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Abstract

We consider an open model possessing a Markovian quantum stochas-
tic limit and derive the limit stochastic Schrodinger equations for the wave
function conditioned on indirect observations using only the von Neumann
projection postulate. We show that the diffusion (Gaussian) situation is
universal as a result of the central limit theorem with the quantum jump
(Poissonian) situation being an exceptional case. It is shown that, start-
ing from the correponding limiting open systems dynamics, the theory
of quantum filtering leads to the same equations, therefore establishing
consistency of the quantum stochastic approach for limiting Markovian
models.

1 Introduction

The problem of describing the evolution of a quantum system undergoing con-
tinual measurement has been examined from a variety of different physical and
mathematical viewpoints however a consensus is that the generic forms of the
stochastic Schrodinger equation (SSE) governing the state 1, (w), conditioned
on recorded output w, takes on of the two forms below:

i) = (=20 dact (~if = 3 (L= 2L ) ) )t ()

) = <L_Tf> () die + (—iH - %LTL - %yt + \/u—tL> l,) dt(2)

Here H is the system’s Hamiltonian and L a fixed operator of the system which
is somehow involved with the coupling of the system to the apparatus. In [ we

1
have \; (w) = 3 (p, (w)| (LT + L) 9, (w)) and {G; : t > 0} is a Gaussian martin-
gale process (in fact a Wiener process). In @), v (w) = (¢, (w) | LT L1, (w)) and
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{7t : t > 0} is a Poissonian martingale process. The former describing quantum
diffusions [1-7], the latter quantum jumps [8-10].

(By the term martingale, we mean a bounded stochastic process whose cur-
rent value agrees with the conditional expectation of any future value based on
observations up to the present time. They are used mathematically to model
noise and, in both cases above, they are to come from continually de-trending
the observed output process.)

There is a general impression that the continuous time SSEs require ad-
ditional postulates beyond the standard formalism of quantum mechanics and
the von Neumann projection postulate. We shall argue that this is not so. Our
aim is derive the SSEs above as continuous limits of a straightforward quan-
tum dynamics with discrete time measurements. The model we look at is a
generalization of one studied by Kist et al. [T2] where the environment consists
of two-level atoms which sequentially interact with the system and are subse-
quently monitored. The generalization occurs in considering the most general
form of the coupling of the two level atoms to the system that will lead to
a well defined Markovian limit dynamics. The procedure for conditioning the
quantum state, based on discrete measurements is given by von Neumann’s
projection postulate. Recording a value of an observable with corresponding
eigenspace-projection IT will result in the change of vector state 1 — p~1/2IIy)
where p = (¢|IIy)) is assumed non-zero. Let us suppose that at discrete times
t =71,27,37,... the system comes in contact with an apparatus and that an in-
direct measurement is made. Based on the measurement output, which must be
viewed as random, we get a time series (1/)j)j of system vector states. The ques-

tion is then whether such a time series might converge in the continuous time
limit (7 — 0) and whether it will lead to the standard stochastic Schrédinger
equations. We apply a procedure pioneered by Smolianov and Truman [I3] to
obtain the limit SSEs for the various choices of monitored variable: a key feature
of this procedure approach is that only standard quantum mechanics and the
projection postulate are needed!

The second point of the analysis is to square our results up with the the-
ory of continuous-time quantum filtering [4],[14],[I5],[16]. This applies to uni-
tary, Markovian evolutions of quantum open systems (that is, joint system and
Markovian environment) described by quantum stochastic methods [I'7],[I8],[T9].
Our model was specifically chosen to lead to a Markovian limit. Here we show
that filtering theory applied to the limit dynamics leads to exactly the same
limit SSEs we derive earlier. Needless to say, the standard forms ([ll) and @)
occur as generic forms.

We show that if the two level atoms are prepared in their ground states then
we obtain jump equations () whenever we try to monitor if the post-interaction
atom is still in its ground state. In all other cases we are lead to a diffusion
equation which we show to universally have the form ().



2 Limit of Continuous Measurements

Models of the type we consider here have been treated in the continuous time
limit by [200,[21], and [22]. In this section we recall the notations and results
of [22] detailing how a discrete-time repeated interaction-measurement can, in
the continuous time limit, be described as an open quantum dynamics driven
by quantum Wiener and Poisson Processes.

Let Hg be has state space of our system and at times t = 7,27,37,... it
interacts with an apparatus. We denote by Hg ; the state space describing the
apparatus used at time ¢ = k7 - this will be a copy of a fixed Hilbert space Hg.
We are interested in the Hilbert spaces

1t/7) -
Fo=QHer FO= Q Hprp FO=FTer] @
k=1 k=|t/T]+T

where |z] means the integer part of x. (We fix a vector ey € Hp and use this
to stabilize the infinite direct product.) We shall refer to ]—'t(]T) and .7-'((;') as the
past and future environment spaces respectively.

We are interested only in the evolution between the discrete times ¢t =
7,27,37,... and to this end we require, for each k > 0, a unitary (Floquet)
operator, Vi, to be applied at time t = k7: its action will be on the joint space
Hs ® F() but it will have non-trivial action only on the factors Hg and H E.k-
The Vi’s will be copies of a fixed unitary V acting on the representative space
Hs ® Hr. The unitary operator Ut(T) describing the evolution from initial time

zero to time t is then
U = Vigr) - VaVi (4)

It acts on Hg ® F, t(]T) but, of course, has trivial action on the future environment
space. The same is true of the discrete time dynamical evolution of observables
X € B (Hs), the space of bounded operators on Hg, given by

I (x) ="M (X e1,) U7, (5)

where 1, is the identity on F(7). The discrete time evolution satisfies the dif-
ference equation

1 T T T
- (Uft/)‘errT - Uft/)rj) = (VLt/TH-T - 1) Uft/)‘rj' (6)

-
The state for the environment is chosen to be the vector ¥(7) on F(*) given by
\I/("') —ep®egReyReg- -

and, since eg will typically be identified as the ground state on H g, we shall call
U7 the vacuum vector for the environment.



2.1 Spin-% Apparatus

For simplicity, we take Hr = C2. We may think of the apparatus as comprising
of a two-level atom (qubit) with ground state ey and excited state e;. We
introduce the transition operators

ot =le1){eo| o7 =leo) (e1]

The copies of these operators for the k—th atom will be denoted a$ and o, . The
operators af are Fermionic variables and satisfy the anti-commutation relation

{0703} =0, {op.o7} =1 (7)

while commuting for different atoms.

2.2 Collective Operators
We define the collective operators AT (t;7), A (t;7) to be

Lt/7] [t/7]
A (t;7) =T Z Uki; A7) = Z ol (8)
k=1 k=1

For times t, s > 0, we have the commutation relations

T{(tisﬂ oA (tAs,T).

[A (t;7), AT (s; T)} = AT (tAs;T),

[A™ (t;7), A (s;7)]

where s At denotes the minimum of s and ¢. In the limit where 7 goes to zero
while s and ¢ are held fixed, we have the approximation

[A™ (t;7), At (s;7)] =t A s (9)

The collective fields A* (¢;7) converge to a Bosonic quantum Wiener processes
Ati as 7 — 0, while A (¢;7) converges to the Bosonic conservation process A,
[I7]. This is an example of a general class of well-known quantum stochastic
limits [27],[29]. Intuitively, we may use the following rule of thumb for ¢t = jr :

T~ dt, \/Faj_ ~dA;, (10)
\/FU;_ ~ dA], ojoj_ ~ dA;.

These replacements are usually correct when we go from a finite difference equa-
tion involving the discrete spins to a quantum stochastic differential equation
involving differential processes.

The limit processes are denoted as A}° = Af A% = A7 and A}' = Ay
respectively and we emphasize that they are not considered to live on the same
Hilbert space as the discrete system but on a Bose Fock space I'; (L2 (RT, dt)).
(See the appendix for details.) We also set A% = ¢.



2.3 The Interaction
The k—th Floquet operator is then taken to be

Vi = exp{—iTH,iT)} (11)
where

H,ET) = %Hu ®oio, + %Hm ®o) + %Hm ® oy + Hoo. (12)
Here we must take H11 and Hyg to be self-adjoint and require that (Hm)T = Hyp.
We may identify Hyg with the free system Hamiltonian Hg. We shall assume
that the operators H,p are bounded on Hg with Hy; also bounded away from
Zero.

The scaling of the spins af by 77%/“ is necessary if we want to obtain a
quantum diffusion associated with the Hyo and Hy; terms and a zero-intensity
Poisson process associated with Hi; in the 7 — 0 limit.

We shall also employ the following summation convention: whenever a re-
peated raised and lowered Greek index appears we sum the index over the values
zero and one. With this convention,

1/2

<o 3] [
1

were we interpret the raised index as a power: that is, [z]° = 1, [z]" = =.

2.4 Continuous Time Limit Dynamics

We consider the Floquet unitary on Hg ® Hg given by

oo frnae[5] [
oo ] 5]

where ~ means that we drop terms that do not contribute in our 7 — 0 limit.
Here the so-called It6 coefficients Log are given by

Vv

1

. —3)" n—
LQB = —’LHaﬂ + Z ( n') Hoq (Hll) 2 Hlﬂ7 (14)
n>2 ’
that is,
. —iHll _ 1
Ly = e —1; Lig = ;Hlo;
H 1 i H 1+1H

e_z 11 __ . 6_7/ 11 __ +Z

Loy = HOIT; Loo = —iHoo + Hox ) o,



The relationship between the Hamiltonian coefficients H,g and the It6 coeffi-
cients was first given in [23]. We remark that they satisfy the relations

Log+ LY, + Ll Lz =0. (15)

guaranteeing unitarity [I7]. Consequently we have
1
Liw=W—1; Lioy=L; Loy=-L"W: Lyp=—iH— 5LTL (16)

with W = exp {—iH11} unitary, H = Hoo— Ho: %’;;fmflm self-adjoint and

L is bounded but otherwise arbitrary. (Note that £=52£ > ( for z > 0.)

2.4.1 Convergence of Unitary Evolution

In the above notations, the discrete time family {Ut(T) it > 0} converges to

quantum stochastic process {U; : t > 0} on Hg @ I'y (L? (RT,dt)) in the sense
that, for all u,v € Hg, integers n,m and for all ¢;,¢; € L? (R*,dt) Riemann
integrable, we have the uniform convergence (1 — 0)

<A+ ((bm’T) o A+ (¢17T) U \I](T)| Ut(T) A+ (¢n77—) o 'A+ (wluT) VR \IJ(T)>
S (A (f) - AT (6) u@ WU AT (8,) - AT () v@ ¥)  (17)

The process U; is moreover unitary, adapted and satisfies the quantum stochastic
differential equation (QSDE, see appendix)

dU, = Lo @ dAY U, Uy = 1. (18)

2.4.2 Convergence of Heisenberg Dynamics

Likewise, for X a bounded observable on H g the discrete time family {Jt(T) (X )}

converges to the quantum stochastic process J; (X) = UtT (X®1)U, on Hg ®
Iy (L? (R, dt)) in the same weak sense as in (7). The limit Heisenberg equa-
tions of motion are

dJy (X) = Ji (LapX) @dAT? ) Jo(X)=X®1 (19)
where
Lop(X) = L5 X + XLap + L], XL1p. (20)
We remark that £, (1) = 0, by the unitarity conditions (IH). A completely pos-
itive semigroup {E; : t > 0} is then defined by (u|E; (X) v) := (u @ V| J; (X) v @ ¥)
and we have Z; = exp{tLgo} where the Lindblad generator is Lo (X) =
S[L, X)L+ 3LT[X,L] —i[X,H] with L = %Hlo and H = Hp —

Hy; 7}111&2?;511) Hiyp.

We remark that such QSDEs occur naturally in Markovian limits for quan-
tum field reservoirs [24], [25], see also [16].



3 Conditioning on Measurements

We now consider how the measurement of an apparatus indirectly leads to a
conditioning of the system state. For clarity we investigate the situation of a
single apparatus to begin with. Initially the apparatus is prepared in state eg
and after a time 7 we have the evolution

¢®60—>V(¢®60)2(1+TL00)¢®60+\/7_’L10¢®61. (21)
‘We shall measure the o*-observable. This can be written as
0 = 0 0 = lex) fes| = le) (e-|

where |ey) = \/ii |el>—l-\/i5 leg) and |e_) = % le1) — \/ii leg). (Actually, the main
result of this section will remain true provided we measure an observable with
eigenstates |e1) different to |eg) and |e1). We will show this universality later.)

Taking the initial joint state to be ¢ ® eg, we find that the probabilities to
get the eigenvalues £1 are

P+ = <¢®eo| 7al (1ls @)V o eo> ~ [1 + 2)\\/ﬂ +0 (TB/Q)

1
V2
where we introduce the expectation

1
A= (I(L+LT)0).
A pair of linear maps, V1 on hg are defined by

(Vig) @er = (1s@11) V (¢ @ eo) (22)
and to leading order we have

Vy o~ % [1j:L\/7_—+ (—iH— %LTL) r} .

The wave function W4 ¢, conditioned on a +-measurement, is therefore

Vo
VDx

W will be non-linear as the probabilities p+ clearly depend on the state ¢. We
then have the development

Wi¢:= (23)

Wio~p+t/T (L-—Nd+T1 —iH—%LTL—F)\(g)\—L)]qS. (24)

We now introduce a random variable 1 which takes the two possible values
+1 with probabilities p. We call n the discrete output variable. Then

Eln] = pr+p-=22V7+0(7) (25)
En’] = pr+p-=1+0(7). (26)



Now let us deal with repeated measurements. We shall record an output
sequence of =1 and we write 7, as the random variable describing the jth output.
Statistically, the n; are not independent: each n; will depend on 7y,---,n;_;.

We set, for j = |t/7] and fixed ¢ € bg,

1
o

U= Vo, Vab 0D =W Wb = ene”(20)

We shall have Pr {n;,; = +1} ~ 3 {1 + \/F)\;T)} , where )\;T) =3 <¢§-T)| (L+LT) ¢§7)>,
and

ET 0] = 227 V7+0(7) (28)
. 2
£ [(nj-i-l) } = 14+0(7) (29)
where E7 is conditional expectation wrt. the variables (771, e ,nj). The state

1/18.11)7_ after the (j + 1)-st measurement depends on the state 1/15? and 744
and we have, to relevant order, the finite difference equation

() ") o (1Y (™) - ONENG! (r)
Vi Yir = 0aVT (L — A ) Vi 7 {_’H =5 LTL+ A <§)‘j - Lﬂ Vi
We wish to consider the process

[t/7]
¢ () =vT Y
j=1

however, it has a non-zero expectation and so is not suitable as a noise term.
Instead, we introduce new random variables ¢; = 7; — \/772A§T_)1 and con-
sider ¢(7) (t) = \/?E]Lt:/fj (j- We now use a simple trick to show that it is
mean-zero to required order. First of all, observe that E7_, [C j] = 0 and so
E[¢]] =E[EI_, [¢]]] = O(r). Similarly E [¢}] = 1+ O (/7). It follows that
{q(T) (t):t> O} converges in distribution to a mean-zero martingale process,
which we denote as {; : t > 0}, with correlation E [;§s] = ¢ As. We may there-
fore take ¢; to be a Wiener process. Likewise, {q(T) (t):t> O} should converge
to a stochastic process {g: : t > 0} which is adapted wrt. §: in other words, ¢
should be determined as a function of the ¢-process for times s < t for each time
t > 0. In particular,

qt:qt+2/ Aods
0

1
where A\ = 3 (o (L+ LT 9y).
In the limit 7 — 0 we obtain the limit stochastic differential

) = (L= ) da+ it = 2, (B =) |l e



with initial condition |¢) = |¢). In terms of the Wiener process ¢ we have
. . 1
) = (L= M) [ dge + | —iH — 5 (LTL = 20 L+ A7) | ) dt. (30)

This is, of course, the standard form of the diffusive Stochastic Schrédinger
equation ().

3.1 Universality of Gaussian SSE

We consider measurements on an observable of the form
X =ay fes) {es] +a— le) (e-| (31)

where 1 and z_ are real eigenvalues, while e4 and e_ are any orthonormal
eigenvectors in H g not the same as eg and e;. Generally speaking we will have

e+:\/§eo+ei‘9\/1—qel, e_=\/1—qeo—\/§ewel (32)

with 0 < ¢ < 1. For convenience we set ¢+ = ¢ and ¢ = 1 — ¢q. The phase
6 € [0, 27) will actually play no role in what follows and can always be removed
by the “gauge” transformations ey < eg, €’e; < e; which is trivial from our
point of view since it leaves the ground state invariant. We therefore set 8 = 0.
The probability that we measure X to be x4 after the interaction will be

P+ = <¢®€0|VT(15®Hi)V¢®€0> (33)
gi [L+ 2207 —v (1—n3) 7] (34)

12

where we introduce the expectations

v =(¢|LTL¢) = ||Lo|?

- [a+
Ny =4/  N-=—4/— 35
+ o . (35)

We may now introduce a random variable n taking the values 1, with proba-
bilities p. We remark that

Eln = ping+p-n_=2X/7+0(7), (36)

2 2
qy —q-

and the weighting

We then have the finite difference equation
=7 T (1) o

1 1 3
_GH - Zt 21— (2 () (r2 (242 _ (1) (r)
| TH gLty (1 77(;‘+1>> Vi) TG (2)‘3‘ Aj Lﬂ ey (38)



which is the same as before except for the new term involving 1/ <’Q/J(T) |LTL 1/1 >
We may replace the n?-terms by their averaged value of unity When transferring

()

to the limit 7 — 0: in particular the term with »;"* is negligible. Defining the

processes qt( ™) and q(T) as before, we are lead to the same SSE as (B0).

3.2 Poissonian Noise

Now let us consider what happens if we take the input observable to be oo
(This corresponds to the choice ¢y = 1, ¢— = 0.) We now record a result of
either zero or one with probabilities p. = <¢) ReVI1RIL)Ve® eo> where
e =0,1and II; = |e.) {e.|. Explicitly we have

po~1—vr, p ~vT.

As before, we define a conditional operator V. on Hg by (Ve¢)®e. = (1 @ 1)V (¢ ® e)
and a conditional map W, = (pa)_l/ 2 V.. Here we will have

Wo ~ {1 +7 <—ZH — %LTL + y)] b, Wig~ %ng).

Iterating this in a repeated measurement strategy, we record an output series
ng) ag), . ) of zeroes and ones with difference equation for the conditioned

states given by

L—/v\”
T T T J T
T L ol K

Vi

1 7' T
+7 (1 — 5531) (—iH —LTL + 5V ) i (39)

where V( = <z/J(T |LTL¢ > The 55—7) ’s may be viewed as dependent Bernoulli
Varlables. In particular let E; [-] denote conditional expectation with respect to

the first j of these variables, then E; [exp (zuagﬁlﬂ ~1-— Ty;_T) (e —1). We

now define a stochastic process ngT) by
) [t/7] o
.
=D ¢
j=1
and in the limit 7 — 0 this converges to a non-homogeneous compound Poisson

process {n; : t > 0}. Specifically, if f is a smooth test function, then

[t/7]

t

. . . (_7-) _ if(s) _

;%E exp{ ¢ Zl f)e; E [exp{/o ds v, (e 1) H
i=

10



with mean square limit v := lim,_q V(LI}T I The It6 table for n; is (dnt)2 = dny,
and we have Ey [dn] = v;dt where Ey) [-] is conditional expectation with respect
to ny.

The limit stochastic Schrodinger equation is then

L—\/ve , 1
|dipy) = (7\/1/7) [th) dng + (ﬂH -3 (L'L ~ Vt)) |the) dt - (40)
and one readily shows that the normalization ||, || = 1 is preserved. Replacing

n¢ by the compensated Poisson process n; = ny — fot vsds, we find

(L - v7)
Nz

This is the standard jump-type SSE ©).

|dv,) = [¢,) di + (—iH - % (LTL + Vt) + VtL> [,y dt  (41)

3.3 Discrete Input / Output Processes

In quantum theory the probabilistic notion of events is replaced by orthogonal

projections. For the measurements of o,, the relevant projectors are Hgi) =

% [1 + agcj )} and so far we have worked in the Schrodinger representation. We
note the property that, for j # k,

[HQ{’, Vk} —0.
In the Heisenberg picture we are interested alternatively in the projectors
ny =vDny vl (42)

Note that [ﬁg),ﬂ(f)} =0 for j < k.

The family {Hg) ) =1,2,--- } is auto-commuting: a property that is some-
times referred to as leading to a consistent history of measurement outputs.
The family {f[gi) =12 } is likewise also auto-commuting. To see this,
we note that for n > j,

votnPun = vievin?v,.n
- VlT...V;Hg)Vj...Vl Eﬁg)
and so, for any j and k, [ﬁg),ﬁf)} =yt [Hg),ﬂf)} U = 0 where we

need only take n greater than both j and k.
For a given random output sequence n = (1,5, -+ ), we have for n = [t/7]

(6 ) oo o 0 09 = (115) (191 097

11



and the right hand side can be written alternatively as

H%Z) . 1‘[5711) U ¢ e or U f{%vjl) . ﬁ5711) XX

The probability of a given output sequence (7, -+ ,n,,) is then
2
o @ = (7m0

<¢® o)

I (7)
Hﬁl ¢®(I) >

where X,ET) = Ut(T)(b ® o)
-1
Likewise, we have 0" (m) = |[o{”) (m)|| ~ 6{” (m) and for any observable G
of the system we have the random expectation

(o i) = ol (oo ey e )
= o] (30017 (6) T -1 900,

Let us introduce new spin variables &ji defined by

()t ()
o5 =Uil" (o) U

In particular, let 67 = &j +0; then 1:155) = % [1 + 57 } We may the construct

the following adapted processes

Lt/7] ) [t/7]
T) =T Z &j[; A(t;7) = 6;‘&;.
j=1

The current situation can be described as follows. FEither we work in the
Schrédinger picture, in which case we are dealing in the quantum stochastic
process Q (t;7) = AT (t;7) + A~ (t;7), or in the Heisenberg picture, in which
case we are dealing with Q (t;7) = U X (4, 1) U™ = A+ (t;7) + A= (t;7).
Adopting the terminology due to Gardiner, the Q-process is called the input
process while the Q is called the output process. We may likewise refer to the

Hg) s as input events and the H(J)’s as output events.
It is useful to know that, to relevant order, the output spin variables are

~— ()t ()
\/Faj ~ U(] )7 (\/_WU —|—TL) U(] )7
= I, W) Vror + 00 (L) 7 (43)

We shall study the continuous-time versions of these processes next.

12



4 The Stochastic Schrodinger Equation

We now review the simple theory of quantum filtering. Let Y = {Y; : ¢ > 0} be
an adapted, self-adjoint quantum stochastic process having trivial action on the
system. In particular we suppose that it arises as a quantum stochastic integral

t
Yt:yo—l—Z/ Yag(t) dAtaﬁ
«a, 0

where the Y5 (1) = (Y3q (t))T are again adapted processes and yg € C. We
shall assume that the process is self-commuting:

[V, Ys] =0, for all t,s > 0.

This requires the consistency conditions [Y,g (¢),Ys] = 0 whenever ¢ > s.

The process Y can then be represented as a classical stochastic process
{yt : t > 0} with canonical (that is to say, minimal) probability space (2,2, Q)
and associated filtration {Et] 1t > O} of sigma-algebras. For each ¢t > 0, we
define the Dyson-ordered exponential

t
fexp{/o f(u)dYu} = Z%/An(t) dYy, - dYy f(tn) - f(t1)

n>0

where A, (t) is the ordered simplex {(t,, - ,t1):t >ty >--->t; > 0}. The
algebra generated by such Dyson-ordered exponentials will be denotes as @3]/.
Essentially, this is the spectral algebra of process up to time ¢ and it can be
understood (at least when the Y’s are bounded) as the von Neumann algebra
032]/ ={Y;:0<s< t}” where we take the commutants in B (7—[5 ®}'t]). In
the following we shall assume that Q:Z]/ is a maximal commuting von Neumann
sub-algebra of B (}'t]). In other words, there are no effects generated by the
environmental noise other than those that can be accounted for by the observed
process. The commutant of @]/ will be denoted as

A = (c}{)’: {[AeBsoF): (2,4 =0vz e )}

and this is often referred to as the algebra of observables that are not demolished
by the observed process up to time ¢t. We note the isotonic property @2]/ - CZE

whenever ¢ < s and it is natural to introduce the inductive limit algebra ¢¥ :=
limt‘)() Q:z]/ .
From our assumption of maximality, we have that

Ay =B (Hs) @ € @B (Fr) -

A less simple theory would allow for effects of unobserved noises and one would

have CZ]/ as the centre of le]/ One is then interested in conditional expectations

from 2[2]/ into Qﬁz]/. Here we are interested in the Hilbert space aspects and so we

13



take advantage of the simple setup that arises when @2]/ is assumed maximal.

Y
1]

It is convenient to introduce the Hilbert spaces ’H,z]/ and gt’]” defined though

(For the more general case where €; is not maximal, see [I5].)

A (Hs @ 0y) =Hy @ {CU.}, € (V) =G

where we understand 7—[2]/ as a subspace of Hg ® Fy and gg]f as a subspace of
Fy. From our maximality condition we shall have

Hy =Hs Gy

(Otherwise Hs ® 92]/ would be only a subset of 7—[2]/) A Hilbert space isomor-
phism J; from Hg ® g}{ to Hs ® L% (Q, 3, Q) is then defined by linear extension

of the map
t t
T ex dy, T ex dyu
¢ ® ep{/of(U) }H¢ ep{/of(U)y}

where the Dyson-ordered exponential on the right hand side has the same mean-
ing as for its operator-valued counterpart.

We remark that, in particular, we have the following isomorphism between
commutative von Neumann algebras:

3¢ 37 =L (2,5,,Q).

By extension, €Y can be understood as being isomorphic to L* (Q, Y, Q). Now
fix a unit vector ¢ in Hg and consider the evolved vector

xe=Ut (0@ V¥)

which will lie in Hg ® gg]f . In particular, we have a ¥-measurable function ¢, (-)

corresponding to J; x,. Here ¢, is a Hg-valued random variable on (£2,%, Q)
which is adapted to the filtration {Et} it > O}. ‘We shall have the normalization
condition

[ 160 @1 @ldel = 1.
Q

In general, ||, (w)HZ is not unity, however, as it is positive and normalized, we
may introduce a second measure P on (2, %) defined by

P[4] = /A ¢ @)% Q [do]

whenever A € 3;. We remark that, for B € Qﬁz]/, we have
ol Bx) = [ 3 B3Pl
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It is convenient to introduce a normalized Hg-valued variable v, defined
almost everywhere by

by (@) =y (@)lIs" b (@)

We now define a conditional expectation Et)]/ from le]/ to the von Neumann

Y

sub-algebra € h

by the following identification almost everywhere
T EY[AI I, = (| T AT )

This expectation leaves the state determined by x, invariant:
(e Al x) = [ (0l 3437 60 Pl

= [ (od90at0) o
= (Xl Axy)-

This property then uniquely fixes the conditional expectation. If we consider
the action of Et)]/ from €Y, only, to QE]/ then this must play the role of a classi-
cal conditional expectation IE;’ from Y-measurable to X;-measurable functions,
again uniquely determined by the fact that it leaves a probability measure, in
this case P, invariant. We have the usual property that E% o Eg] = E%’As]. We
shall denote by EV = Eg] the expectation wrt. P.

Let us first remark that the classical process {y; : t > 0} introduced above
is not necessarily a martingale on (Q,3,P) wrt. the filtration {Et] it > 0}.
Indeed, we have

EY [dy,] (Xe1 dYi xyp)

<¢®x1/|df/t¢®\11>

where we define the output process Y by
Y, :=U} Y, U,
From the quantum It6 calculus, we obtain

dY, = U} dY,U,+dU} Y, U, + U] Y, dU, + dU} Y, dU,
+dU/ dY, Uy + U/ dY, dU; + dU; dY, dU,
= Ul Yap (t) U dAYP + U] Lo (1) Y, Uy dASP
+uf (L}aym +YarLs + LJ{QYHLM;) U, dA%P.

Noting that L, (1) = 0, we see that
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4y, = U] (Yaﬂ () + LI Yig (y) + Yar (t) L1 + LT Vi1 () Llﬂ) Uy dAS”.

In particular, we define A™ := U AU, and they are explicitly

dhy = dA}' =dA+ J, (WIL) dAS + Jp (LTW) dA; + J, (LTL) dt

dAf = dA}° =J, (W) dAf + 7, (LY) at
dA; = dAYM = J, (W)dA; + J, (L) dt
with A% =¢.

We remark that EY [dy;] = g;dt where
g = {xl (Yoo (8) + LiYao (8) + You () Luo + LoYar (8) Luo) X )

[ Blas] (9 @)1 11712 60 @) s (t56)

and we use the notations s (;-) = J;Yas (t) J; . Therefore, a martingale on
(Q,%,P) wrt. the filtration {¥4:¢ >0} is given by the process {g : t > 0}
defined as

e (w) = dye (@) = (e @) | [L1]" (1) 9, (@) s (t5) dt.

4.1 Filtering based on observations of ), = A + A;

Let us choose, for our monitored observables, the process @+ = Af + A7 . Here
the output process will be Q; with differentials

dQ; = J; (W) dAf + J, (W) dA; + J; (LT + L) dt.

By the previous arguments, we construct a classical process y = ¢ giving the
distribution of @ in the vacuum state: as is well-known, this is a Wiener process
and (2, %2, Q) will be the canonical Wiener space. (In fact, J; is then the Wiener-
It6-Segal isomorphism [I8].) The corresponding martingale process will then be
q defined through

dge = dqy — 2XMdt,  Go =0

where

M () = 3 (0 (@) | (L4 L), )

A differential equation for v, can be obtained as follows. The state x,=U; ¢®
U will satisfy the vector-process QSDE

dx; = LaﬁdA?ﬁ Xt = LaodA?O Xt (44)

since we have dA¢y, = UydA? ¢ @ ¥ = 0 - that is the It6 differentials dA; and
dA; commute with U; annihilate the Fock vacuum. It is convenient to restore
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the annihilation differential, this time as LipdA; ¢, = 0, in which case we obtain
the equivalent QSDE

1
dx, = — (zH + 5LTL) X; dt + LdQy x;.

It should be immediately obvious that the process ¢, (-) will satisfy the sde
|d¢,) = L|¢,) dgr — (iH + 1LTL) |$,) dt. Here which we shall write ¢, (-) as
|, (+)) to emphasize the fact that it in Hg-valued process. From the It rule
(dgs)* = dt, we find that

d H¢t”2 = <d¢t|¢t> + <¢t|d¢t> + <d¢t|d¢t> = <¢t| (LT + L) ¢t> dgy.

The derivative rule is

dl|e,] !

(1> + dmn?)’“ ~( ¢tH2)*1/2
= el S (0 pea ()

k>1

and here we must use the Ito rule d ||¢,]|* = 2)\,dt where here )\, := 2| (LT + L) ¥,).
This leads to

-1 1 —1 3 —1
d ||¢t|| = _5 ||¢t|| At dgi + g ||¢t|| )\? dt.

This leads to the SDE for [): [ds) = [|6,| ™" 1d6,) +d (1o, 7") lo,) +
d (||¢t|\‘1) |de,) and this is explicitly

. 1 3
) = (L= M) ) dai-+ (il = JLL AL+ 38 ) o) de. )
Finally, substituting in for the martingale process ¢ we obtain

|d,) = (L — A¢) [¢,) dde + (—iH - % (LTL -2\ L+ Af)) [eh,) dt. (47)

4.2 Filtering based on observations of A,

Let us now choose, for our monitored observables, the gauge process A;. Unfor-
tunately, we hit on a snag: the gauge is trivially zero in the vacuum state, that
is, it is a Poisson process of zero intensity. A trick to deal with this is to replace
the gauge process with a unitarily equivalent process Atf given by

A = ATDZAT) p, AT =AT()

for f € L? (R*,dt) a real-valued function with f (¢) > 0 for all times ¢ > 0. The
process is defined alternatively by

dA] = A + (1) dAT + (D) dAT + F (1) dt, Af =0,
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It satisfies the It6 rule dA{ dA] = dAJ and we have that <\I!| dA! \I/> = f(t)*dt.

We see that A{ corresponds to a classical process y = nf/ which is a non-
homogeneous Poisson process with intensity density f2 and we shall denote by
(Q,%,Q) the canonical probability space.

Now, from (@), we find dy, = — (iH + $LTL+ fL) x,dt+ f~'L dnf{ x, and
the corresponding Hg-valued process satisfies

doy) = (H +3LL fL) [60) dt + 7L |¢y) dn

from which we find that
1
f(t)?

Substituting into X)) we find after some re-summing

Aol = led () 1) dnf
Vo 2f 0+ 1 (1)

b 16l ™ (27 (5) M)

a6l = — (&l (LT + f) (L+ 1)) (dan] = £ (1) dt)

where vy (w) := (¢, (w) | LTL 4, (w)) and A (w) is as defined above. Note that

ve+2f () M+ f (1) = (g (W) | (LT + f (1) (L+ f(t)) ¥, (w)). The resulting
sde for the normalized state 1), is then

Lo f(t) = v+ 2f )+ f (1)

|dy,) = [4) dn
Vrer2r @+ £ )
1 1
+ (—ZH - §L L—-f@t)L+ B [ve +2f (t) /\t]> ) dt.

Now n’ is decomposed into martingale and deterministic part according to
dnf = dif + (ut Y2 (O NS (tf) dt

and so we have

2
P £ (U RS TG LU R

Vo 2f 0+ £ (1)

; [—z’H UL 0L+ e 2r (0]

(L1 0= rr 2 A+ OF)  (rr2r O3+ 5 (t)Q)] ) .
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We now take the limit f — 0 to obtain the result we want and this leaves
us with the sde

L- . _ 1 1
|d,) = <W\/V_t) [,) divg + <—ZH - 5LTL -3t \/V—tL) [4,) dt

I — 1 1
_ <W\/V_t) oy dne + (—z’H LD+ §w> ) dt.

Here n; will be a non-homogeneous Poisson process with intensity v;.

5 Appendix

5.1 Bosonic Noise

Let ‘H be a fixed Hilbert space. The n-particle Bose states take the basic form
DB R, = Y ves, Po(1) @ -+ ® Py(ny Where we sum over the permutation
group &,,. The n-particle state space is denoted HOn and the Bose Fock space,
with one particle space #, is then I'y (H) == @, H®™ with vacuum space
H®0 spanned by a single vector V.

The Bosonic creator, annihilator and differential second quantization fields
are, respectively, the following operators on Fock space

A @) &80, = VATIvEo,d- 80,
A) 1886, = = 3 (Ul 60,0600 B0,
J

dT(T) $,@--- 8¢, = Y 6,8 (Th;) &8¢,
J

where ¢ € H and T € B (H).
Now choose H = L?(R*,dt) and on the Fock space F = I'y (L (R*,dt))
set
Af =A% (1)); Av=dl (Ijpy) (48)

where 1jg 4 is the characteristic function for the interval [0,¢] and 1[07,5] is the
operator on L? (RT, dt) corresponding to multiplication by Lio,g-

An integral calculus can be built up around the processes Ati, A; and t and
is known as (Bosonic) quantum stochastic calculus. This allows us to consider
quantum stochastic integrals of the type fOT{Flo (t) @ dAS + Fo1 (1) ® dA] +
Fi1 (t) ® dAy + Fop (1) @ dt} on Ho @ Iy (L? (R, dt)) where H is some fixed
Hilbert space (termed the initial space).

We note the natural isomorphism I'y (L2 (RF, dt)) = Fy @ F( where Fy) =
Iy (L2 ([0,1],dt)) and F = Iy (L*((t,00),dt)). A family (F}), of operators
on Ho @'y (L? (R, dt)) is said to be adapted if F; acts trivially on the future
space H; for each t.
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The Leibniz rule however breaks down for this theory since products of
stochastic integrals must be put to Wick order before they can be re-expressed
again as stochastic integrals. The new situation is summarized by the quantum
It6 rule d (FG) = (dF) G + F (dG) + (dF) (dG) and the quantum It6 table

x | dAY dA  dA-  dt
dAT[0 0 0 0
dA | dAY dA 0 0
dA= [dt  dA= 0 0
ad |0 0 0 0

It is convenient to denote the four basic processes as follows:

The It6 table then simplifies to dA®?dAM = 0 except for the cases
dASYALY = dASP. (49)

The fundamental result [I7] is that there exists an unique solution U; to the
quantum stochastic differential equation (QSDE)

dUy = Lag © dAX”, Up=1

whenever the coefficients Log are in B (Ho). The solution is automatically
adapted and, moreover, will be unitary provided that the coefficients take the

form (IH).
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