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ABSTRACT: PySHS package is a new python open source software which simulates the Second 

Harmonic Scattering (SHS) of different kind of colloidal nano-object in various experimental 

configuration. This package is able to compute polarization resolved at a fixed scattered angle or 

angular distribution for different polarization configurations. This article presents the model 

implemented in the PySHS software, and gives some computational examples. A comparison 

between computational results and experimental data concerning molecular dye intercalated inside 

liposomes membrane is presented to illustrate the possibilities that are given by pySHS. 
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1 Introduction   

Nonlinear light scattering methods and in particular Second Harmonic Scattering (SHS) 

has been widely used to investigate solvation1, hydration2 and correlation3-7 of molecule in 

solution8, self assembly9-10, interfacial properties of small particles11-14 , droplets in liquids15-16 , 

biological membranes17-21 or structuration of materials22-24. Numerous models25-30 have been 

developed to interpret experimental data and in particular angular distribution and polarization 

dependence of the second harmonic scattered light. The understanding of such variation allows the 

recovery of important properties about the symmetry31, the organization9 and/or the correlation5-7 

of the nano-objects probed. Some of these models have also been implemented in software to 

compute the SHS intensity, in particular in the NLS_simulate software32-33 or HRS_Computing 

software34. The NLS_simulate software computes the SHS angular dependence for a sphere using 

the Nonlinear Rayleigh Gans Debye approximation33, 35. In the HRS_computing software, the 

program computes the polarization resolved SHS intensity for any supramolecular structure build 

as a sum of correlated individual molecules under the assumption that the correlation length is 

small in regards to the incident wavelength. In this article, a new free python based program named 

PySHS36 is presented. It is able to compute the two kind of calculation discussed above and to go 

further in the computational possibility because no assumption about the size of the nano-object is 

done. Indeed, PySHS has been developed in order to compute SHS of different class of nano-

objects: uncorrelated molecules in solution in the HRS module, supramolecular assemblies in the 

SHS module, Second Harmonic Light scattered by the surface of colloidal spheres in the SPHERE 

module. All the calculations can be done in different experimental configurations: polarization 

resolved at a fixed scattered angle or angular distribution for different polarization configurations. 

This article presents the equation implemented in the PySHS software, and gives some 
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computational examples useful to interpret experimental data concerning the assembly of 

molecular dye intercalated inside liposomes.  

2) The PySHS program 

 

2.1) General notation and configuration 

 

 This first part will review the different calculation implemented in the SHS module and sphere 

module of the PySHS package and the notation used are described in Figure 1. 

 

Figure 1. The notation used in the laboratory frame 

The fundamental light at the 𝜔 frequency is defined by its wave vector �⃗� = 𝑘�̂�𝑧 and its polarization 

direction �̂�𝑝𝑖𝑛. The input polarization angle 𝛾 is equal to the angle between (�̂�𝑋, �̂�𝑝𝑖𝑛). The second 

harmonic scattered light at the 2𝜔 frequency is defined by its wave vector �⃗⃗� = 𝐾�̂�𝑛 and the angle 

(�̂�𝑧 , �̂�𝑛) defines the scattered angle Θ. The polarization of the second harmonic scattered light is 

defined by �̂�𝑝𝑜𝑢𝑡 and the output polarization angle Π is equal to the angle between (�̂�𝑋, �̂�𝑝𝑜𝑢𝑡). For 

simplicity, we referred Π = 0° as Vout polarization state and Π = 90° as Hout polarization state. In 

the laboratory frame, we have the following relation: 
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�̂�𝑛 = (
0

sin (Θ)
cos (Θ)

)          �̂�𝑝𝑖𝑛 = (
cos (𝛾)
sin (γ)

0

)         �̂�𝑝𝑜𝑢𝑡 = (

cos (Π)
sin (Π)cos (Θ)
sin (Π)sin (Θ)

)            (1-a,b,c) 

The scattered wave vector Δ𝑘⃗⃗ ⃗⃗   is defined as follow:  

Δ𝑘⃗⃗ ⃗⃗  = 2�⃗� -�⃗⃗� =(
0

−𝐾sin (Θ)
2k − Kcos (Θ)

)                     (2) 

 

2.2) Calculation for N fully correlated molecules in a supramolecular assembly: SHS module 

The Second Harmonic Scattering of N fully correlated molecules in solution can be expressed as 

𝐼𝑆𝐻𝑆(�̂�𝑝𝑖𝑛 , �̂�𝑝𝑜𝑢𝑡, �̂�𝑛) = 𝐼𝑆𝐻𝑆(𝛾, Π, Θ) = 〈𝛽 𝑒𝑓𝑓(𝛾, Π, Θ). 𝛽 𝑒𝑓𝑓
∗ (𝛾, Π, Θ)〉     (3) 

with the 𝛽 𝑒𝑓𝑓  vector defined as: 

𝛽 𝑒𝑓𝑓(𝛾, Π, Θ) = (�̂�𝑛 × 𝛽𝑡
⃡⃗  ⃗

𝐿𝑎𝑏𝑜
∶ �̂�𝑝𝑖𝑛�̂�𝑝𝑖𝑛 × �̂�𝑛)        (4) 

This 𝛽 𝑒𝑓𝑓  vector is determined by the total hyperpolarizability tensor of the N molecules 

assembly 𝛽𝑡
⃡⃗  ⃗

𝐿𝑎𝑏𝑜
 expressed in the laboratory frame which can be itself be expressed in a 

mesocopic frame 𝛽𝑡
⃡⃗  ⃗

𝑚𝑒𝑠𝑜
 as depicted in Figure 3. 

 𝛽𝑡 𝑚𝑒𝑠𝑜
= ∑ 𝛽𝑗𝑒

𝑖Δ𝑘⃗⃗ ⃗⃗  ⃗.𝑟′⃗⃗  ⃗𝑗𝑁
𝑗                                                     (5) 

Here 𝛽𝑗 is the second order hyperpolarisability of the molecule j located at the position 𝑟′⃗⃗ 𝑗 

expressed in the mesoscopic frame.  
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Figure 3. Definition of the angles (𝜑 , 𝜃  , 𝜓 ) and (𝜑′𝑗 , 𝜃′𝑗  , 𝜓′𝑗)which describe the 

orientation of the scattered object in the different frames. 

 

The hyperpolarisability tensor components in the different frames are linked according: 

𝛽𝐼𝐽𝐾,𝑚𝑒𝑠𝑜(𝜑′, 𝜃′, 𝜓′) = ∑ ∑ ∑ 𝑇(𝜑′, 𝜃′, 𝜓′)𝑇(𝜑′, 𝜃′, 𝜓′)𝑇(𝜑′, 𝜃′, 𝜓′)𝑘𝑗𝑖 𝛽𝑖𝑗𝑘,𝑚𝑖𝑐𝑟𝑜            (6) 

𝛽𝐼𝐽𝐾,𝐿𝑎𝑏𝑜(𝜑, 𝜃, 𝜓) = ∑ ∑ ∑ 𝑇(𝜑, 𝜃, 𝜓)𝑇(𝜑, 𝜃, 𝜓)𝑇(𝜑, 𝜃, 𝜓)𝑘𝑗𝑖 𝛽𝑖𝑗𝑘,𝑚𝑒𝑠𝑜        (7) 

The transformation matrix 𝑇(𝜑, 𝜃,𝜓) is: 

𝑇(𝜑, 𝜃,𝜓) =

(

cos(𝜓) sin(𝜑) − cos(𝜃) cos(𝜑) sin(𝜓) cos(𝜃) cos(𝜓) cos(𝜑) + sin(𝜑) sin(𝜓) sin(𝜃) sin (𝜑)

−cos(𝜑) cos(𝜓) − cos(𝜃) sin(𝜑) sin(𝜓) cos(𝜃) cos(𝜓) cos(𝜑) − cos(𝜑) sin(𝜓) sin(𝜃) sin (𝜑)

sin(𝜃) sin (𝜓) − sin(𝜃) cos (𝜓) cos(𝜃)
)   

(8) 

Finally, the bracket in formula (3) means the average over all the orientation of the scattered 

molecule.  

〈 . 〉 = ∫ ∫ ∫ . 𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜑𝑑𝜓
2𝜋

𝜓=0

2𝜋

𝜑=0

𝜋

𝜃=0
        (9) 

To perform the ISHS calculation, the user needs to specify the position 𝑟′⃗⃗ 𝑗 = (𝑥′𝑗, 𝑦′𝑗 , 𝑧′𝑗) and 

orientation (𝜑′𝑗, 𝜃′𝑗  , 𝜓′𝑗) of each molecule in the mesoscopic frame. Two ways are implemented 

to perform the ISHS(𝛾, Π, Θ) calculation: the first way implemented in the SHS program of PySHS 



 6 

package explicitly computes ISHS according to equations (3-9). The second way implemented in 

the SHSlinear program, uses the approach detailed in these references6, 23, 31 and in the 

HRS_Computing software34,  approximates the exponential term in equation (5) by: 

𝑒𝑖Δ𝑘⃗⃗ ⃗⃗  ⃗.𝑟 ′𝑗 ≅ 1 + Δ𝑘⃗⃗ ⃗⃗  . 𝑟′⃗⃗ 𝑗 + ⋯          (10) 

This last calculation is only valid in the domain where Δ𝑘⃗⃗ ⃗⃗  . 𝑟′⃗⃗ 𝑗 is small compared to 1, ie if the 

characteristic size of the molecular assembly is small compared to the incident wavelength. Taking 

the molecular hyperpolarizability, the position and orientation of each molecule in the 

supramolecular assembly as input parameters, the SHS and SHSlinear programs can compute the 

polarization resolved plot or the scattered angle plot. For the polarization plot, the outputs of the 

program are the coefficients 𝑎Π
Θ, 𝑏Π

Θ, 𝑐Π
Θ and 𝐼2

Θ,Π
, 𝐼4

Θ,Π
defined in this work31. Indeed, the SHS 

intensity exhibits the equivalent following dependencies with the input polarization angle 𝛾 : 

𝐼𝑆𝐻𝑆 (𝛾, Π, Θ) = 𝑎Π
Θ. 𝑐𝑜𝑠4(𝛾) + 𝑏Π

Θ. 𝑐𝑜𝑠2(𝛾)𝑠𝑖𝑛2(𝛾) + 𝑐Π
Θ. 𝑠𝑖𝑛4(𝛾)     (11) 

𝐼𝑆𝐻𝑆 (𝛾, Π, Θ) = 𝑖0
Θ,Π(1 + 𝐼2

Θ,Π cos(2𝛾) + 𝐼4
Θ,Πcos (4𝛾))        (12) 

The link between these two descriptions are given by: 

𝑖0
Θ,Π =

1

8
(3𝑎Π

Θ + 𝑏Π
Θ + 3𝑐Π

Θ)          (13) 

𝐼2
Θ,Π =

4(𝑎Π
Θ−𝑐Π

Θ)

(3𝑎Π
Θ+𝑏Π

Θ+3𝑐Π
Θ)

              (14) 

𝐼4
Θ,Π =

(𝑎Π
Θ−𝑏Π

Θ+𝑐Π
Θ)

(3𝑎Π
Θ+𝑏Π

Θ+3𝑐Π
Θ)

          (15) 

The full expression of the 𝑎Π
Θ, 𝑏Π

Θ, 𝑐Π
Θ coefficients are given in SI. For an angular dependency 

study, the output of the program is the dependency 𝐼𝑆𝐻𝑆 (Θ) for different combination of  

polarization state (𝛾,Π): (0°, 0°); (90°, 0°); (0°, 90°); (90°, 90°). 
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2.3) Calculation for the surface of colloidal sphere in solution: SPHERE module 

 

 PySHS package offers the possibility to compute the SHS intensity of homogeneous spheres in 

solution. To perform this calculation, an effective nonlinear susceptibility Γ(2)⃡⃗ ⃗⃗ ⃗⃗    is introduced as 

proposed in this work25, it represents the nonlinear response of the entire sphere surface: 

 Γ(2)⃡⃗ ⃗⃗ ⃗⃗  = ∯ 𝜒(2)⃡⃗ ⃗⃗⃗⃗  ⃗ . 𝑒𝑖Δ𝑘⃗⃗ ⃗⃗  ⃗.𝑟 𝑑𝑟 
𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝ℎ𝑒𝑟𝑒

        (16) 

where 𝜒(2)⃡⃗ ⃗⃗⃗⃗  ⃗ is the surface second order nonlinear susceptibility of the sphere. Using the same 

formalism as above, The SHS intensity is expressed with the same equation (3) where 𝛽 𝑒𝑓𝑓  is 

now expressed as: 

𝛽 𝑒𝑓𝑓 = (�̂�𝑛 × Γ(2)⃡⃗ ⃗⃗ ⃗⃗  : �̂�𝑝�̂�𝑝 × �̂�𝑛)            (17) 

The SPHERE program in the PySHS package takes the surface second order nonlinear 

susceptibility and the radius of the sphere as input parameters and computes the same quantities 

as define above in equations (11-14) 

    

3) Results and discussion section 

 

Some results illustrating the possibilities given by the PySHS package are presented and 

confronted with experimental data. This part focuses on the SHS polarization plot in the right angle 

direction for spherical supramolecular assemblies in order to interpret experimental results 

concerning the organization of molecular dyes inclusion into the membrane of liposomes. The 

Figure 4 shows the polarization plot computed with the programs implemented in PySHS package 

for a 50 nm radius sphere. An input file containing the position and orientation of 100 molecules 
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equally spaced onto the sphere surface and radially oriented was generated by the script provided 

in the package. The other input parameters of the calculations are the refractive index set to 1.33, 

the incident wavelength set to 800 nm and the hyperpolarizability of the molecule which is 

assumed to have only the 𝛽𝑍𝑍𝑍 component to be no zero.    

 

Figure 4. Computational polarization plot obtained with 3 different calculations: a) SHSlinear 

program equation (3-9) with the equation 10 approximation, b) SHS program equation (3-9) with 

no approximation and c) sphere program equation (15-16). The input parameters are: scattered 

angle=90°, radius=50 nm, refractive index n=1.33, Incident wavelength=800 nm, and 

hyperpolarizability tensor, 𝛽zzz=1 all the other component equal to 0. 

The comparison between simulations a) and b) shows that the polarization plot change for the 

Hout polarization state in particular because the 𝐼2
90,H

 coefficient is no null for the b) simulation.  



 9 

This result shows that the deviation induced by the approximation of equation (10) is not negligible 

and the program SHSlinear is thus not really valid for a 50 nm radius sphere. The results given by 

the HRS_Computing software are the same as the SHSlinear program of the PySHS package which 

is expected as the equations implemented are the same. This point is developed in the SI where 

both HRS_Computing software and NLS_Simulate software are compared with the PySHS 

calculation. Nevertheless, for the study of only Vout polarization state, the SHSlinear program 

gives the same results as the complete model. In the following, all the computations are done with 

the complete model, ie with the SHS program. The simulations b) and c) give exactly the same 

results at the 3rd digit after the decimal point although the two approaches are not the same. It just 

shows that 100 dipoles equally spaced onto a sphere is equivalent to an homogenous sphere. We 

have also tested the case of few dipoles spaced onto a sphere, and we found the same results as 

given in this previous work31 concerning the evolution of I2 and I4 parameters with the number of 

dipoles onto the sphere. When this number N is superior to 10, these quantities reach the asymptote 

of the homogeneous sphere given by the sphere program. To quantify the effect of the 

order/disorder of the assembly onto the sphere, a script provided in the PySHS package generates 

randomly the position and orientation of the molecules with a normal distribution around the radial 

direction. This distribution is characterized by its standard deviation . Figure 5 presents the 

polarization plot generated with the SHS program for different disorder of the assembly described 

by .  
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Figure 5. Computational polarization plot obtained with different molecular assembly disorders: 

a) =17°, b) =35° and c) =58°. The other input parameters are the same as in Figure 4. 

The polarization plots evolve with the disorder of the assembly in the following direction: 𝐼2
90,V

 

increases whereas 𝐼2
90,H

and 𝐼4
90,V

 decreases. At a totally disorder organization, this evolution 

approaches the case of fully uncorrelated molecule which gives in the case of only no zero 𝛽zzz: 

𝐼2
90,V = 2/3 and 𝐼4

90,V
=𝐼2

90,H
=𝐼4

90,H = 0. Introducing the disorder of the molecular organization 

onto the sphere is not enough to explained the experimental data presented below. So, a study 

about the variation of the ideal spherical arrangement is discussed in Figure 6. To do that, the 
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global arrangement is changed from spherical geometry to spheroid geometry characterized with 

its two radius a and c. In this study, the dipoles are radially oriented as in Figure 4 simulations.  

 

 

Figure 6. Computational polarization plot obtained with different molecular assemblies: a) 

spherical assembly, b) spheroid assembly with radius equal to 60 and 50 nm. c) spheroid assembly 

with radius equal to 80 and 50 nm. The other input parameters are the same as in Figure 4 and 5. 

Increasing the difference of the pure spherical geometry induces the following evolution: 𝐼2
90,V

 

𝐼2
90,H

 and 𝐼4
90,H

increase whereas 𝐼4
90,V

 decreases.  When these two elements, disorder and deviation 

to no spherical geometry are taken into account, the experimental data, ie both the Hout and Vout 
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polar plot, presented in Figure 7 can be satisfactory interpreted with the computational model. 

Figure 7 presents experimental data concerning dye organization onto liposome membrane. The 

molecular dye, presented in Figure 7a), is the trans-4-[4-(Dibutylamino)styryl]-1-

methylpyridinium iodide simply referred as DIA-4 in the following. This dye has been brought 

together with a solution of 55 +/- 5 nm radius DOPG liposomes in PBS buffer and the SHS 

polarization plots are presented in Figure 7c. All the experimental details concerning the sample 

preparation are given in SI. The SHS experimental setup has been described elsewhere2, 37, and the 

experimental data has been treated as follow: the incoherent contribution of the liposomes solution, 

i.e. the HRS contribution has been removed, so that the experimental point can be directly 

compared with the computational model. The best fit is obtained for a spheroid arrangement 

characterized with radius a=70 nm and c=50 nm and with a disorder characterized by standard 

deviation =12°.  

 

Figure 7. a) The DIA-4 molecule. b) A schematic representation of the system studied with 

polarization resolved SHS. c) Experimental polarization resolved SHS for a solution of 5 M of 
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DIA-4 with 5.1010 DOPG 50 nm radius liposomes in PBS buffer. The circular and rectangular 

markers are the experimental data and the lines are the polarization plot simulated with PySHS 

package d) Simulation scheme that reproduced the experimental data: a spheroid arrangement with 

a disorder index =12°. 

 

Conclusion 

This article presents the numerical PySHS package which has been developed in order to compute 

SHS intensity dependence with polarization state and angular scattering. The specificity of this 

new package has been discussed and compared with other available software. This new code, 

freely accessible on internet, allows more accurate computation especially in the case of large 

supramolecular structure for which no size limitation is required. It gives also more possibility of 

configuration to be simulated (in the right angle or in forward direction) and different scripts 

provided in the package can simulate various geometry. To demonstrate the usefulness of its 

package, the polarization plot for different supramolecular organizations onto a sphere or spheroid 

object are presented in this publication. Especially, the numerical results are compared with 

experimental results concerning dye inclusion inside liposome bilayer. This comparison shows 

that both the disorder parameter and the deviation from the spherical geometry have to be taken 

into account to explain the experimental data. We hope that this work will stimulate the SHS 

community, will encourage the reader to try PySHS package, and help the experimenter to interpret 

their SHS results.   
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