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DEGREE SPECTRA OF ANALYTIC COMPLETE EQUIVALENCE
RELATIONS

DINO ROSSEGGER

ABSTRACT. We study the bi-embeddability and elementary bi-embeddability
relation on graphs under Borel reducibility and investigate the degree spectra
realized by these relations. We first give a Borel reduction from embeddability
on graphs to elementary embeddability on graphs. As a consequence we ob-
tain that elementary bi-embeddability on graphs is a Z} complete equivalence
relation. We then investigate the algorithmic properties of this reduction. We
obtain that elementary bi-embeddability on the class of computable graphs is
E% complete with respect to computable reducibility and show that the ele-
mentary bi-embeddability and bi-embeddability spectra realized by graphs are
related.

1. INTRODUCTION

Equivalence relations on countable structures are among the most heavily studied
objects in descriptive set theory and computability theory. In descriptive set theory,
starting with the work of Friedman and Stanley [10], the complexity of equivalence
relations on spaces of structures under Borel reducibility has seen much interest by
experts, culminating in results by Louveau and Rosendal HE], who showed that,
among others, the bi-embeddability relation on graphs is ¥1-complete. Since then
there has been a constant stream of work on the complexity of the bi-embeddability
relation, both on other classes of structures, see for instance M], and refinements of
completeness notions, e.g. in [5].

Equivalence relations are also one of the main objects of study in computability
theory. Here, the equivalence relations are usually on the set of natural numbers
and their complexity is established using computable reducibility. Identifying a
computable structure with the index of the algorithm computing it, one can obtain
completeness results like the ones in descriptive set theory for equivalence relations
on computable structures ﬂa, B] One object of study in computable structure
theory which also takes non-computable structures into account are degree spectra
of structures, introduced by Knight ﬂﬁ] The degree spectrum of a given structure is
the set of sets of natural numbers Turing equivalent to one of its isomorphic copies.
They provide a measure of the algorithmic complexity of countable structures.
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Recently, researchers initiated the study of degree spectra with respect to other
model theoretic equivalence relations such as bi-embeddability |§], elementary bi-
embeddability [20], elementary equivalence [3, 11, 2], or ¥,, equivalence [9]. One of
the main goals in this line of research is to distinguish these equivalence relations
with respect to the degree spectra they realize. While for elementary equivalence
and 3, equivalence examples that separate them from each other and from isomor-
phism and elementary bi-embeddability are known, so far all attempts to separate
isomorphism, bi-embeddability and elementary bi-embeddability have been unsuc-
cessful.

There seem to be various reasons for this. That we can separate elementary
equivalence and 3,, equivalence is the case because they have different levels in the
Borel hierarchy while isomorphism and bi-embeddability are not even Borel. On
the other hand bi-embeddability preserves very little structural properties and it is
thus difficult to construct interesting examples. The aim of this article is to inves-
tigate the relationship between the degree spectra realized by the bi-embeddability
relation and by the elementary bi-embeddability relation. First, we establish that
elementary bi-embeddability on graphs is ¥1 complete with respect to Borel re-
ducibility. We then proceed to establish a relationship between the degree spec-
tra realized by the bi-embeddability and elementary bi-embeddability relation on
graphs. Our main results are as follows.

Theorem 1. The elementary embeddability relation on graphs <g is a complete
¥1 quasi-order. In particular, the elementary bi-embeddability relation on graphs
e is a complete X1 equivalence relation.

As a corollary of Theorem [Tl we obtain the corresponding result for elementary
bi-embeddability on computable structures.

Theorem 2. The elementary embeddability relation on the class of computable
graphs is a X1 complete quasi-order with respect to computable reducibility. In
particular, the elementary bi-embeddability relation on computable graphs is a X1
complete equivalence relation with respect to computable reducibility.

The following result establishes a relationship between bi-embeddability spectyra
of graphs and elementary bi-embeddability spectra of graphs.

Theorem 3. Let G be an automorphically non-trivial graph, then there is a graph
G such that

DgSp=(G) = {X : X' € DgSp~(9)}.

Note that in Theorem Bl we deal only with automorphically non-trivial graphs.
This might seem like a shortcoming, however automorphically trivial structures are
not interesting from a computability theoretic point of view. In particular, every
structure bi-embeddable with an automorphically trivial graph is computable and
thus both its bi-embeddability spectrum and elementary bi-embeddability spectrum
is the set of all computable sets.

The proofs of Theorems[Iand 2] are the topic of SectionBl In Section d] we build
on these results to prove Theorem[Bl In Section 2] we give the necessary background
and definitions.
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2. BACKGROUND

Our definitions follow for the most part [12] and [19]. We assume that all struc-
tures have universe w and are relational. Let £ be a relational language (R;)icw
where without loss of generality R; has arity ¢. Then each element A of Mod(L)
can be viewed as an element of the product space

Xe=]]2
S
and thus Mod(L) becomes a compact Polish space on which we can define the Borel
and projective hierarchy in the usual way.
Let A be an L-structure and (¢¢);e., be a computable enumeration of the atomic
L-sentences with variables in {x1,xa,...}. The atomic diagram D(A) of A is the
element of Cantor space defined by

D(A)(i):{l if A= oo = j:j€w

0 otherwise.

The Turing degree of a structure A is the degree of D(A). We will in general not
distinguish between a structure as an element of Mod(L) and its atomic diagram
and assume that what is meant is clear from the context.

Variations of the following definition were independently suggested in [18,9, [22].

Definition 4. Let E be an equivalence relation on Mod(L) and A € Mod(L).
Then the degree spectrum of A with respect to E, or, short E-spectrum of A, is the
set

DgSpp(A)={X:3IBEA D(B)=r X}

We write A< B to say that A is embeddable in B, and A ~ B to say that A
is bi-embeddable with B, i.e., A< B and B< A. Further, we write A< B to say
that A is elementary embeddable in B and A = B to say that A is elementary
bi-embeddable with B, i.e., A< B and B < A.

Definition 5. Let R, S be binary relations on a set X. The relation R is reducible
to S if there is a function f: X — X such that for all z,y € X

xRy < f(x)Sf(y).
Assume X = Mod(L). Then

(1) R is Borel reducible to S if f is Borel on Mod(L) x Mod(L),
(2) R is computably reducible to S if there is a computable operator ® such
that for all A € Mod(L), ®P = D(f(A)).

Assume X is w and that (A4;);cw is a computable enumeration of all partial com-
putable £ structures. Then R is computably reducible to S if f is a computable
function.

We say that an equivalence relation (quasi-order) R € I'' is a I' complete equiv-
alence relation (quasi-order) for a complexity class I with respect to z-reducibility
if all equivalence relations (quasi-orders) in T" are z-reducible to R.

A standard reference on Borel reducibility is |[12]. Computable reducibility on
the natural numbers can be seen as a natural effectivization of Borel reducibility
where one only considers computable structures. Fokina and Friedman [6] showed
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that bi-embeddability on trees and thus also graphs is ¥} complete with respect
to computable reducibility, and in [7] it is shown that isomorphism on graphs is
%1 complete with respect to computable reducibility. This contrasts with Borel
reducibility; it is well known that isomorphism on graphs is not £} complete.

3. ELEMENTARY BI-EMBEDDABILITY IS ANALYTIC COMPLETE

In this section we prove Theorems [1l and 2l and some lemmas needed for The-
orem Bl The section is structured as follows. In Section Bl we give a reduction
from embeddability on the class of graphs & to elementary embeddability on a
Borel class € of structures in an infinite relational language. In Section we show
that graphs are complete for elementary embeddability. That is, for every Borel
class, elementary embeddability on this class can be reduced to elementary embed-
dability on graphs. Theorem [ then follows by composing the reductions given in
Sections Bl and For Theorem [2] we need a few more observations made at the
end of this section.

3.1. The reduction from —¢ to <. The main idea of the construction is that
for any given graph G we replace the edge relation with structures having the
property that they are minimal under elementary embeddability.

Definition 6. A structure A is minimal if it does not have proper elementary
substructures.

Minimal structures were investigated by Fuhrken [11] who showed that there is a
theory with 2%¢ minimal models, and Shelah [21] who showed that for every n < R,
there is a theory with n minimal models. Later, Ikeda [14] investigated minimal
models of minimal theories. Notice that a prime model is not necessarily minimal,
as it might contain elementary substructures isomorphic to itself.

Given a graph G, if z,y € G and zFy, then we associate a copy of a structure A
with the pair (z,y) and otherwise we associate a copy B with (x,y). The structures
A and B will be elementary equivalent and minimal.

Before we formally state the reduction let us describe A and B. They will
be models of the theory of the following structure studied by Shelah [21]. The
language of the theory contains countably many unary functions F, and unary
relation symbols R, one for each v € 2<¢. Consider the structure

§= (2w7 <FV>V€2<“’) <Ru>ue2<“’)

where F), is defined by F,(o)(z) = o(x) + v(z) mod 2 where we assume that
v(z) =0 for x > |v| and R, (o) if and only if v < o. Shelah showed that the theory
of § has quantifier elimination and that each element of S generates an elementary
substructure that is minimal.

Let Sy be the substructure of S generated by 0, the constant string of 0’s and
S be the substructure generated by 1, the constant string of 1’s. These structures
are countable and by Shelah’s argument, So = 81 S. Furthermore, S and S, are
minimal models of Th(S). To see this, let # € Sp, then 2 = F,,(0) and in particular,
0 = F,(x) for some v € 2<¥. So, the substructure of Sy generated by z is already
So.

As we require our structures in € to be of relational syntax we will let Sg and &1
be the structures corresponding to 5‘0, respectively 5’1, after we replace each FS
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by its graph graph}s;'u = {(0,F%i(0)) : 0 € S;}. We may assume without loss of
generality that the universes of Sp and S; are w and let A = Sy and B = S;.

Let us describe the structures in the class € more formally. The class of structures
¢ consists of all countable structures with universe w in the language consisting of
a unary relation W, binary relations R, and graphp, for all v € 2<“ and a ternary
relation O. We are now ready to give the function f : & — € witnessing the
reduction.

We formally describe how to obtain a structure in € given a graph. Let G be

a graph and partition w into countably many infinite, coinfinite subsets (4;)icew-
Then

e for every a; € Ag, Wf(g)(ai) (we will call elements of Ay the vertices of
f(9)),
e for every m,n € w, if mEn, then for all v € 2<% define R,Jj(g)
graphp, 79 on A(m,n)-l—l such that (A(m,n)-i-lv (graphp, f(g)>1/e2<w ) Ri]j(g)) =
SO)
e for every m,n € w, if -mEn, then for all v € 2<% define R
graphp, 19 on A(m,n)-l—l such that (A(m,n)-i-lv (graphr, f(g)>1/e2<w ) Ri]j(g)) =
Sla
e for every m,n € w, let Of(9) (@m, an, j) for all j € Ay py41-
This finishes the construction of f(G). We will refer to the substructure on the
elements in A, )41 as the substructure associated to the pair (am,an,) and to

(A(m,nH—la <gTaphFVf(g)> (g)) as S(am)an).

It is easy to see that the function f so defined is Borel, indeed it is even com-
putable. To see that f is a reduction from —g to <¢ it remains to prove the
following.

Lemma 7. For G,H € &, G—H if and only if f(G) =< f(H).

Proof. That G— H if f(G) < f(H) follows trivially from the construction. To show
the converse we will use the following model theoretic fact: For two L-structures A
and B, A is an elementary substructure of B if and only if for every finite R C L,
the R reduct of A is an elementary substructure of the R reduct of 5. Necessity
follows trivially from the fact that R C £ and sufficiency is easily seen by noticing
that every first order formula ¢ is in a finite R, C L.

So, say G<—H by h. We get an induced embedding h defined such that for all
i,i' € G, if h(i) = j, then h(a;) = a; and h is the canonic isomorphism between
the substructure associated to (a;,ar) and the one associated to (h(as), h(a:)).
Without loss of generality we may assume that f(G) is a substructure of f(H), i.e.,
that h is the identity. We use Ehrenfeucht-Fraissé games to verify that in every
finite R C L, f(G) is an elementary substructure of f(#). We assume without
loss of generality that R = {O, W, R, ..., Ry, Graphr, , ..., Graphpuk} where v;
is the i*" string in the lexicographical ordering of 2<¢ and k € w. Let us show
that player II has a winning strategy in G, ((f(G), 91,5 9n), (f(H),91,---,9n))
for arbitrary m € w played in R. First, notice that since Sp = S1, II has a winning
strategy for G, (So, S1) in the reduct { R, . .., Ry, , Graphr, , .. ., Graphr,, }. The
following is a winning strategy for Gy, ((f(G), 91, --,9n), (f(H),91,--.,9n)) played
in R. Say that at turn ¢, the played substructures are G; and H; given by the
partial isomorphism h;. Assume we are on turn i + 1.

and

@) and

)
vea<w, Ry
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(1) If I plays an element ¢ in the O-closure of g1, ..., gn, then let h;y1(c) = c.

(2) IfIplays an element ¢ in f(G) not in the O-closure of G;, say it is associated
to (a,b) where none of a,b is in the O-closure of G;, then pick vertices
(@', 0)in f(H). If c =a or b, let hiy1(c) = @, respectively, h;y1(c) =V'.
Otherwise start running a G, (S(a,p), S(ar,pv)) Winning strategy wEZ:l’f;,) and
let higa(c) = wit ") (c).

(3) If I plays an element ¢ in f(G) not in the O-closure of G; but associated to
(a, b) where either a or b is in G;, then pick (a’,’) such that o', respectively
b, is the element corresponding to a, respectively b, in H; and continue as
in (2), mutatis mutandis.

(4) If I plays an element in f(#) not in the O-closure of H;, then as f(G) is
infinite, IT can play as in the cases (2) and (3), mutatis mutandis.

(5) If I plays an element ¢ in f(G) that is in the O-closure of G; but not in the

O-closure of g1, ..., gn, then it is associated to some (a,b) in f(G) and by

(

induction there is a winning strategy w(;l’f;) that has already been used.

If c=aorc=b,let hit1(c) = a’, respectively, h;11(c) = b'. Otherwise let
hiy1(c) = wggjl’f;/)(cl, ...,Ck,c) where ¢i,...,c are the elements from the
structures associated with (a,b) and (a’,b") played by I so far.

(6) If I plays an element ¢ in f(#) that is in the O-closure of H; but not in the
O-closure of g1, ..., gn, then play as in (5), mutatis mutandis.

Since at each turn we play according to winning strategies for games of the form
G (8i,S;) where i,j € {0,1} we obtain that h,, is a partial isomorphism between
(f(G)yg1,--.,9n) and (f(H),91,--.,9n). We thus have given a winning strategy for
Con((F(G),91, - ), (F(H), 011 - 60))- O

3.2. Graphs are complete for elementary embeddability. We will show that
for every class of structures 8, there is a computable reduction g — <.

The result we are going to prove appeared in [20]. There, a proof sketch of the
fact that the reduction preserves elementary bi-embeddability spectra was given.
We will give a full proof of this fact in Section [dl Note that the coding used in the
reduction is not new but was already used in [3] to show that graphs are universal
for theory spectra. Let us first describe this coding.

We may assume without loss of generality that K is a class of structures in
relational language £ = (Ry,...) where each R; has arity i. Given A € K, the
graph g(A) has three vertices a, b, ¢ where to a we connect the unique 3-cycle in
the graph, to b the unique 5-cycle, and to ¢ the unique 7-cycle. For each element
x € A we add a vertex v, and an edge a — v,. For every i tuple z1,...,2; € A we
add chains of length i + k for every k, 1 < k < ¢ with common last elements y. We
add an edge vy, — y1 only if y; is the first element of the chain of length of ¢ + k.
If A= Ri(xy,...,2;) we add an edge y — b and otherwise add an edge y — c.
This finishes the construction. See Fig. [I] for an example.

Let us fix the some notation for the following proofs. Given a structure A and
a € A<¥ we let (a)* be the substructure of A generated by a.

Lemma 8. For A,B € &, A< B if and only if g(A) < g(B).

Proof. (=). Assume that A=< B and that A is an elementary substructure of B.
We may also assume without loss of generality that g(A) C g(B). We will show that
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FIGURE 1. Part of the graph F(A) coding that A ~ R3(3,2,1)
and A = Rs(1,2,3).

for all n € w and any @ € g(A)<¥ player II has a winning strategy for the n turn
Ehrenfeucht Fraissé game G, ((g(A),a), (¢(B),@)). Assume that n is the least such
that player II has no winning strategy for G, ((g(A),a), (¢9(B),a)). Consider the
set of partial isomorphisms from (g(A), @) to (g(B),a). This set can not have the
back-and-forth property. In particular, the back-and-forth property fails already
if we only consider partial isomorphisms with domain of size n + |a|. Otherwise
there would be a winning strategy for G,,((9(A),a), (¢(B),a)). So, either there is
T € g(A)™ such that for all @ € g(B)", (@0)9™V 2 (@u)?B or there is T € g(B)"
such that for all 7 € g(B)", (a@)?® % (av)9Y). We will derive a contradiction
assuming the second case. Deriving one from the first case can be done in a similar
fashion.

Notice that @z is in a substructure of g(B) coding a finite substructure of B
in a finite part £; of the language of B. Extend (@u)9®) so that it codes such a
substructure B; of B. Consider the conjunction ¢ of atomic formulas, or negations
thereof, true of By in £;. Let @ be the elements in B; N A and @ the elements in
Bi1\ A. Then B = p(@'w’) and the Tarski-Vaught test gives us elements v’ in A such
that A |= 90( @'v'). Tt follows that we have a partial isomorphism between (@'u')?
and (@7)* in £;. This induces an isomorphism between the subgraph coding B;
and the subgraph coding (@'7'). But (@u)9®) is a subgraph of the graph coding B;
and thus it is isomorphic to a substructure (@)9(4) of the structure coding (@'’ )4,
a contradiction.

(<). An easy induction on the quantifier depth of formulas in £ shows that for
every A € R and L-formula ¢ with n-free variables the set

D:;l:{(val,...?van) (A ar, .. an) Eelar,... an)}

is definable in g(.A). Now, assume that g(.A) < g(B) and without loss of generality
that g(A) is an elementary substructure of g(B). Let gg : B — g(B) be defined by
g5 : b vy. Notice that the map a — g5'(v,) is an embedding of A in B. To see
that this embedding is elementary assume that (A, @) | ¢, then vz € D;f and by
elementarity vz € Df. So, (B, 95" (va)) E ¢(95 " (va)).

O
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Concatenating the reductions f and ¢ and from the fact that —g, ~g are
complete X1 quasi-orders, respectively equivalence relations, we obtain Theorem [l

To prove Theorem 2 notice that f and g are computable. Thus there is a Turing
operator ¢ such that & = go f. We can find a Turing machine ¢; such that
0i(j, k) = @4 (k) for all k € w if A; is a total computable structure. Using the
s-m-n theorem we can then get a computable function j — u(i,j) where u(i,j) is
an index for ®4/. Thus < is computably reducible to < as a quasi-order on
w. Fokina and Friedman [6] showed that < is 31 complete. Thus, < is also X1
complete and Theorem [2] follows.

4. DEGREE SPECTRA

In this section we finish the proof of Theorem Bl As noticed before the two
reductions f : & — € and g : € — & are computable. We will see that the two
functions induce an even stronger notion of reduction that allows us to relate the
degree spectra realized by ~g and Xg.

Definition 9 (cf. |13, [17]). Let € and © be categories. A computable functor
between € and © is a pair of computable operators (®, ®,) such that

(1) for all A € €, F(A) = &4,

(2) forall f: A— Be &, F(f)= %95,

Computable functors preserve many computability theoretic properties. One
example are degree spectra: Recall that for X, Y C P(w), X is Medwedev reducible
to Y, X <, Y, if there is a Turing operator ® such that for all y € Y, there is
x € X such that ®¥ = x. We have in particular that if F': (€, ~1) = (D,~2) is a
computable functor, and ~; is the equivalence relation given by

ANZ'B@AWiB/\BWiA,

then for all A € €, DgSp~.,(F(A)) <s DgSp~,(A).

It is an easy exercise to see that go f induces a computable functor H : (&, —) —
(6, <) and thus for all G € 8, DgSp~(H(G)) <; DgSp=(G).

To get that every degree spectrum realized in € is also realized in ® we need
a stronger notion of reducibility. To define this we need an effectivization of the
category theoretic notion of a natural isomorphism between functors.

Definition 10 ([13]). A functor F : € — D is effectively isomorphic to G : € — D
if there is a Turing operator A such that for every A € €, A4 is an isomorphism
from F(A) to G(A), and the following diagram commutes for all A,B € €; and
every v: A — B e &,

F(A) 2 g

|F® lew

AB
F(B) —— G(B)
Definition 11 (cf. |13]). We say that (&€, ~»1) is CBF-reducible to (D,~>2),
(€,~1) <cBF (D,~2) if

(1) there is a computable functor F' : € — © and a computable functor G :
D DD — € where D is the ~y-closure of F(€),
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(2) F oG is effectively isomorphic to Idg, G o F' is effectively isomorphic to
Id@v

(3) and, if Ae¢, Ap are the operators witnessing the effective isomorphism
between G o F' and Idg, respectively, F'o G and Idg, then for every

A€ ¢ F(AY) = ALY . F(A) - F(G(F(A))) and every B € 9D,
G(AB) = AS®) . G(B) - G(F(G(B))).

Consider two structures A and B and a morphism f : A = B. Then, clearly A <r
B @ f; after all, we have that R*(ay,...,a,) if and only if RB(f(a1),..., f(an)).
The following definition generalizes this observation.

Definition 12. A category € is degree invariant if for every A, B € €; and every
f: A= Bely, fETf_l and A <p Ba f.

Proposition 13. If € and © are degree invariant and € <cpr D, then every set
realized as a ~1-spectrum in € is realized as a ~o-spectrum in ®.

Proof. Say F : € - ® and G : ® — € witness that € <gpp ®. Fix A € € and
let A be the Turing operator witnessing that G o F' is effectively isomorphic to the
identity functor on €. Then, for A ~1 A, A >7 F(A) >r G(F(A)) and by degree
invariance A <p A4 @ G(F(A)) =r G(F(A)) <r F(A). Thus, DgSp.,(A) C
DgSp~,(F(A)). The proof that DgSp~, (A) D DgSp-,(F(A)) is similar. So, if X
is a ~1 spectrum realized by A in €, then it is realized as a ~g spectrum in ®. [

Notice that if £ is a class of relational structures, then whether (&, ~») is degree
invariant only depends on ~». Thus we might say that a relation on structures is
degree invariant.

Definition 14. A class of structures € is CBF-complete with respect to a degree
invariant relation ~, if for every class &, (&, ~) <cpr (€, ~).

We showed in Section that for any class R equipped with the elementary
embeddability relation there is a computable reduction g from (£, <) to (&, x). We
can now show that these reductions induce C'BF-reductions (&, <) <cpr (& <x)
and that thus graphs are CBF-complete for elementary embeddability. Verifying
the conditions of Definition [T1] is quite technical, but the core ideas of the proof
should not be too difficult.

Theorem 15. The class of graphs is CBF-complete for elementary embeddability.

Proof. Fix a class K. It is clear from the construction that g induces a computable
functor F' : (&, &) — (&, =). We have to show that F'(8) is closed under elementary
bi-embeddability, that there is a functor G : F(8) — & such that F oG and Go F
are effectively isomorphic to the identity on K, respectively, F(R) and that the
witnesses of these effective isomorphisms agree.

Let G = F(A) for some A € K. We may assume without loss of generality that
G is an elementary substructure of F(A). For every a € G<¥, tpg(a) = tpa(a).
Thus G must contain the elements a, b, c of F'(A) with unique 3-cycles, respectively,
5-cycles and 7-cycles connected to them. Furthermore, say a € G codes elements
of A in F(A) such that A = R;(a), then this information must also be coded in G
as it is preserved in the type of a. We can compute a structure G(G) as follows.
Fix a G computable injective enumeration f of the set {x : @ ~— x}. Notice that
this can be done uniformly since the set {z : @ — z} is uniformly computable in
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all structures in F'(R). Let the universe of G(G) be the pull-back along f. Then
for all a1,...,a; = a € w', G(G) | R;(a) if for every aj, j < i, there is a chain of
i+ j connected elements y1,...y;+; with f(a;) — yi, all j chains share the same
last element y and y — b. Likewise, G(G) = —R;(a) if there are chains satisfying
the above conditions with y — ¢. This finishes the construction of G(G).

Let G, Q e F(R)and g: G= Q . As both graphs are elementary bi-embeddable
with images of structures in K, they have unique vertices a, respectively, a with
3-cycles connected to them. Computably in G and Q find the vertices and enumer-
ate the sets {z : a« — z}, and {z : @ > =} using the same procedure as in the
construction of G(G) above. Let f, respectively, f be these enumerations. Now let
G(g) = f~' o go f. By construction G(g) : G(G) = G(G) and G(g) is uniformly
computable in G & g § G. To see that G(g) is elementary, assume towards a con-
tradiction that it is not. Then there is @ € G(G) and ¢ such that G(G) = ¢(a) but
G(G) I~ ¢(G(9)(@)). Recall that the atomic diagram of the tuple @ is coded in the
type of f(@) in G and similarly, the atomic diagram of G(g)(a) is coded in the type
of g(f(@)) in G. So, g could not be elementary, a contradiction.

To see that G o F" and F o G are effectively isomorphic to the identities on £ and
F(R), respectively, first note that G(F(A)) = A. There is a canonic isomorphism
given by the composition of the maps a — v, and the enumeration f of the set
{x : a — z}, i.e., the isomorphism is defined by a — f~1(v,). It is clearly uniformly
computable, say by Ag. On the other hand let G € F(R), then we can compute an
isomorphism between F(G(G)) and G by doing the following. Every v € G either
defines a relation R; on some tuple, codes an element, or is used to define a, b, c.
One can computably determine which of the three cases holds. In the second case
simply map v to vy-1(,), in the third case one can computably determine whether
v is used to define a,b, ¢ and, using F' and G, computably find the corresponding
element in F(G(G)). In the first case, we have to find the tuple @ such that v is
involved in the coding of the relation R; on w. We then map v to the corresponding
element in the coding of R; on the tuple vy-1 (7). It is easy to see that one can
define a Turing operator Ag(g) computing this isomorphism. The Turing operators
Ag(s) and Ag will witness the effective isomorphism between F'o G and the identity
on F(R), respectively, the effective isomorphism between G o F' and the identity on
&.

It remains to show that the diagrams of Definition 0] commute and that for
all A € & and G € F(R), F(AR) = Ap(y) and G(Af ) = A9 For the
commutation of the diagrams, say first that A, A € & with ¢ : A< A. Let h: A —
F(A) and h : A — F(A) given by h,h : a — v,. We have not given an explicit
definition of F'(:) yet. But notice that F'(¢) is uniquely determined by the way it
maps the elements v,. In particular, if v(z) = F(¢)(z) on the elements with a — =,

then v = F(¢). Thus we have that
GF)=f'oF()of=ftohortoh ™ o},
and A4 = f~loh,so
AMoir=f"lohot=G(F()) oAl

and thus GoF is effectively isomorphic to idg. Now, say G,G € F(R) withn:G < g.
First let € G with a — . Let h, and h be as above, then (A%(ﬁ) on)(zr) =
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(ho f~ on)(x) and F(f~ oo f)=hof onofoh™ so
(F(G(n))oA%(ﬁ))(x) = (F(f_l onof)ohof_l)(x) = (}AlOfA_l on)(x).

Having established that the diagram commutes on the restricted universes we use
the fact that any embedding is determined by these parts of the universes to obtain
that F'o G is effectively isomorphic to idp(g).

To verify the last condition in Definition [Tl let A € R, then on {z : z — a}

F(AR) (@) = (ho fhohoh™ ) (@) = (ho f~1) () = Ay (@)
and as there is a unique extension of this to a mapping F(A) — F(G(F(A)))

F(AR) = A?Eﬁ)) At last, let G € F(R), then

G(AY ) =Ftohof T of=fT"oh=A"
where f is the enumeration of {z : £ — a} in G and f the one in G(F(G)). O

The following is a direct consequence of Proposition [[3]and Theorem

Corollary 16. For every structure A, there is a graph G4 such that
DgSp=(A) = DgSpx(Ga)-

Unfortunately, for the reduction from bi-embeddability on graphs to elementary
bi-embeddability on € given in Section Bl we can not deduce that (&,—) <cpp
(¢,=<). However, we can still establish a relationship between the degree spectra
in these classes. Recall that Sy is the substructure of S generated by the constant
string of 0’s and &7 is the substructure generated by the constant string of 1’s.

Lemma 17. Let X be AY(Y) for some set Y. Then there exist a sequence of
structures (C;)icw, uniformly computable in'Y', such that for all i € w

C. So ifieX
TS ifig X

Proof. As X is AY there is an X-computable two valued function f such that

ifie X
lim f(i,5) =40 1SN
§—00 1 lfng

Define a structure C as follows. Fix an enumeration g of 2<%. At stage 0 define
Cp to be the partial structure containing one element a on which no relation holds
and leave all function symbols undefined. Say we have defined the structure Cs. At
stage s + 1 we look at f(i,7) for j < s and define C,11 as if a was the finite string
with a(j) = f(j) for j < s. To be more precise:
(1) For all k, if k < s and [g(k)| < s then let Ry (a) if and only if g(k) = a,
and if F()(a) has not been defined yet add a new element and set Fy)(a).
(2) We may assume by induction that for all elements b in Csy; there is k < s
such that b = Fy)(a). We set Ry)(b) respecting this equation for all
[ <s.
It is easy to see that this procedure yields a computable sequence of structures Cs
with Cs C Cs4+1 and a computable structure as its limit. We let C be this structure.
C contains an element a such that A = R, (a) if and only if @ < f(i, —) and all other
elements are equal to F;(a) for some 7 € 2<%, Thus, in particular if lim f(i, s) = 0,
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then there is an element representing the constant string of 0’s in .4 and otherwise
there is an element representing the constant string of 1’s in A. Let C; = C, then
C; =2 S if and only if i € X and C; £ & if and only if ¢ ¢ X as required. O

We use the usual category theoretic definition of pseudo-inverse. Two functors
F:¢—9and G:9® — € are pseudo-inverses if ' o G is naturally isomorphic to
idp and G o F is naturally isomorphic to ide.

Recall that a structure A is automorphically trivial if there is a finite set D C A
such that every permutation of A that fixes D pointwise is an automorphism.
Knight [15] showed that isomorphism spectra of automorphically trivial structures
contain only one Turing degree and that the isomorphism spectra of automorphi-
cally non-trivial structures are upwards closed in the Turing degrees. In [§] the
authors showed that if A is automorphically trivial and B ~ A, then B = A. Thus,
as every bi-embeddability and elementary bi-embeddability spectrum is a union of
isomorphism spectra, Knight’s result carries over to this setting.

Lemma 18. For every automorphically non-trivial structure G € & there is A € €
such that
DgSpx~(A) = {X : X' € DgSp~(G)}.

Proof. Recall the reduction from embeddability on graphs to elementary embed-
dability on € given in Section Bl It is easy to see that it induces a computable
functor F : (6,~) — (€,~). We show that the functor has a pseudo-inverse G
on the =-saturation of F(®) and then use Lemma [T to obtain the lemma. The
minimality of the submodels S used in the construction of F' will play a crucial role
in the proof.

Say B = F(G) for G € &, that x,y are vertices in B and S, ;) is the substructure
on the elements satisfying O(z,y, —) in the reduct to the language of S. We have
that either S, ) = So or S(,,y) = &1 since it elementary embeds into S, .,) for
some u,v € F(G) and S, ) = So or S,y = S1 by minimality. Thus, we get a
graph G(B) from B by defining an edge between two vertex variables z,y from B
if and only if S(, ) = Sp. Clearly every elementary embedding of B in F(G) yields
an embedding of G(B) in G = G(F(G)) and the analogous fact is true for every
elementary embedding of F(G) in B. Likewise, we can argue that F(G(A)) =2 A
for every A € F(®). Thus G and F' are pseudo-inverses.

However, notice that G is not effective. Within one jump over the diagram of any
B € F(®) we can compute G(B) as the isomorphism types of S; and Sy are definable
by 3§ formulas in €. This implies that for all A € &, F(A) > G(F(A)) = A. So,
in particular,

(1) DgSp~(F(A)) =5 {X : X" € DgSp~(G(F(A))) = DgSp~(A)}-

On the other hand, let X € DgSp~(A) and A ~ A such that A =p X. Then by
Lemma [I7 for every Y with Y’ >7 X, there is B = F(A) with B =p Y. This
process is uniform in B and Y. Thus

(2) DgSpx(F(A)) <s {X : X" € DgSpx~(A)}.

As both bi-embeddability and elementary bi-embeddability spectra of automorphi-
cally non-trivial structures are upwards closed, Eqgs. (Il) and (2] imply that

DgSpx=(F(A)) = {X : X" € DgSp~(A)}.
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Theorem [ follows directly from Lemma [I§ and Corollary

We note that Theorem [B may not be optimal. Using a different proof one might
be able to get an even stronger relationship between the spectra realized by bi-
embeddability on graphs and elementary bi-embeddability on graphs. We thus ask.

Question 1. Is every bi-embeddability spectrum of a graph the elementary bi-
embeddability spectrum of a graph and vice versa?

One way to answer this question positively is by showing that if X is an ele-
mentary bi-embeddability spectrum then so is X’ = {2’ : z € X}. This is true for
isomorphism spectra and usually shown by considering an appropriate definition for
the jump of a structure. However, all known definitions do not preserve elementary
embeddability (and not even elementary equivalence). We thus ask.

Question 2. Let X be the elementary bi-embeddability spectrum of a graph. Is X'
the elementary bi-embeddability spectrum of a graph?

Question 3. Let X be the theory spectrum of a graph. Is X' the theory spectrum
of a graph?

Also, while Theorem shows that graphs are complete for elementary bi-
embeddability spectra, it is unknown whether the same is true for bi-embeddability.

Question 4. Is every bi-embeddability spectrum of a structure realized as the bi-
embeddability spectrum of a graph?
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