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ABELIAN PERIODS, PARTIAL WORDS,
AND AN EXTENSION OF A THEOREM OF FINE
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Abstract. Recently, Constantinescu and Ilie proved a variant of the
well-known periodicity theorem of Fine and Wilf in the case of two
relatively prime abelian periods and conjectured a result for the case of
two non-relatively prime abelian periods. In this paper, we answer some
open problems they suggested. We show that their conjecture is false
but we give bounds, that depend on the two abelian periods, such that
the conjecture is true for all words having length at least those bounds
and show that some of them are optimal. We also extend their study
to the context of partial words, giving optimal lengths and describing
an algorithm for constructing optimal words.
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1. INTRODUCTION

Computing periods in words has important applications in data compression,
string searching and pattern matching algorithms. The notion of period is central in
combinatorics on words. Although there are many fundamental results on periods
of words, the one of Fine and Wilf is perhaps the best known [18]. It states that any
word having two periods p, ¢ and length at least p+¢—ged(p, g) also has the greatest
common divisor of p and ¢, ged(p, ¢), as a period. The length p + g — ged(p, q) is
optimal since there are examples of shorter words that have periods p and ¢ but
are not ged(p, g)-periodic [11]. Extensions of Fine and Wilf’s result to more than
two periods are given in [10,12, 20, 26]. In particular, Constantinescu and Ilie [12]
extend Fine and Wilf’s result to words having an arbitrary number of periods and
prove that their lengths are optimal. Fine and Wilf’s periodicity theorem has been
generalized to partial words, or finite sequences of symbols over a finite alphabet
that may have some don’t care symbols or holes [3,4,6,7,19,23-25].

The notion of abelian period, a generalization of the one of period (see Def. 1.1),
was recently introduced by Constantinescu and Ilie. Letting A = {ay, az,...,ar}
be an alphabet, the number of occurrences of the letter a; € A in a word w over A
is denoted by |w|,,. The length of w is |w| = >, -, <. |w|a, and the Parikh vector of
w is ||| = (|way, [W]ag, - - -, |w]a, ). Note that, for two words u and v, ||u| = ||v]|
means that u is a permutation of v and ||u]| < ||v|| means that u can be obtained
from v by permuting and, possibly, deleting some of v’s letters.

Definition 1.1 [13]. A word w over an alphabet A has abelian period p if w =
UQULUS - . . U Umt1, Where m > 1, |ur| = |uz| = ... = |um| = p, Jug| > 0, and
[uoll < fluall = [luzll = ... = llum|l = llumtall-

For example, the word bbaaabaaaabaaba has abelian period 4 since it can be
factorized as b.baaa.baaa.abaa.ba. Here, we have used “.” to separate the factors
of the word for showing it has abelian period 4 (in the paper, we also use “|” to
separate the factors). In [17], Fici et al. show that a word of length n can have O(n?)
distinct abelian periods and present a number of algorithms for computing all the
abelian periods of a given word. Abelian periods also appear in the literature
under the names of weak repetitions or abelian powers when wug and wu,,41 are
the empty word and m > 1 [14]. Several recent works relate to these notions
in both the context of ordinary words and the context of partial words (see, for
example, [1,2,5,8,15,16,21,22]).

Constantinescu and Ilie prove a variant of Fine and Wilf’s theorem in the case of
two relatively prime abelian periods, while they conjecture that any word having
two non-relatively prime abelian periods p, ¢ has at most cardinality ged(p, q) (or
the word contains at most ged(p, g) distinct letters) [13]. More precisely, they prove
that any word having two coprime abelian periods p, ¢ and length at least 2pg — 1
has also ged(p, ¢) = 1 as a period. Among a number of problems they suggest, we
investigate the following: (1) Is the length 2pg — 1 optimal? (2) Is it true that from
ged(p, q) = d, d > 1, it follows that the word has at most cardinality d?
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In this paper, we answer Problem (1) affirmatively and Problem (2) negatively.
However, we prove that it is true that from ged(p, ¢) = d, d > 1, it follows that the
word has at most cardinality d if the word is “long enough”, and we give bounds,
that depend on p and g, on the length. We also extend Constantinescu and Ilie’s
result to the context of partial words, giving optimal lengths and describing an
algorithm for constructing optimal partial words (a partial word w with h holes and
having abelian periods p, g is optimal if the length of w is one less than the optimal
length for the parameters h,p and ¢, and the cardinality of w is ged(p, q) +1). In
addition, we have created a World Wide Web server interface which is located at
www.uncg.edu/cmp/research/finewilf6 for automated use of a program which
constructs an optimal partial word with abelian periods p,q and h holes. For p
and ¢ with ged(p, ¢) > 1, the program produces an optimal partial word for the
case where the periods “match up”.

2. NOTATION AND TERMINOLOGY

In this section, we review basic definitions on partial words.

An alphabet A is a non-empty finite set of letters. A partial word over A is a
finite sequence over the augmented alphabet A, = AU {o}, where ¢ ¢ A plays the
role of a don’t care symbol or hole. More precisely, a partial word u of length n (or
|u|) over A is a function w : {0,...,n — 1} — As. For 0 < i < mn, if u(i) € A, then
i belongs to the domain of u, denoted by i € D(u), and if u(i) = ¢, then i belongs
to the set of holes of u, denoted by i € H(u). We refer to a partial word with
an empty set of holes as a (full) word. The empty partial word is the sequence of
length zero and is denoted by €. The cardinality of a partial word u is the number
of distinct letters in u. For example, abobbaboo has cardinality two since it contains
two distinct letters a and b. The set of all full (respectively, partial) words over A
of finite length is denoted by A* (respectively, A%).

For any partial word w, u[i..j) is the factor of u that starts at position ¢ and
ends at position j — 1. In particular, u[0..5) is the prefiz of u of length j and
uflu| — j..]u|) is the suffiz of u of length j. A period of u is a positive integer p
such that u(7) = u(j) whenever i,7 € D(u) and ¢ = j mod p (in such a case, u is
p-periodic).

If v and v are two partial words of equal length, then v is contained in v, denoted
by u C v, if u(i) = v(4) for all i € D(u). The partial words u and v are compatible,
denoted by u T v, if there exists a partial word w such that v C w and v C w.

When w is a partial word over A = {a4, ..., a}, the number of occurrences of a;
in w is denoted by |w|,,, while the Parikh vector of w by ||w| = (|w|ays - - -, |wW]a,)-

Definition 2.1. A partial word w over an alphabet A has abelian period p if
W = UgU U3 - . . Upp U t1, Where m > 1, ur| = |ue| = ... = |um| = p, 0 < |ug| < p,
|um+1| < p, and there exists a full word v over A, |v| = p, such that for all
0<i<mt, fusl < o]l
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Let wouy ... umy1 and vouy .. .v,4+1 be factorizations of a partial word w into
abelian periods p and ¢, respectively. We say that the periods p and ¢ match
up if the equality wous ... u; = vovy...v; holds for some integers i < m,j < n.
For example, the partial word a.bla.ab.|ab.a|b.ac.|ab.alb has the abelian periods
p = 2 and ¢ = 3 that do match up. Here uy = a, u1 = ba, us = us = uqg = ab,
us = ao, ug = uy = ab, vg = ab, v1 = aab, vo = aba, v3 = bao, v4 = aba, and
vs = b (there are actually two matching points: one after us and v; and the other
after us and vs3). However, the word ab.aaa|b.aaab.a|aab.aba|a.aaab.blaaa.ab has
the abelian periods p = 4 and ¢ = 6 that do not match up.

3. RELATIVELY PRIME ABELIAN PERIODS

Constantinescu and Ilie’s result is stated as follows.

Theorem 3.1 [13]. If a word w has abelian periods p and q which are relatively
prime and |w| = 2pq — 1, then w has period ged(p, q) = 1.

Constantinescu and Ilie proved that the length 2pg — 1 is an upper bound but
they did not prove that it is optimal. But it is! Indeed, in Section 4 we give an
algorithm for constructing non-unary words of length 2pg — 2 that have abelian
periods p and ¢ for any coprime positive integers p, ¢. For instance, on input p and
q = p+ 1, our algorithm outputs the optimal word

a?~ bl abla?"2.a?)] . . . |a.aP " b.|aP " b.alaP2b.a?| . . |ab.aP T b.aP

of length 2pq — 2.

Here, we repeat Constantinescu and Ilie’s proof from [13] since it contains the
ideas that we use later for our own results. For convenience, we adopt their no-
tation. To prove their theorem, they first calculate how many letters in a word w
with abelian periods p and ¢, where p and ¢ are relatively prime and p < g, are
needed for the two periods to first match up. If wouy ... w1 and vovy ... V41
are factorizations of w into abelian periods p and ¢, respectively, they calculate
how many letters are needed for the periods to match up or for the equality
UU1 . .. Ui = VoV1 ...V, to hold for some integers ¢, 7 < m. They conclude that the
periods match up at or before pg — 1 letters. After the first matching, all other
matchings occur pq letters after the previous one. So, a word of length 2pg — 1 or
greater has at least two matchings.

To calculate this they first write each v;, 1 < i < n, in terms of u’s. They set v; =
TiUp; 41 Ub; 42 - - - Ub, 4 —1Yi, Where x; is a suffix of uy, , y; is a prefix of uy, , ,, and uy, is
the first u such that |uguy ... up,| > |vovy ... v;—1|. This notation is made clearer by
Figure 1. So, by definition, |x;| < p. Both |z;|+ |y;| = ¢ mod p and |x;4+1]|+ |yi| = p
hold. Subtracting the first from the second we get |z;;1| = |z;| — ¢ mod p and, by
induction on 7, 7 > 1, we obtain |x;4,_1| = |z;| — (r —1)g mod p. In the case where
i =1 we get || = |z1|—(r—1)g mod p. Letting r = ((Jz1] (¢~ mod p)) mod p)+1
we obtain |z,| = 0 mod p. So 2, = and r < p.



ABELIAN PERIODS AND A THEOREM OF FINE AND WILF 219
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FIGURE 1. The abelian periods of w.
Hence vgvy ...vp—1 = uguq ... up, where |vgvy...v.—1| = |vg| + (r — 1)g and
1 < |vo| < ¢. Since r < p we get |vg| + (r — 1)g < pg. However, if |vg| = ¢ then
|xr—1] = |zo| — (r — 1)¢g mod p which implies |z,—1] = 0 mod p and so z,_; = €.
This means that vovy ... v.—2 = uguy ... up, and |vgvy ... ve_a| = |vo| + (r —2)g <

q(p — 1). So, if |vg] = ¢ we obtain the equality ¢ letters sooner and so the value
is largest when |vg| # ¢. This implies, however, that |vg| + (r — 1)g < pg — 1. So
the first matching occurs at or before pg — 1 letters. Note that the first matching
occurs at exactly pg — 1 letters when |ug] = p — 1 and |vg| = ¢ — 1.

For any integers ¢ and j, 1 <i<n, 1 <j<m, o =|v and § = |lu | have
the same non-zero components. Further, since there are g letters in v;, the sum
of the non-zero components in « is equal to ¢g. Denote «; (respectively, 5;) to be
the number of times the letter a; occurs within one abelian g-period (respectively,
p-period). Now the number of times a; occurs in the subword v, vy 41 ... Vpyp_1 =
Up, +1Ub, 42 - - - Ub, ¢, Which is the subword between the first two matchings of p
and ¢, is ayp = [;q times. Combining these facts, if @ has more than one non-
zero component, then some component, say «q, is less than ¢. So § = r% which
implies that % is reducible, a contradiction. Hence « can only contain one non-zero
component, so w has period 1.

Using similar logic, we now extend Theorem 3.1 to apply to partial words.

Theorem 3.2. Let w be a partial word with an arbitrary number of holes h. If w
has abelian periods p and q which are relatively prime and |w| > (h + 2)pg — 1,
then w has period 1.

Proof. As mentioned earlier, since ged(p, q) = 1 the abelian periods p and ¢ first
match up at or before pg — 1 letters and the subsequent matches occur every pq
letters later. A partial word w with |w| > (h + 2)pg — 1 contains at least h + 2
matchings of p and ¢, and h + 1 subwords between these matchings. Denoting as
above the first matching by wi; = vov1 ... v,—1 = upuy ... up,, for 0 <i < h let

Wit2 = UrtipUrtip+1 - - - Urg(i+1)p—1 = Ub,+ig+1Ub, +ig+2 - - - Ub, +(i4+1)q

be the subword between the (i + 1)st and (i + 2)nd matching points of p and q.
Since w has only h holes, one of the subwords we, ws, ..., w2 does not contain
any hole. Examining this subword which is full, we get by the argument given in
the proof of Theorem 3.1 that the Parikh vector of any u; or v; within this subword
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cannot contain more than one non-zero component. So for any u; and v; in w we
have |lu;|| < ||w]] and ||v;|| < [Jvi]|. Therefore all u; and v; in w contain at most
one non-zero component, so w has period 1. O

Further, we claim that the length (h + 2)pg — 1 is optimal for h holes as our
algorithm in Section 4 constructs non-unary partial words with h holes of length
(h+2)pg—2 that have abelian periods p and ¢ for any coprime positive integers p, g.

4. CONSTRUCTING OPTIMAL PARTIAL WORDS

A partial word w with h holes and having abelian periods p and ¢ is optimal if
the length of w is one less than the optimal length for the parameters h, p and ¢,
and the cardinality of w is ged(p, q) + 1.

We start our discussion with optimal full words. First, suppose that p < ¢ and
ged(p, q) = 1. We would like to construct a word w over the alphabet A = {a,b}
such that w has abelian periods p and ¢, and w has length 2pq — 2. Let a, and «y
be the number of times the letters a and b, respectively, occur within one abelian
g-period and let 3, and [, be the number of times the letters a and b, respectively,
occur within one abelian p-period.

For our word to have optimal length, the periods p and ¢ must match up after
exactly pg — 1 letters. So |ug| = |[um+1] = p — 1 and |vo| = |vp41| = ¢ — 1, where
UQUT - . . U1 and VU7 ... V41 are factorizations of w into abelian periods p and
q, respectively. For simplicity we assume 3, > (3, and, whenever possible, we place
a’s before b’s. For example, letting p = 3 and ¢ = 7, the word

w = aa.aab.b|laa.aab.abla.aab.aab.laab.aab.a|ab.aab.aalb.aab.aa

of length 2pq — 2 = 40 is optimal. We can write w = wjws, where wy =
w([0..pg — 1) = w1 w1 gW1 7W1 W1, 5W1 4W1 3W1 2w1,1 and we = w[pg—1..2pg—2) =
W2, 1 W2 2W2 3W2 4W2 5W2 6W2,7W2,8W2.9, where wi,1 = w21 = aab, Wi2 = W22 =
aab, w3 = we3 = a, w14 = w4 = ab, etc. More generally, subwords in w are
created by both the p and g-periods as follows: if we look at the two subwords on
each side of the first matching point, denote the first subword to the left of the
matching wy,; and the first subword to the right wo; and continue this labeling
outward. We write wy = revy, 4(w2). Note that in ws, we have §,qg — app = £1. So,
in order to construct an optimal word the key is to determine for which values of
By and oy we have Gypq — app = £1.

Further, we can extend this idea to construct an optimal word w with abelian
periods p = dp’ and g = dq’ such that ged(p, ¢) = d in the case where p and ¢ have
matching points. In this case, the key is to determine for which values of o and 3
we have 3¢’ — ap’ = +1. Algorithm 1 gives a construction for optimal words when
p and g have matching points.



ABELIAN PERIODS AND A THEOREM OF FINE AND WILF 221

Algorithm 1 Constructing an optimal partial word for two abelian periods

Input: Non-negative integer h and positive integers p and ¢, p < ¢
Output: An optimal partial word w with h holes, abelian periods p and ¢, and length
(h+2)1lem(p,q) — 2

1. d«ged(p,q), p' — & and ¢ — 4

2. Find smallest positive integer 8 and corresponding positive integer a such that 3¢’ —
ap’ = +1
3. Define Parikh vectors for periods p and ¢ with distinct letters a1, ..., adq+1
Ue@,p,....0p"=B,8) and V (¢, ¢',....q,¢' — a, )
4. Generate subword w2 of w from position lem(p,q) — 1 up to position 2lem(p, q) — 3
(a) U' «+ U // U’ represents the number of each letter left to be filled into the
current p-period
(b) we«—ecand L« 0
(c) while L <lem(p,q) —g¢
V'« V /] V' represents the number of each letter left to be filled into the
current g-period
wa «— wou' // v is some word with |[u'|| = U’
I+ |u'| // lrepresents the number of letters added to the current g-period
L—L+landV' « V' —U and U «— U
while [ +p <gq

wy «— weu // w is some word with ||u|| = U
l—Il+pand L+— L+pand V' «— V' U’
wy «— wov and U« U' — V' // ' is some word with ||v'|| = V'
L~ L+ |v|
(d) V' <~V
(e) wo « wou' and [« |v/| // u' is some word with ||u'|| = U’
) V<V -U and U «— U
(g) while l+p<gq

we «— wou [/ w is some word with ||u|| = U
le—Il+pand V' <« V' U’
(h) for i=1tod+1
for j =1 to min{#.,(U"),#a.,(V')}
W2 <— W20a;
5. wi + revy o (w2) and w «— wiws (ows)"

Theorem 4.1. Given as input a non-negative integer h and positive integers p
and q, p < q, Algorithm 1 outputs an optimal partial word w with h holes, abelian
periods p and q, and length (h+ 2)lem(p,q) — 2 in O((d + 1)|w|) time. Moreover,
Algorithm 1’s complezity is exponential in the input data, which has size log(p) +
log(q) + log(h).

Proof. Algorithm 1 outputs optimal partial words with h holes when p and ¢ match
up by constructing the subword ws after the first matching and then concatenating
w1 = revy o (wa) with wo, and then with (ows)". Algorithm 1 effectively constructs
the word, so its complexity is exponential in the size of the input. O
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Letting p = 2 and ¢ = 3, the binary word a.b|a.ab.|ab.a|b.ao.|ab.a|b.a with one
hole of length 3pq — 2 = 16 with abelian periods p and ¢ is first constructed. Algo-
rithm 1 then starts with the above word as the base word and adds (¢.|ab.a|b.a)" 1.
For h = 3 we get

a.bla.ab.lab.alb.ac.|ab.ab.ao.|ab.alb.ao.|ab.a|b.a

More generally, on input p, ¢ = p + 1 and h, our algorithm outputs the optimal
word wyws(o.|wz)" of length (h 4 2)lem(p, ) — 2, where

w1 = aP~L.blaP~ .ablaP~2.a%b| . . . |a.aP~ b,
we = aP~th.ala?2b.a?|. .. |ab.aP"L|b.aP~!

Remark 4.2. The position in which a hole is placed within a subword contained
between two matching points to construct an optimal partial word does not matter
so long as the hole represents letter @ in terms of p and letter b in terms of ¢, say,
where a, b are distinct. To see this, if we add one more letter to an optimal full
word, creating a second matching point between p and ¢, we have 3,q" —a,p’ = &1
and 8yq¢' —app’ = F1. So, when we add a hole this way, 8,¢' —aop’+ 6vq’ —app’ = 0,
we can complete the first matching and continue the word from the new matching.
Otherwise, we still cannot construct an optimal partial word longer than a full
one. The same applies for each hole that we add.

The following illustrates all the possible positions of the hole:

a.bla.ab.lab.alb.ao.lab.alb.a  a.b|a.ab.lab.a|o.ab.lab.alb.a
a.bla.ab.lab.ola.ab.|ab.alb.a  a.b|a.ab.lac.bla.ab.|ab.alb.a

Remark 4.3. Modifying Algorithm 1 to output all the optimal partial words for
two abelian periods first involves permuting the letters within each p- or g-period
of any word it currently outputs. Our algorithm now gives precedence to the first
letter available to complete each p- or g-period. Second, it involves putting holes
in all possible ways according to Remark 4.2.

5. NON-RELATIVELY PRIME ABELIAN PERIODS

As observed in [13], Fine and Wilf’s theorem cannot in general be extended to
non-relatively prime abelian periods. That is, if ged(p, ¢) = d, d > 1, then the two
abelian periods p and ¢ cannot impose the abelian period d no matter how long
the word is. For example, the infinite word (aabbce.abe|abe.aabbec)” has abelian
periods p = 6 and ¢ = 9 but does not have abelian period ged(p, ¢) = 3 (note that
if v is a non-empty finite word, then we denote by v the unique infinite word w
such that w has period |v| and w(0) ... w(jv| — 1) = v).

Conjecture 5.1 [13]. If a word w has abelian periods p and g with ged(p, q) = d,
d > 1, then w has at most cardinality d.
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There are words for which this conjecture does not hold, hence it is false. For
example, the word

’ / / ’ / ’ ’ / / ’
a? P ~acla® 1P La?bela? TP 2 .aBbPela? 0P Rabie| . . |ab.a? bP e

has abelian periods p = 2p’ and ¢ = 2¢' = 2(p' + 1) = p + 2 and cardinality
3 =ged(p,q) + 1.

In this section, we prove however that if a word w has abelian periods p and ¢
with ged(p,q) = d, d > 1, and |w| > L for some L (that depends on p and ¢), then
w has at most cardinality d (see Thms. 5.5, 5.11 and 5.18). We say that the length
(or the bound) L is optimal if there are examples of words with length L — 1 that
have abelian periods p and ¢ with ged(p,q) = d, d > 1, and have cardinality at
least d + 1.

For the remainder of this section, we assume that all words are full and that
p,q are integers satisfying p < ¢, ged(p,q) = d, d > 1, and p = dp’, ¢ = dq' (we
can assume that p’ > 1). Here uguy ... umy1 and vovy ... v,41 are factorizations
of w into abelian periods p and ¢, respectively.

We will need a result from number theory, which we state now.

Lemma 5.2. Let o, 3 € N be two coprime integers such that 1 < o < 3. Then for
all 0 < p < B, there exist s,t € N such that 0 < s < 3,0 <t < «, and sa—t(3 = p.

Proof. By the Euclidean Algorithm, there exist integers sg and ty such that spa —
to8 =1 = ged(w, B) with |sg| < 8 and |tg| < a. Either sg,ty < 0 or sq,tg > 0. If
the former, then let s = s+ 3 and t = to+ « so that s,t > 0; equality is preserved
because spar — tp3 = (s — B)a — (t — o) = sa — t5. And if the latter, then let
s=s5gand t = tg.

Simply by multiplying both sides of the equation sa — t3 = 1 by u, where
0 <u<p, weget (us)a — (ut)B = p. First, if us < § and ut < «, then we are
done. Second, if pus > 3 and pt > «, then let sV = pus — g and V) = ut — o and
notice

sWa —tW6 = (us — B — (ut — @) = (pus)o — (ut) B

Again, if stV < g and t() < «a, we are done. If s(V) > 3 and t) > a, let
s =M — g and t@& =t — o, and so on.

Assume at some point in this process that s() < 8 but ¢t() > «. Then since
_t(z)ﬁ S _aﬁv

,u:s(i)a—t(i)ﬁ§s(i)a—aﬁ<ﬂa—aﬁ=0§,u

which is a contradiction. On the other hand, if we have s(?) > 3 but t) < @, then
sWa > Ba, and so

p=s90—tV>p80-t93> pa—(a—1)3=0>pu

Thus the case where only one of s and ¢ is out of bounds is impossible. Because
we may always reduce (us)a — (ut)f3, the lemma follows. O
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--------------------------------

v | . AR . ™

FIGURE 2. The subword wjus ... UpmUmt1 = V4U1 - - . UpUpi1.

Let sa —t3 = 1 be as in the Proof of Lemma 5.2. Note that if s', u < 3,¢ < a,
and s'a —t'8 = p, then s’ = pus mod B and ' = pt mod a. For example, let « = 3
and f=7. Then (—2)3 —(—1)7=1,andset s=—-2+7=5andt=—-1+3 =2,
so that (5)3 — (2)7 = 1. Let y = 5. Then

5=(25)3— (10)7= (25— 7)3 — (10 = 3)7 = (18 = 7)3 — (7 — 3)7
=(11=7)3—(4—3)7=(4)3 - (1)7

and s’ =4 =25mod 7 and ¢’ = 1 = 10 mod 3 satisfy the conditions of Lemma 5.2.

Lemma 5.3. For a word w with abelian periods p and q such that ged(p, q) = d,
d>1, and |w| = lem(p,q) — 1, p and g match up if and only if ||uo| — |vo|| = pd
for some integer u > 0.

Proof. Let us suppose that ||ug| — |vg|| = ud for some integer p > 0. Since our
argument does not depend on which length is greater, we may assume that |vg|
|ug|. Consider the subword w’ = uy ... U1 = ugu] ... uy, | where uj = e, u}
ULy .oy Upy iy = Upy1, and w' = vy ... v, where vy = vollug|..|vo]), v}
V1,...,Vp 1 = Upy1. This is illustrated by Figure 2. Note that |vy| = pud and since
[vg] < |vo| < ¢ = ¢'d, we get that 0 < p < ¢'. Thus, periods p and ¢ match up if
there exist non-negative integers s and t, s < m and t < n, such that sp = ud+tq,
where the s p-periods of the matching end at length sp = d(sp’) and the ¢ g-periods
of the matching end at length pd + tg = d(p + tq’). The lengths sp and ud + tq
are equal when sp’ and p + t¢’ are equal, which is possible for any 0 < p < ¢
by Lemma 5.2. In the other case where |vg| < |ug|, the problem boils down to
equating p + sp’ and tq’, which is similarly always possible.

The bound on |w| is found by maximizing |ug| and |vg|. From above, we see the
length before the first matching is ud + sp or ud + tq, depending on whether |ug|
or |vg| is larger. Because s < ¢’ — 1 and t < p’ — 1 by Lemma 5.2, if we choose
u such that ¢ — p’ = p then we can achieve the maximum for both |ug| and |vg].
Additionally, under this circumstance we have (¢ —1)p=¢'p—p=p'q—q+pd =
(p' — 1)q + ud, as required. Therefore the longest length before p and g match is

LY

(=D+@ -1Dg=@—-1)+ (¢ —1)p=lem(p,q) — 1

which proves the backward direction of the lemma.
For the forward direction, assume that p and ¢ match up. This is equivalent to
|uo| + sp = |vo| + tq, where we restrict s and ¢ as in the premise, reformulated as
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sp —tq = |vo| — |ug|. Then since d divides both p and ¢, any linear combination of
p and ¢ will also be divisible by d. So |vg| — |ug| = sp — tg = 0 mod d. Therefore
the lemma holds in both directions. O

5.1. THE CASE WHERE ||ug| — |vg|| IS A MULTIPLE OF d

We start with a word w having abelian periods p and ¢, ged(p, ¢) = d > 1, with
factorizations ug . . . U1, 00 - - - Uny1 Of p and g, respectively. Under the conditions
that ||ug| — |vo|| = pd for some integer 1 > 0 and |w| > 2lem(p, ) — 1, we will first
show that w contains at least two matchings of p and ¢. Using them along with
ideas of Section 3 related to number of occurrences of letters in p- and g-periods,
we will then proceed by contradiction to prove that w has at most d distinct letters.
In this case, the length 2lcm(p, ¢) — 1 turns out to be optimal.

Lemma 5.4. If a word w has abelian periods p and q with ged(p,q) = d, d > 1,
|w| = 2lem(p, q¢) —1, and ||uo| — |vol|| = pd for some integer u > 0, then the abelian
periods p and q have at least two matchings.

Proof. By Lemma 5.3, p and ¢ have their first matching before length lem(p, ¢) — 1.
Their next matching occurs lem(p, q) letters later, and the result follows. O

Theorem 5.5. If a word w has abelian periods p and q with ged(p,q) =d, d > 1,
and |[ug| — |vo|| = pd for some integer p > 0, then w has at most cardinality d for
lw| = 2lem(p, q) — 1.

Proof. By Lemma 5.4, w contains at least two matchings of p and ¢. Now, we
use these matchings to prove that the cardinality of w is at most d. Suppose w
has cardinality d + 1. Let p = dp’, ¢ = dq’, for p’, ¢’ coprime. After p and ¢
first match up our second matching occurs ¢'p = p'q = lem(p, ¢) letters later. As
in Section 3, let vovy ... vr—1 = uoui...up, be the first matching, where r and
b, are positive integers. Then the next matching is vg ... v, — 10V 41 .. Vpgpr—1 =
UQ -« - Up, Up, 41U, +2 - - - Ub, 4¢'- COnsider vy ... Vpypr 1 = Up, 41 ... Up,+q - FoOr alet-
ter a; in w let oy represent the number of times that letter occurs in one g-period
and (; represent the number of times that letter occurs in one p-period. Then we
have ayp’ = (;¢’. This implies that % = g—i. But ged(p’,¢') = 1 so we must have
¢ | oy and p’ | B;. Therefore, for oy # 0 and 3, # 0 we must have a; > ¢’ and
06 > p'. Let our letters be indexed such that ay,...,a4+1 are the letters with non-
zero components. So we have ¢ = Zfill o = (d+1)¢ and p = Zfill G = (d+1)p.
This gives p > (d+ 1)p’ and ¢ > (d + 1)¢/, a contradiction. Hence the cardinality
of w is at most d. O

This bound is also optimal. For example, the word

’ / ’ ’ ’ ’ ’ ’ ’ ’
aP b? ~L.acla? 7167 ~1.abelaP ~20P ~2.a3bcla? 0P ~3.atb3c|. . . |ab.aP bP ~Lc.|
/ ’ ’ / / / / / ’ /
a’ bP ~le.ab| ... |a*b3c.a? 30 3|aBb?c.aP 20 ~2|a®be.aP ~1P Y ac.aP P 1
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of length 2lem(p,q) — 2 = 2(¢ — 1 + (p’ — 1)g), which can be constructed by
Algorithm 1, has abelian periods p = 2p’ and ¢ = 2¢' = 2(p' +1) = p + 2 and
cardinality 3 = ged(p, q¢) + 1.

Based on Algorithm 1, we give some closed forms. Letting p,q,p’,¢ ,d,v be
positive integers such that p = dp’, ¢ = d¢’ = vp+ d, and ged(p, ¢) = d, define

Yo = azl)/ ce as/—las/_l('azl)/ s Cls/,las/_lad.l,.l)’yil.al . ad—lad-t,-l‘
v =lat e el T el at el rag )
a?‘l e af;jllafiadJrﬂ
/ / ’
vy =|(ay ...af_jay _1ad+1)7~a1 e Qg—10q]
Up'+j = ‘aq L QZ,__ljlasl_l_jad+1(.a]13, e as_lag_lad+1)7*1,
al ™t ad

’ ’ / ’ ’ /
_ P P p—1 -1 P P p—1
Vop—1 = |a1 ... ag—1aq4+1(.a} ...al_jal " agp)’ " al ooal_qal

for0<i<p and0<j<p —1.

Theorem 5.6. If ||ug| — |vo|| = pd for some integer p > 0, then w = upuq ... =
VU1 . . . Vop—1 15 an optimal word of cardinality d+1, length 2lem(p, q) — 2, having
abelian periods p and q, that can be constructed by Algorithm 1.

Proof. Since ¢’ = vp’ + 1, we have from Algorithm 1 that 8 = 1 and o = v, and
therefore ||ui]| = (p',p',...,0",p' = 1,1) and |vi|| = (¢, ¢y ..., ¢, ¢ —7,7). Also,
the subword of length ¢ after the matching, denoted v., contains ~y full p-periods
followed by one of each of the letters ay,...,a4-1,aq. So,

v, = (af ...d_,db _1ad+1)7a1 . Q1G4
Since ¢ = vp + d and from the proof of Theorem 5.5 we know that w contains
only one matching of p and ¢, w can contain only two full g-periods, v,_1 and v,

containing v full p-periods. Based on |luy|| and ||vy||, we find that

’

/ / / ’ / ’ /
_ p—1_p—1 p—1_p—2 PP P p—1 -1 2 2 2
vepr=af " ah ...ahyal " Cage(al ab oooal_jal T age1)? at . oag_qag.
By induction, we can show that for 0 <14 < p’ — 2,
o op'—i p'—i p'—1—i p’ p p-1 =1 _i+1 i+1 i+l
ey =af ..ah [ al agr1(al ...al_jal " age) el L Lay T el
Thus,
_ 2 2 P’ p p'—1 -1 _p'—1 p'—1 p'—1
Vpgpr—2 = Q7 ... G5_1aqaq41(ay ...aj jah ~aqq) e T oal T al

So based on |u1]|, we know v.4,/—1 must begin with a; ...agq—1a4+1. In order to
complete the g-period, we must add ¢’ — 1 = vp’ each of the letters ay,...,aq_1,
v’ —=1)+1 ag’s, and y—1 ag44+1’s. Since we can only add v—1 ag441’s, we can only
add v — 1 full p-periods. Now, in order to complete our g-period v,/ 1, we still
need yp'—(y—1)p’ = p’ each of the letters ay, ..., aq—1, 7(p'—1)+1—(v—1)(p'—1) =
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p' ag’s, and no agi1’s. So, we add all the letters from the next p-period, except
agy1- We now have ¢’ each of ay,...,aq—1, 70’ —7 aq’s, and v ag+1’s. So from |luq ||
we can only add an agy1, but from ||vy|| we can only add an a4. These conflict so
our word must end here with
/ ’ /71 _1 ’ / 171
Vagpr1 = Q1 ... Gg—10q41(a} .. al_jah " age1)’ " "al o..al) df)
and |v, ... vqp—1| = () — 1)g + ¢ — 1. We can similarly argue that for 0 <

y—1 it i+l
a;

i i
coay L ahagyt,

’ / . / . / ’ ’
: _ D p—i p —i( D D p—1
1< z—1,v =a ..., a7 (e o oal_jal T T aa)
’ / 171 ’ ’ /71 _
and also that vo = a} ...al_jaf " (a] ...af_,al) " aqs1)"tar...aq—1a4+1, and
[vo...vs—1| = (' —=1)g+q—1. This givesus z = p’ and |vg ... vop—1| = 2p'q¢—2 =

2lem(p, q) — 2. O
The following corollary states the d = 1 case of the previous theorem.

Corollary 5.7. Let p, q,7 be positive integers such that ¢ = yp+1 and ged(p, q) =
1. Then the word w = vov1 ... Vop—1 =

a? (a7 aP T (e D) D
vo 0;,0<i<p
| (a® D) .a|. .. |aP 0 (aP )Y T L b(aP T D) T aP Y
up Vpti,0<i<p—1 vap—1

s an optimal word of cardinality 2, length 2pq — 2, having abelian periods p and q,
that can be constructed by Algorithm 1.

5.2. THE CASE WHERE ||ug| — |vg|| IS NOT A MULTIPLE OF d (¢ = vp + d)

We start with a word w having abelian periods p and ¢, ged(p, q) = d > 1, with
factorizations ug . . . U1, 00 - - - Uny1 Of p and g, respectively. Under the conditions
that [|ug| — |vo]| # pd for any integer p > 0, |w| > 2lem(p, q) —2, and ¢ = yp+d =
~p'd+d for some integer v > 1, we will first show that w contains at least 2p’—1 full
g-periods and there must be one of them, say v;, that contains  full p-periods,
i.€., Vi = TiUp,+1 --.Up,+~Yi according to the notation of Section 3 (we assume
that v; is the first such g-period). We will then suppose, towards a contradiction,
that w has d + 1 distinct letters, and consequently at least one of these letters,
say a, has a number of occurrences in a g¢-period which is exactly ~ times its
number of occurrences in a p-period. Arguing on the number of a’s in the x and
y segments preceding and following x; and y;, we will be able to assume without
loss of generality that v; = v,. Finally, arguing on the number of occurrences of
each of the d + 1 letters in the x and y segments preceding and following x,, and
Yy, a contradiction will be reached.

Lemma 5.8. For a word w with abelian periods p and q, where ged(p,q) =d > 1
and ||ug| — |vol|| # pd for any integer u > 0, if w contains at least p’ full q-periods
and g = vp + d for some integer v > 1, then there exists at least one q-period in
w that contains v full p-periods.
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Proof. We show that at least one of vy,..., v, contains 7 full p-periods. Suppose
vy contains only v — 1 full p-periods. Then, as in Section 3, v; can be written as
T1Ub 41 - - - Ub, +y—1Y1, Where 1 is a suffix of up, and ¥ is a prefix of up, 1. Since
|z1], |y1] < p and |z1up, 41 - - - Uby4—1Y1| = Yp + d we have that d < |z1], |y1| < p.
So, let |z1| = d+ 0 and |y1| = p+d — |z1] = p — § for some integer 0 < § < p — d.

Now consider vy = x5 ...ys factorized similarly, where |x2| = p — |y1]| = 0. If
|xa] < d then ve contains v full p-periods. Otherwise, |x2| > d and suppose vy
contains only v — 1 full p-periods. In this case, |y2| = yp+d — (v — 1)p — |z2| =
p+d—29>d.

By induction, if none of v1,...,v,y_1 contains « full p-periods, then |z;| =
d—(i—2)dand |y;| =p—0d+(i—1)dfor 1 <i<p'—1. Weget|zy|=p—|yp—1| =
0—(p' —2)d=0d6—p+2d < p—d—p+2d = d and v, contains ~ full p-periods. O

Theorem 5.9. For a word w with abelian periods p and q, where ged(p,q) = d > 1
and ||ug| — |vo|| # pd for any integer u > 0, if |w| > 2lem(p,q) —2 and ¢ = yp+d
for some integer v > 1, then w has cardinality at most d.

Proof. Suppose w has cardinality d + 1 and ¢ = vp + d = ~ydp' + d. Since |w| >
2lem(p, q) — 2, w contains at least 2p’ — 1 full ¢-periods, i.e., n > 2p’ — 1.

By Lemma 5.8, some g-period must contain v full p-periods. Let v; be this first ¢-
period containing v full p-periods. We can write v; as x;up,+1 - . . Up,+~yi and v;_1 as
Ti—1Ub; 41 - - - b, +y—1Yi—1. Since we have v full p-periods in v;, there must exist
a letter a such that o, = v, (otherwise, oy, > v0,, for alll € {1,...,d+ 1} and
¢, which is the length of v;, would be bigger than vp + d). We assume without loss
of generality that « = a,. Thus, |z;|, = |y;|, = 0. Further, since y; 2, forms a full
p-period, |yi—1|, = fa, which implies |z;_1|, = 0. As we work backwards through
w, this pattern continues with |y;_y|, = B and |z;_y|, = 0. Note that v;_,, if
it were a full ¢-period, would be another g-period containing v full p-periods (but
then we would have that |y;—p/|o = 8, and aq = |vi—pr|a > (v +1)8a > Ba, which
would be a contradiction). We can similarly argue that our word must end with
the v;4, subword. Since w contains 2p’ — 1 full g-periods, either v, _; or v, must
be a subword containing «y full p-periods. Without loss of generality, we let v, be
this subword.

Let vy = Ty Up 41 - - - Ub 4y Yp/ s where z,/ is a suffix of up, and y, is a prefix
of up ,4y41. Let |2y, + |yp o, = 9 and |2y, = h. So Yprla, = 9 — hu,
lvpl,, = B+ g, and Zz g1 = d. To see the latter, note that \vp | =q =
w+d= ’Yp+|$p | +|yp | and so d = [zp |+ [yp|.

Then |y, 1], —hy and \xp/ 1l,, = 91+ M. By induction, we get |z, ;| =
Jjgi+h;. We also have |2 411, gl+hl and \yp/+1|al = 2¢; — h;. By induction,
we get |yp+jl, = ( + l)gz hl SO B> |z1l,, = (@' = Dg +hi=gp’ — g +
and 3 > |yap— 1|al — g’ — hy. Since 0 < by < g,

l

B > max{gp' — g+ h,qp — i} > gp — {%J :

Note that each letter with a; = v3; must satisfy G; > 1.
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Suppose «; = G for I = 1,...,h (in which cases g; = 0) and «; > 0 for

l=h+1,...,d+1 (in which cases g; > 0). Note that d = Z;Hll g = Z;lifiﬂ qu.

Then

d+1 d+1 d+1 di1
S SES SRS SR L] SRe RS L]
l=h+1 I=h+1 I—ht1

and since p = dp’, we get Z;H}iﬂ (4| > h.

Suppose h = 1. Then we have d letters with oy > ;. So, for h+1 <1 < d+1,
g = 1, and Zfi}iﬂ 4| =0 < 1 = h, a contradiction. Thus h > 1, and a
word with d + 1 letters has at most 2p’ — 2 full g-periods, i.e., n < 2p’ — 2, a

contradiction. O

Based on Algorithm 1, we give some closed forms. Letting p,q,p’, ¢ ,d,~ be
positive integers such that p = dp’, ¢ = d¢’ = yp+d, and ged(p, q) = d > 1, define

0 :a1/a2/. ad 1ad 1(a1 ) ad 1%7 adH) “lag... a4 10441|
v =} +1- 2a2 - ad/ (a1 .alal) 71ad+1)'y L.
ala’jl/ aff}l%%ﬂ\
vy = \a1( al . ad ah 71ad+1)'y a2a3 ... aq—104|
Uprgj = \ap +1- ]ag = aZ fas 1= jad+1(.a’1’/ ...asglas/_lad_s_l)’y_l
dagt )
Vopr_1 = \alag . ad,1ad+1(.aﬁ’ co.alh o dl 71ad+1)7*1.

p'—1 _p p p'—1
ay ay ...an qay

for0<i<p and0<j<p —1.

Theorem 5.10. If ||ug| — |vo|| # pd for any integer p > 0, then w = uguy ... =
VU1 - . . Vo —1 1§ an optimal word of cardinality d+ 1, length 21lcm(p, ¢) — 3, having
abelian periods p and q, that can be constructed by Algorithm 1.

Proof. The proof is similar to that of Theorem 5.6. O

5.3. THE CASE WHERE ||ug| — |vg|| IS NOT A MULTIPLE OF d (¢ = vyp + rd)

Here the situation becomes more complicated. Write ¢ = vp + rd for some
~v > 0 and some r where 0 < rd < p. Assume that d # p, since the case d = p is
trivial. Similarly, the case r = 0 is trivial. This implies that ged(p’,r) = 1, since
dged(p’,r) divides both p and g.

We begin with an initial bound on the length, given in Theorem 5.11.

Theorem 5.11. For a word w with abelian periods p and q, where ged(p,q) =
d > 1 and ||Jug| — vo|| # pd for any integer pu > 0, if jw| > 2(p" — 1) lem(p, q) — 2,
then w has cardinality at most d.
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Proof. There exists an integer s such that 0 < s < p’ and rs = tp’ + 1 for some
integer t. Then note that w has abelian period sq, where sq = (t + svy)p + d. It
then follows by Theorem 5.9 that since ged(sq,p) = d and since |w| > 2(p’ —
1 lem(p,q) — 2 > 2slem(p,q) — 2 = 2lem(p, sq) — 2 that w has cardinality at
most d. O

Theorem 5.18 below provides an improved bound. Start with wouy ... um41
and vgvy ...V,41, two factorizations of a word w into abelian periods p and g,
respectively, where ged(p, q) = d > 1 and ||ug| — |vo|| # pd for any integer > 0.
Recall that for each i, 1 < ¢ < n, we can write v; = x;up, 11 ... Up,., —1Y;, Where
|z;| < p and |y;| < p. In case |vg| = ¢, write vg similarly.

e Our first step will be to show that for 1 < i < n, |z;] = |z1] — (¢ — 1)(Jz1| +
|y1]) mod p. This will be implied by Corollary 5.14 below. Using |v1| = yp+rd
and ged(r,p’) = 1, we will show the existence of some 4, 1 < i < p/, so that
|z;| = |x1| — (i — 1)rd mod p and |z;| < d.

e Our second step will be to consider the word v = v;...v,41, with |v;| =
g. Our bound |w| > lem(p,q) + pg — 1 will imply that n — ¢ > p — 1, and
consequently v will have factorizations into abelian periods p and ¢ that satisfy
some conditions. Corollary 5.17 below will then imply that v contains at most
d distinct letters, and so will w.

We begin with the following lemma showing that the number of occurrences of
letter a in 2;, where a occurs in w, can be expressed by some function f : ZT — N.

Lemma 5.12. Let w be a word with abelian periods p and q, where ged(p, q) = d >
1 and |Juo| — |vo|| # pd for any integer > 0. There exists a function f: ZT — N
so that, for i, where 1 <i <n, and a € A such that a occurs in w, the equality

|zila = f(@)utle = (@ = V(710 + [y1]a) + [71]a (1)
holds. Furthermore, if i =n+ 1 and |y;—12;| = p then equality (1) also holds.

Proof. We proceed by induction on i. Equality (1) holds trivially when i = 1
by letting f(i) = 0, so assume that it holds for 1,2,...,7 — 1. Then note that
|Z1la + [y1la + (b2 = by — 1)ufa

= |$1ub1+1 .- ~Ub2—1y1\a

= |Ti1Up, 441 - Up,—1Yi—1|a since [vi]o = [vi-1]a

= |Zi—1]a + [Yi-1la + (bi — bi—1 — D)|u1]a

= cutle = (i = 2)(|71a + [Y1]a) + [21]a + [yi-1]a Dy ind. hyp.

for some integer ¢’. This implies that

cutle + (@ = D)(|z1]a + [Y1]a) = |21]a = [Yi-1]a

where ¢ is some integer.
Since y;—1x; = up,, we have

(1 =0)|uila — (@ = D(|@1la + y1la) + 21l = [ur]a = Yi-1la = |2ia-
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Note that since |ui|lq > 0, (i — 1)(|x1|a + |y1la) > 0, and |z1]|q > 0 we get that
1 —¢>0. Thus set f(i) =1 — ¢, and the claim follows. O

We get the following corollaries giving relationships on the length of x;.
Corollary 5.13. For 1 <1i <n, the equality
|| = F(@)lua] = (i = (1] + [pa]) + [21]
holds, where f is defined as in Lemma 5.12.
Proof. This follows from Lemma 5.12 when we sum over all a € A. (]

Corollary 5.14. For 1 <i <mn, |x;| = |#1]| — (¢ — 1)(|21] + |y1]) mod p. Further-
more, for 1 <i+p' <n,|z;| = |Tity]|.

Proof. Since by Corollary 5.13, |z;| = f(i)|u1|— (i — 1)(|z1]| + |y1|) + 21| = f(i)p—
(i = 1)(Jz1] + |y1|) + |21, the first claim follows easily. Then note that this implies
|Zitp | = |2;| mod p (here we use the fact that |vi| = ¢ = yp + rd implies |z1] +
ly1| = rd mod p). Since 0 < |z;| < p for all I, we get |x;| = |[Tiyp|- O

The next lemma gives some of the f values.

Lemma 5.15. Assume that s > 0 is an integer and that |x1| + |y1| = rd. If f is
defined at sp’ + 1, then f(sp’ + 1) = sr.

Proof. Let i = sp’ 4+ 1. Note that |z;| = |21y | = [T11—1)p | = .-+ = |[T14p| =
|z1] by Corollary 5.14. Thus we get by Corollary 5.13 that

1] = |@i| = f(i)p — (i = Drd + [z1]
so that f(i)p = spr, and thus f(i) = sr. |

Using the previous lemma, we next prove, under some conditions on w’s factor-
ization into abelian period ¢, some relationships on |zg| + |yo| and |zola + |Y0la,
for all a € A.

Lemma 5.16. Assume that |vg| = q, |xo| < d, n > p—1. Then |zo| + |yo| = rd
and r|uilq — ' (|zola + [yola) = 0 for all a € A.

Proof. Without loss of generality we can assume that n =p —1 and v,41 = . If
A={ay,...,ax}, then let ¢; = |u1]a, — |Um+1]a,- Define

— (&) (&
Tp=a1""...ap"".

Then wx, has abelian periods p and g.

Note that for each i, 0 < i < n, either |x;|+ |y;| = rd or |x;|+ |y;| = p+rd. Since
lyo| < p by assumption and |xg| < d, it follows that |zo| + |yo] < p+d < p + rd,
so it must be that |zo| + |yo| = rd.
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Assume that r|ui|e — p'(Jxola + |Yola) # 0 for some a € A. Assume r|uy|, —
P (|zola + |Yola) < 0, the case where r|ui|, — p'(|7ola + |yola) > O being similar.
Then if ¢ = p we get that, since |zo|, < d,

0 < |xila = f(D)|utla — (i = 1)(|70la + |Y0la) + [70la
< f(@)|urla = (@ = 1)(|zola + |yola) +d
= d(r|uile — p'(|xola + |yola)) + d by Lemma 5.15
< —-d+d=0.

This is a contradition, so the claim follows O

We can deduce, as a corollary, that if w’s factorization into abelian period ¢
satisfies the conditions of Lemma 5.16, then w contains at most d distinct letters.

Corollary 5.17. If w is as in Lemma 5.16, then w has cardinality at most d.

Proof. By Lemma 5.16, we get that r|ui|q —p'(|zole+]|y0le) = 0 for all a € A. Since
ged(p’, ) = 1 this implies that r divides |2o|q+|yo|a, so that either |xo|q+|yole = 0
or |zola + |Yola > 7. Note that if |zg|a + |yola = O then it must be the case that

|uile = 0, so that a does not occur in w. However, if B is the set of all letters that
occur in w then

| B| = Z r< Z [Zola + [Yola = [@o| + |yo| = rd.
a€B aeB

This implies that |B| < d, which is what we wanted. O
We are now ready to prove our bound.

Theorem 5.18. For a word w with abelian periods p and q, where ged(p,q) =
d > 1 and ||ug| — |vo|| # pd for any integer > 0, if |w| > lem(p, q) + pg — 1, then
w has cardinality at most d.

Proof. Tt is worth noting that n > p’. We know by Corollary 5.14 that for 1 < i <
n, |x;| = |v1|— (G —1)(Jz1]|+|y1]) = |x1|—(i—1)rd mod p (the latter equivalence can
be deduced since |v1| = g = yp + rd and so |z1| + |y1| = rd mod p). The fact that
ged(r,p’) = 1 implies that there is an 4, 1 <14 < p’, so that ¢ = |z1| — (i — 1)rd =
|x;| mod p for some ¢, where 0 < ¢ < d. Moreover, since 0 < |z;| < p, this
implies that |z;| = ¢. Therefore consider the word v = v; ... v,v, 41, where (since
2 lem(p, g))

| = [w| = |vo ... vim1| > |w] = [vo| = (p" — 1)q

> |wl=q+1= (" —1)g=lem(p,q) +pg =1 —g¢+1—lem(p,q) +q = pg.
Note that v is a word with abelian periods p and ¢. Indeed, we can write v =
VoY ..Uy, Uy, 4q, Where vy = v;, v] = v;q1, and so on. Then n; > p —1. Similarly,
we can write v = wuquj ... u;, u;, . where uj = x;, uy = up, 41, Uy = Up, 42, and
so on. Then we can write each v; so that @jug, 4 ... ug,,, _1y; as before. Moreover,
note that z(, = z;, so |z{| < d. Therefore by Corollary 5.17 we get that v contains
at most d distinct letters, and thus w contains at most d distinct letters. O
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6. CONCLUSION

We proved that for a full word w with abelian periods p and ¢ such that
ged(p,q) = d, d > 1, p and ¢ match up if and only if ||ug| — |vg|| = pd for some
integer 1 > 0. We then proved that if a word w has abelian periods p and ¢ with
ged(p,q) = d, d > 1, and p and ¢ match up, then w has at most cardinality d for
|w] > 2lem(p, q) — 1 (see Thm. 5.5). We believe that the optimal length for words
where the abelian periods do not match up is shorter than the one for when they
do match up.

Conjecture 6.1. If a word w has abelian periods p and q with ged(p,q) = d,
d > 1, and ||ug| — |vo|| # ud for any integer pn > 0, then w has at most cardinality
d for |w| > 2lem(p, q) — 2.

If Conjecture 6.1 is true, then a word w having abelian periods p and ¢ with
ged(p,q) = d, d > 1, has at most cardinality d for |w| > 2lem(p,q) — 1 (see
Thms. 3.1 and 5.5). We did prove Conjecture 6.1 true when ¢ = vp + d for some
integer v > 1 (see Thm. 5.9).

Further, if Conjecture 6.1 is true, then Algorithm 1, when h = 0, gives a
construction for all optimal words. Indeed, if Conjecture 6.1 is true, the Parikh
vectors that create optimal length words for when the abelian periods do not match
up are the same as the Parikh vectors for when they do match up. In other words,
for any p and ¢, if we calculate their Parikh vectors based on Algorithm 1, we
can construct an optimal word of length 2lcm(p, ) — 3 in which p and ¢ do not
match up. For instance, the words w of Theorem 5.10 have abelian periods p and
q = vp + d and length 2lem(p, q) — 3.
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