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Abstract

The provability logic of a theory T' captures the structural behavior of
formalized provability in 7" as provable in T itself. Like provability, one
can formalize the notion of relative interpretability giving rise to inter-
pretability logics. Where provability logics are the same for all moderately
sound theories of some minimal strength, interpretability logics do show
variations.

The logic IL(All) is defined as the collection of modal principles that
are provable in any moderately sound theory of some minimal strength.
In this paper we raise the previously known lower bound of IL(All) by
exhibiting two series of principles which are shown to be provable in any
such theory. Moreover, we compute the collection of frame conditions for
both series.

1 Introduction

Relative interpretations in the sense of Tarski, Mostowski and Robinson [12] are
widely used in mathematics and in mathematical logic to interpret one theory
into another. Roughly speaking, such an interpretation between two theories is
a translation from the language of one theory to the language of the other so
that the translation preserves logical structure and theoremhood.

We shall write U >V to denote that a theory U interprets a theory V. Once
we know that U > V, this provides us much information; for example the con-
sistency of U implies the consistency of V' and also, various definability results
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carry over from the one theory to the other. Famous examples of interpretations
are abundant: the theory of the natural numbers into the theory of the integers,
set theory plus the continuum hypothesis into ordinary set theory (in fact, set
theory plus the negation of the continuum hypothesis can also be interpreted
into ordinary set theory, though this fact is less well-known), non-Euclidean
geometry into Euclidean geometry, etc.

Interpretability, being a syntactical notion, allows for formalization very
much as one can formalize the notion of provability. As such, we can consider
interpretability logics which will actually extend the well-know provability logic
GL named after Godel and Lob. We shall see that the interpretability logic of
a theory is the collection of all structural properties of interpretability that it
can prove.

Where all modestly correct theories of some minimal strength —let us call
them reasonable theories in this paper— have the same provability logic GL,
the situation is different in the case of interpretability and different theories have
different logics. It is an open question to determine the logic of interpretabil-
ity principles being provable in any reasonable theory. This paper reports on
substantial progress on this open question by increasing the previously known
lower bound.

2 Preliminaries

Let U and V denote theories with languages Ly and Ly respectively. A relative
interpretation j from V into a theory U —we will write j : U > V— is a pair
(0(z), t) where d(x) is a formula of Ly that specifies the domain in which V' will
be interpreted and ¢ is a translation, mapping symbols of Ly to formulas of Ly
providing a definition in U of these symbols.

For further details, we refer the reader to [16] and just mention some par-
ticularities here. For example, we restrict to languages with only constant and
relations symbols and treat function symbols as functional relations. Moreover,
we restrict ourselves to one-dimensional interpretations where each object in
the one theory is represented as one object in the other theory, as opposed to
a sequence of objects, as in the case of higher dimensional interpretations as
studied, for example in [I0].

Further, we do not allow for extra parameters in our interpretation. Thus,
an n-ary relation symbol R in the language of V' will be mapped by ¢ to a
formula R? in the language of U with exactly n free variables. If the language
of V' contains equality, we do not require that ¢ maps equality to equality.

The translation ¢ is extended to a translation j of formulas in the usual way
by having j commute with the connectives and relativize the quantifiers to the
domain specifier §(z) as follows: (Vz ¢(z))” :=Vz (§(z) = ¢’(x)). We will not
go too much into details but the main point is that interpretations are primarily
syntactical notions —especially for finite languages— and as such allow for an
arithmetization/formalization very much as formal proofs do.



2.1 Arithmetic

In order to formalize the notion of interpretability within some base theory 7" one
needs to require some minimal strength conditions on 7'. In particular, we shall
require that 7" can speak of numbers where to code syntax and we shall assumd]
that the language of T' contains the language of arithmetic (+, x,5,0,1 <,=).

We will need that the main properties of the basic syntactical operations like
substitution are provable within 7". For reasonable coding protocols this implies
that we need to require the totality of a function of growth-rate wy(z) := x

21e1” where |z| denotes the integral part of the binary logarithm of z.

Further, to perform basic arguments we need a minimal amount of induction
and actually a surprisingly little amount of induction suffices. Buss’s theory S}
has just the needed amount of induction and proves the totality of w; and this
shall be our base theory (formulated in the standard language of arithmetic).

Alternatively, we could have taken as base theory 1A+ €2 which consists of
Robinson’s arithmetic Q together with induction for bounded formulas with pa-
rameters and the axiom ; stating that the graph of w; defines a total function.
We refer the reader to [5] and [2] for further details.

A sharply bounded quantifier is one of the form Va<|y| where |y| denotes
the integer value of the binary logarithm of y. The class A} contains exactly
the formulas where each quantifier is sharply bounded. The class ¥} arises by
allowing bounded existential quantifiers and sharply bounded universal quanti-
fiers to occur over Af formulas. It is essential that the w; function may occur
in the bounding terms. By 3%% we denote those formulas that arise by allowing
a single unbounded existential quantifier over a ¥} formula. The complexity
classes II,,, ¥,, and A, refer to the usual quantifier alternations hierarchies in
the standard language of arithmetic.

In this paper we shall only be concerned with first order-theories containing
the language of arithmetic with a poly-time recognizable set of axioms extend-
ing S} and shall often refrain from repeating (some of) these conditions. We
shall write Or¢ as the %% formalization of ¢ being provable in the theory T
and refrain from distinguishing formulas from their Goédel numbers or even the
numerals thereof. When [ is a formula with one free variable we shall denote
by Dgpqﬁ the formalization of ¢ being provable in the theory T" with a proof that
satisfies I. It is well known that we can express provable ¥; completeness using
formalized provability.

Lemma 2.1. For any theory T extending S} we have that

THVYa (DTOz — DTDTOZ).

1One can consider a slightly more general setting where theories T' do not directly speak of
the natural numbers but where it is assumed that 7" is decent in some sense and comes with
an interpretation A of the natural numbers (see e.g. [I7]). One then only has to require that
N satisfies sufficiently many axioms of number theory so that the arithmetisation of syntax
can be performed. For example, ZFC set theory does not contain the language of arithmetic
but we can easily perceive the numbers as ‘living’ inside set theory, that is, there is a natural
interpretation of the numbers in ZFC.




We will use U > V' to denote the formalization of “the theory V is inter-
pretable in the theory U”. If we abbreviate the existential quantifier over num-
bers that code a pair (§(x),¢) defining an interpretation by 35 we can write

U V=3V (Oyey — Opyp?). (1)

An interpretation j : U > V can be used as a uniform way to obtain a
model of V inside any model of U. If U satisfies full induction, then we see that
actually the defined model of V' is an end extension of the model of U: we define
f(0):=0and f(z+1):= f(x) +/ 19 and by induction see that VaJy f(z) = y.
As such, we see that any »; consequence of U must necessarily also hold in V.
Since O is a 31 formula, the insight on end extensions is reflected in what is
called Montagna’s principle

(U>V) = (UU{Ore}) > (VU{Ore})). (2)

In case U does not have full induction, we can still define the graph F(x,y) of
the function f from above, but we can no longer prove that the function is total.
However, we can prove that Jy F(x,y) is progressive, that is, we can prove

JyF(0,y) A Vo (3yF(z,y) = Jy F(z+1,y)).

In particular, the formula V 2/ <z Jy F(a’, y) defines an initial segment within U.

A common trick in weak arithmetics is to use this initial segment as our natural

numbers instead of applying induction (which is not necessarily available). By

Solovay’s techniques on shortening initial segments we may assume that they

obey certain closure properties giving rise to the what is called a definable cut.
A formula J is called a T-cut whenever T proves all of

1. J(0) AVx (J(x) = J(x 4+ 1));
2. Jx) Ny <ax— J(y);
3. VaVy (J(:C)/\J(y) — J(x—l—y)/\J(xy)/\J(wl(:v))).

Let Cut(J) denote the conjunction of these three requirements. Sometimes we
want to quantify over cuts within 7" so that these cuts can then of course be
non-standard. We shall use V<Ut.J 1) and 3%*.J ¢ to denote V.J (OrCut(J) — 1)
and 3J (OpCut(J) A ¢) respectively. Sometimes we shall write xz€.J instead of
J(x).

Sometimes we will need to find a cut J inside another cut /. In such cases we
will not just require that the Godel number of the formula .J is in I but moreover
we shall require that the proof that J is a cut can also be found within 7. Thus,
for example, 3t J€T 1) will be short for 3.J (O5.Cut(J) A1)).

We note that if ¢(v) € 3%, then IUt.J 4)(J) is again provably equivalent to
an 3%¢ formula.

Let us get back to the role of induction in Montagna’s principle. If j : U>V
and U does not prove full induction, then j will not define an end extension



of any model of U. However, it is easy to see that j does define, using the
progressive formula Va'<z Jy F(2/,y), a definable cut in U on which f is an
isomorphism. This is reflected in a weakening of Montagna’s principle also
referred to as Pudldk’s principle.

Lemma 2.2. Let T be a theory containing S5 and let U and V' be theories.

THUBV = 3TV peA, (Uu{(aw)']}wfu{aw}). (3)

2.2 The interpretability logic of a theory

Interpretability logics are designed to capture structural behavior of formalized
interpretability just as provability logic captures the structural behavior of for-
malized provability. To this end we consider a propositional modal language
with a unary modal operator [J to model formalized provability and a binary
modal operator > to model formalized interpretability of sentential extensions
of some base theory. Let us make this more precise.

Thus, let us fix an arithmetical theory T'; By % we will denote a realization,
that is, any mapping from the set of propositional variables to sentences of T'.
The map * is extended to the set of all modal formulas of interpretability logics
as follows

(L)* = 0=1

(mA)* = —A*

(AANB)* = A*ADB* and likewise for the other connectives
(OA)* = OpA*

(A>B)* = (T'+A") 1> (T + BY).

Note that we use the same symbol > for the binary modal operator as for the
sentence in the language of arithmetic as defined in (). We can now define
the interpretability logic of a theory as those modal principles which are prov-
able under any realization. With some liberal notation this is captured in the
following.

Definition 2.3. Let T be a theory containing S3. We define the interpretability
logic of T' as
IL(T) := {A|Vx TH A"}

Further, we define the interpretability logic of all arithmetical theories extending
S3 by

IL(AL) := {A|VTV* TH A"}
2.3 Small witnesses

As a direct corollary to (@) —Montagna’s principle— we can conclude that

(A>B) — ((AADOC) > (BADOC)) € IL(T)



whenever T proves full induction. However, there is no direct reflection of
Pudlak’s principle on the level of interpretability logics since Pudldk’s principle
would translate to

(A>B) = (AANDC) > (B AD0)) € IL(T)

for the particular cut J corresponding to j : A>> B and this cannot be expressed
in our modal language. In a sense, J7C corresponds to finding a small witness
of the provability of C'. As we shall see, there are various occasions where we can
conclude that such small witnesses exist. The main ingredient in obtaining such
small witnesses is expressed by the so-called Outside big, inside small lemma.

To formulate the lemma we should first provide a means to speak under
the scope of a provability predicate about numbers that are given externally.
As usual this is done via the notion of numerals. A numeral is a syntactical
term that uniquely denotes a number. Since unary numerals grow too big, we
will resort to dyadic numerals. Dyadic numerals n are defined recursively by
0:=0, 2n = S50 X 7t and, 275?1 = S(SSO X ﬁ) Clearly, dyadic numerals are
exponentially much shorter than unary numerals.

Lemma 2.4 (Outside big, inside small). For T,U any theories extending S},
we have that
T =YYV OpJ(T).

Proof. Given J and given x, not necessarily in J, we can construct a proof-
object to the extent that z € J in the obvious way. A proof of n € J will
follow the built-up of 7 using the standard proofs of lemmas to the effect that
Vo (z € J — (S50 x z) € J) and Vz (z € J — S(SS0 x z) € J). We refer to
e.g. [2L[7] for details. O

The next lemma tells us that small witnesses suit the purpose of inner model
constructions.

Lemma 2.5 (Formalized Henkin construction). For theories T,U and V all
extending S} we have

T FYT (UU{Con’ (V)} > V).

Proof. (Sketch) The theory T can verify that the usual Henkin construction
can be formalized in U without many problems where J plays the role of the
natural numbers. Instead of applying induction to obtain a maximal consistent
set My as a consistent branch of infinite length in Lindenbaum’s lemma, we
can now only conclude that the length of the branch is within some cut I which
is a shortening of .J thereby yielding a set M{, which is contradiction-free on I.

The set ./\/l{, can be used to obtain a term model and we define an in-
terpretation j : (U U {Con”(V)} > V) from the term model as usual so that
provably ¢7 < (¢ € M{/) Note that since the interpretation of identity can be
any equivalence relation, there is no need to move to equivalence classes in the
construction of our term model. By construction we have

OuV ¢el ((Con” (V) AT ¢) — ¢ € MY).



By the outside big, inside small principle and the formalized deduction theorem
we now conclude that

Vo (Ove = Opuicons (v)}#°)

which, by () is nothing but (U U {Con”(V)} > V). We refer to [I5] where one
can see that the necessary induction for this argument is available in S} and
that moving from ¢ € M{, to ¢/ by applying the commutation clauses can be
done in p-time. O

Using these lemmas we can infer in various occasions the existence of small
witnesses to provability. Given two sentences o and [, it is common practice
to denote (T'U {a}) > (T U{B}) by a>r B. Moreover, it is common practice
to omit theory subscripts in both the interpretation predicate 7 and in the
provability predicate (7 and we will do so too. As such, both the arithmetical
predicate and modal operator are denoted by the same symbol but the context
will always clearly indicate which reading to employ.

Lemma 2.6. For any theory T we have T = —=(a > —y) — VU K O(a A OF ).

Proof. Reason in arbitrary T by contraposition and apply the Henkin construc-
tion on a cut. O

As a corollary to this lemma, we see that
(A>B) = (=(A>-C) > (BADOC)) € IL(T)

for any T extending S3. It is an open problem to classify the modal principles
that hold in any theory extending S3. This paper raises the previously known
lower bound.

We formulate some other direct corollaries of the outside-big inside-small
principle in the following useful lemma.

Lemma 2.7. Let T be any theory containing Si. We have that
1. THVY~eITt vt Fry — O3xed 7);
2. TFo— VK O for any formula o in 35%;
3. ThVa (Oa— VUK O0Ka).

One ingredient in proving interpretability principles arithmetically sound,
is to find small witnesses. Another ingredient tells us how we can keep these
witnesses small. A simple generalization of Pudlak’s lemma which was first
proved in [6] and tells us how to do so.

Lemma 2.8. Let T be a theory extending S5.

T+ Va, 87" (j cas B VTSN T (A DY) > (B A Dw)).



2.4 Modal interpretability logics

When working in interpretability logic, we shall adopt a reading convention
that will allow us to omit many brackets. Thus, we say that the strongest
binding ‘connectives’ are —, [ and { which all bind equally strong. Next come
A and V, followed by > and the weakest connective is —. Thus, for example,
A B — ANOC > BAOC will be short for (A>B) — ((AADC) > (BAOCQ)).

If we do not disambiguate a formula of nested conditionals (— or ), then
this should be read as a conjunction. For example, A > B > C should be read
as (A> B) A (B> () and likewise for implications.

We first define the core logic IL which shall be present in any other inter-
pretability logic. As before, we work in a propositional signature where apart
from the classical connectives we have a unary modal operator (] and a binary
modal operator >.

Definition 2.9 (IL). The logic IL contains apart from all propositional logical
tautologies, all instantiations of the following axiom schemes.

L1 O(A — B) —» (DA — OB)

L2 0A - 0O0OA

L3 0(0A— A) -0OA
J1OJA—-B)—A>B

22 (AxB)A(B>C)— A>C

B A-C)AN(B>C)—AVB>C
J4 A>B — (0A— OB)

J5 A A

The rules of the logic are Modus Ponens (from A — B and A, conclude B)
and Necessitation (from A conclude OJA).

It is not hard to see that IL C IL(All). By ILM we denote the logic that
arises by adding Montagna’s axiom scheme

M A>B— ANOC>BAOC

to IL. Tt follows from our earlier observations that ILM C IL(T) and the other
inclusion can be proven too. A theory T is called XV-sound if it proves no false
¥9-sentences.

Theorem 2.10 (Berarducci [1], Shavrukov [I1]). If T is X9-sound and proves
full induction , then IL(T) = ILM.



The logic ILP arises by adding the axiom scheme
P: ApB—-UOA>B)

to the basic logic IL. If T is finitely axiomatizable it is easy to see that ()
is provably equivalent to a ¥; formula so that by provable ¥; completeness
we see that ILP C IL(T) for any finitely axiomatized theory T' that proves
that exponentiation is a total function. If 7' can moreover prove the totality
of superexponentiation supexp then the inclusion can be reversed too. Here,
supexp() is defined as x > 2% with 27 := n and 27, , | == 2(2n).

Theorem 2.11 (Visser [14]). If T is finitely aziomatizable, proves the totality
of supexp, and is XV -sound, then IL(T) = ILP.

It follows that IL C IL(All) C (ILPNILM). In this paper we shall focus on
these bounds.

2.5 Relational semantics

We can equip interpretability logics with a natural relational semantics often
referred to as Veltman semantics.

Definition 2.12. A Veltman frame is a triple (W, R,{S.}zcw) where W is
a non-empty set of possible worlds, R a binary relation on W so that R™! is
transitive and well-founded. Here, each S, is a binary relations on xt (where
xt:={y | xRy}). The requirements are that the S, are reflexive and transitive
and the restriction of R to x1 is contained in S, that is RN (1) C S,.

A Veltman model consists of a Veltman frame together with a valuation
V : Prop — P(W) that assigns to each propositional variable p € Prop a set
of worlds V(p) in W where p is stipulated to be true. This valuation defines
a forcing relation |- C W xForm telling us which formulas are true at which
particular world:

xlF L for nox e W;
rIFA—B & zWAorzlkB;
zIFOA & Vy (zRy — y Ik A);

s FA>B & Wy (a:Ry/\ylFA—)Ez (ysszZWB).

For a Veltman model M = (W, R, {Sy}zew, V), we shall write M |= A as short
forYzeW M,z I+ A.

The logic IL is sound and complete with respect to all Veltman models ([3]).
Often one is interested in considering all models that can be defined over a
frame. Thus, given a frame F and a valuation V' on F we shall denote the
corresponding model by (F, V). A frame condition for a modal formula schema
A is a formula F (first or higher-order) in the language {R, {S:}.cw} so that
F [= F (as a relational structure) if and only if yvauationy/ (F V) |= A



It is easy to establish that the frame condition for P is x RyRzS,u — zS,u
where x RyRzS,u is short for ztRy A yRz A zS,u. Likewise, it is elementary to
see that the frame condition for M is given by yS,2Ru — yRu. In this paper we
shall compute the frame conditions for two new series of principles in IL(All).

Often we shall denote a valuation V' directly by the induced forcing relation
IF. Given a Veltman model (F,I) we define a C-assuring successor —denoted
by R{— as follows

zR{y = (zRy Ayl C A Vz (ySez — zIF C)).

3 A slim hierarchy of principles

In this section we present a hierarchy of interpretability principles in IL(All) of
growing strength. For a well-behaved sub-hierarchy we shall compute the frame
conditions and prove arithmetical soundness. There is no particular ‘slimness’
inherent to the hierarchy presented here. The main reason for our name is that
we tend to depict the frame conditions (see Figure[)) in a slim way as opposed
to the depicted frame conditions for the series of principles that we refer to as
a broad series of principles (see Figure 2]).

Here and in the next section we shall refrain from denoting arithmetical
sentences by greek lower-case letters and modal formulas by latin upper-case
letters. We will use the latter for both and the context will clearly tell which
reading to use.

3.1 A slim hierarchy

Let a;, b;, ¢; and e; denote different propositional variables for ¢ € w. Inductively,
we define a series of principles as follows.

Ro = ag>by— —‘(ao > _‘Co) > bo A ey

R2n—|—1 = RQn[j(an > ﬁCn)/ﬁ(a/n > ﬁCn) A (en-i-l > Oan-i-l);
by, A Ocy, /by ADcn A (641 > ani1)]

I:\)2n+2 = R2n+1[bn/bn A (anJrl > anrl);

<>an+1/_‘(an+l > _‘CnJrl);
(ent1 D> any1)/(nt1 D> ant1) A (ent1 B> bny1 AOcng1)]

10



To illustrate how these substitutions work we shall calculate the first five prin-
ciple schemes.

Ro := Ag> By — ﬁ(AO > ﬁCO) > By AOCy

Ri = Ag> By — ﬁ(AO > ﬁCO) A (El > <>A1) > By AOCH A (El > Al)

Ry := Ay BgA (Al > Bl) — —|(A0 > _‘Oo) N (El > _‘(Al > —|C1)) >
Bg A (Al > Bl) AOCH A (El > Al) A\ (El > B A DCl)

Ry := Aol>Bo/\(A1 \>B1) —

ﬁ(AQ > ﬁCQ) A (El > ﬁ(Al > ﬁCl) AN (EQ > <>A2)) >
Bg A (Al > Bl) AOCy A (El > Al) A (El > By AOCT A (Eg > Az))
Ry = Aol>Bo/\(A1\>B1/\(A2\>B2)) —
—‘(A() > —|C()) A\ (El > _‘(Al > _‘01) A (E2 > —|(A2 > _‘02))) >
Bg A (Al > B A (AQ > BQ)) ACy A (El > Al) AN
(E1 > B A (AQ > BQ) AOCT A (EQ > AQ) A\ (EQ > By A DCQ))

It is easy to see that the hierarchy defines a series of principles of increasing
strength as expressed by the following lemma.

Lemma 3.1. For each natural number n we have that ILR, 41 - R,.

Proof. By an easy case distinction. We see that . Ra,+1 — Re, by choosing
Epy1 = 0T and A,41 := T. To see that -y Rapi0 — Roni1 we choose
OnJrl := T and Bn+1 = An+1. O

Thus, to understand the hierarchy well, it suffices to study a well-behaved
co-final subsequence of it. To this end we define the following hierarchy.
For any n > 0 we define schemata X,,, Y,, and Z,, as follows.

Xo = ap > bo;
YO = ﬁ(ao > ﬁCQ);
ZO = bo A DCO;

Xn+1 = Qn+1 > bn—i—l A (xn)7
Yn+1 — ﬁ(an—i-l > ﬁCn—i—l) A (en-i-l > Yn)y
Znt1 =bpp1 A (Xn) AOcp41 A (6n+1 > an) A (€n+1 > Zn)

For any n > 0 define

Rn =X, =Y, >Z,.

To see how this proceeds, let us evaluate the first couple of schematic instances:

ﬁo = Ag> By — ﬁ(AO > ﬁCO) > By A OCy;
ﬁl = A > B A (AO > Bo) —
—|(A1 > _‘01) A (El > —|(A0 > —|C())) >
By A (AO > Bo) AOC, A (El > Ao) A (El > Bg A DOQ);
ﬁg = Agl>Bg/\(A1l>Bl/\(Aol>Bo))—>
—|(A2 > _‘02) A (EQ > —|(A1 > —|Cl) A (El > _‘(A() > —'Co))) >
By A (Al > B A (AO > BQ)) AOCs A (Eg > Al) A
(EQ > By A (A() > Bo) AOCT A (El > Ao) A (El > By A DC())),

11



It is clear that the ﬁk hierarchy is directly related to the Ry hierarchy:

Lemma 3.2. For each natural number k we have Ry, := ﬁk[Xi/Xk_i; E;/Exi1-,
where X € {A, B,C}.

Proof. By visual inspection we see that it holds for £ = 0,1. It is proven in full
generality by an easy induction. To prove the lemma, it is best to consider the
place-holders like A; etc. as propositional variables since otherwise in principle,
for example, A; could contain F; as a subformula. |

For the remainder of this section, we shall focus on the ﬁk hierarchy and
begin by computing a collection of frame conditions.

3.2 Frame conditions
For any n > 0 we define a ternary relation G, (x,y,z) on Veltman-frames as
follows.
go(fE, Y, Z) = V’U, (ZRU’ = ySwu)u
Gnr1(z,y,2) = Vu (zRu = ySyu AV (uSev = Gy (2, u,v)).

For every n > 0 we define the first-order frame condition F,, as follows.
Fn=Vw,x,y,z (WRxRYySwz = Gn(x,y,2)).

The main result of this subsection is that Fa, is the frame correspondence of
R,,. For n = 0 this has been established in []. It is easy to see that G, 41(z,y, z)
implies G, (z,y, z) so that F,41 also implies F,,. The frame conditions Fj are
depicted in Figure [ for the first three values of k.

In what follows we let F' = (W, R, S) be an arbitrary Veltman-frame. With
a forcing relation IF we will always mean a forcing relation on F. For our

convenience we define
A,1 = X,1 = Z,1 =T.

Before we can prove a frame correspondence we first need a technical lemma.

Lemma 3.3. For all k > 0 and all z,y,z € W. If Gog(x,y,2) then for any
forcing relation |+ for which

rIFYy and lef’“y and zIF Xp_1,

we also have
z IFOCL A (Ek > Akfl) A\ (Ek > Zkfl).

Proof. We shall write zR“*y as short for lef’“y and prove the claim by induc-
tion on k. With the convention that A_1 = Z_1 = T the lemma is trivial for

12
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Figure 1: From left to right we have depicted Fy to Fa. Since Fj41 implies Fy
we have only depicted the content of Fj;1 which is new w.r.t. Fi. As such we
should read the pictures as: “if all un-dashed relations are as in the picture,
then also the dashed relation should be present”.

k = 0. So assume k > 0. Let IF be a forcing relation and take z, y and z such
that

x I ﬁ(Ak > ﬁCk) VAN (E}C > Yk—1)7 (4)
xRy, (5)
2 Ik Xp—q, (6)
Gor (2,9, 2). (7)

Take an arbitrary v € W with zRu. By (@) we have yS,u and thus by () we
have u IF C). This shows z IF OC).

To show that also the other two conjuncts hold at z assume that u IF E}.
By @) we find some v with uS,v and

vk Yooy (8)

In order to show z IF Ej, > Ai_1 we have to find some a with uS,a - Ai_1. We
note that Yj_1 implies Q0 Ax_1 thus there exists some a with vRa IF Ax_1. By
[@) we have Ga—1(z,u,v) and thus uS,a.

13




In order to show that also z IF Ej > Z,_1 we have to find some b with
uS,b I Z_1. We just used that Yi_; implies Q0 Ax_1, but we note that Yi_q
implies the stronger statement that —(Ax_1 > =Ck_1). Thus there exists some
a with a IF A;,_; and

vRC1q. 9)

As above, by [@) we have Go_1(z,u,v) and thus uS,a and zRa. By (@) there
exists a b with aS,b and
bik By_1 A (Xi_2). (10)

Since uS,a whence also u.S,b holds, we will be done if we show that b IF Z;_.
To show that the remaining conjuncts of Z;_; hold at b (that is b IF OCk,_1 A
(Erp—1> Ag—2) A (Eg—1 > Z—2)) simply observe that Ga;—2(v, a,b) and use (8],
@) and ([T to invoke the (TH) on v, a and b. O

Corollary 3.4. If F = Fo, then F | ﬁk

Proof. Fix a forcing relation |- and let w,x € W such that w IF X;; and wRz IF
Y. Then for some y we have 2R%*y |- Ay. Thus there exists z with yS,,z and

z Ik B A (kal) (11)

(recall X_1 = T). Since F |= Fo, we have Go(z,y, z). Thus by Lemma [3.3] we
get,
z IFOC, A (Ek > Akfl) A (Ek > Zkfl) . (12)

Combining (1)) and ([2) gives z IF Z. O

The reversal of this corollary is again preceded by a technical lemma. We
shall denote by ay, by, ci, and ey, propositional variables that shall play the
role of the Ay, By, Cr and Ej respectively in the principles R,,. Likewise, by
X}, we shall denote the formula that arises by substituting a; for A; in X, and
b; for B;. The formulas Y and Zj, are defined similarly.

Lemma 3.5. For any k > 0 and all x,y,z € W. If for all forcing relations I
for which _ B
zlF Yy and zR{*y and z Ik X4

we also have _
z IFOep A (ek > akfl) A (6k > Zkfl),

then Gok(x,y, 2).

Proof. Induction on k. Let x,y, 2 € W and assume the conditions of the lemma.
Unfolding the definition of Gax(x,y, z) shows us that we have to show that

1. for all u with zRu we have ySyu (k> 0);
2. and for all v and a with uS,v and vRa we have uS,a (k> 0);
3. and for all b with aS.b we have Gy;_1)(v, a,b) (k> 0).

14



We will show [l and 2] ‘by hand’ and invoke the (IH) for Bl In each of the three
cases we will choose similar but different forcing relations IF.
We first show [Il So let zRu. Define

wlkecp < yS,w and wlkap < w=y.

And let all the other variables be false everywhere. Then zR*y and z I+
—(a, > —¢g). Since none of the e; nor a; with j # k holds anywhere in the
model, we trivially have z I+ Y. and z I+ X;_; and thus according to the
conditions of the lemma in particular z I+ Ocy. By definition of I+ we thus have
ySzu which proves[Il Note that for & = 0 we only have to look after [Il hence
we have now dealt with the base case of our induction.

Now we continue to show 2] assuming & > 0. Choose any v and a with u.S,v
and vRa. As above define

wlkep < yS,w and wlkap < w=y.

‘We now also define

wlFe, < w=u and,
wlkap 1 w=a< wlkbg_y and,
wlkep_1 < aS,w.

Let all the other propositional variables be false everywhere. Now v IF Yj_;
and thus z IF Y. It is not hard to see that we also have z IF Xj,_; and thus
according to the condition of the lemma we have in particular z IF ex > ap_1.
Since zRu IF e, there must be an @’ with uS.a’ IF aj_1. Since a is the only
world that forces a,_1 we must have u.S.a.

To finish and show [3] choose b such that aS.b. We want to show that
Go(k—1)(v,a,b). Invoking the (IH) it is enough to show that for any forcing
relation IF for which

vIFYyr_1, and vR* 'a and bl Xy, (13)

we also have _
bl (ek,1 > ak,g) A (6[671 > Zk,Q) AUOeg_1. (14)

Our strategy in proving this is as follows. We slightly tweak |- to obtain IH.
This IH is similar to IF in that ([I3]) still holds and moreover

blF A< bl A for subformulas A of (ex_1 > ar_2) A (er—1 > Zg_2) AOcg_1.
(15)
However, it is (possibly) different in that we now know that z I Y}, and xRy
and, z IF Xj_; so that we may apply the main assumption of the lemma to
I concluding z IF Oey, A (ex > ag—1) A (ey > Zg—1). The latter will help us
conclude ([I4)).
Thus we consider an arbitrary forcing relation |- that satisfies ([I3). We
modify IF to obtain I such that it satisfies
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wlH ay &S w=y;
wlH ey, S ow =
w IH ¢y, & ySpw;
wlH a1 & w=a;

wlF b1 & w=0.

Apart from these modifications, I will coincide with IF. It is a straightforward
check to see that we have ([[3)) for IF" and that moreover (IH) holds. In addition,
by the definition of I we now also have

zIFYy and 2Ry and 2z IF Xj_i. (16)

Thus, we see that |- satisfies the antecedent of the condition of the lemma.
Consequently, we have z IF e, > Z1_1. Since zRu IF ey, there must exist some
b with uwS.b' IF Z,_,. But now, since by_; is a conjunct of Zp_; and b is
the only world that IF'-forces b_;, we must have b IF Z_1. In particular, we
conclude b - (ep_1 > ap_2) A (€x_1 > Zg_2) AOcg_1; by ([IT) the same holds
for IF and we are done. O

Putting this all together gives us the frame correspondence for ﬁk

Theorem 3.6. For any Veltman frame F and any natural number k > 0 we
have

FEFy — F|:§k < F E Ra.

Proof. The second equivalence is a direct consequence of Lemma[3.2]so we focus
on the first equivalence.

The = direction is just Corollary B4l For the other direction, fix some &,
assume that F' = Ry and let wRzRyS,,z. We have to show that Gay(z,y, 2).

Now consider any forcing relation |- that satisfies xRy, and z IF Y} and,
z IF Xi_1. By Lemma[3.5 it is enough to show that

z IF Oeg A (ek > ak_l) AN (ek > 71@—1)- (17)
Now consider a forcing relation IF where I is like |- except that
viHay s v=y and vlIF by &v=-=z.

Notice that xR[%y and thus also = I Y;. But now we have w |- X, as well
and thus w I Y, > Zj. Thus there must be some 2z’ with ©S,2’ IF Zj. Since
by is a conjunct of Z;. and z is the only world where by, is forced we must have
2 I Zy. Since ey, A (e > ap_1) A (e > Zi_1) does not involve ay nor by we

have (). O

3.3 Arithmetical soundness

Via a series of lemmata we shall prove Theorem 3.7 to the effect that the hier-
archy {R;}ic. is arithmetically sound in any reasonable arithmetical theory.
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Theorem 3.7. Each of the R; is arithmetically sound in any theory extending
sl

It is sufficient to prove that each of the Ry, is arithmetically sound in any
reasonable arithmetical theory whence we shall focus on the principles R;. We
shall first exhibit a soundness proof of R; and then indicate how this is gener-
alized to the rest of the hierarchy. Before proving the arithmetical soundness of
R we first need to prove some auxiliary lemmas.

Lemma 3.8. Let T be any theory extending S3. We have that for any arith-
metical sentences E1, Ag, By and Cy that

T+ By > —(Ag > =Co) — 3T O (B = VU KeJ 07 (40 AOKCy)).

Proof. Reason in T and assume Fj > =(A4g > =Cp). Note that by Lemma [2.6]
we have By > VUK O(Ag A DX Cy). Consequently, by Pudlék’s Lemma, which
is our Lemma 2.2] we get 3J (E1 ATt KeJ O7-(Ag AOKCo) > J_). But this
is provably the same as 3°'tJ O (El — VUt Ked 07 (A A DKCQ)) as was to
be shown. O

Lemma 3.9. Let T be any theory estending Si. We have that for any arith-
metical sentences E1, Ay, By and Cy that

TH3IT O(E = V" Ked 07 (40 AOKCy)) = Er > Ay,
Proof. Reason in T'. From the assumption we get in particular that
3T O (B — 07 Ay)

so that
3T B> 07 Ag > Ay.

O

Lemma 3.10. Let T be any theory extending S3. Then, for any arithmetical
sentences E1, Ao, By and Cy we have that

T+ (Ag> Bo) AN3%T O (B — V" KeJ 07 (Ao AOKCy)) — By > By AOCy.
Proof. Reasoning in 7" we get from
T O(B) — V' Ked 07 (40 AORCp))
that YU K (El > Ag A DKOO). We combine this with
Ao > By — 3 (4o AO7Co > By A OCY)
to conclude E; > By A OC). O

With these technical lemmas we can prove soundness of ﬁl.
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Lemma 3.11. Let T be any theory extending S3. We have that for any arith-
metical sentences E1, Ay, B1, Ag, By and Cy that

T + A1I>Bl/\(A0|>BO)_>
ﬁ(Al > ﬁCl) A\ (El > ﬁ(AO > ﬁC'())) >
B A (AO > Bo) AOCT A (El > Ao) A\ (El > By A DCO)

Proof. We reason in T'. To begin, we observe that by Pudldk’s Lemma we have
A1 > Bl A (AO > Bo) — ECUtK (Al Ao >Bi Ao A (AO > Bo) ) (18)

holds for any o € ¥;.
Next, using our new technical lemma and Lemma we get

ﬁ(Al > ﬁCl) A\ (El > ﬁ(AQ > ﬁCO))
VCUtKO(Al A DKcl) A oty O (El — Vot LeJ QJ(AO A DLCQ))
ver ko (A ATKCy A 3 TR D (By = Vo Le 07 (Ag ADEGY)) ).

1

The last step is due to the principle of outside-big inside-small (Lemma [24]) and
allows us to conclude

Vet ( (A1 > =C1) A (B > ~(Ap > =Co)) >

AL ADRCy A 3K OF (Br -V Led 07 (40 AT ) ).

We can combine this with the particular cut K from (IJ)) to obtain
A1 > BiA(Ao > Bo) = (A1 > =Ch) A (E1 > —(Ap > =Ch)) >
Bi A (Ao Bo) AOC: A 3% O(Br — V" LeJ ¢7 (A0 AT"Cy)).

(Note that 0% Cy A 39t JeKk OF (Br — Vet Led O7 (Ao A 0%Co)) is equivalent to
an 3% sentence relativized to K.) Our technical lemmas and B10 tell us that

(Ao > Bo) A 3% O (Er — V" LeJ 07 (Ao AO"Co)) —
(FE1 > Ag) A (E1 1> Bo AOCYH)

and we are done. O

The soundness proofs for ﬁk are essentially not much different. We shall
indicate where the soundness proof for R; needs to be modified and begin with
modifications of the technical lemmas.

However, first we must inductively define a series of important formulas. In
our definition we work with more variables than actually needed. However, we
have chosen to do so since our variables can be interpreted as numbers or as
formulas and we wish to avoid expressions like VUt.J O3J€J 6.

Hy =30, O(By — YK€ 07 (Ag ADRGy));
Hirr = 3 Ty O(Epsr — Y K1 €05 071 (A ADK1Cp AHL ).
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It is easy to see that for each k > 0 the formula Hj is an 3%¢ formula. The
next lemmas show us that Hy4; are EJE? consequences of the X3 statements
FEi+1 > Y which contain all the essential information for proving soundness.
First we prove a simple modification of Lemma [3.8

Lemma 3.12. Let T be any theory extending S3. For any arithmetical sentences
FE4, Ay, By and Cy and for any EJE? formula o we have

Tk Ey>—(Ag>—~Co) Ao — IVT O (E; — V" KeJ O7 (Ao AOKCo A k).

Proof. We repeat the proof of Lemma[3.8 Note that, by our reading conventions
the antecedent F1 > —(Ag > —Cp) Ao should be read as E; > (ﬂ(Ao >-Cy) /\a).
We reason in T and see that

ﬁ(AO > ﬁCO) No — VCUtKO(AO A\ DKCQ) N o
— VCUtKO(AO N DKCQ A\ UK).

As before, this final equation implies 3°Ut.J O (By — Vet KeJ 07 (Ag AOECo A
o). O

With the following lemma we see that the Hjy; are an 3%% encoding of
information present in Ejq1 > Yy:

Lemma 3.13. Let T be a theory containing S and let the formulas E;, A;, and
C; be arbitrary. For any number k we have that

TFEkJrl I>Yk — HkJrl-

Proof. By an external induction on k. For k = 0 this is simply Lemma[3.8 For
the inductive case we reason in 1" and see that

Eit2 > Yig1 = Eppo > 2(Agg1 > ~Cryr) A (Erg1 > Yy).
By the inductive hypothesis we have that Ej1 > Yy — Hp41 so that
Eir2> Y1 = Epgo > 2(Aggr > Chp1) A Higpr-
Since Hy41 is equivalent to an 3%% formula, by Lemma 12 we see that
Eyyo > =(Arp1 > =Chy1) AN Hppr — Hipo
as was to be shown. O

Moreover, the Hy41 formulas contain all the information to get the induction
going as shown by the following lemma.

Lemma 3.14. Let T be a theory containing S5 and let the formulas E;, A;, B;,
and C; be arbitrary. For any number k we have that

T+ (Xk) A HkJrl — Ek+1 > 7.
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Proof. By induction on k where the case k& = 0 is just lemma For the
inductive case, we reason in T' and assume (Xpy1) A Hiio.
From the definition of Hyio we get

I g2 O(Epgz — VO K 0€Jiyn 0752 (Apgr AOF 2y AHT?))

so that ECUth+2 VCUthJrQ D(EkJrQ — <>Jk+2 (AkJrl A\ (1Fk+2 CkJrl A Hf_{ffﬂ)

whence P
VCUtK]H_Q (E]H_g > Ak A DKk+QCk+1 N ’ka:fz ) (19)

From Xj41 —which is by definition equal to Agy1> Biy1 A (Xg)— we find via
Pudlék’s lemma, our Lemma [Z.2] a specific cut K5 such that for any formula
o in ¥; we obtain Agyq A oKrr2 Bit1 A (Xg) A o. We can plug in this cut
Ko to ([ to obtain via transitivity of > that

EiioD> Bri1 A (Xk) AOCk+1 N Higt1-

We are almost done but By11 A (Xg) AOCk+1 A Hg+1 is not quite equal to Zg41
as was needed. The missing conjuncts are Ej 1 > Ay and Fgqq > Zg. The first
is easily seen to follow from Hjy41 and the second follows from the inductive
hypothesis applied to (Xi) A Hit1. O

We are now ready to prove Theorem [3.7] that the whole hierarchy is arith-
metically sound.

Theorem 3.15. Let T be a theory containing Sy and let A;, B;,C; and E; be
arbitrary arithmetical formulas. We have for each number k that

THRy idest TFXp— Yy Zg.

Proof. By an external induction on k where the base case is the soundness of ﬁo
which has been proven in [4]. Thus, we reason in T assuming Ay.1> Bj11A(X).
We need to conclude that Yiy1 > Zgi1. But Yiiq is nothing but —(Ag4q >
“Cit1) A (Egs1 > Yg). By Lemma we know that (Egy1 > Yi) = Hit1.
Using this and reasoning as before we obtain

ﬂ(AkJrl > —|Ck+1) A (Ek+1 > Yk) — VC”tKO(AkJrl A\ DKCkJrl) AN (Ek+1 > Yk)
— VC”tKO(AkJrl A\ DKCkJrl) AN Hit1
— VCUtKO(AIH_l A DKC;H_l A ’Hﬁrl).

Consequently,
VUK (=(Aggr > =Chi1) A (Brepr B i) > Appr AOK Crgn A HES ).
This can be combined with Pudlédk’s Lemma on Aj1 > Biy1 A (X)) to obtain
“(Agg1 > Cri1) A (Brg1 > Yi) > Byt A (X)) AOCki1 A Higr-

It is easy to see that Hj.1 implies E.1 > Ag. Moreover, Lemma [3.14] tells us
that (Xg) A Hrg41 — Ek1 > Zg so that we may conclude

ﬁ(A]H_l I>ﬁck+1)/\(Ek+1 I>Yk)[>Bk+1/\(Xk)/\DCk+1 /\(Ek—i-l I>A1€)/\(Ek+1 I>Zk)

as was to be shown. O

20



4 A broad series of principles

In this section we present a different series of principles. We refer to this series
as the broad series since the frame-conditions —see Figure Pl— are typically
represented over a broader area than the slim hierarchy as discussed above.

4.1 A broad series

In order to define the second series we first define a series of auxiliary formulas.
For any n > 1 we define the schemata U,, as follows.

U, = Qﬁ(Dl > ﬁC),
Un+2 = <>((Dn+1 > Dn+2) A UnJrl)-

Now, for n > 0 we define the schemata R" as follows.

RU:=A>B— -(A>-C)>BAOC,
R = A B — (Un+1/\(Dn+1 >A)) > B AOC.

As an illustration we shall calculate the first four principles.

RO = ApB——(A>-C)>BAOC

Rl = A>B—= 0-(Di>-C)A(Di>A)>BAOC

R .— ADB—)O[(DlDDQ)/\O—'(leﬂO)}/\(D2|>A)>B/\DO

RS = A>B = 0((D2> Dy) AO[(Dr & D2) A O=(Dr & ~C)| ) A (Dy > 4)

>B ADOC

While the series R; did define a hierarchy in that R;11 F R;, we shall see that
no such relation holds for the series R.

4.2 Frame conditions

It is not hard to determine the frame condition for the first couple of principles
in this series and in Figure 2] we have depicted the first three frame-conditions.
In this section we shall prove that the correspondence proceeds as expected.
Informally, the frame condition for R™ shall be the universal closure of

TRy ..  ReoRYyoSe Y1 - - - Sz Yn S Ynt+1RU = Yo.Seo . (20)

In order to make this frame condition precise and prove it, we shall first
recast it in a recursive fashion. In writing (20) recursively we shall use those
variables that will emphasize the relation with [20). Of course, free variables
can be renamed at the readers liking.

First, we start by introducing a relation B, that captures the antecedent
of (20). Note that this antecedent says that first there is a chain of points z;
related by R, followed by a chain of points y; related by different S relations.
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Figure 2: From left to right, this figure depicts the frame conditions F° through
F? corresponding to R” through R%. The reading convention is as always: if
all the un-dashed relations are present as in the picture, then also the dashed
relation should be there.

The relation B,, will be applied to the end-points of both chains where the
condition on the intermediate points is imposed by recursion.

Bo(x1,x0,y0,y1) := 1 Rr1RY0 S, Y1,
Brs1(Znt2, €0, Y0, Ynt2) = g1, Ynt1 (Tns2 R A Bo(@ngt, 205 Yos Ynt1)

A yn+ISI71+2yn+2) .

For every n > 0 we can now define the first order frame condition F" as follows.

F" = VTni1, 0, Y0, Ynt1 (Bn(an, 20, Y0, Yn+1) = VU (Yn+1Ru = yOSon))-

Sometimes we shall write z,185,[%0, Yo] Yn+1 conceiving the quaternary re-
lation B,, as a binary relation indexed by the pair xg, yo. In what follows we let
F = (W, R, S) be an arbitrary Veltman-frame. The next lemma follows from an
easy induction on n.

Lemma 4.1. For each number n we have that Bylxo,yo] € R, that is, if
Tp+1Bn[20, Yol Ynt1, then Tpp1 Ryni1.
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To prove that F' |= F" implies F' = R™ we first need a technical lemma.

Lemma 4.2. Let w € W and Ik be a forcing relation on F. If
Tp+1 IF Ugr1 A (Dk+1 > A),

then there exist xq, yo and yg1 such that Bi(Tk+1,To, Yo, Yk+1), ToRCyo and
Ykt IF A

Proof. Induction on k. If k = 0 then Ug11 = O—(D1 > —C) and the statement
is easily checked. For the inductive case, we assume

Tp+o IF Ugio A (Dk+2 > A)

Recall that Ugyo := O((Dg41 > Dg12) A Ugy1). Thus, there exists some x4
with xg49Rxr41 and

Tyt IF (Dig1 > Dig2) AUpga.

Applying the (IH) (with Dj4o substituted for A) we find zg, yo and yx+1 with
Bi(2k+1, 0,90, Yk+1), ToREyo and yrqr b Dypo. As Br(Trg1, o, Yo, Yrt1) we
get zp1 Ryg+1 (LemmalLdl). Since we had x4 R2k+1 we see that 240 Ryg41 IF
D42, and since zp42 IF Dy 2 > A, we find some yp, 2 with y1Ss, ,,yry2 and
Yr+2 IF A. By definition of By41 we have Bi1(zk+2, To, Yo, Yk+2)- O

Corollary 4.3. If F' = F" then F = R™.

Proof. Induction on n. For n = 0 this is known (see [4]), so we assume n >
0. Let I be a forcing relation, let z,41,2, € W and assume z,.1 IF A >
B, xp+1 Rz, and z, IF U, A (D, > A). By Lemma we find xg, yo and
yn such that B,_1(zn, 0, Y0,Yn), With 2oR{yo and y, |- A. We have that
Br—1(xn, 20, Yo, yn) implies z, Ry, (Lemma [T)) and thus since x,; Rz, we
also we have x,+1 Ry, IF A. By assumption x,41 F A > B so that for some
Yn+1 we have y, Sz, Ynt1 I B. Clearly, we also have x,,5%, . ,Ynt1 S0 that we
are done if we have shown that y, 1 IF OJC. To this purpose, we choose some
u with y,+1Ru. Since we have that By, (zn+1, %0, Y0, Yn+1), by F we have also
Yo Sz, u. But xoREyo and thus we have u IF C, as required. O

To prove the converse implication, we start again with a technical lemma.
As before we shall denote by a, b, ¢, and dj, propositional variables that shall
play the role of the A, B, C' and Dy, respectively in the principles R”. Let Uy
denote the formula that arises by simultaneously substituting ¢ for C' and dj
for Dk in Uk

Lemma 4.4. Let {a,c,dy,...,dii1} be a collection of distinct propositional
variables. If F = Bi(g41, To, Yo, Yk+1), then there exists a forcing relation |-
on F such that

1. Th+1 I+ Uk_;,_l AN (dk+1 > a);
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2. x Ik ciff yoSzex;
3. xlFas =y,

4. x ¥ p foranyp ¢ {dy,...,dgi1,c,a}.
Proof. The idea is very simple using the informal description of By being the
antecedent of (20). We define a valuation IF so that d;4; is only true at y; and
a is only true at yr4+1. Moreover, we define x IF ¢ iff y0S,,x and x ¥ p for any
p ¢ {dy,...,dyi1,c,a}. Tt is not hard to see that zx1 IF Upiq A (dpy1 > a)
for this valuation IF.

To make the argument precise, we proceed by induction on k. If £ = 0 then
Bi.(z1, z0, Yo, y1) simply means x1 RxoRyoS:,y1 and we define

rlFaer=y, zlkceyS,r and, zl-d; < x=uyp.

The lemma is easily checked if we further define x ¥ p for any p ¢ {d1,c,a}.
For the inductive case we consider k& > 0. Then By (zk+1, To, Yo, Yk-+1) implies
that there are xj; and y; such that

1 Rap Be—1[wo, Yo] Yk Sepyy Ykt1-
The (TH) (with dj; substituted for a) gives a forcing relation I+ such that
o IFUp A (di > diy1), 2oRGyo, 2 lFdpiy < 2=y
and z W p for p ¢ {dy,...,dg+1,c}. So we have zp4q IF O(Uk A (dy > dk+1));
in other words xx11 IF Ugt1. We now define I as follows
rHasrz=y,1 and zlF pszl-pfor p#a.

Clearly, the properties zy IF U A (di > dyy1), aR$D,  IF diy1 & © = yj, simply
extend to IF" and likewise we have that « ¥ p for any p ¢ {d;,...,dk+1,c,a}.
Moreover, we now have zj 11 I dpy1 > a as well. O

As a corollary to this lemma, we can now obtain the full the frame conditions
for the principles R™.

Theorem 4.5. For each number n we have F' = F™ iff F = R".

Proof. The = direction is just Corollary 43 so we focus on the other direction.
Thus, we suppose that F' = R™, consider any i1, %0, Y0, Ynt+1 € W with
By (Tni1, To, Yo, Yn+1) and set out to show that for any u with y, 1 Ru we have
Y0Sz,u. We now apply Lemma [£4] and simultaneously substitute a for d;,41
and b for a to see that there exists a forcing relation I such that

Tpi1 FUpsi[dnii/alA(a>b), zlFce yoSy,r and zl-b e o =y,41.

Since n = 0 is known, we assume n > 0. Thus, we find z,, with z,,+1 Rz, and
z, FU,_1 Ad, > a (note that U,,_1[d,+1/a] = U,_;). Using F |= R” we see
that there must exist some x with x I- b AQe. But y,,+1 is the only world that
forces b thus necessarily y,4+1 IF Oc. By the choice of I we thus have that if
Ynt1Ru then yoSy,u. O
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Using the frame condition we readily see that the broad series of principles
does not define a hierarchy.

Corollary 4.6. For n # m we have ILR™ ¥ ILR™.

Proof. For each m # n it is easy to exhibit a frame F so that F = F" but
F | Fm. O
4.3 Arithmetical soundness

We will now see that all the principles R™ are arithmetically sound and begin
with a simple lemma.

Lemma 4.7. For any theory T extending S3 and any natural number n > 0,
we have that
TFU, = VK oD, AOKQC).

Proof. We proceed by induction on n and first consider n = 1. Thus, we reason
in T and assume Uy, that is, 0—(D; > —C'). We conclude by Lemma that
OVCUtK O(Dy A OKC), whence YUK OO(D; A DX C) and also

VUK O(Dy AOKQ)

as was to be shown.

Next, we consider the inductive case, again reasoning in 7' and assuming
U,,+1 which is O((Dn > Dpt1) A Un). Reasoning inside the ¢, by the (IH) we
conclude from U,, that

vt O (D, A7 C). (21)

By Lemma 2.8 we obtain from D,, > D,, 11 that
Vet 3%t D, AD'C > D, AOKC. (22)
Combining
D, ANO/C > Dyyy ADRC = (0(Dy, AOC) = O(Dyyr AOKC))
with ZI) and 22) under a ¢ we conclude that
O((Dn > Dyg1) AUy) = O(VO K O (Dyyy AOKC)
= VUK Q(O (Dpyr AOKO)
— YUK O (D, AOKQO)
as was to be shown. O
With this lemma, we can now prove the soundness of the series R™.

Theorem 4.8. For each natural number n we have that R s arithmetically
sound in any theory T extending S3.
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Proof. Since we already know that R? is sound, we consider n > 0. We reason
in T, assume Ar> B and set out to prove U,, A (D,, > A) > BAOC. By Pudldk’s
Lemma we get

3ty AND/C>BADC. (23)

On the other hand, by the generalization of Pudldk’s Lemma (Lemma 2.8])
applied to D,, > A we obtain that V<'tJ3%tK D, AOKC > AADO7C so that

YeutJ 3K (O(D, AOKC) — O(ANDT0)).

By Lemma T we see that U,, — Y"*KO(AADKC). Combining these last two
observations, we see that

Up A (D > A) = VT O (ANDTC)
so that
VeI U, A (D, > A) > ANDYC.
Combining this with [23)) yields U, A(D,,i>A)>BAOC as was to be shown. O

5 On the core interpretability logic IL(All)

Apart from the principles mentioned earlier in this paper the literature has
considered various other principles too. Some of those are

W: A B - A>BAO-A
W*: A>B— BAOC>BAOCAO-A
Po: A> OB —UO(A> B)

Ri: A>B — —-(A>—-C)>BAOC

In [13], IL(All) was conjectured to be ILW. In [I5] this conjecture was
falsified and strengthened to a new conjecture, namely that ILW™*, which is a
proper extension of ILW, is IL(All). In [§] it was proven that the logic ILW*Pq
is a proper extension of ILW*, and that ILW*Py is a subsystem of IL(All) (we
write ILW*Pyq instead of IL{W* Po}). This falsified the conjecture from [I5].
In [] it is also conjectured that ILW*Py is not the same as IL(All).

In [7] it is conjectured that ILW*Po=IL(All) and this conjecture was refuted
in [4] by proving that the logic ILRW is a subsystem of IL(All) and a proper
extension of ILW*Py.

It is easy to see that A> OB — O(A> OB) € ILPNILM. In [I0] it was
shown however that A > OB — O(A> O0B) ¢ IL(All) thereby lowering the
upper bound IL(All) C ILPNILM. Since Ar> OB — O(A > OB) is reminiscent
of the modally incomplete principle Py, we remark here that the principle

A> B — (A O0C) > BAO-C
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implies A> OB — O(A > OB) so that it cannot be in IL(All) either.

The current paper raises the previously known lower bound of TL(All). How-
ever, it seems unlikely that this will be the end of the story and the two series
presented here seem amenable for interactions. Just by mere inspection of the
frame conditions we observe that

]:n = Vwaxayuz (BQ(’LU,.’IJ,y,Z) = gn(x,y,z)),
F = Vw,x,y,z (Bn(w,x,y,z) = go(.’L’,y,Z)).

suggesting possible interactions. For example, a combination of R* and R; could
yield

A>B— (C>AANO-(C>—-D)A(E>OF)>BAODA (E>F).

We note that the two series presented in this paper only spoke of S relations
that were imposed by the frame conditions. This suggests that a new conjecture
can be formulated.

In words the conjecture is expressed as follows. First we single out the sec-
ond order frame conditions that are inherent to provability and interpretability.
These are the converse well-foundedness of the R relation as expressed by Lob’s
axiom J(OA — A) — OA and the converse well-foundedness of R o S, as ex-
pressed by W. Over these frames, we will further impose the existence of all
S, relations that are forced to be there in virtue of both the ILP and the ILM
frame condition. The logic of those frames is put forward as the new conjecture
for TL(All).

To make this conjecture mathematically precise, we will introduce some nota-
tion. Let § be a class of IL-frames. By IL[§] we shall denote the interpretability
logic corresponding to this class. That is,

IL[F] := {A|VF € Fvwtony (R V) = A}

Let F(z,y, z) denote any sentence —first or higher order— in the language with
a binary relation R and infinitely many indexed binary relations S,,. We now
define the following class of conditions

Ciwpnsiom == {F(z,y,2) > xSyz | ILP |= F(z,y,2) = xS,z A
ILM E F(z,y,2) = xSyz}.

We wrote ILP = F(x,y,z) — yS;z to denote that for any Veltman frame
F for which F |= ILP we also have F = F(z,y,2z) — ySyz. Likewise, we
speak of ILM = F(x,y,z) — yS,zz. Of course, in this context the condition
F(z,y,z) — xSyz is equivalent to its universal closure. The class Crrpnsiim
should thus capture all the S, relations that are imposed both because of ILM
and of ILP frame conditions. We now define

AL = {]'— ': ILW | vV CeCiLpngsiim F ': O}

The second author poses the new conjecture
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Conjecture 5.1. IL(All) = IL[2A(l].

It is easy to formulate the conjecture where the antecedent F(x,y,z) is
replaced by a set of sentences rather than a single sentence yet it seems hard to
imagine that this is needed. Note that the conjecture only speaks of principles
related to imposed S relations. For example, this will leave out a principle like
A B — (0AANDOC > BAOC) as formulated in [7] and whose frame condition
is tRyRzS,uRv — JwyRwRwv.

As the referee did, we remark that with the current paper out, it seems
unlikely that IL(All) will have a nice axiomatization. It may occur however
that resorting to a richer language may significantly simplify the answer. In [9]
the second author and Visser looked at such a richer language where constants
for particular definable cuts were available. In the light of the current paper,
we expect that studies as in [9] will gain increasing importance.
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