € Q(z € [T])}

by This yields the result since 37T € Q is a bounded quantifier.

If r € w* then let (r),(k) = r(2"(2k + 1) — 1), thus (), € w¥. Let W
be the IT{ set of all reals which code an ordinal, and let |w| < w; be the ordinal
coded by w € W. Let r € w¥ be defined so that each (r), belongs to W NL
and is <p-minimal of all w € W N L satisfying |w| = a[G](n). Thus r is a real
in L|G]. The singleton {r} is defined in HC of L[G] by the following formula:

Vn, (r), € WNL and (1), is <p-minimal of all w € W N L with
|w| = |(r)n], and Yz € Ord® (Vn (z(n) = |(r),|) = = = a[G)).

It easily follows by the result of that {r} is a ITHC singleton as well, hence
a IT} singleton. O

Corollary [[3.1] and Corollary [I3.6)(ii)li(iii)| account for items (i), of
Theorem [Tl Item of the theorem is based on different ideas related to
claim |(vii)| of Lemma [I2.J] From now on we work towards this goal.
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14 Shoenfield’s transformation of ¥ formulas

The following useful transformation of X3 formulas involves an idea in the proof
of the Shoenfield absoluteness theorem.

Blanket agreement 14.1. From now on p, g, denote reals in w®. O

Theorem 14.2. Let (p1,...,pn) be a X3 formula of the form

@(p1,---pn) == 3gVrImR(gIm,r[m,p1[m,....,paIm), )
where R C (w<¥)"*2, R € L, and q,r,p; are variables over w*

and 9 > N% a cardinal in L. Then there is a relation @ = Qg(R) C 9<% X
(W<t Q € L, such that Q is Agﬂ (R) as a subset of Hy in L, and it holds
in any generic extension M of L with ¥ > wi! that if p1,...,pn € w* then

©(p1s--,pn) = Ix€I’IqgewVmQ(xIm,qlm,piIm,...,ppIm).

Proof. ¢(pi1,...,py) is equivalent to g (W p, .. p, is wellfounded), where

n

Wq7P17~~~7Pn = {’LL € w<w : v] é lh(u) - R(Qf]a“f]apl rjv co-yPn f])} )
hence — in any universe M as in the theorem — to the formula:
dgew’If: Wypi...p, = U(f is order-preserving) .

By “order-preserving” we mean: if u,v € Wy, . p. then u <5 v <= f(u) <

f(v), where <rg is the Lusin — Sierpinski (= Kleene — Brouwer) order on strings.

. . .. . onto . . .. .
Fix a recursive bijection k +— s, : w — w<“, with the inverse bijection

num : WY — w, 50 that s = syup(s). We assume that 1h(s) < num(s), Vs. Let

W[ﬁ?l,---,pn = {S € W[Lplr--,pn : num(s) < m}7

a finite set. Then ¢(p1,...,pn) is equivalent to the formula

Jg € wIx € 9 Vm (x onum is order-preserving on W ).

(x onum is the superposition.) The subformula in brackets depends on x[m and
qglm,p1Im,...,p,[m only. In other words, we have a relation @ = Qy(R) C
I x (<) still Q € L, such that ¢(p1,...,ps) is equivalent to the formula

Ix €9 3qewVmQ(xIm,qlm,piim,...,paIm). (1)

2 Meaning that the equality @ = {w € Hy : ¥(w)} holds in L, where 1 is a bounded formula
with R as the only parameter.
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Namely @) contains all tuples (o, v, uq,...,uy,) of strings o € 9<% and v, u; € w<¥
of same length 1h(o) = 1h(v) = 1h(u;) = some m, such that the superposition
o onum (defined on the set S,, = {s;:j < m}) is order-preserving on the set

Wi = {0 € Sy 2V j < 1h(u) = R(vlj,ul jyur[j, .. unld)}-

To see that @ is a Agﬂ(R) subset of Hy, note first of all that ¥ = Ord N Hy,
which eliminates ¥ and 9<% from the list of parameters. In the rest, we skip
a routine verification of all elements of the definition of ) being expressible by
bounded formulas. O

15 Auxiliary forcing relation

Here we introduce a key tool for the proof of claim of Theorem [[LTl This is a
forcing-like relation forc. It is not explicitly connected with the forcing notion
P (but rather connected with the full wide tree forcing WT), however it will be
compatible with P for formulas of certain quantifier complexity (Theorem [I7.T]).
The crucial advantage of forc will be its invariance a certain group of transfor-
mations (Lemma [16.3]), a property that cannot be expected for P. This will be
the key argument in the proof of Theorem [I.I] below in Section [I8]

Blanket agreement 15.1. From now on, we let © = w%‘, so ® = wy in L but

® = wy in P-generic extensions of L. O

We argue in L. We consider a language . whose elementary formulas, called
%} (in spite that they are looking more like X1), are those of the form

o(p1y--,pn) == AX €0 g €W YmQ(xIm,qlm,prIm,...,py[m),
where Q € L, Q C 0<% x (w<¥)"1 Q is a Ay(Hwy) set,

and g, p; are variables over w®.
The dual class .ZII} consists of formulas

(P1,y.ypn) = VX EBYVqgewImQ(xIm,qglm,p1Im,....,p,[m),
with the same specifications.
(2)

Higher classes £ ,i and 211 ; are defined naturally, e.g. %} contains formulas
of the form 3¢V g2 3q3 ®(q1, g2, q3), where ® is LI} and ¢; vary over w®.

We allow codes ¢ € CCF, to substitute free variables over w*. If ¢ :=
o(cy,...,¢py) is an ZL-formula, and x € w¥, then ¢[z] denotes the formula
O(fey (), ..., fe,(x)), where all fe.(x) are reals in w®, of course.

Definition 15.2 (in L). We define a relation T forc ¢ between trees '€ WT
and closed Z-formulas in Ukzz(fﬂli U.ZIT}). Recall that © = wy (in L).
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(A) Let ¢(ci,...,c,) be a £} formula as in (1), and cy,...,c, € CCF,,. Let
finally 7' € WT. We define T forc ¢ iff there exist codes ¢ € CCF,, and
d € CCFg such that the following holds for all z € [T7:

va(fd(x)rmafC(‘T) rm? fcl(‘r) [m,. .. ,fcn(x)[m).

(B) If ¢ is a closed ZII} formula, k > 2, then T forcp iff there is no tree
S € WT such that S C T and Sforce™, where ¢~ is the result of
canonical transformation of — ¢ to £} form.

(C) If ¢ := Fzep(x) is a closed LX)}, formula, k > 2 (¢ being of type ZI1}),
then T forc g iff there is a code ¢ € CCF,, such that T'forcy(c).

If o(p1,...,pn) is an ZL-formula then let
Forc(p) = {(T,c1,...,¢c,): T € WT Ac; € CCF, AT forcp(cy,...,cpn)}

In particular if ¢ is closed then Forc(p) = {7 € WT : T forcy}. We also define
Des(y) = Forc(yp) UForc(¢ ™) in this case. O

Theorem 15.3 (in L). If k> 2 and ¢ is a formula in L%}, resp., .,Q”H;, then
the set Forc(yp) belongs to X\, (Hws), resp., 1T, _,(Hws).

Proof. The proof goes on by induction on k. We begin with .#X1 formulas.
We argue in the assumptions and notation of (1) above. According to defini-
tion the existence quantifiers over ¢ and d are in line with the X
definability, but we have to prove that the set

W = {({d,c,ci,...,c,, T,m) € CCFg x (CCF,)" ™! x WT x w :
Ve [T] Q(fd(x)fmafc(iﬂ)fm, fc1(117)fm,--- ,fcn(x)fm)}

belongs to X (Hwz). Recall that @ is Aj(Hwsy) by (1). It can also be mentioned
that CCFp U CCF, UWT C Hws, so that W C Hwy anyway.

The hostile elements in the definition of W, which do not allow it to be
Y, (Hws) straightaway, are the quantifier Va € [T] in the second line, and the
quantifier YV € w1 in (2) of Definition 033l (As we argue in L, the upper
index L as in is removed.) But, w1¥ € Hwy (under V = L), hence, as we
don’t care here about the choice of parameters in Hws,[d we can pick up w1 as
the extra parameter. The quantifier Vo € w1“ in (2) of then immediately
becomes bounded, while the quantifier Vo € [T](...x...) in the definition of W
changes to Vo € wi“ (z € [T] = ...z ...), hence becomes bounded as well, and
overall we get even W € Ay(Hws), as required.

The induction steps are easy applications of [5.2(B)I(C)] O
Recall that a number n > 2 is fixed by Definition

3 If we do care then the result holds too but by means of more thoroughful arguments.
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Lemma 15.4 (in L). Let ¢ be a closed formula in £XL U LI}, k> 2. Then
the set Des(yp) is dense in WT. If k < n, then Des(p) NP is dense in P.

Proof. The first claim is a simple application of Definition I5.2(B)| The second
claim follows from the first one by lemmas [5.3] and IT2I(vii)| O

16 Invariance

It happens that the relation forc is invariant under some natural transformations
of wide trees. Here we prove the invariance. We still argue in L.

Let S € WT. To define a canonical homeomorphism hg : [S] O 1, assume
that x € [S]. Let k < w. Then x[my € BN;(T) for some (unique) number my.
The set Z(z, k) = {{ <wi: (x]mg)"§ € S} has cardinality card (E(x,k)) = Ny;
let Z(x,k) = {{:7 < w1} be the enumeration in the increasing order. In
particular, z(my) = &, for some (unique) v = y(x, k). Define y = hg(z) € wi®
by y(k) = y(z, k), Vk. The map hg is a required homeomorphism.

It follows that if T € WT is another tree then hgy = hy~!ohg (the superpo-
sition) is a homeomorphism of [S] onto [T']. Moreover, in this case, if U C S is a
subtree then the according subtree hgp-U = {hgr(x)[m:z € [UAm<w} CT
satisfies U € WT iff hgr - U € WT, and [hgr - U] = {hgr(z) :x € [U]}.

Lemma 16.1 (in L). If S,T € WT and U € WT, U C S, then V = hgr-U €
WT,VQT, and hUV:hSTHU]- U

If A\ € Ord and f : [S] — A\“ then a function hgr - f = fohgy : [T] — \*
is defined by (hsr - f)(z) = f(hsr(z)), equivalently, (hsr -+ f)(hsr(z)) = f(z).
If ¢,/ € CCF), then we symbolically write ¢'|T = hgy - (¢[S), in case the
associated functions fe and fo satisfy: fo [ [T] = fsr - (feI[5])-

Lemma 16.2 (in L). If S,T € WT, X € Ord, and c € CCF), then there is a
code ¢’ € CCFy, satisfying ¢'|T = fsr - (c]S)

Proof. Themap f = fc[[S] : [S] — A is continuous, hence so is the transformed
map f'=hgr-f:[T] = M. Let g : w1¥ — A¥ be any continuous extension of
f', and let ¢’ = code(g). O

/

Finally if ¢ := ¢(c1,...,¢,) is a L-formula, and ¢ := ¢(c}, ..., c}), where
c},...,c), is another set of codes ¢, € CCF,,, then we symbolically write ¢'[T =

hst - (¢]S), in case ¢, [T = hgr - (¢; [ S) holds for each i =1,...,n.

Lemma 16.3 (in L). Let S, T € WT and let ¢, ¢ be closed formulas in LX}U
LI}, k> 2, and finally @' 1T = hsr - (¢l S). Then Stforcy iff Tforcy'.

Proof. We argue by induction. Let ¢, ¢’ be £¥i, so that ¢ := ¢(ci,...,cp)

/

and ¢’ := ¢(c},...,cl,), where cq,...,c),,c},...,c, are codes in CCF,,, and

o1, pn) == Ax €0 Ig €W YmQ(xIm,qlm,prIm,...,p,Im)
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is a formula as in (1) of Section [[5] and ¢} [T = hgr - (c;] S) holds for each i.
Assume that Sforcy. Then by definition (Definition [5.2(A)) there are
codes ¢ € CCF,, and d € CCFg such that

Vo e [S]VmQ(fd(x)rma fc($) fm, fc1($) fm,- .. ,fcn(x)fm)

Pick, by Lemma [I6.2] codes ¢’ € CCF,, and d’ € CCFg with ¢/[T = hgr-(c[S5)
and d'|T = hgy - (d[S). Then we obtain

Vy € [T]\v/m@(fd’(y) fm, fc’(y)rmv fc’l(y)rmv . 7fC§.L(y) fm),

and hence the codes ¢’ and d’ witness T forc ¢'.

Step XL — LII}. Let ¢ be a closed formula in ZII}, so that ¢ is ¢,
where ¢ is ZX], and accordingly ¢’ is (¢/)7, /I T = hgr - (11 S). Assuming
that S forcp, prove that T forcy'. Suppose to the contrary that T forc '
fails. Then, by Definition there is a tree V.€ WT, V C T, V forc?/'.
We let U = hpg -V, sothat U € WT, U C S,V = hg-U. And, by the way,
huv = hsr ! [U] by Lemma [I6.] thus still ¢'|V = hyy - (¢ [[U]). It follows that
U forc, by the inductive hypothesis, which contradicts to S forc .

Step LI} — fE,iH. Let ¢ be a closed formula in 92”2;4_1, so that ¢ is
Jqv(q), where ¢(q) is ZII}, and accordingly ¢’ is 3q¢'(q), ¥'| T = hsr- (¥ S).
Assuming that S forcp, prove that T forc¢’. By Definition there is
a code ¢ € CCF,, satisfying S forc(c). By Lemma [I6.2] there exists a code
¢’ € CCF,, such that ¢/[T = hgr - (c[S). Then ¢/(c')[T = hsr - (¢(c)[S). It
follows that T forcv’(c’), by the inductive hypothesis, hence T forc ¢'. d

Corollary 16.4. Let S, T € WT and let ¢ be a closed formula in ,,2”2,1 U,,?H,i,
k > 2, with no codes in CCF,, as parameters. Then Sforcy iff T forcy. O

17 Forcing and truth

Recall that n > 2 is fixed by Definition

Moreover we’ll assume that nm > 3, because we now focus on the proof of
claim of Theorem [Tl vacuous in the case n = 2.

The last part of the proof of Theorem [Tl will be the next theorem which
connects the forcing relation forc with the truth in P-generic extensions. This
will be the key ingredient of the proof of Theorem we use the invariant
relation forc to surprisingly approximate the forcing P, definitely non-invariant
under the transformations considered in Section

Theorem 17.1. Assume that 2 < k <mn, ¢ € L is a closed formula in ZII} U
£, and a set G C P is generic over L. Then the sentence pla[G]| is true
in L[G] if and only if 3T € G (T forcyp).

Proof. We argue in L[G]. Base of induction: ¢ is a closed .#%} formula,

¢ = @(c1,...,¢p) = Ax €B*Iqgew*VYmQ(xIm,qlm,ci[m,...,c,[m),
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as in [5.2(A)|and (1) of Section Assume that 7' € G’ and T forc . Then by
Definition [5.2)(A)| there are codes ¢ € CCF, N L and d € CCFg N L such that

VmVaz € [T]NLQ(fa(x)Im, fe(x)[m, fe,(x)Im, ..., fe,(x)]m).

(Recall Remark [[3.4] on the absoluteness of being a code in any CCF).) However
all functions fq, fc, fe, are continuous. It follows that the last displayed formula
can be strengthened to

Va € [T]VmQ(fd(x)fm, fc(x)fm, fm(x)fm’ . -yfcn($) fm)

Therefore, as a[G] € [T] (because T € G), we obtain

Vm Q(fa(alG]) I'm, fe(alG])I'm, fe, (@[G]) [ m, ..., fe, (alG]) Tm).

Thus elements x = fq(a[G]) and ¢ = f.(a[G]) witness ¢[a[G]] to be true.
To establish the inverse, suppose that ¢[a[G]] is true in L[G], that is,

vm Q(xI'm, qlm, fe, (alG])[m, ..., fe,(alG]) I'm)

true for some x € 0¥ and ¢ € w* in L[G]. By Lemma there are codes
d € CCFpg NL and c € CCF, NL such that x = fqa(a[G]) and ¢ = fc(a[G]).
Thus there is a tree T' € G which P-forces the formula

Vm Q(fa(alG]) Im, fe(alG])['m, fe,(alG]) m, ..., fe,(alG]) [ m) (%)

over L. We claim that the codes ¢ and d witness T forc ¢ as in [[5.2(A )} Indeed
otherwise there are = € [T] and m such that

— Q(fa(x) Im, fe(z)Im, fe, () m, ..., fe,(x)[m). (t)

But, the maps fq, fec, fc, are continuous. It follows that there is a string u = x| j
for some j such that (f) holds for all € [S], where S = T'[,, € P. But then
clearly T' cannot P-force (x) as S forces the opposite.

Step £X} = ZII}, k < n. Let ¢ be a ZII} formula. By Lemmal[l5.4] there
is a tree T' € G such that either T'forcp or T force™. Assume that T forc p;
we have to prove that p[a[G]] is true. Suppose otherwise. Then ¢~ [a[G]] is
true. By the inductive hypothesis, there is a tree S € G such that Sforcy™.
But the trees S,T belong to the same generic set G, hence they are compati-
ble, which leads to a contradiction with the assumption T forc ¢, according to
Definition Now assume that T forc¢~. Then ¢~ [a[G]] is true by the
inductive hypothesis, hence p[a[G]] is false. On the other hand, there is no tree
S € G such that Sforcy™, just as above.

Step fﬂ; = XE%H, k < n. Let ¢ be Jx () where ¢ is fﬂé. Assume
that T € G and T forc ¢. Then by Definition I5.H(C)|there is a code ¢ € CCFNL
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such that T forci(c). By the inductive hypothesis, the formula 1 (c)[a[G]], that
is, ¥[a]G]](fe(alG])), is true in L[G]. But then pla[G]] is true as well.
Conversely assume that p[a[G]] is true. Then there is areal y € L[G]Nw* such
that [a[G]](y) is true. By LemmaI3.5(i)] y = fc(a[G]) for a code ¢ € CCF,NL.
But then #(c)[a[G]] is true in L[G]. By the inductive hypothesis, there is a tree
T € G satisfying T forct(c). Then T forc ¢ as well. O

18 The final argument

Proof (Theorem[1.], the main theorem We assert that any P-generic extension
L[G] = L[a[G]] satisfies conditions (i) E, [iii)] [(iv)] of the theorem. Regardlng

-, see a review in the very end of Section [I3] Let’s concentrate on
Let ®(7) be a parameter-free X} formula.ll Thus

®(j) == 3rVry ... V@A) r, IV)m Rj(ri[m,ralm, ..., ra[m),

where r; are variables over w¥, R; C (w<*)", R; € L, and the map j = Rj is

arithmetically definable in L. Applying Theorem [[4.2]in L with © = wl = wy Lic)
and M = L[G], we get relations Q; = Qo(R;), and closed £X} formulas

j o= 3riVry ... I(V)rp2 V(@) x € 0V () g3 (V) m

Qj(xrqurmarl fmﬂ”2 rmv cee 7Tn—2rm) s

satisfying ®(j) <= ¢;, Vj, both in L and in any P-generic extension L[G] of
L. It follows, by Theorem 71} that the set X = {j: ®(5)“1} (defined in L[G])
satisfies X = {j: 3T € G (T forcy;)}. Furthermore, as the formulas ¢; do not
contain codes in CCF,,, it follows, by Corollary [6.4] that X = {j :T forcy;},
where T is any particular tree in (WT)¥, one and he same for all j. We conclude
that X € L, as required. O

19 A problem

It is a challenge to figure out what kind of models the method of the proof of
Theorem [[Tlgives for cardinals bigger than X;. For instance, let WT,, be the set
of all trees T' C wy=“ whose all branching nodes are wo-branching nodes. This is
a non-Laver version of the Namba forcing; the Namba forcing per se requires that
in addition every node above the stem is a branching node. The forcing WT,,
(or an equivalent forcing) is considered e.g. in [4], [9, Section 28|, and [5], 18.4].
Clearly WT,,, adds a cofinal infinite sequence, say @ = (@ )n<w, in wo. On
the other hand, if CH holds in the ground universe then, essentially by Namba,
WT,,, does not add new reals, hence, does not collapse w;. (See [9) Section 28]

for a simple proof.) Thus @ € Hy in the extension V], where A = w, yia s, wy
(Where V is the ground set universe, as usual.) It is then an interesting problem

4 The case when ® has real parameters in L can also be handled with some extra care.
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to check whether there are results for the definability of @ in Hy similar to the
results in [2] and those of this paper.
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avoids, IWT, 1
IWT(P), [
belt, core, [1]
blocks, [14] of wide trees, [
bounded, small, [7]
wrap, wr(J), [
code
code(f), I8 length
code of continuous function, CCFy, [[7] 1h(s), d
definability classes meets,
SHwo pHes - AHe: 7] M-extension, Ton, I
En(HWQ)a Hn(Hw2)5 An(Hw2)5 14 model
THe e AH ) o-closed, [T
En(HN)7 Hn(HH)J An(HH)7 E m'y’_
dense, @, M(P), I3

equivalence relation number n > 2,

Eo, open dense, 4]
forcing pre-dense, @]

WTE, projection

M-extension, Ty, I projq(s),

extension, C, [

stronger condition, set

wide tree forcing, bounded,

WT-forcing, dense, 4

P, open dense, @]
formula pre-dense, [

olz], 21 stem, stem(7T'), d

string, @

generic element A, the empty string, [

aG], w1<Y, string, @

wl, strings of length n, [

hereditarily countable extension, C, C, [

HC,[I4 length, [
hereditarily of cardinality < x SUCCessor

H,, 04 succr(s), @
hereditarily of cardinality < Ry

Hw, 04 theory

ZFC', 11

identity, total identity,
inclusion tree, [

SCT, branch, @

SC,T, restricted T'[,,, @l
iteration stem, stem(7"),

5 The index is not a part of the text, but is added for the convenience of the the
process of refereeing of the manuscript.
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wide, WT, @
wWT @

weakly covers,
wide tree forcing,
WT-forcing,

a|G], generic element,
UP,

CCFy, 11

code(f), I8

DT,

Eo,

fe, I

plz], 211

HC, 14

HWQ y M

H,, 14

HU, £,V),

IWT, [

IWT(P), [0

Se I

A, the empty string, @
1h(s), length, [

max s, largest term, [
Mm,,

Mm(P), 3
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w1<w7m

P, @H

proj-(s), [

5S¢, [T

ng27 HTI;Iwg, Algwg , M

En(HWQ), Hn(ng), An(ng), M

H, H, H,
X, s, Ay, 14l

En(HH)7 Hn(HH)7 An(HN)7 m

C, I
Con, I
S, T, B
SC,T,H
sten(7T), @
sCt, [
sCt, @
succr(s), d
(77, @
T!,,Hd
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wr(J), D
WT, 4
WT [
WTF, I3
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