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Abstract. — 1In this article, we study the commutativity between the pull-back
and the push-forward functors on constructible functions in Cluckers—Loeser motivic
integration.

Introduction

Let k£ be a characteristic zero field. By analogy with integration over local fields,
Kontsevich introduced in [16] an integration theory on finite dimensional vector spaces
over k((t)), called motivic integration, with values in a Grothendieck ring of varieties
Ko(Vary). Later, Cluckers — Loeser in [8] (announced in [4], [5]) generalized that con-
struction allowing in particular integrals with parameters in the context of henselian
valued fields of equal characteristic zero, and in [14], Hrushovski — Kazhdan treated
the case of algebraically closed valued fields of equal characteristic zero.

For any definable sets X, given by a first order formula in the Denef-Pas language,
Cluckers — Loeser construct in [8] an algebra C'(X) of constructible motivic functions
defined on X, and in [7] and [9] they enlarge it in an algebra C(X)**? of expo-
nential constructible functions. Moreover, for any definable function f : X — Y,
they define a pull-back functor f* : C(Y)**? — C(X)®*P, an abelian subgroup
Iy C(f)e*? of C(X)*™ of f-integrable constructible functions and a push-forward
functor f : Iy C(f)**? — C(Y)**P which corresponds to an integration along fibers
of f. Roughly speaking, for any definable set X, there exists integers m, n and r
such that for any k-field extension K, the set of K-rational points X (K) is contained
in K((t))™ x K™ x Z". Such definable set admits a cell decomposition and similarly
to the construction of the integration against Euler characteristic in the real semi-
algebraic setting, the construction of the functor f is given by an induction process
on the valued field dimension. We recall in the first section of this article main ideas,
definitions and results of these constructions.

In [T9] the second author introduced a notion of definable distributions in Cluckers—
Loeser motivic setting. He introduced also a notion of motivic wave front set, which
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allows him, as in the real setting [I3] or in the p-adic setting [12] and [3], to study
the pull-back of a distribution by a function which requires the natural following
commutativity relation between pull-back and push-forward functors

Theorem. — Let X, W and W’ be definable sets over k, let v be a definable mor-
phism from W to W’. We denote by my the projection from W x X to W and by 7y~
the projection from W' x X to W’'. Let [¢] be a constructible exponential function
in C(W' x X)e*P,
1. If [p] is mw/-integrable then [(y X Idx)*y| is Ty -integrable. Furthermore, if ~y
is onto then this implication is an equivalence.
2. If [p] satisfies the condition (I]) then

mwr [(v X Idx )] = v (mwne]).

In this article, we start in section [0l by recalling main definitions and ideas of
Cluckers—Loeser motivic integration. Then, in section Bl we prove above theorem in
a slightly more general context (lemma and theorem [[LTY)) following all different
steps of the construction of the theory as the induction process on the valued field
dimension using cell decompositions and the computation at the residue and value
group levels.

1. Motivic integration and constructible motivic functions

For the reader’s convenience we shall start by recalling briefly some definitions,
notations and constructions from [8] and [9] that will be used in this article. For an
introduction to this circle of ideas we refer to the surveys [6], [2] and [I1] and the

notes [4], [5] and [7].

1.1. Denef-Pas, Presburger language. — We fix a field k of characteristic zero
and we denote by Fieldy the category of fields containing k. For any field K in
this category we consider the field of Laurent series K ((t)) endowed with its natural
valuation

ord : K(t) \ {0} — Z

extended by ord 0 = 400, and with the angular component mapping
ac : K((t) - K
defined by ac (z) = xt~°"4% mod ¢t if x # 0 and ac (0) = 0.

We shall use the three sorted language introduced by Denef and Pas in [17]
Zpp,p = (Lval, Lies, Lo, ord ,ac )

with sorts corresponding respectively to wvalued field, residue field and value group
variables. The languages Lya and Lges are the ring language Lrings = (+,—,,0,1)
and the language Lo,q is the Presburger language

LPR = {+5750715§}U {En| n e N,TL > 1}7
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with =,, symbols interpreted as equivalence relation modulo n. Symbols ord and
ac will be interpreted respectively as valuation and angular component, so that for
any K in Fieldy the triple (K((t)), K,Z) is a structure for .Zpp p. We shall also add
constant symbols in the Val-sort and in the Res-sort for elements of k((t)), resp. of k.

We will work with the Lpp p-theory Hgzg o of structures whose valued field is
Henselian, with characteristic zero residue field , and with value group Z. Denef and
Pas proved in [17] the following theorem on elimination of valued field quantifiers.

Theorem 1.1 (Denef-Pas [17], Presburger [18]). — Every formula ¢(x,&, @)
without parameters in the ZLpp p-language, with = variables in the Val-sort, £ vari-
ables in the Res-sort and o variables in the Ord-sort is Hye o-equivalent to a finite
disjunction of formulas of the form

Y(@e f1(z),...,ac fr(x),&) Anlord f1(x),...,ord fir(z), @),

with ¥ a Lges-formula, n a Loyq-formula without quantifiers and fi, ..., fi. polynomials
in Zlx]. The theory Hae o admits elimination of quantifiers in the valued field sort.

1.2. Definable subassignments. — From now on we will work with the Denef-
Pas language enriched with constant symbols in the Val-sort and in the Res-sort for
elements of k((t)), resp. of k, and we will denote this language also by Lpp, p.

1.2.1. Definable subassignments and definable morphisms. — Let ¢ be a formula
respectively in m, n and r free variables in the various sorts. For every field K in
Fieldy, we denote by h,,(K) the subset of

him,n,r](K) = K(t)™ x K" x Z"

consisting of points satisfying ¢. The assignment K +— hy(K) is called a definable
subassignment or definable set. For instance we will denote by {x} the definable
subassignment h[0,0,0] defined by K +— Spec K. A definable morphism F between
two definable subassignments h,, and hy, is a collection of applications parametrized
by K in Fieldy
F(K) : ho(K) = hy(K)

such that the graph map K +— GraphF(K) is a definable subassignment. Definable
subassignments and definable morphisms are precisely objects and morphisms of the
category of definable subassignments over k& denoted by Def;. More generally, for any
definable subassignment S in Defj, we will consider the category Defg of definable
subassignments over S whose objects are definable morphisms 67 in Defy from a
definable Z to S and morphisms are definable maps g : Y — Z such that 6y =607 0g.
Sometimes, instead of using 67, we will simply say that Z is a definable set in Defg.

1.2.2. Finiteness of some definable functions. — We deduce from theorem [L.1] on
quantifier elimination the following corollary

Corollary 1.2. — For non negative integers m,n and r, every definable map from
h[0,7n,0] to h[m,0,7] or from h[0,0,7] to h[m,n,0] or from h[0,n,r] to h[m,0,0] takes

finitely many values.
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1.2.3. Points and fibers. — A point x of a definable set X is by definition a couple
x = (x9, K) where K is an extension of k and xg is a point of X (K). The field K will
be denoted by k(x) and called residue field of .

Let f be a definable morphism from a subassignment of h[m,n,r] denoted by X
to a subassignment of h[m/,n',r'] denoted by Y. Let ¢(x,y) be the formula which
describes the graph of f, where x runs over h[m,n,r| and y runs over h[m’,n’, r'].
For every point y = (yo, k(y)) of Y, the fiber X, is the object of Defy,) defined by
the formula ¢(x,yo) which has coefficients in k(y) and k(y)((t)). Taking fibers at y
gives rise to a functor ¢ : Defy — Defy ().

1.2.4. Dimension. — For any positive integer m, an algebraic subvariety Z of AZE( )
induces a definable subassignment hz of h[m,0,0] with hz(K) equal to Z(K((t))) for
any extension K of k. The Zariski closure of a subassignment S of h[m,0,0] is by
definition the subassignment of the intersection W of all algebraic subvarieties Z of
Aﬂ(t» such that hz contained S. The dimension Kdim S of S is naturally defined as
dim W. More generally, the dimension of a subassignment S of h[m,n,r] is defined
as the dimension Kdim p(S) where p is the projection from h[m,n,r] to h[m,0, 0].

It is proved in [8], using results of Pas [17] and van den Dries [20], that isomorphic
definable subassignments in Def; have the same dimension.

1.3. Grothendieck rings and exponentials. —

1.3.1. The category RDef,. — For any definable subassignment Z in Defy, the
subcategory RDefz of Def; whose objects are definable morphisms my, with ¥ a
subassignment of a product Z x h[0,n, 0], n a non negative integer and 7y the canon-
ical projection on Z, has been introduced in [8].

Example 1.3. — If Z is the point h[0,0,0], then the subcategory RDefy is the
category of definable sets in the ring language with coefficients from k.

More generally, in [9] motivic additive characters were considered in this context
through the category RDef ;¥ whose objects are triples (my, &, g) with 7y a definable
set in RDefy, ¢ a definable morphism from Y to h[0,1,0] and g a definable mor-
phism from Y to h[1,0,0]. A morphism from (7y+,&’,¢’) to (my,&,g) in RDef ;7 is
a morphism h from Y’ to Y satisfying the equalities

ry =myoh, € =Eoh, ¢’ =goh.

Remark 1.4. — The functor my — (my,0,0) allows to identify RDefy as a full
subcategory of RDef /*P.

1.3.2. The Grothendieck ring Ko(RDef ;). — As an abelian group it is the free
abelian group over symbols [7y, £, g] modulo the following relations :
Isomorphism. For any isomorphic (7y, &, ¢g) and (7y+, &, ¢'),

(R1) [ry, & 9] = [y, €', 9]
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Additivity. For my and my definable subassignments of some 7y in RDefz and for
¢ and g defined on YUY

(R2) [myuyr, & 9] + [Tyav, §yvays 9yoy] = [Ty, &y, giy] + [Ty, §ve, gy -

Compatibility with reduction. For any my in Defz, for any definable morphism f
from Y to h[1,0,0] with ord f(y) > 0 for any y € Y we have

(R3) [y, &g+ f]=[my, £+ f. 4]

with f the reduction of f modulo ().
Sum over the line. Let p be the canonical projection from Y0, 1,0] to k[0, 1,0]. If

the morphisms 7y 0,10, ¢ and & all factorize through the canonical projection from
Y[0,1,0] to Y then

(R4) [Y[0,1,0] = Z,£ +p,g] = 0.
This Grothendieck group is endowed with a ring structure by setting

(R5) [7Ty, 6) g] : [ﬂ-Y” gla g/] = [TFY®ZYU§ opy + €/ © p/Ya gopy + gl © p/Y]

where Y @7 Y is the fiber product of Y and Y’ above Z, py is the projection to Y
and py is the projection to Y. The element [Idz,0,0] is the multiplicative unit of
Ko(RDef ;**). The Grothendieck ring Ko(RDefz) is defined as above and the functor
defined in Remark [[4] induces an injection Ko(RDefz) — Ko(RDef ;7).

Remark 1.5. — The element [7y, &, g] of the Grothendieck ring Ko(RDef ;) will
be denoted by e*E(g)[ry]. We will abbreviate e®E(g)[ry]| by E(g)[ry], e°E(0)[ry]
by [ry] and e®E(g)[ldz] by E(g).

Remark 1.6 (Interpretation of E). — The element E(g) in Ko(RDef ;*7) can be
viewed as the exponential (at the valued field level of the definable morphism ¢ from
Z to h[1,0,0], said otherwise, it is a motivic additive character on the valued field
evaluated in g. More precisely, by relations (R3) and (RE]), F can be interpreted as
a universal additive character which is trivial on the maximal ideal of the valuation
ring. This is compatible with specialization to p-adic fields as explained in Section 9

of [9].

Remark 1.7 (Interpretation of €¢). — The element e(¢) in Ko(RDef ;) can be
considered as the exponential (at the residue field level) of the definable morphism ¢
from Z to h[0,1,0]. By relation (B4, e can be interpreted as a universal additive char-
acter on the residue field. For instance in the case where Z is the point, the relation
[h[0,1,0] — {*},p,0] = 0 should be interpreted as an abstraction of the classical nul-
lity of the sum of a non trivial character over elements of a finite field. Relation (R3])
expresses compatibility under reduction modulo the uniformizing parameter between
the exponentials over the valued field and over the residue field.

1.3.8. Pull-back and push-forward. — For f : Z — Z' in Defy there is a natural
pull-back morphism f* : Ko(RDef ;) — Ko(RDef ;*?), induced by the fiber prod-
uct. Furthermore, if f is a morphism in RDef 2/, then composition with f induces a
morphism fi : Ko(RDef ;") — Ko(RDef ;).
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1.4. Constructible exponential functions. —

1.4.1. Constructible motivic functions. — In the p-adic context (see [10], [15], [9] and
[1]), for instance over the field Q,, itself, one fixes an additive character ¥ : K — C*
trivial on pZ, and non trivial on the set ord z = 0 and one denotes by A, the ring
Z[1/p,1/(1—p~")]. For any X contained in some Q" and definable for the Macintyre
language, it is natural to define the A,-algebra of constructible functions on X denoted
by C(X) and generated by function of the form |f|ord (h) where f and h are definable
functions from X to Q, and h does not vanish. In [9], also a variant with additive
characters is introduced, called constructible exponential functions on X and denoted
by C(X)®*P. The algebra C(X)®*P is generated by C(X) and functions of the form
¥ (g) with g : X — Q,, with ¢ a nontrivial additive character on Q,,.
Analogously, in [8] Cluckers and Loeser consider the ring

1
e ().
1-L7"/iso

where L is a symbol, and they define the ring C(Z) of constructible motivic functions
on a definable set Z by

C(Z) := Ko(RDef ) ®po(z) P(Z),

where P(Z), called ring of Presburger constructible functions, is the subring of the
ring of functions from the set of points of Z to A, generated by constant functions,
definable functions from Z to Z and functions of the form L7 with 3 a definable
function from Z to Z. Here, P°(Z) is the subring of P(Z) generated by the constant
function I and the characteristic functions 1y of definable subsets Y of the base Z.
The tensor product is given by the morphism from P%(Z) to Ko(RDefz) sending 1y
to the class [Y — Z] of the canonical injection from Y to Z and sending L to the
class [Z[0,1,0] — Z] of the canonical projection to Z.

The following proposition [8] Proposition 5.3.1] allows to dissociate the Res-sort
with the value group sort.

Proposition 1.8. — Let S be a definable subassignment of h[0,n,0].
— Let W be a definable subassignment of h[0,n,0]. The canonical morphism
P(S) ®730(5) Ko(RDefSXw) — C(S X W)

s an isomorphism.
— Let W be a definable subassignment of h[0,0,r]. The canonical morphism

Ko(RDefS) ®77(0)(S) P(S X W) — C(S X W)
18 an 1somorphism.

1.4.2. Constructible exponential functions. — For any definable set Z in Defy, the
ring C(Z) ®*P of constructible exponential functions is defined in [9] by
C(Z) 9P := C(Z) @ky(RDet ) Ko(RDef ;*),

where we use the morphism a — a ® 1z from Ko(RDefz) to C(Z). For any integer
d, we denote by C=%(Z) ®*P the ideal of constructible functions of K-dimension < d,
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namely the ideal generated by the characteristic functions 1z, of subassignments 7’ of
Z of dimension at most d. A constructible function has K -dimension d, if it belongs
to CS4(Z) P\ ¢=4=1(Z) P, This family of ideals is a filtration of the ring C(Z) **P
and the graded ring associated

C(Z) exp _ Baen ng(Z) exp/cgdfl(Z) exp
is called ring of constructible exponential Functions.

Remark 1.9. — Constructible Functions can be compared to the equivalence classes
of Lebesgue measurable functions (equality up to a zero measure set). In this article
we will just write function for Function; the difference still being visible in the notation
C(Z) P versus C(Z) °*P.

1.5. Cell decomposition. — Let C be a definable subassignment in Defy. Let
a:C—=7Z,§:C — h[0,1,0]\ {0} and ¢: C — h[1,0,0] be definable morphisms.

e The cell Z¢ ¢ ¢ with basis C, center ¢, order a and angular component &, is

ord (z — c(y)) = a(y) }
ZCcae = ,2) € C1,0,0]| —
oo {(y )€ OO0l g2~ ey)) = £w)
Note that this definable set is a family of balls B(c(y) + &@)t*W), a(y) + 1)
parametrized by the base C'. The axiom (Axiom [, below gives the push-forward
morphism corresponding to the projection of this cell on its base C, that is, integra-
tion in the fibers of this projection map.

e The cell Z¢ . with basis C and center c is
ZCJ = {(y,Z) € 0[17050] | = C(y)} .

The change of variables formula (theorem [[L.T4]) gives in particular, the push-forward
morphism corresponding to the projection of that cell on its base.

More generally, a definable subassignment Z of S[1,0,0] for some S in Def}, is
called a 1-cell or a 0-cell if there exists a definable isomorphism

N Z = Zocae CS[Ls,r]or A\: Z — Za. C S[1,s,0],

called presentation of the cell Z, where the base C is contained in S[0, s, ] and such
that the morphism 7 o A is the identity on Z with 7 the projection to S[1,0,0].

Let us state a variant of Denef-Pas Cell Decomposition theorem [17], theorem 7.2.1
of [9], that will be used in the proof of the projection lemma in subsection

Theorem 1.10 (Cell decomposition). — Let X be a definable subassignment of
S[1,0,0] with S in Defy.
1. The definable set X is a finite disjoint union of cells.
2. For every ¢ in C(X) there exists a finite partition of X into cells Z; with presen-
tation (\i, Zc,) such that @z, = X;p; (¥:), with ¥; in C(C;) and p; : Zo, — C;
the projection. Similar statements hold for ¢ in P(X) and in Ko(RDefx).
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1.6. Pull-back of constructible exponential functions. — A definable map
f:Z — Z' in Def}, induces a pull-back morphism (cf. [8, §5.4]and in [9] §3.4])

F7C(Z)P = C(2).

Indeed, the fiber product along f induces a pull-back morphism from Ky(RDef /)P
to Ko(RDefz)®*P and the composition by f induces also a pull-back morphism from
P(Z') to P(Z). These pull-backs are compatible with their tensor product.

Remark 1.11. — A constructible exponential function E(g)e(¢) ® all? can be
thought of as

ze Zm E(g(2)e(€(2) @ a(z)LPE) e Cc({z})P.

More generally, the constructible exponential function [ry]|E(g)e(¢) ® alL? can be
thought of as

2 € Z = [V]E(gy.)e(§y.) @ o, L= € C({z})P.

By corollary [L2 the restrictions oy, and B}y, take finitely many values, but [Y.]
should be thought of as a kind of motive standing for a possibly infinite sum over
elements in Y, which is a definable subset of some power of the residue field. With
E and e, the expression [ry]E(g)e(§) is a kind of exponential motive, standing for
possibly infinite exponential sums. In the p-adic case, the finiteness of the residue
field allows one to see [Y,] as a finite sum again.

1.7. Push-forward of constructible exponential functions. — For S in Defy,
Cluckers and Loeser construct in [8] and [9] a functor Ig™” from the category Defg to
the category Ab of abelian groups:

Defg — Ab
ISP ¢ (0z7:Z = S) v+ (IsC(07)"P C C(Z)*P)
07 5 0y) — (IsC(02)7® L 15C(0y )
satisfying natural axioms implying its uniqueness, see theorems 10.1.1 and 13.2.1 in

[8] and theorem 4.1.1 in [9]. The elements of IsC(07)**P are called 0z-integrable
motivic constructible exponential functions on Z or simply 6z-integrable functions.

Example 1.12. — The ring IsC(Idg)®*®P is all of C'(5)°*P, namely, every function in
C(S)°*P is already integrable up to S itself, with the identity map S — S as structural
morphism.

The functor ngp and the integrable functions are constructed simultaneously. The
functor Ig is first defined in [8] in the setting without exponential and extended in
[9] in the exponential setting to Ig™”. In particular, for any 6z : Z — S in Defg,
IsC(02)%P is a graded subgroup of C(Z)**P defined as

Isc(ez)eXp = ISC(HZ) ®K0(RDefz) Ko(RDefz)eXp.
Remark 1.13. — Sometimes we will simply say S-integrable instead of 60yz-

integrable and write IgC(Z)®*P when the structural morphism 6z is implicitly
clear.
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The natural morphism of graded groups from IsC(0z) to IsC(0z)°*P is injective.
We will use the following axioms (see theorem 10.1.1 in [8] and §13.2 in [9]):

Aziom 1 (Fubini). — Let S be in Defy. Let f:0x — 0y be a definable morphism
in Defg. A constructible function ¢ on X is Ox-integrable if and only if ¢ is f-
integrable and fip is Oy -integrable namely:

p € IsC(0x)¥P < ¢ € IyC(f)™P and fip € IsC(0y )**P.

Axziom 2 (Additivity). — Let Z be a definable subassignment in Defg. Assume
Z is the disjoint union of two definable subassignments Z1 and Zo. Then, for every
morphism f : Z —'Y in Defg, the isomorphism C(Z) ~ C(Zy) @ C(Zz) induces an
isomorphism IsC(Z) ~ IsC(Z1) @ IsC(Z2) under which we have fi = f11 ® far.

Aziom 3 (Projection formula). — Let S be in Defy.. For every morphism f from
0z to Oy in Defg, and every « in C(Y)™P and B in IsC(0z)P, if f*(«)B belongs to
IsC(02)®, then fi(f*(a)B) = afi(B).

Aziom 4 (Push-forward for inclusions). — Let S be in Defy. LetOp : T — S be
a definable set in Defg. Let Z and Z' two definable subassignments of T with Z C Z'.
Let i : Z — Z' be the corresponding inclusion and 0z and 0z the corresponding
restriction of O to Z and Z'. We have 07 = 0z oi. Composition with i induces a
morphism i, : Ko(RDefz) — Ko(RDef /). The extension by zero induces a morphism
i: P(Z) — P(Z"). By compatibility with the tensor product, we get a morphism

(1.1) i:C(Z)— C(Z).

For every constructible function ¢ in C(Z), the class [¢] lies in IsC(0z) if and only
if [i1(p)] belongs to IsC(0z/). If this is the case then i,([p]) = [01()].

The morphism (L) is also compatible with the morphism iy from Ko(RDef3") to
Ko(RDef7?) also defined by extension by zero. We obtain in such a way a morphism
i 2 C(Z)™P — C(Z")*P. As i sends subassignments of Z to subassignments of Z'
of the same dimension, there are group morphisms iy : CS4(Z)*XP — C<4(Z")**P and
a graded group morphisms iy : C(Z)P — C(Z')**P which restricts to a morphism
i ISC(GZ)W’ — ISC(GZ/)W’.

Aziom 5 (Projection along k-variables). — Let S be a definable subassignment
in Defy. Let 0y :' Y — S be in Defg. Let n > 0 be an integer. We denote by Z
the definable set Y[0,n,0], by m : Z — Y the canonical projection, and by 0z the
structural map 7 o 0y . By proposition [L8, there is a canonical isomorphism

C(Z) ~ Ko(RDefz) PO (y) PY)

which allows to define a ring morphism m : C(Z) — C(Y') by sending >, a; ® ¢; to
Yo mlai) ® i with a; in Ko(RDefz), ¢; in P(Y) and m(a;) defined in subsection
[[ZZ3 For any constructible function ¢ in C(Z), the class [¢] is m-integrable and

m([¢]) = [m(p)]

where m is defined above.
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The map m : Ko(RDef,”) — Ko(RDefy'") induces a ring morphism
m : C(Z)PP — C(Y)*P.
Furthermore, as m sends subassignments of Z to subassignments of Y of the same

dimension, there are group morphisms m : CS4(Z)*P — CSUY)™*P for all d, and a
graded group morphism m : C(Z)*P — C(Y)**P which restricts to a morphism

T . Isc((gz)e)(p — ISC(GY)exp‘

Aziom 6 (Projection along Z-variables). — Let S be a definable subassignment
in Defy. Let 0y :' Y — S be in Defg. Let r > 0 be an integer. We denote by Z
the definable set Y[0,0,7], by m : Z — Y the canonical projection, and by 0z the
structural map o Oy .

Let ¢ be a constructible function in C(Z). The class [¢] is m-integrable if and only
if ¢ can be written as p = py ® pp, where @y is a constructible function in C(Y)
and pp is a Presburger function in Iy P(Z), namely op is a Y -integrable Presburger
function on Z: for any q > 1, for any y in Y the family Y, ve(pp(y,x)) is
summable with v, : A — R is the unique morphism of rings mapping L to q. In that
case we have

mle] = [py @ m(ep)],
where m(pp) is the unique constructible function in C(Y') such that for any y in'Y,
for any g > 1
v (mep)(®) = Y velep(y, o).
TEL"

This defines a morphism m : IsC(0z) — IsC(fy), which induces by tensor product
a graded group morphism

m o IgC(07)7P — IsC(0y )P
using the fact that the canonical morphism
Ko(RDefy?) ®@po(yy PY(Z) — Ko(RDef?),
is an isomorphism.

Aziom 7 (Volume of graph; 0-cell). — Let 0y be in Defg, and

Z={(y,2) €Y[1,0,0] | z = c(y)}
where ¢ :' Y — h[1,0,0] is a definable morphism. Denote by f : Z — 'Y the morphism
induced by the projection from'Y x h[1,0,0] to Y, and 0y its composition with Oy .
Then, the constructible function [1z] is 0z-integrable if and only if L(ordjacf)of 7 g
Oy -integrable. In that case, in the ring IsC(Y )P we have the equality
f‘([lZ]) _ L(ord jacf)offl'
Aziom 8 (Volume of balls; 1-cell). — Let 0y be in Defg, and

Z =A{(y,2) € Y[1,0,0] [ ord (z — c(y)) = a(y), ac (z — c(y)) = &(y)}
where o @'Y — Z, £ :'Y — h[0,1,0] \ {0} and ¢ : Y — h[1,0,0] are definable
morphisms. Denote by f : Z — Y the morphism induced by the projection from
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Y X h[1,0,0] to Y, and 0z its composition with 0y . Then, the constructible function
[17] is 0z-integrable if and only if L=*"[1y] is Oy -integrable. In that case, in the
ring IsC(Y)™P we have the equality fi([1z]) = L~ 1y].

By Axiom [§ the volume of a ball {z € h[1,0,0] | ord (2 — ¢) = o,a€ (z — ¢) = £}
with a in Z, ¢ in k((t)) and € in k, € # 0 is L®~!. This is natural by analogy with the
p-adic case.

Aziom 9 (Relative balls of large volume). — Let 0y be in Defg and
Z ={(y,z) € Y[1,0,0] | ord z = a(y), ac z = £(y) }

where a1 Y — Z, £ :'Y — h[0,1,0]\ {0} are definable morphisms. Let f : Z =Y
be the morphism induced by the projection from Y[1,0,0] to Y. Suppose that the
constructible function [1z] is (Oy o f)-integrable and moreover a(y) < 0 holds for
every y in'Y, then fi(E(z)[1z]) = 0.

The previous axiom is also natural by analogy with the p-adic case, where an
additive character evaluated in the identity function and integrated over a large ball
is naturally zero.

Theorem 1.14 (Change of variables formula, theorem 5.2.1 of [9])

Let f : X — Y be a definable isomorphism between definable subassignments of
dimension d. Let ¢ be in CS4(Y) P with a nonzero class in C4(Y) P, Then [f*(p)]
belongs to Iy C4(f)°*P and

AF(@)]) = Lord Gaehef = ],

We give some ideas of the construction of this push-forward and refer to [8] and
[9] and to the surveys [2], [6] and [1T] for further details. For instance, we fix a base
S, we consider a definable morphism f :Y — S where Y is a subassignment of some
him,n,r] and we denote by I'y the graph of f. By functionality the morphism fi is the
composition py o4y where ¢ : Y — I'y and p: I'y — S are the canonical injection and
projection. Thus, it is enough to know how to construct the push-forward morphisms
for injections and projections. The case of definable injection is done using extension
by zero of constructible functions, and an adjustment with a Jacobian to match
the induced measures. Using the axiom of the volume of balls and the change of
variables formula, we observe that the construction of the push-forward morphism
for a projection is done by induction on the valued field dimension. For instance,
I'; can be seen as a definable subassignment of S’[1,0,0] where S’ is the definable
set S[m — 1,n,r] and the push-forward p; will be the composition p!(mfl) o m where
m:Ty— 5 and p(m=1) . 8" — § are canonical projections. The construction does not
depend on the order of such projections and the main tool is the cell decomposition
theorem stated above. Once the valuative dimension is zero we have to define a
push-forward of a projection from some S[0,n’,7'] to S. This is done using the
independence between the residue field and the value group, coming from theorem
[Tl see for instance Proposition The push-forward along residue variables is
simply the push-forward induced by composition at the level of Grothendieck ring cf.
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Axiom [ (and [8] §5.6] ). The integration along Z-variables corresponds to summing
over the integers, cf. Axiom [ (and [8] §4.5]).

Exzample 1.15. — (Integration of constructible functions, [8] §11.1]).

In this example, we illustrate the computation of the integration along a projection
f:8xY — S withY = h[l,n,r]. We will use this computation in subsection
Let ¢ be a constructible function in C(S[1,n,r]). By the cell decomposition theorem
(theorem [[I0)), there is a cell decomposition of S[1,n,r| adapted to ¢ denoted by
(Zi)icr- For any i in I, the cell Z; has a presentation (\;, Z¢,), and there is a
constructible function ¢; in C(C;) such that
(1.2) Pz, = Aipi (Vi)lz,
where Z¢, is a subassignment of some h[1,n 4+ n;,r + r;], C; is a subassignment of
hlO,n+mn;,r+71], pi: Zo, — C; and ¢; : C; — S are the projections. By a refinement
of the cell decomposition we can assume that for any 7, the restriction |z, is either

zero or has the same K-dimension as Z;. By the additivity axiom (Axiom ) ¢ will
be f-integrable if and only for any ¢ in I the restriction ¢z, is f-integrable and in

that case
fie=> filez)-
icl
For any ¢ in I, we consider the commutative diagram

\,

S<—C;
qi

Using equation ([L2)), the projection axiom (Axiom [ and the Fubini axiom (Axiom
M), the following statement are equivalent
— the restriction ¢|z, is f-integrable,
— the constructible function p!(¢;)[1z..] is f o A; '-integrable namely g¢; o p;-
integrable, '
— the constructible function t;p;[1 Zci] is g;-integrable with p;[lz¢,] is an inte-
gration of a 0-cell given by (Axiom [7) or a 1-cell given by (Axiom []).
The ¢;-integrability condition and the ¢;-integration can be treated by proposition 8]
and (Axioms [ and [6). If all these constructible functions are integrable then

fio = an (Wipallze,]) -
iel
Example 1.16. — (Integration of exponential constructible functions in [9])
We consider two cases.
e Integration along the projection ﬂ_g[l,o,o] : S[1,0,0] — S.
Let S be a definable set in Defi. Let ¢ be a constructible function in
C(S[1,0,0])**P. We can write

©o=1[f:Y = S5[1,0,0]]e°E(9) ® ¢
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with Y C S[1,ny,0]. In the construction [9, §5.1], using a cell decomposition
adapted to ¢ the authors consider a definable isomorphism

A:Y =Y CY[0,n,r]
and the following diagram

y — 1 sp00-2——5

T

Y ————"—= S[0,n + ny, 7]

where 7/ and p’ are projections . They define ¢ = o A7t ¢’ = goA™! and
¢ = A" f*(p). By construction there exists also a unique definable function
€ : S[0,ny 4+ n,r] — h[0,1,0] such that & =& o'

We consider an element of Y’ as a couple (z,y) with « in S[0,ny,0] and y in
h[1,0,0]. Following from its construction, the authors decompose the definable
set Y/ as union AU B, such that ¢'(z,.) : y — ¢'(z,y) is constant on each fiber
B, and non constant and injective on each fiber A, where for each =,

Az ={y € h[1,0,0] | (z,y) € A} and B, = {y € h[1,0,0] | (z,y) € B}.

As ¢’ is constant along fibers of B,, we denote by ¢’ : #'(B) — h[1,0,0] the
unique definable function such that gl’ p=4o 7r|’ - They refined the above
partition, decomposing A as the union Ay U As with

Ay = {(2,y) € A| ¢'(x,.) maps A, onto a ball of volume L™/ with j < 0}
and
Ay = {(2,y) € A| g'(x,.) maps A, onto a ball of volume L™/ with j > 0}
Finally by their construction they consider two definable morphisms
r": S[0,ny +n,r] = h[1,0,0] and 5" : S[0,ny + n,r] — h[0,1,0]
such that for any (z,y) in Ay
§(2y) = r'(2) =n(z) mod (1)
Then, using all these notations they define
(13) 7)) = ol (BT (L)) + e BT ([Lane]))

e Integration along f: Z — Y. Let S be a definable set in Defy. Let f: Z =Y

be a morphism in Defg. Let ¢ in IsC(Z)®*P be of the form
¢ =E(g)e"[p: X = Z]po

with p: X — Z in RDefz, g : X — h[1,0,0] and 7 :— h]0, 1, 0] definable mor-
phisms and ¢ in IsC(Z). We denote by 6¢,4, : X — Y[1,1,0] the morphism
sending x to ((f o p)(x), g(z),n(x)). We denote by

Y[1,1,0 Y[0,1,0
Tyono  Y[1,1,00 > Y[0,1,0] and my M ¥(0,1,0] - ¥
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the projections, and by x and £ the canonical coordinates on the fibers of wg B’i’g]
and w}}:[o’l’o]. Then, using integration along a residue variable (see Axiom [G])

and integration along one valued field variable explained above, Cluckers and
Loeser define

fil) = m it (il (B@)ef 8 g™ 00))

1.8. Commutativity of pull-back and push-forward functors. —

Notations 1.17. — Let A, B, C, D some sets. Let f: A — Candg: B — D
be some applications. We denote by f x g the application from A x B to C x D
which maps (a,b) to (f(a),g(b)). Let ¢ : Ax B— C and ¢ : A x B — D be some
applications. We denote by (¢, 1) the application from A x B to C' x D which maps

(a,b) to (¢(a,b),(a,b)).

In [19], the second author introduced a notion of definable distributions in Cluckers-
Loeser motivic setting. He introduced also a notion of motivic wave front set of a
definable distribution, which allows him, as in the real setting [13] or in the p-adic
setting [12] and [3], to study the pull-back of a distribution by a function which
requires the natural following commutativity relation between pull-back and push-
forward functors that we prove in section

Lemma 1.18. — Let S be a definable set in Defy and v : W — W' be a definable
morphism in Defg. Let X be a definable set in Defg. We denote by my the projection
from W xs X to W and by mw+ the projection from W' xg X to W'. Let ¢ be a
constructible exponential function in C(W' xg X)P.

1. If [¢] is mw -integrable then [(v x Idx)*¢] is mw -integrable. Furthermore, if
is onto then this implication is an equivalence.
2. If [¢] satisfies the condition () then

(1.4) mw [(v x Tdx )" @] = " (mwnle]).
This lemma can be generalized in the following way

Theorem 1.19. — Let S be a definable set in Defy, and v : W — W’ be a definable
morphism in Defg. Let f: X — Y be a definable morphism in Defg. We denote by
mw the projection from W xg X to W and by ww the projection from W' xg X to
W'. Let ¢ be a constructible function in C(W' xg X )P,

1. If [¢] is (mw x f)-integrable then [(y x Idx)*¢] is (mw x f)-integrable. Fur-
thermore, if v is onto then this implication is an equivalence.
2. If [¢] satisfies the condition () then

(1.5) (mw X [y x Tdx)* ] = (v x Idy)" ((mw+ < filgl) -
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2. Proofs

In subsection 211 we state and prove three lemmas allowing us to prove lemmal[l.T§]
and theorem in an inductive way following step by step the motivic integration
construction in [8] and [9]. In subsection we prove theorem as a corollary
of In subsection we give a proof of the projection lemma in the case of
constructible functions without exponential, then in subsection P-4 we give the proof
of the general case with exponential.

2.1. Some preliminary lemmas. —

2.1.1. Extension lemma. —

Lemma 2.1. — Let S be a definable set and v : W — W' be a definable morphism in
Defg. Let X andY be two definable sets in Defg such that W xs X and W' xsX are
respectively definable subassignments of W xsY and W’ xgsY. Let iy and iy be the
corresponding canonical injections. For any constructible exponential function ¢ in
C(W'xg X)*P | [p] is iy -integrable and [(yx Idx )*¢] is iw -integrable. Furthermore,
@ satisfies the equality

(2.1) (v x Idy )" (iwnle]) = iwn[(y x Idx)*¢].

Proof. — Let ¢ be an exponential constructible function in C(W' xg X)¢*?. By
Axiom M (see in particular [8 §5.5] and [9] §3.5]), the classes [¢] and [(y x Idx)*¢]
are respectively iyy/-integrable and iy -integrable with the equalities

iwnle] = liwn(p)] and dw[(y x Tdx)*p] = [iw1 (v x Tdx)"¢)].
The equality (1)) is then implied by the equality

(2.2) (v x Tdy ) (iwn(#)) = in (v x Tdx)"p) .

which comes from the definition of the pull-back morphism in [8] §5.1, §5.4] and [9]
§3.2, §3.4] (see in particular subsection [[3:3)) and the push-forward morphism for an
injection [8] §5.5] and [9] §3.5] (see also Axiom []). Indeed, we write the exponential
constructible function ¢ as

p=[p:Z—W xgX]|E(g)e(§) @ pp

where Z in RDefw wox, g : Z — h[1,0,0] and £ : Z — h|0,1,0] are two definable
maps and @p is a Presburger function in P(W’ xg X). Then, the main point is
that the fiber product Z Xy x) (W xs X) of p and v x Idx is isomorphic to the
fiber product of iy o p and v x Idy. Indeed, this is a consequence from a direct
computation or from the fact that (W xg X, iy, x Idx) is isomorphic to the fiber
product of v x I'dy and iy and the result follows from the classical pull-back lemma
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in the following diagram

Z X wixsyy W x5 Y) > Z X wrwsx) (W xg X) ‘—>Z

l”
d
W xg X e ldx W’ x5 X
Z'W liwl
d
W xs Y Tty W’ xsY

2.1.2. Splitting lemma. —

Lemma 2.2. — Let S be a definable set and v : W — W' be a definable morphism
in Defg. Let X, Y and Z be definable sets in Defs. We consider the following
commutative diagram composed with definable morphisms in Defg

d
WXSXVLiW/XsX.

| ¥

WxsY 2w oy

Il

Wxgz 2% Wi sz

Assume
e for any constructible exponential function ¢ in C(W’' xg X)P, if [¢] is f'-
integrable then (v x Idx)*[¢] is f-integrable (with equivalence if v is onto) and
in that case

(2.3) (v x Idy)*(fle]) = Ail(y x Idx)" ¢
e for any constructible exponential function ¥ in C(W’' xg Y)*P  if [¢] is ¢'-
integrable then (v x Idy)*[¢)] is g-integrable (with equivalence if v is onto) and
in that case

(24) (v x Idz)"(gi[]) = gul(y x Idy)" ¢].

then, for any constructible exponential function ¢ in C(W' x g X)¢*P, if [¢] is (¢'o f')-
integrable then (v x Idx)*[¢] is (g o f)-integrable (with equivalence if v is onto) and
in that case

(2.5) (v x Idz)*((g" o f)le]) = (go hlly x Tdx)" ¢.

Proof. — The lemma follows from Fubini axiom (see Axiom [I]) and the assumptions.

Indeed, let ¢ be a constructible exponential function in C(W’ x g X)**?. By Fubini
axiom, [¢] is (¢’ o f')-integrable if and only if ] is f’-integrable and f/[¢] is ¢'-
integrable. Then, using assumptions we observe that if [p] is (¢’ o f’)-integrable then
(v x Idx)*[p] is f-integrable and (y x Idy)*(f/[¢]) is g-integrable (with equivalence
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if v is onto). By Fubini axiom, (v x Idx)*[p] is f-integrable and fi(y x Idx)*[p] is
g-integrable if and only if (y x Idx)*[¢] is (g o f)-integrable. Then, equation (24
implies the result. Furthermore, we obtain the equality (23] by a direct computation
using (Z3)), 24) and Fubini axiom

(v x Idz)"((¢" o f')hle]) = (v x Idz)" (gi(fi[¢])
with
(v x Idz)* (g1 (£ [])) = g1((v x Idy )" (f{[¢])) = a(Ail(y x Tdx)*¢]),

then
(v x Idz)*((g" o f')le]) = (g o f([(v x Idx)"¢)).

2.1.8. Reduction lemma. —

Remark 2.3. — Let S be a definable set and W be a definable set in Defg. Let m, n
and 7 be some non negative integers. The fiber product W x g .S[m, n, ] is isomorphic
to W[m,n,r] and we identify them in the following.

Lemma 2.4. — Let S be a definable set and v : W — W' be a definable morphism
in Defg. Let m, n and r be some non negative integers. Assume lemmal[LT18 true in
the C(W'[m,n,r])“"P case then it is true in the C(W' x g X)*P case for any definable
subassignment X of S[m,n,r].

Proof. — Considering the assumption and the diagram
Woxg X — 209y wg x
l X1ds[m n,r l
Wim,n,r] st W' im,n,r]
,rwl lﬂw,
w 2 W'

the lemma follows from the extension lemma 211 and the splitting lemma 2.2 O

2.2. Proof of theorem [I.19. — In this subsection, we assume lemma true
and we prove theorem [[LT9 as a consequence of the extension lemma 21 and the
splitting lemma

Proof. — Let S be a definable set in Def;, and v : W — W’ be a definable morphism
in Defg. Let f : X — Y be a definable morphism in Defs. We denote by I'f the
graph of f, by if : X — I'; the canonical injection. In the following we will identify
canonically W xgT'y and W’ xgI'y with (W xgY) xy X and (W’ xgY) xy X. We
consider the following commutative diagram
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Woxe X 2% o x

'y><[dpf

WXSFf W/Xst

12

Idw X f Idyy X f

12

yxIdy xIdx

(WxsY) xy X (W' xsY) xy X

WXSYﬂiW’xSY

The theorem follows from this diagram and the splitting lemma (or very similar
arguments) whose assumptions are satisfied by application of

e the extension lemma 2] for the diagram

’yXIdX
w Xg X—Ww X8 X
Idwxifl/ l]d?,vxif
’YXIdr‘f

WXSFf—>W/><SFf

e the projection lemma [[.I8 (relatively to Y') for the diagram

(W x5 Y) xy X DI g oy sy X

WWXSY\L lﬂ'w/xsy

W xsY Ty W xgY

O

2.3. Proof of the projection lemma for constructible functions without
exponentials. — We prove in this subsection the projection lemma for con-
structible functions in C(W' xg X)-case. The exponential case will be proved in
subsection 2.4

2.3.1. Case X = S[0,0,r]. — In this subsection, we prove lemma in the case
X = 5[0,0,7]. We use remark and notations of lemma Let ¢ be a con-
structible function in C(W’ xg X). By proposition we write ¢ = Py @ Yp,
where @y is a constructible function in C(W') and ¢p is a Presburger function in
P(W’' xg X). By Axiom [B [¢] is mw-integrable if and only if pp is W'-integrable.
The pull-back (yxIdx)*p is equal to (pwoy)®(ppo(yxIdx)), then by Axiom[@ we
deduce that if ¢ is Ty -integrable then (v x I'dx)* ¢ is my-integrable and furthermore
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if v is onto then this is an equivalence. Under the integrability assumption, w1 [g]
is equal to the class of gy ® Twn(ep), where Ty (pp) is the unique Presburger
function in P(W’) such that for any w’ in W', for any ¢ > 1

ve (mwnpp)(w') = D ve(ep (', 2)).

TEL"
In particular,
v (mwnle]) = [(ewr 0 7) ® (mwn(ep) 0 7))

As well, mw [(v X Idx)*¢] is equal to the class [(ow o v) @ Tw1(op o (v X Idx))]
where w1 (¢p o (7 x Idx)) is the unique Presburger function in P(W) such that for
any w in W, for any ¢ > 1

vg (mwi(pp o (v x Idx))(w)) = Y vy ((pp 0 (v x Idx))(w, ).

But, for any ¢ > 1 and w in W

ve (mwi(pp o (v x Idx))(w)) = Y vq (pp(y(w), ) = vg (Twniep(1()))
TELT

then by uniqueness 7y (¢p o (7 x Idx)) is equal to w1 (¢p) o v and we deduce the
equality 2] of lemma [[L18

2.3.2. Case X = S[0,n,0]. — In this subsection, we prove lemma in the case
where X = S[0,n,0]. We use remark and notations of lemma Let ¢ be
a constructible function in C(W’ x X). By proposition [[L8 ¢ can be written as
po=[p:Y 2> W xX]®pp with [p: Y = W x X] in Ko(RDefyy/«x) and pp in
P(W’). By Axiom [H the class [¢] is my-integrable with

Twnlp] = [twrop: Y = W@ pp

and Y*(mwnly]) = [Y xw W — W] ® (pp o). As well, (v x Idx)*p is equal to
[Yxwxx(WxX) = WxX|®(ppoy) and is my -integrable. As (W x X, my,yxIdx)
is isomorphic to the fiber product W x - (W' x X) of v and 7+, we deduce similarly
to the case X = S0, 0, r|, by the classical pull-back theorem, that Y Xy x (W x X)
and Y Xy (W x X) are isomorphic, which induces the equality [ of lemma

2.3.3. Case X = S[0,n,r]. — The lemma in the case X = S[0,n,r] follows
immediately from the splitting lemma applied to the case X = S[0,0,r] in 2Z3T]
and the case X = S[0,n,0] in 232

2.8.4. Case where X is a 0-cell and ¢ = lyrxsx. — Let X be a 0-cell of base Y in
Defg with center ¢: Y — h[1,0,0]
X ={(y,2) € Y[1,0,0] | z = c(y)}.

We denote by 7 the projection from X to Y which is an isomorphism. The product
W xg X is also a O-cell of base W xg Y and center ¢y = ¢ o my where 7y is the
projection from W xgY to Y. As well the product W’ xg X is a 0-cell of base
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W' xs Y, center ¢y = c o, where 7, is the projection from W’ xgY¥ to Y. We
prove lemma [[.I8] for the constructible function ¢ = 1y« x and the diagram

Woxe X 21w o x

pw—fdwxﬂ'l lpw/—IdW/Xﬂ'

w X5Y—>W/ Xsy
’yXIdy

By definition of the pull-back of a Presburger function we have

(’y X Idx>*g0: © o (’}/ X Idx) = 1W><SX'

Then, by the change variable formula [8, Proposition 13.2.1] (see theorem [[.14]), the
class [p] is pw-integrable and the class [(y X Idx)*y] is also py-integrable with

pwalig] = L9 Pw o and pyn[(y x Idy)* ] = Lo Feepweri

Remark that by definition of py and py, the order ord Jac py o p;[}, is equal to
the order ord Jac 7o (7~ 1 o 7},). Similarly, the order ord Jac pw o p;;' is equal to the
order ord Jac 7 o (77! o my). Then, the equality B of lemma follows from the
equality my = 7 o (y x Idy).

2.83.5. Case where X is 1-cell and ¢ = lyxsx. — Let X be a 1-cell of base Y in
Defg with center ¢: Y — h[1,0,0] and data a: Y — Z and £ : Y — h[0, 1, 0]
X ={(y,2) € Y[1,0,0] | ord (2 — c(y)) = a(y), ac (z — c(y)) = &(y) }-

We denote by 7 the projection from X to Y. The product W xg X is still a 1-cell
with base W xgY, center cyy = comy and data ayy = aonwy and &y = £omy, with
my the projection from W xgY to Y. As well, the product W’ x g X is still a 1-cell
with base W/ x gV, center cyyr = comy, and data aw = aorl and {wr = omy, with
74 the projection from W’ xgY to Y. We prove lemma for the constructible
function ¢ = 1y, x and the diagram

Woxe X 2L o x

pw—[dw)(ﬂ'l/ lpW/—IdW/Xﬂ'

w ><5Y—>W/ ><5Y
yxIdy

By definition of the pull-back of a Presburger function we have
(’7 X Idx)*(p =@o (’y X Idx) = 1W><SX-

Then, by Axiom [ (see axiom (A7) of [8] theorem 10.1.1, Proposition 13.2.1]), the
class [¢] is pw-integrable and the class [(v X Idx)*¢] is also py-integrable with

7O¢W71[

pwnle] = L™ Ml oy] and pun[(y x Idx)*¢] = L lwxsyl-

Then, the equality @l of lemma follows from the equality 7y = 7, o (v x Idy).
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2.3.6. Proof of the projection lemma — Using the reduction lemma [Z4] it is
enough to consider the case where X is equal to the definable set S[m,n,r] for m, n
and r some non-negative integers. We use remark and notations of lemma
The projection lemma [[.T§ is proved by induction on m. The base case m = 0 is ever
considered in paragraph[Z3.3land using the splitting lemma 2.2 it is enough to prove
the projection lemma for the diagram

yxIdx

(2.6) Wxsg X X W g X

| |

W——sWw

YXIdsim—1,n,r
with m > 1, W/ = W/[m — 1,n,r], W = W[m — 1,n,r] and where T and Ty are
the canonical projections.

We prove now the case of diagram (2.6) using the cell decomposition theorem [[L.T0]
and the specific cases of 0-cell and 1-cell in paragraphs 2.3.4 and Asm > 1, we
consider W’ x g X as the product W’[1,0,0] and W x5 X as the product W][1,0,0].
Let ¢ be a constructible function in C(W’ xg X). By theorem [[LT0, we consider a
cell decomposition (W' xg X);),c; of W' xg X adapted to ¢, with for any i in I, a
presentation (Zc;, A;) of the cell (W' x g X);

N I
(27) (W/ X X)z —1>Zci C W/[l,ni,ﬁ]

/ﬁvl lp;
’

W<—ﬂ—i Cl/ C W[O,ni,ri]

where the diagram is commutative, p; and 7} are the canonical projections and

— if (W’ xg X); is a O-cell, then the integer r; is equal to 0 and the isomorphism
A is equal to Id s x), X 1 where n; : (W' x5 X); — h[0,n;,0] is a definable
morphism. The jacobian order of the isomorphism A, is 0.

— if (W’ x g X); is a 1-cell, then the isomorphism A is equal to Idw s x), X 1 X I;
where n; : (W' xg X); — h[0,n;,0] and [; : (W' xg X); — h[0,0,r;] are two
definable morphisms. The jacobian order of the isomorphism \; is 0.

Taking a refinement of the cell decomposition, we may assume that for any ¢ in I,
P|(W'xsX), is either zero or has the same K-dimension as (W’ xg X); (see and
also proof [8, §11.1]). Furthermore, for any ¢ in I, there is a constructible function )}
in C(CY) such that

(2.8) Pl(W'xsX); = (A3)" (7).

Taking the pull-back by the definable morphism v x Idx, we deduce a cell decom-
position ((W xg X);)ier of W xg X adapted to (y x Idx)*¢. More precisely, for any
i in I, we define the cell (W x g X); as the definable set (y x Idx)™'(W’ xg X);. This
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cell has a presentation (Z¢,, A;) where
Ci = {(waxanal) € W[m - 15” +ng, T+ Ti] | (7(‘*’)’95’77,1) € Czl}a
and

— if Zoy is a 1-cell with center ¢; and data a; and £/, then Zc, is the 1-cell in

W1, n;,7;] with center ¢; = ¢ o (v X Idg[m—1,n4n,,r,)) and data
a; = alo(yx Ids[m_lm_‘_m,”]) and & = & o (y x Ids[m_lm_‘_m,”])
and the presentation morphism A; : (W xg X); = Z¢, is
i = Tdawxsx), X (nio(y x Idx)) x (I o (v x Idx)).
— if Z¢y is a O-cell with center ¢}, then Zg, is the O-cell in W1, n;,0] with center
c; =c;o(yx Idsm—1n+n,r))
and the presentation morphism A; : (W xg X); = Z¢, is
i = Idwxsx), X (mio (v x Idx)).
For any ¢ in I, we consider the constructible function
Vi = (7 X IdS[m—l,nJrni,rJrri])*(wz{)

and we have the equalities

(’y X IdX)*l(W’XSX)i = 1(W><SX)«;

(2.9) (v x Idx)"¢ - Lwxsx), = (v x Idx)" (N7 P";) = A pi v
thanks to the equality

pioN o (yx Idx) = (v X Idspm—1,ntn;r4r]) ©Di © i
with p; the canonical projection from WL, n;,7;] to W0, n;,7;].

By the additivity axiom (Axiom [), as the cells (W’ xg X); and (W xg X); are

disjoint:

— the class [¢] is 737 - integrable if and only if for any 4 in I, 1wy x), IS Tp7 -
integrable, if and only if for any i in I, the class [¢;]p}[1z_,] is 7} - integrable
(applying to equation and diagram 27 Fubini axiom (Axiom [), change
variable formula (theorem [[LT4) and projection axiom (Axiom [])), and in that
case

(2.10) WW![‘P-l(W’xSX)i] = m’-!([wz’-]pé! [1201/_])-

— the class [(y x Idx)*yp] is T - integrable if and only if for all 7 in I, the class of
(vxIdx)* ¢ 1(wxsx),; is Ty - integrable, if and only if for any 7 in 1, [¢h]pa[1 2., ]
is ; - integrable (by Fubini axiom (Axiom[I]), change variable formula and pro-
jection axiom (Axiom B) applied to equation 29)), and in that case

(2.11) T (v X Tdx)" ¢ - Lwxsx),] = ma([ilpallze,])-
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But, by construction, 1z, = (v X Ids{mnin;rir;)) 12, and by the O-cell and 1-cell
case in sections 223.4] and 2.3.5] we have the identity '
(7 X IdS[m—l,n—i—ni,r-H‘i] )*p;‘ [1ZCi] = Pi! [1Z0i]
which implies the equality
(2'12) [wi]pi![lZci] = (’7 X IdS[mfl,nJrni,rJrn])*([w;]p/i! [12015])-
Then, for any 7 in I, using subsection for the diagram

YXTds(m—1,n4n;,r+r;

Ci C W[O,?’Li,ﬂ'] ] CZI C W[O,?’Liﬂ“i]

w

YXIdsim—1,n,r i

with 7; and 7] the canonical projections, we deduce that if the class [¢]]p[12.,] is
my-integrable then (v X Idsim—1,ntn,.r+r:)) " ([WiP0[12,,]) equal to [thi]pa[lz. ] is also
mi-integrable and if v is onto, this is an equivalence. In that case we have the equality

il ((7 X IdS[mfl,nJrni,rJrn] )" (["/’;]p;' [1ch{ ])

(2.13) =

('Y X IdS[mfl,n,T])*(Tri'!([wz{]p;![lzci]))'
Then, we can conclude that for any 7 in I, if the class [0.1(w'xsx),] 15 T

integrable then the class [(y x Idx)*¢.1(wxsx),| is my-integrable and this is an
equivalence in the case of v onto. In that case by equations (ZI0), 211, (ZI2)) and

ZI3), we get for any 7 in T
mal(v X Idx)" (01w xsx))] = (v X Tdspm—1,n,07) T ([0 1w x sx).])
By additivity Axiom [ and summation we conclude that if [p] is my7-integrable then

the class [(y x Idx)*y] is mpr-integrable and this is an equivalence in the case of
onto, and in that case

ma (v % Idx)* @l = (v X Idspm—1,n,,) Twn([0])-

Remark 2.5. — This achieves the proof of lemma in the C(W xg X)-case,
which implies that theorem [[T9]is also true in this setting. We will use both of them
in the proof of lemma in the C(W xg X )®"P-context.

2.4. C(W' xg X)**P-case. — .

Let X be a definable in Defg, by the reduction lemma 2.4] we can assume that
X = S[m,n,r]. Let v: W — W’ be a morphism in Defg. Let my : W’ xg X — W’
and ¢ W xg X — X be the canonical projections. We consider the diagram

Woxe X 2L o x

ﬂwl lﬂw,

Ww—' W
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Let ¢ be a constructible function in C(W' xg X )P, then by definition ¢ can be
written as

(2.14) o=E(g)e()p Y = W' x5 X]® po

where ¢/ : W’ xg X — Rh[1,0,0], 7' : W’ xg X — h[0,1,0], p' : Y/ = W' xg X are
definable functions with Y’ a definable subset of some (W’ x g X)[0,n,0] and ¢q is a
constructible function in C(W’ x g X). In particular the pull-back by v x Idx of ¢ is

(2.15) (v xIdx)"p = E(gle(n)p: Y = W xg X]® (v x Idx)"po

where p: Y — W x X, g and 7 are the pull-back of p/, ¢’ and n' by v x Idx.

Furthermore, by definition (see subsection [[.T)), [¢] is mw/-integrable if and only if
[¢o] is mw-integrable and in that case, it follows from theorem 4.1.1 in [9] and the
uniqueness part of its proof §6.3 that

@16)  mwalel = (mid™™) (M), (B@)e(©) 610" [eo))

!

where we use the diagram

5

Y’ W'[1,1,0]
w’[1,1,0]
lﬂ'w/[o,l,o]
P’ w’o,1,0]
lﬂ_x:[o,l,o]
WxgX ——m =W
7TW/

where 2 and £ are coordinate on the vector bundle W’[1,1,0] and ¢’ is the definable
function from Y’ to W'[1,1,0] equal to (mw- o p',g’ op’,n op’). In particular, we
deduce from the case without exponential in section [Z3 that condition [ of lemma
is satisfied. We have the following commutative diagram
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YXxIdsp1,0]
WI1,1,0] W'[1,1,0]
V\ .y /
YX1Ladx[o,n,0]
y ——5 v
W(1,1,0] w'[1,1,0
Twio.1.0] pl 4 WW’[[U,I,U]]
yxIdx
WxX—W xX
YxIdso,1,0]
w0, 1,0] w’[0,1,0]
W Ty
’
VVK[U,I,U] WVV“:,[O’LO]
Y
w w’

Using the splitting lemma (lemma 22]) to prove the equality 2] of lemma [[I8

7 (mwnlel) = mun([(v x Tdx)"¢])

it is enough to prove the result for the special cases

YxIdsio,1,0

(2.17) w(o,1,0] —— w7[0,1, 0]
ﬂ_w[o,l,o]l lﬂ_w’[o,l,o]

w w!

w w’
v
Idspa

(2.18) WL, 1,0] — Sy 1 0]
ﬂ_w[l,l,o]l lﬂ_w/u,l,o]
w0,1,0] w’[0,1,0]

W[0,1,0] W’[0,1,0]

Indeed, by equation (2.I6]) we have

7 (mwalel) =4 ((md™"”), (mwelort]), [E@e(€) © 5" [eal)])

Then, it follows from lemma in the case of diagram (ZI7)) that

25

7 (mwnlel) = (mwi™") (v x Tdspoa0)” ((mfoid]), [B@)e(©) © 6 (o))l ) |
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then, it follows from lemma [[I8 in the case of diagram (ZI]) that

¥ (mwalel) = (m ) [(mioet), (0 x Hdsiue)” (B@)e() @ 5" [w))]

and finally, as 2 and £ are coordinates in the bundle W’[1,1,0] and are independent
from W’ we have

7 (mwnle) = (mi™ ) (mvlorl), [E@)e() @ (v x Idsia.0)" 610" o]

Applying theorem [[LT9 in the case without exponential (see remark [Z5]) we obtain
the equality

(v x Idsp 1,0)* (610 o)) = &1 ((v x Idx[o,n,0)" (™ [00]))

and by commutativity of the diagram we have

(v x Idspi1,01)" (01(0" [o])) = &1 (p™ (v x Idx)*[¢o])

and we can finally conclude

7 (mwng) = (m ) (mvel), (B@e(©) @ o [p (v x Idx)* o).

namely by equation (2Z.14])
7 (mwnle]) = T ([(v x Tdx)*]).

We conclude now by the proof of the projection lemmall. T8 in the cases of diagrams
RI7) and @II).
e Asin the paragraph 232l the case of diagram (217 follows by the definition of
the push-forward in the residue variables in [9] §3.6].
e Taking pull-back of a cell decomposition as in the proof of the case without
exponential (see section 23), the case of diagram follows directly from the
construction in [9] §5.1, lemma 5.1.1] (sketched in example [[T6) where the set

WILLOLnd W0, 1, 0] for

of parameters is W'[0, 1, 0] for the integration along m;,, [0.1.0]

the integration along wx[%i ’8]]. Without giving the details, the constructions
; w’lo,1, wio,1, *
(sketched in example [[I0) of WW,[{?,ig]]!([(p]) and ﬂ'W[[gig]}!((v x Idgpo.1,0)*[¢])
W’[0,1,0

for a 7TW,[1’17’01]!-integrable—constructible function ¢ in C(W'[1,1,0])**P are step
by step compatible with the base change from W'[0,1,0] to W/0,1,0], and the
projection formula

* w’[0,1,0 w[0,1,0 %
('7 X IdW’[O,l,O]) (WW’[[LLO]]!([('D])) = WW%LLO]]! ((7 X IdS[O,l,O]) [‘P])

follows from equation using above ideas and the case without exponential.



COMMUTATIVITY OF PULL-BACK AND PUSH-FORWARD FUNCTORS 27

Acknowledgments. — We are very grateful to Raf Cluckers, Immanuel Halupczok
and Francois Loeser for inspiring discussions. The first author was supported by the
European Research Council under the European Community’s Seventh Framework
Programme (FP7/2007-2013) with ERC Grant Agreement no. 615722 MOTMEL-
SUM, by the Labex CEMPI (ANR-11-LABX-0007-01). The first author would also
like to thank VIASM in Hanoi for the hospitality and the great environment for work,
during a three months visit in the summer 2018. The second author is partially sup-
ported by ANR-15-CE40-0008 (Defigeo) and by the ERC Advanced Grant NMNAG.

References

[1] Raf Cluckers, Julia Gordon, and Immanuel Halupczok. Integrability of oscillatory func-
tions on local fields: transfer principles. Duke Math. J., 163(8):1549-1600, 2014.

[2] Raf Cluckers, Thomas Hales, and Frangois Loeser. Transfer principle for the fundamental
lemma. In On the stabilization of the trace formula, volume 1 of Stab. Trace Formula
Shimura Var. Arith. Appl., pages 309-347. Int. Press, Somerville, MA, 2011.

[3] Raf Cluckers, Immanuel Halupczok, Frangois Loeser, and Michel Raibaut. Distributions
and wave front sets in the uniform non-arhimedean setting. Transaction of the London
Mathematical Society, 5(1):97-131, 2018.

[4] Raf Cluckers and Frangois Loeser. Fonctions constructibles et intégration motivique. I.
C. R. Math. Acad. Sci. Paris, 339(6):411-416, 2004.

[5] Raf Cluckers and Frangois Loeser. Fonctions constructibles et intégration motivique. II.
C. R. Math. Acad. Sci. Paris, 339(7):487-492, 2004.

[6] Raf Cluckers and Frangois Loeser. Ax-Kochen-Ersov theorems for p-adic integrals and
motivic integration. In Geometric methods in algebra and number theory, volume 235 of
Progr. Math., pages 109-137. Birkh&duser Boston, Boston, MA, 2005.

[7] Raf Cluckers and Francois Loeser. Fonctions constructibles exponentielles, transfor-
mation de Fourier motivique et principe de transfert. C. R. Math. Acad. Sci. Paris,
341(12):741-746, 2005.

[8] Raf Cluckers and Frangois Loeser. Constructible motivic functions and motivic integra-
tion. Invent. Math., 173(1):23-121, 2008.

[9] Raf Cluckers and Francois Loeser. Constructible exponential functions, motivic Fourier
transform and transfer principle. Ann. of Math. (2), 171(2):1011-1065, 2010.

[10] J. Denef. The rationality of the Poincaré series associated to the p-adic points on a
variety. Invent. Math., 77(1):1-23, 1984.

[11] Julia Gordon and Yoav Yaffe. An overview of arithmetic motivic integration. In Ottawa
lectures on admissible representations of reductive p-adic groups, volume 26 of Fields Inst.
Monogr., pages 113-149. Amer. Math. Soc., Providence, RI, 2009.

[12] D. B. Heifetz. p-adic oscillatory integrals and wave front sets. Pacific J. Math.,
116(2):285-305, 1985.

[13] Lars Hormander. The analysis of linear partial differential operators. I: Distribution
theory and Fourier analysis. Grundlehren der Mathematischen Wissenschaften, 256. Berlin
Heidelberg-New York - Tokyo: Springer-Verlag. IX, 391 p. DM 98.00; $ 39.20 (1983)., 1983.

[14] Ehud Hrushovski and David Kazhdan. Integration in valued fields. In Algebraic geometry
and number theory, volume 253 of Progr. Math., pages 261-405. Birkhauser Boston, Boston,
MA, 2006.



28 JORGE CELY & MICHEL RAIBAUT

[15] Jun-ichi Igusa. An introduction to the theory of local zeta functions, volume 14 of
AMS/IP Studies in Advanced Mathematics. American Mathematical Society, Providence,
RI; International Press, Cambridge, MA, 2000.

[16] Kontsevich. Lecture at Orsay. Décembre 7, 1995.

[17] Johan Pas. Uniform p-adic cell decomposition and local zeta functions. J. Reine Angew.
Math., 399:137-172, 1989.

[18] M. Presburger. Uber die Vollsténdigkeit eines gewissen Systems des Arithmetik.... . In
Comptes-rendus du I Congrés des Mathématiciens des Pays Slaves, pp. 92-101. Warsaw
(1929) .

[19] Michel Raibaut. Motivic wave front sets. arXiv:1810.10567.

[20] Lou van den Dries. Dimension of definable sets, algebraic boundedness and Henselian
fields. Ann. Pure Appl. Logic, 45(2):189-209, 1989. Stability in model theory, II (Trento,
1987).

November 19, 2018

JOrGE CELY, Bogotd, Colombia e FE-mail : celyje@gmail.com

MicHEL RAIBAUT, Univ. Grenoble Alpes, Univ. Savoie Mont Blanc, CNRS, LAMA
Le Bourget-du-lac, 73376, France. e FE-mail : Michel.Raibaut@univ-smb.fr
Url : raibautm.perso.math.cnrs.fr/site/MichelRaibaut.html



	Introduction
	1. Motivic integration and constructible motivic functions
	2. Proofs
	References

