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ABELIAN PATTERN AVOIDANCE IN PARTIAL WORDS *

F. BLANCHET-SADRI', BENJAMIN DE WINKLE?
AND SEAN SIMMONS?

Abstract. Pattern avoidance is an important topic in combinatorics
on words which dates back to the beginning of the twentieth century
when Thue constructed an infinite word over a ternary alphabet that
avoids squares, i.e., a word with no two adjacent identical factors. This
result finds applications in various algebraic contexts where more gen-
eral patterns than squares are considered. On the other hand, Erdds
raised the question as to whether there exists an infinite word that
avoids abelian squares, i.e., a word with no two adjacent factors being
permutations of one another. Although this question was answered af-
firmately years later, knowledge of abelian pattern avoidance is rather
limited. Recently, (abelian) pattern avoidance was initiated in the more
general framework of partial words, which allow for undefined positions
called holes. In this paper, we show that any pattern p with n > 3 dis-
tinct variables of length at least 2™ is abelian avoidable by a partial word
with infinitely many holes, the bound on the length of p being tight.
We complete the classification of all the binary and ternary patterns
with respect to non-trivial abelian avoidability, in which no variable
can be substituted by only one hole. We also investigate the abelian
avoidability indices of the binary and ternary patterns.
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1. INTRODUCTION

Combinatorics on words, or sequences of letters over a finite alphabet, goes back
to the work of the mathematician, Thue, at the beginning of the twentieth cen-
tury [18]. The interest in this topic has been increasing since it finds applications
in various research areas of mathematics, computer science, biology, and physics
where the data can be easily represented as words over some alphabet. Motivated
by molecular biology of nucleic acids, partial words, or sequences that may have
some “do not know symbols”, also called “holes”, were introduced by Berstel and
Boasson in [1], and have been extensively studied since (see [2] for instance). For
example, ccaoctcgocecte is a partial word with two holes, represented by the two
o’s, over the DNA alphabet {a,c, g,t} (the ¢’s are compatible with, or match, ev-
ery letter of the alphabet). Partial words are interesting from a theoretical point
of view as they approximate full words (those without holes), but also from a
practical point of view. Such practical uses occur for instance in bio-inspired com-
puting where they have been considered for identifying good encodings for DNA
computations [15]. More specifically, a basic issue in DNA computing is to find
strands, which are used as codewords, that should not form so-called secondary
structures (a sequence has such a structure if there is some kind of repetition in it).
The combinatorial concept of repetition-freeness, or repetition avoidance, has been
proposed to exclude such formation. Requiring a big Hamming distance between
the strands has also been proposed. So partial words can be used as codewords,
the latter requirement being provided through the compatibility relation. They
offer a more powerful and realistic model than full words due to the errors caused
by the evolutionary processes of deletion, insertion, and mutation in biological se-
quences. A deeper understanding of avoidance of patterns such as repetitions in
the framework of partial words can thus be exploited.

In the context of full words, Thue showed that arbitrarily long non-repetitive
words, or those that avoid repetitions, can be constructed with only three letters.
The importance of this result has been seen through several rediscoveries that
come from applications in ergodic theory, formal language theory, group theory,
universal algebra, etc. In a recent paper, Currie [8] reviews results on pattern
avoidance, and discusses a number of open problems on words avoiding squares
and more general patterns which are words over an alphabet of variables, denoted
by a, 3,7, . .. Squares, for instance, are represented by the unary pattern a? = aa,
which is a power of a single variable a.

Erdés in 1961 initiated abelian pattern avoidance by raising the question
whether abelian squares can be avoided [13]. A word contains an abelian square
if it has a factor uv, where w is a permutation of v or u is a rearrangement of the
letters of v. For example, w = babcach contains the abelian square abcach even
though w is square-free. More generally, if p = ag...a,_1, where the «;’s are
variables, a word w meets p in the abelian sense if w contains a factor ug ... u,_1
where u; is a permutation of u;, whenever a; = a;; otherwise, w avoids p in the
abelian sense. In 1979, Dekking showed that abelian cubes can be avoided over
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three letters, and two letters are enough to avoid abelian 4th powers [12]. Thirteen
years later, Kerédnen proved that abelian squares are avoidable over four letters,
settling the problem of classifying all the unary patterns in the abelian sense [14]:
« is abelian unavoidable, a«a is abelian 4-avoidable but not abelian 3-avoidable,
aaa is abelian 3-avoidable but not abelian 2-avoidable, and o™, n > 4, is abelian
2-avoidable (where a pattern p is k-avoidable if there is an infinite abelian p-free
word, i.e., not containing any occurrence of p, over a k-letter alphabet). For more
results on abelian pattern avoidance, see [9-11].

In [4], the investigation of abelian avoidability in partial words was initiated.
A partial word is abelian square-free if it does not contain any factor that results
in an abelian square after filling in the holes. For example, abcoch is an abelian
square because we can replace the ¢ by letter a and get abcach. Blanchet—Sadri
et al. constructed a partial word with infinitely many holes over five letters that
is abelian square-free (except for trivial squares of the form ao or ¢a, where a
is a letter), and proved that none exists over four letters. In [7], Blanchet—Sadri
et al. looked at the abelian avoidance of the patterns o in infinite partial words,
where n > 2. They investigated, for a given n, the smallest alphabet size needed to
construct an infinite partial word with finitely or infinitely many holes that avoids
™ in the abelian sense. They constructed in particular a binary partial word with
infinitely many holes that avoids o™, n > 6 in the abelian sense. Then, they proved
that one cannot avoid o™ in the abelian sense under arbitrary insertion of holes in
an infinite full word.

In this paper, we provide a more general study of abelian pattern avoidance in
the context of partial words. We construct, given k-abelian avoidable patterns p in
full words satisfying some conditions, abelian avoiding partial words with infinitely
many holes over alphabet sizes that depend on k, as well as abelian avoiding infinite
partial words with h holes over alphabet sizes that depend on k and h, for every
integer h > 0. We construct, given infinite full words avoiding pattern p in the
abelian sense, infinite abelian avoiding full words with the property that any of
their positions can be changed to a hole while still avoiding p in the abelian sense.
We also show that a pattern p with n > 3 distinct variables such that |p| > 2™
is abelian avoidable by a partial word with infinitely many holes. The bound on
|p| turns out to be tight. We end up completing the classification of the binary
and ternary patterns with respect to non-trivial abelian avoidability, in which no
variable can be substituted by only one hole. Finally, we investigate the minimal
size alphabet for avoiding binary and ternary patterns in the abelian sense.

2. PRELIMINARIES ON PARTIAL WORDS AND PATTERNS

First, we recall some basic concepts of combinatorics on partial words; for more
information, see [2]. A partial word over a finite alphabet A is a sequence of symbols
from A, = AU {o}, the alphabet A being augmented with the hole symbol ¢; a
full word is a partial word without holes. The special symbol ¢ is interpreted as an
undefined position, or hole, and matches or is compatible with every letter of A.
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If u, v are partial words of equal length, then u is compatible with v, denoted u 1 v,
if u[i] = v[i] for all i such that wu[i],v[i] € A. We use u § v to denote u is abelian
compatible with v, that is, some permutation of u is compatible with v.

We denote by u[i] the symbol at position 4 of a partial word u (labelling starts
at 0). We denote by |u|, the number of occurrences of letter a in u. The length
of u, denoted by |ul, represents the number of symbols in u. The empty word is
the sequence of length zero and is denoted by e. The set of all full words over A,
the free monoid generated by A, is denoted by A*. Also, A™ denotes the set of
all words over A of length n. A partial word u is a factor of a partial word v if
there exist x,y such that v = zuy; the set of factors of v is denoted by fac(v). We
denote by v[i...j] (resp., v[i...J)) the factor v[i]...v[j] (resp., v[i]...v[j — 1]).
The powers of u are defined by v® = ¢ and for n > 1, u"™ = uu" "'

Now, let us take a look at some concepts regarding patterns. Let E be a pattern
alphabet and let p = ag ... a,_1, where «; € E. Define an abelian occurrence of p
in a partial word w as a factor ug...u,_1 of w such that there exists a full word
Vg ...Un—1, where for all 7, u; # € and u; T v;, and where for all 7,7, if oy =
then v; is a permutation of v;.

The partial word w meets the pattern p in the abelian sense, or p occurs in
w in the abelian sense, if for some factorization w = xuy, we have that u is an
abelian occurrence of p in w; otherwise, w avoids p in the abelian sense (or w
is abelian p-free). For instance, abobacbaa meets afBc in the abelian sense (take
abob a © baa). An abelian occurrence of p is trivial if u; = ¢ for some ¢; otherwise,
it is non-trivial. We call w non-trivially abelian p-free if it contains no non-trivial
abelian occurrences of p. These definitions also apply to full words over A as well
as infinite partial words over A which are functions from N to A,.

We also make use of the concept of isomorphic patterns, introduced in [11].
Let E and F be pattern alphabets, and let ¢ : E — F be a bijection. We can
extend ¢ to an isomorphism from E* to F*. Then pattern p € E* is isomorphic
to ¢(p) € F*. Further, a partial word meets p in the abelian sense if and only if it
meets ¢(p) in the abelian sense.

Remark 2.1. Let p be a pattern over alphabet F = {«ag,aq, ..., a”EH,l}. Then
there exists some pattern, p’, over E isomorphic to p and p’[0] = ay.

Based on this, we make the following simplifying assumptions for the rest
of the paper (unless otherwise stated): Any pattern p over alphabet E =
{ag,01,...,a)g -1} begins with cg. Similarly, all binary (resp., ternary) patterns
are over the alphabet {«, 3} (resp., {a, 3,7}) and begin with o

A pattern p is k-abelian avoidable (resp., non-trivially k-abelian avoidable) in
partial words if there is a word with infinitely many holes over an alphabet of size
k that avoids p in the abelian sense (resp., avoids non-trivial abelian occurrences
of p); otherwise, p is k-abelian unavoidable. A pattern which is k-abelian avoidable
(resp., k-abelian unavoidable) for some k (resp., every k) is called abelian avoidable
(resp., abelian unavoidable). The abelian avoidability index of p is the smallest
integer k£ such that p is k-abelian avoidable, or is oo if p is abelian unavoidable.
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Note that k-abelian avoidability implies (k + 1)-abelian avoidability. For clarity or
emphasis, we may say a pattern is completely abelian avoidable (resp., unavoidable)
in partial words if it can (resp., cannot) be avoided both trivially and non-trivially
in the abelian sense.

Proposition 2.2. Let p be an abelian unavoidable pattern in full words. Then
every partial word non-trivially meets p in the abelian sense.

Proof. For the sake of a contradiction, suppose a partial word w over an alphabet
A exists that non-trivially avoids p in the abelian sense. Consider the alphabet
B = {ab | a,b € A,}. Define a full word v over B so that v[i] = w[2i]w[2i + 1].
Then there is an abelian occurrence of p in v, call it u. However, if ¢ : B* — A%
maps ab treated as a letter in B to ab treated as a partial word in A%, then ¢(u)
is a non-trivial abelian occurrence of p in w. O

3. AVOIDING PARTIAL WORDS WITH INFINITELY MANY HOLES

We first address the problem of avoiding patterns in the abelian sense by partial
words with infinitely many holes. Before we start trying to avoid patterns, we
investigate how far apart holes in abelian pattern avoiding partial words must
be and how the hole spacing restricts abelian occurrences of a pattern within an
infinite partial word.

We generalize some results from [7] about hole spacing in infinite abelian pattern
avoiding partial words. The first proposition essentially states that in an abelian
pattern avoiding partial word, the holes cannot be spaced at a constant distance,
i.e., they have to be far apart.

Proposition 3.1. Let w be an infinite partial word with infinitely many holes,
let p be a pattern, and let p be an integer. Assume there are fewer than p letters
between each pair of consecutive holes in w. Then w meets p.

Proof. By ([7], Cor. 4) w contains arbitrarily high abelian powers. Thus, w
meets p. O

The next two lemmas are useful in many proofs later in this paper. They are
two different ways to generalize ([7], Lem. 1).

Lemma 3.2. Let u = ug...up—1 be a factor of an infinite partial word w, and
write wj = wlij...3;41) for all j. Suppose 0 < ko < k1 < ... is a sequence
of integers such that kj1 > nk; for all j. Let M be the smallest integer such
that Jupr| = max{|u;| | i € [0...n — 1]}. Then there is at most one j such that
i1 <k <ip.

Proof. Assume, towards a contradiction, that there is some j such that ipr4q1 <
kj < kji1 < in. Note that |uj| < iprq1 — io for all j. Hence

\u| < n(iM+1 — io) < n(k] — io) < ]{ij+1 —nig < ip — g = |’LL‘,

which yields a contradiction. O
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This lemma has the following immediate consequence: If u = wug ... u,—1 is an
abelian occurrence of a pattern p = ag...ay,—1 in an infinite partial word w, k;
and u; are as above, and M is an integer such that all variables in p occur in
ag . ..anr, then there is at most one j such that ip1 < kj < ip.

Lemma 3.3. Let u = uguy...un—1 be a factor of an infinite partial word w,

and write u; = w(i;...i41) for all j. Suppose 0 < ko < k1 < ... is a sequence
of integers such that kji1 > 2k; for all j, and let | < 1 be integers such that
|wi| = |w|. Then there is at most one j such that iy < k;j < ip41.

Proof. Assume, towards a contradiction, that there exists some j such that i; <
kj < kjt1 <ipga. Note ii41 < iy, so

lw] = di41 — 6 < g1 <y < kj < kjp1 —kj <ipgr—ip = |u| = |ul,
which is a contradiction. O

Both of these lemmas allow us to limit the number of holes in an abelian occur-
rence of a pattern within an infinite partial word if we space the holes exponentially
far apart.

3.1. BINARY PATTERNS

Next we consider binary patterns. The following lemma is very simple, but
useful in several upcoming proofs.

Lemma 3.4. If p is a pattern which contains an abelian cube, then p is 4-abelian
avoidable in partial words.

Proof. There exists an infinite partial word, w, with infinitely many holes over
four letters that avoids abelian cubes [7]. Hence w avoids p. 0

Using this lemma, we can classify all binary patterns with respect to abelian
avoidability in partial words (both trivial and non-trivial), and give upper limits
on the abelian avoidability index.

Theorem 3.5. Let p be a binary pattern. Then the following enumerate all pos-
sibilities for p:

1. If p is not isomorphic to a subpattern of aafBac, then p is completely 5-abelian
avoidable in partial words.

2. If p € Sy = {aa,aaf, aff, aafa, afac, aafaat, then p is trivially abelian
unavoidable, but has non-trivial abelian avoidability index 5.

3. if p € S1 = {a,af,aBa}, then p is completely abelian unavoidable in partial
words.

Furthermore, any trivially or non-trivially abelian avoidable binary pattern in par-
tial words can be avoided with only five letters.
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Proof. We first prove Statement 1. If [p| > 10, then p contains an abelian cube
and the result follows from Lemma 3.4. Hence we may assume |p| < 10, and by
hypothesis p is not isomorphic to a subpattern of aafBaa. Suppose p contains
either an abelian cube or an abelian square, uoui, where |ug| = |u1| > 2. In the
former case, Lemma 3.4 again proves the result. In the latter case, consider the
infinite partial word over five letters, w, from [4] which has infinitely many holes
and avoids non-trivial abelian squares. If w meets p, it must contain a non-trivial
abelian square. Hence w avoids p. We can check that the only pattern not handled
above is p = aaf6; however, we can show w avoids this pattern as well. Assume,
by way of contradiction, that v = vgvivovs is an abelian occurrence of p in w.
Since there are no non-trivial occurrences of abelian squares in w, it must be that
either vy = ¢ or vy = ¢. Similarly, either vo = ¢ or v3 = ¢. However, this implies
VoU1 $v2v3, so v is a non-trivial abelian square, which contradicts our choice of w.
Thus w avoids p.

Next we prove Statement 2. Let w be a partial word with infinitely many holes
over A. Then there exists some a € A, so that ac occurs infinitely often in w.
Thus there is a non-empty partial word u so that acuac is a factor of w. However,
aduao is an occurrence of aafBac, so there is no partial word with infinitely many
holes that avoids aafBaa in the abelian sense. Notice that all the patterns in Sy
contain a square, so the 5-letter partial word from above non-trivially avoids these,
showing the non-trivial abelian avoidability index is less than or equal to 5. Now
let w’ be a partial word on four letters with infinitely many holes. In [4] it is stated
that any partial word of the form uov where |u| = |v| = 12 contains a non-trivial
abelian square. Note there is some factor, x, of w’ of this form that occurs infinitely
often. By considering two occurrences of x, we can find a factor of w’ which we
can write as uguivuoui, where ugui is a non-trivial abelian square in x and v is
a non-empty factor of w’. Hence w’' meets the pattern aafaca. Since all patterns
in Sy are subpatterns of this pattern (up to isomorphism), w’ meets every pattern
in Sp. Thus every pattern in Sy is non-trivially abelian 4-unavoidable in partial
words.

Finally we prove Statement 3. The pattern af« is isomorphic to the second
Zimin pattern, Z, which is unavoidable in full words (see Chapter 3 of [16]),
hence completely abelian unavoidable in partial words. O

However, five is only an upper bound on the abelian avoidability index of any
trivially or non-trivially abelian avoidable binary pattern in partial words, and we
wish to classify which patterns have lower indices. Since it is shown in [7] that
there exists a partial word over a ternary alphabet with infinitely many holes that
is abelian a*-free, all binary patterns meeting abelian 4th powers are abelian 3-
avoidable. Meanwhile, Currie et al. in [10] give the first example of a binary pattern
which is abelian 2-avoidable, but which contains no abelian 4th-powers. We can
show that this pattern is also 3-abelian avoidable in the context of partial words.

Proposition 3.6. There exists a partial word with infinitely many holes over a
ternary alphabet that avoids acafacaBBBacc in the abelian sense.
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Proof. Let p = acafacafffaac. Currie et al. define in [10] a family of mor-
phisms f,, : {a,b}* — {a,b}* generated by f,(a) = a"*'b, f,(b) = ab™. Then
word w, is defined by w, = lim;, . f7*(a). They have shown that p can be
avoided in the abelian sense by wa. Note that Dekking [12] found (essentially) ws.

Let ¢ be any letter not in A = {a,b} and write B = {a, b, c}. Define a sequence
1 < ko < k1 < ...such that k;11 > 13k; = |p|k;. Then we can define an infinite
partial word w’ over B as follows:

o, if j = k; for some i;
w'[j] =< ¢, if j=k;+1o0rj=k; —1 for some i;
wa[j], otherwise.

We show that w’ avoids p in the abelian sense by contradiction. Assume there
exists an abelian occurrence of p in w’, denoted as

U = UQUT UV U UL U5 V] V2 V3UEUTUS,

where each u; is abelian compatible with each u; and each v; is abelian compatible
with each v;.

By Lemma 3.2, uszugsusvivavzugurug contains at most one hole. This implies
some u; for i € [3...8] does not contain a ¢ or a ¢. Consequently no u; can contain
a ¢, and since all ¢’s come in factors of the form coc, no u; contains a o. If |vg| > 2,
then since all v; have the same length, some v; for ¢ € [1...3] does not contain
a c or a ¢. By the same argument as above, no v; contains a ¢ or a ¢, so u is an
abelian occurrence of p in w, which is a contradiction. So |vg| = 1, which implies
vo does not have a ¢ or a ¢ (else some u; would have a ¢), again this implies that
no v; has a ¢ or a ¢, which is a contradiction. (]

We also give the following bounds.

Proposition 3.7. Let p be a binary pattern. If |p| > 363 (resp., |p| > 119), then
a partial word over a binary (resp., ternary) alphabet with infinitely many holes
exists that is abelian p-free.

Proof. Let p = ap...a,—1 be a pattern over E = {a, 8} such that |[p| > 363.
Without loss of generality we can assume that ag = . Note that a; = 3 for some
i < 6, since otherwise p contains a® as a subpattern, which can be abelian avoided
by a binary partial word with infinitely many holes [7]. Then write p = gqoq1¢2
where |g;| = 119 for each i, and |¢| > 6. We can do this since |p| > 363 = 3x119+6.
From [11], Lemma 3.2, there exist infinite binary words wy and ws so that every
binary pattern of length at least 119 is avoided in the abelian sense by either wo
or ws. By the pigeonhole principle there exist [ < I’, where ¢; and ¢ are either
both avoided in the abelian sense by ws or both avoided in the abelian sense by
ws. Let w be the infinite binary word that avoids ¢; and ¢;; in the abelian sense.
Define a sequence 0 < kg < k1 < k2 < ... so that k; 1 > |p|k; for all i. We can
then define the partial word w’ by w'[j] = ¢ if j = k; for some ¢, and w'[j] = w[j]
otherwise.



ABELIAN PATTERN AVOIDANCE IN PARTIAL WORDS 323

For the sake of a contradiction, suppose that uuguius is an abelian occurrence
of p in w’, where u is an abelian occurrence of ¢, ug is an abelian occurrence of qq,
etc. By Lemma 3.2, there is at most one hole in uguius. Thus, at least one of vy
and wy is full, and is an occurrence of ¢; or ¢ in w, which contradicts our choice
of w.

Now, let p = ag...an—1 be a pattern over E = {«, 8} such that |p| > 119. As
above, we can assume that g = a.. Note that a; = 3 for some ¢ < 6, since otherwise
p contains af as a subpattern, which can be avoided by a binary partial word with
infinitely many holes in the abelian sense. From [11], Lemma 3.2, there exists an
infinite word w over A = {a, b} that avoids abelian occurrences of p. Moreover, bab
occurs infinitely often as a factor of w (this can be seen by considering the words
wy and w3 in [11]). Define a sequence 3 < ko < k; < ka2 < ... so that |p|k; < k;11
and wlk; — 1...k; + 1] = bab, for all i. Consider ¢ ¢ A. We can then define a
partial word w’ as follows: w'[j] = ¢ if j = k; for some i, w'[j] =cif j =k; — 1 or
j =k; + 1 for some 4, and w'[j] = w[j] otherwise.

For the sake of a contradiction, suppose that ug . .. u,_1 is an abelian occurrence
of p in w’. Since w avoids abelian occurrences of p, some u; must contain a hole.
However, since each ¢ in w’ occurs in a factor of the form coc, some u; must contain
c. Assume that «; = 3, the other case being similar. By Lemma 3.2, there is at
most one j so that j > 6 and so that u; contains a hole. Then one variable in
a7 ...ap3 must be 8. Let «; be this variable. Then u; contains either a ¢ or a ©.
Since each ¢ occurs next to a ¢, u;—juju;+1 contains a hole, where [ — 1 > 6 and
[+1 < 14. Similarly, there exists an I’ so that 23 > I’ > 17, and where uy _qup w41
contains a hole. However, this contradicts the fact that there exists at most one j,
J > 6, such that u; contains a hole. Thus w’ avoids p in the abelian sense. O

3.2. GENERAL PATTERNS

Now we move on to general patterns.

Our next goal is to find a bound so that if a pattern has length at least this
bound, then it is abelian avoidable in partial words. The following proposition
helps us in this.

Proposition 3.8. Let p be a pattern over an alphabet E such that p # ao, for
any o € E. If each variable in p occurs at least twice, then p can be avoided in
the abelian sense by a partial word with infinitely many holes. In particular, if p
1s abelian k-avoidable, then there exists a partial word with infinitely many holes
over an alphabet of size k + 4 that is abelian p-free.

Proof. Since each variable in p = ag...q;,-1 occurs at least twice, by [9],
Lemma 7, p can be avoided in the abelian sense by an infinite full word w over
some alphabet A of size k. Let B = AU{a,b,c,d} where a,b,c,d & A. Since there
is some factor v, |v| = 5, that occurs infinitely often in w, consider a sequence
5 < ko < k1 < ko < ... so that ’U)[k‘z —2]4114-2} = v and 2k; < ki+1, for all 7.
Then define w’ by



324 F. BLANCHET-SADRI ET AL.

if j = k; — 2 for some 4, i = 0 mod 4|p|;

if j = k; — 1 for some i, i = 0 mod 4[p|;

if j =k for some ¢, i = 0 mod 4|p|;

if j = k; + 1 for some i, i = 0 mod 4[p|;

2 0 O >0

, if j = k; + 2 for some 4, ¢ = 0 mod 4p|;
d, ifj=k for some ¢, i Z 0 mod 4|p|;

w(j], otherwise.

For the sake of contradiction, suppose w’ contains v = uguj...u,;,_1 as an
abelian occurrence of p and write u; = w'[ij...7j41). Note that uouq ... Upm—1
contains a hole since otherwise we can replace the b’s in u with v[1]’s ete., to get
a word that is still an abelian occurrence of p, but that is also a factor of w,
which is impossible. Moreover, u contains at least 4|p| — 1 d’s. To see this, assume
that u; contains a hole. Then there are two cases to consider. If u; # o, then u;
contains b or ¢, since every ¢ in w’ occurs in a factor of the form aboca. Without
loss of generality, assume u; has bo as a factor. Since every variable in p occurs
at least twice, there is some j’, distinct from j, so that u; is compatible with a
permutation of u;. Thus u,, contains either b or . Suppose j’ > j, the case j' < j
being similar. Then there exists some s such that i; < ks < 4,41, and some ¢ such
that i;0 < ky < 541 or iy < k4 < 541, where s < ¢, s =t = 0 mod 4|p|. Thus
io < ks < kspapp| < k¢ < im. So there are 4|p| — 1 I’s so that ks < ki < Kgpapp|-
Since for each [ # 0 mod 4|p|, w'(k;) = d, there are 4|p| — 1 d’s in u. If u; = o,
then a similar reasoning works.

Since u contains at least 4|p| — 1 = 4m — 1 d’s, it follows from the pigeonhole
principle that some u; contains at least two d’s. So there is an s such that i; < kg <
ks41 < ij11. Since there is a j’ such that ;. is compatible with a permutation of
uj, let j/ > j (the other case is similar). Here, u; contains either a d or a ¢ for
each d in u;. This implies there is some ¢ such that i; < k; < k441 < ij,41, where
t > s, which contradicts Lemma 3.3. O

Now we consider one bound that implies abelian avoidability in partial words.
We will later improve upon it, but we need it in order to prove our tight bound,
so we include it here.

Theorem 3.9. Let p be a pattern with n distinct variables. If |p| > 3 x 2"~ then
there exists a partial word with infinitely many holes that is abelian p-free.

Proof. We proceed by induction on n. If n = 1, then p = o™ for some o € F and
m > 3, whence p is abelian avoidable in partial words [7]. Assume the claim holds
up to n — 1 distinct variables. If each variable in p occurs at least twice, then the
result follows from Proposition 3.8. So we may assume there is some variable that
occurs in p exactly once. Then p has a factor ¢ with at most n—1 distinct variables
with |g| > 3 x 2772, so by the inductive hypothesis a word with infinitely many
holes exists that avoids ¢, and thus p, in the abelian sense. O
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By considering the pattern p = aa, we can see that the bound in Theorem 3.9
is tight over a unary alphabet of variables. Moreover, Theorem 3.5 shows that
it is tight over a binary alphabet of variables. Our next step is to strengthen
Theorem 3.9 for pattern alphabets of at least three variables.

Theorem 3.10. Let p be a pattern over an alphabet E. Then there exists a partial
word with infinitely many holes that is abelian p-free if one of the following holds:
(1) | Bl =3 and |p| > 9; (2) [|E|| > 3 and |p| > 271l

Proof. For Statement 1, let p = g ...a,—1 € E™ be a pattern over the alphabet
E = {a, ,v}. It is sufficient to consider the case where |p| = 9. For the sake of
a contradiction, suppose that there is no partial word with infinitely many holes
that avoids p in the abelian sense. At least one variable in p occurs exactly once
(the case when each variable in p occurs at least twice follows from Prop. 3.8).
Without loss of generality, we can assume that this variable is «v. Therefore we can
write goyq1 = p, where go and ¢; are patterns over {a, §}. There exists no partial
word with infinitely many holes that avoids gy or ¢; in the abelian sense, because
that word should also avoid p in the abelian sense. By Theorem 3.9, |¢;| < 6 for
both i. Since |qo] + |q1| =9 —1 =38, (||, |q1]) € {(5,3),(3,5),(4,4)}.

There exists an infinite word w over an alphabet A that avoids abelian squares.
Assume that aga;as € A% occurs infinitely often in w, then consider any sequence
4 < kg < k1 < ... where ki+1 > 9k; and w[]ﬁ —1...k; + 1} = apayas, for
all 4. Moreover, consider a,b,c ¢ A, where a, b and ¢ are distinct letters. Let
B = AU{a,b,c}. We can then define a partial word w’ over B as follows:

a, if j = k; — 1 for some ¢, i = 0 mod 3;
o, ifj =k for some i, 1 = 0 mod 3;
w'(j) =14 b, if j=k; + 1 for some i, i =0 mod 3;
c, ifj=k; for some i, ¢ Z 0 mod 3;

w(j), otherwise.

The partial word w’ avoids non-trivial abelian squares, following the same ar-
gument as in the proof of ([4], Thm. 4.4). We want to show that w’ avoids p in the
abelian sense. For the sake of a contradiction, suppose that ug ... us is an abelian
occurrence of p. Set u; = w'[i;...1j41) for each j.

First, consider the case |go| = 3, |¢1] = 5. Since |g1| > 4 we know that ¢; is
avoidable in full words. By Theorem 3.5, ¢ = aafaa or ¢u = BBaS5. Without
loss of generality we assume that ¢ = aafBaa. Then uqusugurug is an abelian
occurrence of ¢p. Since ugus and wurug are both abelian squares and w’ avoids
non-trivial abelian squares, we get that uqus and uyug both contain a hole. Thus
there is some s such that iy < ks < ksy1 < 9. Moreover, 3 occurs in qq, since
otherwise gy = aaaq, so this contradicts Lemma 3.2.

Next, consider the case where |gy| > 4. This implies that go is a subpattern of
aafaca. Suppose that gy = aafa, the other cases being similar. Since w’ avoids
non-trivial abelian squares, we know |ug| = |u1| = |us| = 1. Also, ug and u; must
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be elements of {a,b, o}, which implies uz must also be an element of that set. So
there are some integers, s and ¢, such that iy < ks < i3 < ksy3: < iq4 + 1. Since
19 = ig+ 2 and 14 = i3 + 1, it must be that 15 < kg1 < ksyo < i3. This implies ug
contains at least two ¢’s. Since |g1| > 3, there is at least one ( in ¢;. Thus, there
is some j > 5 such that u; contains two letters in {c, o}, whence there is some s’
such that 7; < kg < kg41 < 4;41. This contradicts Lemma 3.3.

For Statement 2, let p be a pattern over the alphabet F = {«,3,7,0}. It
suffices to consider the case |p| = 16. For the sake of a contradiction, suppose that
no partial word with infinitely many holes avoids p in the abelian sense. We know
that p can be avoided in the abelian sense by an infinite full word. Then there is
some variable in p that occurs exactly once, assume it is 6. We can write p = ¢19qo,
where each g; is a pattern over {«, 3,7} that cannot be avoided by a partial word
with infinitely many holes in the abelian sense. Furthermore, note that this implies
lgi] < 9. Since |go| + |g1] = 16 — 1 = 15, either |go| = 7 and |g1| = 8 or vice versa.
This means that each of «, 3 and v actually appear in each ¢; at least once, since
otherwise g; would be a pattern over a binary alphabet of length greater than 6,
and by Theorem 3.9 there would exist a partial word with infinitely many holes
that avoids it in the abelian sense.

There exists an infinite word w over an alphabet A that avoids abelian squares.
Assume that agajas € A% occurs infinitely often in w. Letting a, b, ¢ ¢ A, construct
a sequence 3 < kg < k1 < ... so that k;1 > 2k; and wlk; — 1...k; + 1] = agayaq,
for all 7, and define w’ as in Statement 1. We already know that w’ avoids non-
trivial abelian squares. For the sake of a contradiction, suppose w’ does not avoid
p in the abelian sense, and let ug...u15 be an abelian occurrence of p. Consider
the case where |g1| = 8 and |go| = 7 (the argument is similar when we consider the
case where |¢1] = 7 and |go| = 8). Some variable must occur in ¢; exactly once,
since otherwise g; could be avoided by a partial word with infinitely many holes
by Proposition 3.8. Let us assume this variable is 7. Then we can write ¢1 = ¢{vqj.
Since |g1| = 8 we have that 4 < |¢}| for some 4, and ¢/ must be a subpattern of
aafaa by Theorem 3.5. Since there is a § in ¢p, this leads to a contradiction,
similar to above.

Now, let p be a pattern over an alphabet E. Let n = ||E| > 4 and |p| > 2™.
We will show that p is abelian avoidable in partial words by induction on n, using
n = 4 as the base case. By Proposition 3.8 we may assume some variable, «,
occurs only once in p. Then we can write p = qoaqi, where ¢o and ¢; have at
most n — 1 distinct variables and some ¢; has length at least 2"~'. Then ¢; is
abelian avoidable in partial words by our inductive hypothesis, so p is also abelian
avoidable in partial words. O

The bounds in Theorem 3.10 are tight. For (1), aafaayaa cannot be avoided
by any partial word with infinitely many holes (since there must be some a € A,
such that a¢ occurs infinitely often). For (2), the nth Zimin pattern, Z,, is abelian
unavoidable and is of length 2" — 1 (see Chapt. 3 of [16]). More specifically, if
E = {()(0,...7()(”_1}, then Z; = @, and Z,, = Zp_10m_1Zm—1 if 1 < m < n.
Meanwhile, we can consider the case of non-trivial avoidance.
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Theorem 3.11. Let p be a pattern with each of its variables occurring at least
twice that is abelian k-avoidable in full words. Then a partial word with infinitely
many holes over an alphabet of size k+ 2 exists that is non-trivially abelian p-free.

Proof. Suppose w is a word over an alphabet A of size k that avoids p in the abelian
sense. Then we define a sequence of k;’s, where k;;1 > 5k; such that w[k;] = a for
some a € A. Let B = AU {c,d}, where ¢, d ¢ A. Then define a partial word, w’,
as follows:

o, ifi=k, for some j, 7 = 0 mod 6|p|;
w'li] = ¢, ifi=k;j—1ori==k;+1forsome j, j=0mod6|p|;
d, ifi=k; for some j, j # 0 mod 6|p|;
wli], otherwise.
Then w' contains infinitely many holes. Set p = «ag...a,—1 € E™, and
assume that v = wg...up—1 = Wlig...91)... W' [in_1...7n), where uy =
w'lig...41),. Up—1 = W[ip—1...1n), is a non-trivial abelian occurrence of p

in w', i.e., if a; = o then w; is compatible with a permutation of u;, and u; # ©,
for0<i<n.

Let oy and «p be two occurrences of any variable « in p, where | < I’. Let
J1 = {j | 1y < ]fj < il+1} and Jy = {j ‘ iy < ]fj < il/+1}. Then ||J2H < 2 by
Lemma 3.3. If ||J;|| > 3 then there are at least 2 d’s in u;, which means that
has to contain at least 2 d’s or ¢’s. Then J contains at least 2 j’s, which is a
contradiction. Therefore ||J1|| < 3. Since for each « in p, ||J1 U J2|| < 3, there are
at most 3|p| integer j’s such that iy < kj < i,,.

Now we show that no w; contains a hole. Suppose some u; contains one. Then
¢ must also occur in u; since |u;| > 1. Then either ¢c¢ or ¢o occurs in u;, which
is compatible with a permutation of u;. Suppose oc occurs in u;, the other case
is similar. Then between the occurrence of ¢ in u; and ¢ in u; there are at least
6|p| —2 k;’s. This contradicts the fact that there are at most 3|p| k;’s from position
19 to position i,. Therefore u contains no holes, and similarly u contains no ¢’s.
Then we can replace all the occurrences of d by a, and we get an abelian occurrence
of p in w. However, this contradicts the fact that p can be avoided in the abelian
sense by infinite full words over k letters. Therefore w’ non-trivially avoids p in
the abelian sense. O

Corollary 3.12. Let p be a pattern with n distinct variables. If |p| > 2", then
there exists a finite alphabet A and a partial word with infinitely many holes over
A that is non-trivially abelian p-free.

Proof. We proceed by induction on n. If n = 1, then p can be written as p = a/?!
for some o € E. However, since |p| > 2™ = 2, p can be non-trivially avoided by
a partial word with infinitely many holes in the abelian sense. Assume the claim
holds up to n — 1 distinct variables. Let p be a pattern with n distinct variables,
[p| > 2". By ([9], Lem. 7), p can be avoided in the abelian sense by an infinite
full word. If every variable in p occurs at least twice, then the result follows by
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Theorem 3.11. On the other hand, assume that there is a variable o € F that
occurs in p, but occurs only once. This implies that p contains a factor ¢ that does
not contain a, |g| > 2"~!. Since ¢ does not contain «, ¢ has at most n — 1 distinct
variables, so by the inductive hypothesis there is a partial word with infinitely
many holes that avoids ¢ non-trivially in the abelian sense, and thus avoids p
non-trivially in the abelian sense. |

We can strengthen Theorem 3.11 and Proposition 3.8, by adding another hy-
pothesis.

Theorem 3.13. Let p = ag...an—1 be an abelian k-avoidable pattern in full
words such that for some m, all of the variables in p are present in both ag . . . Q1
and Q... 0p—1. If 1 # au or there exists some j ¢ {m — 1,m} such that
Qj = Quy, then p is abelian (k + 2)-avoidable in partial words.

Proof. By assumption, there exists some infinite word, w, over a k-letter alphabet,
A, which avoids p in the abelian sense. Let a € A be a letter that occurs infinitely
often in w. Define a sequence, 1 < ko < k1 < ..., such that k; > (n+1)k;_1 for all
i and w[k;] = a. Let b,c ¢ A be letters, let = 4m + 4, and define w’ as follows:

If i = 0mod p, then w'[k; —1...k; + 1] =boc,
Ifi=1,2,...,2m+ 1 mod p, then w'[k;] = b,

If i =2m + 2 mod p, then w'[k; —1...k; + 1] =cob,
Ifi=2m+3,2m+4,...4m+ 3 mod p, then w'[k;] = ¢,
unless specified above, w'[j] = w[j].

Note that we are creating w’ from w by replacing letters.

Assume, by way of contradiction, that v = ug...u,_1 is an abelian occurrence
of pin w'. Let vg = ug...um—1 and v; = Up, ... up—1 and write vg = w'[ig...11)
and vy = w'[iy ...42). Notice that for each u; in vg, there is some wu; in vy such
that u; $Uj'. We claim that there exists some k; such that ig < k;_1 < i1 < k; <
19 < k‘i+1.

Assume there is at most one k; such that ig < k; < i5. There must be at least
one b or ¢ in u, otherwise u € fac(w), which contradicts our choice of w. Hence
there is some k;, such that k;_; < ip —1 < k; < 42 < kipq and @ = Omod &,
or ki1 < ig < k; < i < kijp1 and @ #Z 0 mod % In the latter case, u is full
and exactly one u; contains a b or a c. However, there is some u; that is abelian
compatible with wuj;, but u; contains only letters in A, a contradiction. In the
former case, if k; +1 < i1 or k; —1 > i1, then we arrive at a similar contradiction.
So k; must be either 44 — 1 or i;. Suppose k; = i1 — 1 and ¢ = 0 mod u (the other
cases being similar). Then some u; in vy contains a b, but there is no u; in v; that
contains either a b or a ¢, whence there is no u; in v; abelian compatible with u;,
a contradiction.

Thus, we may assume there is some k; such that igp < k;_1 < k; < i2. Suppose
there is no k; such that i; < k; < iy and 7 is the largest integer satisfying k; < 4.
Then ig < k;—1 < k; < i1. Suppose i = 0,1,...,0r 2m + 1 mod u (the other case
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being similar). Then, some u; in vy contains a b, but there are no b’s or ¢’s in v;.
Hence there is no u; in v; abelian compatible with u;, a contradiction. The claim
follows from Lemma 3.2.

Let k; be such that 19 < kii1 <i1 <k <io. Suppose 7= 0mod M and k; = 77.
Then u,,_1 contains a b, and the only factor in v; that contains a ¢ or a b is Uy,
so it must be that o,;,—1 = ay,. By hypothesis, there must be some «a;, = a,, for
J1 ¢ {m —1,m}. Then u,, $um_1, so u;, contains either a ¢ or a b. This implies
uj, is not in vy, and if uy, is in vg, then i9 —1 < ki—amyo) < ... <ki_1 <k; =11.
Hence there are 2m + 1 ¢’s in vy and by the pigeonhole principle, at least one
factor, u;,, in vy contains three ¢’s. However, there is only one ¢ and one c in vy,
so there is no factor in v, abelian compatible with w;,. If k; > 41, then there is a b
in vy, forcing there to be a ¢ or a b in vy and we arrive at the same contradiction.
The case when i« = 2m + 2 mod u proceeds similarly.

Now, suppose i = 1,2,...,0r 2m+1 mod u, and let i’ < i be the largest integer
satisfying ¢/ = 0 mod p. If ig — 1 > kys, then there is a ¢ in vy, so some factor of vy
does not have an abelian compatible factor in v, because vy contains no ¢’s and
no c’s. So if ig < kj < iy, then j =1,2,...,0r 2m 4 1 mod p, and moreover, the
only letters in w not in A must be at position k; for some j. Thus we can replace
each of these with an a to find an instance of p in w, a contradiction. The case
where i = 2m + 3,2m +4,...,or 4m + 3 mod p is almost identical. Therefore, in
all cases, we reach a contradiction. O

Our next goal is to give an avoidability criterion. We are also able to come up
with an alternative definition of an abelian occurrence of p.

Proposition 3.14. Let E be an alphabet, p = «p . ..a,—1 be a pattern with o; €

E. Moreover, let A = {ag,...,ax—1} be an alphabet, ug ...u,—1 be a partial word

over A such that |u;| = |u;| whenever a; = oj. For a € E, let mqa,; = max |u;q, -
Q=

Then ug . .. un—1 s an abelian occurrence of p if and only if |u;| > ma, 0+ ... +
Ma, k—1 for all i.

Proof. First, assume that wug...u,—1 is an abelian occurrence of p. Thus there
exists a corresponding full word vg...v,_1 that is an abelian occurrence of p,
where v; is compatible with u; for each ¢. This implies that if o; = aj and a € A
then |vi|la = |vjla > |ujla. Thus we get that |v;[s, > Mg, ; for all j, so that

lwil = |vil = Vilag + -+ V]ar_1 = May,0+ -+ May k-1

just as we wanted.

On the other hand, we can begin by assuming that |u;| > ma, 0+ ...+ Ma, k-1
for all 7. Consider any « € E that occurs in p. Let {ig,...,im-1} = {i | ;s = a},
then for any j define v;; in the way that we replace mq; — |uilq, of the
holes in w;, with a for [ > 0, and replace the rest of the holes with ag.
We can do this since \u“| > Mo + ... + Mmqr—1 for all j’s. Moreover, note
that v;; is compatible with w;;, while |v;;|s, = May = |vila, for I # 0, and
Vi, lag = |vi;| = (Ma,1 + .o+ Mag—1) = |vig| = (Ma1 + .+ Mag—1) = |Vig|ag-
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Thus each v;; is a rearrangement of v;,. Then it follows that vg...v,_1 is an
abelian occurrence of p. |

Our next result is very general.
Theorem 3.15. Letp =« ...a,—1 be an abelian avoidable pattern in full words.
Then there exists a partial word with infinitely many holes so that, if ug ... Un,—1
is an abelian occurrence of p then |u;| < |p| + 2 for some 1.

Proof. Let p be as above, and note that |p| = n. Since p is abelian avoidable there
exist alphabets Ay, ..., A, 41, each disjoint from one another, so that there exists
an infinite word w; over A; that avoids p in the abelian sense. We can define

w = wo[O} ‘e wn+1[0]w0[1} ‘e wn+1[1]w0 [2] [N wn+1[2} ‘e

which is an infinite word over A = Ag U A; U...U A, +1. Consider b ¢ A. Then
consider a sequence n +2 = |p| +2 < kg < k1 < ka2 < ... so that w[k;] € Ag, and
so that k; 11 > |p|k;. We can define a partial word v as follows:

o, if j = k; for some i, i = 0 mod 3;
v[j]=< b, if j = k; for some 4, ¢ # 0 mod 3;
wlj], otherwise.

Assume that ug . . . un—1 is an abelian occurrence of p in v. Let u; = v[ij cotig).
Assume that «; = o for j < [. Then we get that w; contains at most one ¢ by
Lemma 3.3. Similarly, u; can contain at most one ¢. This is because between each
pair of ¢’s lie two b’s. However, for each b contained in u; we have that u; contains
either a b or a ¢, so if u; contains two ¢’s then u; contains two symbols from the
set {b,o}. So there is a t so that i < k; < kiyq1 < 441, a contradiction with
Lemma 3.3.

Since ug...u,_1 is an abelian occurrence of p, there is a full word vg...v, 1
so that v; 1 w; for all 4, and vy ...v,_1 is an abelian occurrence of p. If «; occurs
exactly once in p, we can replace v; with any non-empty string and the result is
still an abelian occurrence of p; therefore we assume that v; is constructed from
u; by replacing each hole in u; with a letter from Ay. Otherwise, «; occurs more
than once in p, in which case u; contains at most one ¢, and in order to form v;
from u;, we need to fill in at most one ¢ with a letter from A. Therefore there
are at most |p| ¢’s that are filled in with letters not from the alphabet Agy. By the
pigeonhole principle, there exists an alphabet A; so that none of the ¢’s are filled
with letters from Aj;. Then define a morphism ¢ : (AU {b})" — A7 so that, given
a € AU{b} we have ¢(a) = a, if a € Aj, and ¢(a) = ¢, otherwise.

Then note that, by construction, ¢(vo...vn—1) is a factor of w;. This implies
that ¢(vg . . . vp—1) is not an abelian occurrence of p, since w; avoids p in the abelian
sense. However, the only way that ¢(vg...v,—1) cannot be an abelian occurrence
of p is if ¢(v;) = € for some i. This implies that v; does not contain any letters
from Aj, so u; does not contain any letters from A;. However, u; is a factor of
v, and every factor of v of length at least |p| + 2 contains a letter from A;. Thus
|’LLZ‘ < |p\ + 2. ([l
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3.3. TERNARY PATTERNS

Next, we consider ternary patterns in partial words. By Corollary 3.12, all
ternary patterns of length > 8 are non-trivially abelian avoidable by partial
words with infinitely many holes. Moreover, a word with infinitely many holes
over five letters exists that avoids non-trivial abelian squares [4]. Therefore, pat-
terns containing abelian squares are non-trivially abelian avoidable as well, and
we only need to examine patterns of length at most 7 without any abelian squares.
Currie et al. in [9] characterize these remaining six patterns: afayafa, afyafa
and afyay are abelian unavoidable, while aSayGafS, afayBy and afyLBaby are
abelian avoidable. By Proposition 2.2, there is no word with arbitrarily many holes
that non-trivially avoids afayafa, afyafa or afvyay in the abelian sense. By
Proposition 3.8, since each variable occurs at least twice in aSayfy and afvyGa57y,
partial words with infinitely many holes exist that avoid them in the abelian sense.
The last pattern, aSayBa/3, can be shown to be abelian avoidable by a word with
infinitely many holes with a proof similar to that of [9], Lemma 8. Therefore, the
non-trivial abelian avoidability of the ternary patterns in the context of partial
words is complete.

We now consider the case of complete abelian avoidability.

Proposition 3.16. There exists a partial word with infinitely many holes that
avoids afayBaf in the abelian sense.

Proof. We know that afSayfaf can be avoided in the abelian sense by some
infinite word w over some alphabet A. Assume a,b,¢,d,e ¢ A, and let u, |u| =5,
be a factor of w that occurs infinitely often. Then define 3 < kg < k1 < ... so that
2k; < kiy1 and wlk; —2...k; + 2] = u for all i. We can then define w’ as follows:

a, if j=k; —2 for some i, i = 0 mod 3;
, if j = k; — 1 for some i, 1 = 0 mod 3;
o, ifj=k for some i, 1 = 0 mod 3;

w'[j]=1<d, ifj=k; +1 for some i, i =0 mod 3;
e, if j =k; + 2 for some i, i = 0 mod 3;
c, ifj=k for some 7, ¢ Z 0 mod 3;
w(j], otherwise.

Then using similar methods to those we have used throughout the paper, we
can show that w’ avoids afSayfaf in the abelian sense. O

Proposition 3.16 implies the following corollary.
Corollary 3.17. If a ternary pattern, p, does not contain ww as a subpattern for

any w € E = {a, B,v}, then p is avoided by a partial word with infinitely many
holes in the abelian sense if and only if p is abelian avoidable in full words.
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Proof. Assume that p is abelian avoidable, but not abelian avoidable by any partial
word with infinitely many holes. Since p & {aa, 88,77}, this implies by Propo-
sition 3.8 that there is some variable in p that occurs exactly once. Without loss
of generality, we can assume it is 7, so p = ppyp1 where each p; is a pattern over
{a, B}. Note neither py nor p; can be avoided by a partial word with infinitely
many holes, so by Theorem 3.5, since p does not contain ww as a subpattern
for any w € E, the possibilities for pg,p; are (up to isomorphism) e, a, a3, afBc.
However, the only such pattern that is abelian avoidable is afayGa3. By Propo-
sition 3.16, this can be avoided by a partial word with infinitely many holes in the
abelian sense, a contradiction. O

Proposition 3.18. Let p be an avoidable ternary pattern in full words. Then p
can be avoided in the abelian sense by a partial word with infinitely many holes if
and only if it is not a subpattern of any pattern in

S = {aafaayaa, aafayaa, aafayy, aafyaag,
aafyafp, aafyBB, affyaa, aBByabs}.

Proof. Let w be an infinite partial word with infinitely many holes. Then some
factor of w of the form acb occurs infinitely often. By considering this, we see that
the patterns in S cannot be avoided by a partial word with infinitely many holes
in the abelian sense, so that direction of the above statement follows.

Therefore assume that p cannot be avoided in the abelian sense by any partial
word with infinitely many holes, and that p is not a subpattern of any pattern in
S. Since p is avoidable, p contains ww as a factor for some w € E. We can assume
that p # ww, since in that case p cannot be avoided in the abelian sense by a
partial word with infinitely many holes, and p is up to isomorphism a subpattern
of a pattern in S. We can assume without loss of generality that w = «. More,
assume that there is a § € F, § # «, so that §J is a subpattern of p. We can
assume without loss of generality that § = (. From Proposition 3.8, there must
be some variable in p that occurs exactly once. Since o and (3 each occurs more
than once, this variable must be . Thus we can write p = qoyq1, where gy and
q1 are both patterns over {a, 3} that cannot be avoided by a partial word with
infinitely many holes. For each i either ¢; is a factor of aafaa or BBaB3. Note
that gg contains either aa or 33 as a subpattern, since otherwise ¢; would have
to contain both as subpatterns, which is impossible.

Assume ¢y contains aq, the other case being similar. Then ¢; contains G3. This
implies that ¢q is a factor of aafSaa and ¢ is a factor of BBaB5. First, consider
the case that |go| < 4, |q1| < 4. Then since p is not a subpattern of any pattern in
S the only possibilities are aafvG8a and SaayaS0.

Consider aafv[a, the other case being similar. Then let w be an infinite word
that avoids abelian squares over A. There exists u so that u occurs infinitely often
in w, |u| = 3. Consider 2 < ko < k1 < ka < ...so that wlk; —1...k; + 1] = u for
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all 7 and 2k; < k;41. Then consider a,b,c ¢ A, and define w’ by

, if j = k; — 1 for some i, 1 = 0 mod 3;
ifj =k for some i, i = 0 mod 3;

w'[j] = if j = k; + 1 for some 4, i = 0 mod 3;

a
<
C

if j=k; for some 4, ¢ Z 0 mod 3;

w(j], otherwise.

We know from earlier that w’ avoids non-trivial abelian squares. Moreover,
we claim w’ avoids aafBySBa in the abelian sense. To see this, assume that
VUL V2304 V5V 1S an abelian occurrence. Then vgvy is an abelian square and must
be trivial. Thus vyv; contains a hole and |vg| = |v1| = 1, so vpvy is a factor of acb.
Similarly, v4vs is a factor of acb, and since vy corresponds to the same letters as
vg and vy it follows that either vo = a, v = b, or vo = ©. Thus vgvivs is a factor
of length 3 over {a,b,¢}. However, the only such word is aob. This implies vy = a.
By a similar logic v4vsvg = aob, so vg = b. However, vy and vg correspond to the
same variable in p, which implies that vy = a is a rearrangement of vg = b, which
is not the case.

The other possibility is that aa appears as an abelian square in p but 54 and
~~ do not. This case is similar to the previous one. O

We finally wish to put upper bounds on the abelian avoidability indices of
ternary patterns.

Proposition 3.19. Let p be any pattern. If p contains an abelian square, then it
1s mon-trivially 5-abelian avoidable in partial words.

Proof. As in the proof of Theorem 3.5, let w be an infinite partial word over 5
letters with infinitely many holes that avoids non-trivial abelian squares. Then w
avoids p, so p is non-trivially abelian 5-avoidable. O

This proposition encompasses all of the non-trivially avoidable ternary patterns,
except afayfy, afyBafy, and afayfaf, so only these three remain to classify.
In fact, the patterns aafvafa and afayaaf demonstrate that the bound in
Proposition 3.19 is tight with respect to ternary patterns. Both of these patterns
have ordinary (non-abelian) avoidability index 5 in partial words [5,6], and since
any ordinary occurrence of a pattern is also an abelian occurrence, this implies
the abelian avoidability indices of these patterns in partial words are at least 5.

Now we address the pattern afvyfafy. We first deal with avoiding the pattern
afyPBafy in full words using a morphism given in [17]. Let A = {a,b,c,d, e} be
an alphabet and define two morphisms, ) and ¢, on A* as follows: v is the cyclic
morphism ¢ (a) = b, ¥(b) = ¢, ete., and ¢(a) = bacaeacadaeadab, ¢(b) = P (d(a)),
é(c) = %(4(a)), etc. The morphism ¢ has several nice properties, specifically that
the image of any letter has length 15, and contains 7 instances of that letter and
2 instances of every other letter. It is also an abelian square-free morphism, that
is, if w € A* is abelian square-free, then ¢(w) is also abelian square-free [17].
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Proposition 3.20. Let w € A*, and assume ¢p(w) meets afBvyBafy in the abelian
sense. Then w meets afyBafBy in the abelian sense, or w contains an abelian
square. Furthermore, the word ¢*(a) avoids afvBaf~y in the abelian sense.

Proof. Let p = afyBaBy. We will use a method of proof similar to the one used
in [17] to prove that ¢ is abelian square-free. By assumption, there exists some
factor, u = uouy . . . ug, of ¢(w) such that ug §ua, u1 §us §us, and usg $u6. Let w;
be the largest factor of w such that ¢(w;) € fac(u;). If w; is non-empty, then we
can write u; = z;¢(w;)y;, where x; is a suffix of ¢(¢;) for some ¢; € A, y; is a prefix
of qS(lZ) for some /; € A, and |z, |y;| < 14. It is obvious in this case that

Moreover, in the case that w; is empty, u; can be at most 28 letters long, otherwise
u; will contain ¢(¢) for some £. So in either case, Inequality (1) holds.

Now let w(, and w) be the respective results (up to permutation) of canceling
as many shared letters from wg and w, as possible. For example, if wy = bac and
wyq = adab, then w) = ¢ and w) = ad. Define w) and wg similarly. Finally, we
compute wi, wh, and wi (up to permutation) by canceling letters common to all
three factors, wy, ws, and ws. Then we construct u} by replacing ¢(w;) in u; with
¢(w}). Since we have removed the same letters from both ug and w4, we have that
ug $uﬁl, and in the same way u} $ug $u’5 and ub $ug So u' = upu} ... ug is an
abelian instance of p.

We claim that |w(|, |wj| < 2. Without loss of generality, assume that |w(| < |w}].
Further assume, by way of contradiction, that |w)| = 3. Since w} is non-empty,
we can write ujy = z4¢(wj)ys, where x4 and y, are as defined above. Recall from
Inequality (1) that

15|wo| < |ug| < 15|wp| + 28, and
15\w4| < |’LL4| < 15\w4| + 28.

Since |ug| = |ual, these inequalities imply that the difference between |wg| and
|wa|, which is the same as the difference between |wj| and |w)]|, can be at most 1.
Then wy(, is non-empty, so wg is as well. Hence, we can write uj, = xop(w))yo,
where xg and yy are as defined above, and consider the three following cases.

Case 1. Suppose wﬁl$€£€ for some ¢ € A. Then |u}|, > |p(w))]e = 21, but
|p(wp)]e < 6 (since |wy| < 3 and w( cannot have an £). Since |ugple = |ufyle, it
must be that |zoyole > 15. However, |xol¢ and |yo|, are at most 7, so this is a

contradiction.

Case 2. Suppose w) § {10143 for some distinct ¢4, 0y € A. Then |u}|e, > |d(w))]e, =
16, and |p(w})|e, < 6. Since |ugle, = |u}|e, , it must be that |zgyole, > 10. The only
way this is possible is if zy and yo are both affixes of ¢(¢1). Moreover, |u}|s, >
|p(w))]e, = 11, but |¢p(wy)|e, < 6. This implies |zoyole, > 5. However, this is
only possible if either xg or yo is an affix of ¢(¢3), which contradicts our above
conclusion.
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Case 3. Suppose w $€1€2€3 for some distinct 1, fa, /3 € A. For each i € [1...3],
we have that |u}|s, > |d(w))]e, = 11, but |¢(wf)|e, < 6. Since |ugle, = |ul|e,, this
implies |zoyole, > 5, which is only possible if either zg or yo is an affix of ¢(¢;).
Without loss of generality, we may assume that xg is a suffix of ¢(¢1). Then it must
be that yo is a prefix of ¢(¢2), because xy cannot be a suffix of ¢(¢2). However,
this is a contradiction, because neither zy nor yo can be an affix of ¢(¢3).

Since w) must fit into one of these cases and each case leads to a contradiction,
we know that |w)| # 3. Moreover, if |w)| > 3, we can find these same contra-
dictions by considering a length 3 factor of wjj and augmenting all of the counts,
[p(wy)le, [p(wh)|e, ete., by 2(Jw)| — 3). This proves the claim.

Note that we can apply this same argument to show that |wh|, |wg| < 2. More-
over, we can apply this pairwise to w/, w5, w} to conclude that there are at most
2 letters in wy not in ws, at most 2 letters in w; not in ws, at most 2 letters in ws
not in ws, and vice versa. This shows that |w]|, |wj|, |wi] < 4.

Observe that v/ must be a factor of ¢(w’) for some w’ € A*. Let w' be the
smallest such word. Suppose we can write u, = x;¢(w})y; and let m; be the
position of ¢(w’) which is the first position of ¢(w}), or the first position of y; if
w; = . If both w, and y; are empty, then let m; be the first position after u,. Now
let j; = 7, and note that wj = w'[j; ... ji + [wj]).

Now suppose w; # ¢ for all ¢, and suppose v/ = vjv] ... vj is an abelian instance
of p in w’" and write v, = w'[k; ... k;11). Further suppose

ki < gi < ji+ wi| < kiga. (2)

Note that j; is defined because w] # e. Then w] € fac(v)). Construct v; by re-
placing w} in v] with w;. Since we removed the same letters from wy and wy, it
follows from this construction that vg $v4 if and only if v, $vﬁl, and an analogous
statement holds for v, v3,v5 and vs,vg, SO v = vov1 ... Vg is an abelian instance
of p. Moreover, v € fac(w), so w meets p in the abelian sense.

Now suppose wj = wj = w§ = ¢, and suppose vjvhvjvg is an abelian instance
of ayary in w', where v, = w'[k; ... kit1), and such that k; satisfies Inequality (2)
for each i € {0,2,4,6}. Construct v = vovav4vs as above, and note that v is an
abelian instance of ayay in w. Furthermore, v is an abelian square, so w contains
an abelian square. We can consider when w{, = w) = ¢ or wh = wj = € and find
similar results.

We conclude that if there exists some v' = vjv] ... v which is an abelian in-
stance of p in w’, where v} = w'[k;...k;+1), such that k; satisfies Inequality (2)
whenever j; is defined and we allow v} to be empty (so long as v' # ¢), then
w either meets p in the abelian sense, or w contains an abelian square. Thus, it
remains to show that for any u’, w’ must contain such an abelian instance of p.
Note that there are only finitely many ) where w, = e. Moreover, if w} # ¢ and u/,
can be written as x;¢(w})y;, then there are only finitely many x; and y;. Finally,
because |w}| is bounded, there are only finitely many w,. Thus there are finitely
many u' which we need to consider. Using a computer, we can check that for all
possible v/, w’ must contain an abelian instance of p as described above.
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Therefore, because the word a is abelian p-free and square-free, ¢ is known to
be an abelian square-free morphism, and any instance of p in ¢ (a) must occur in
some ¢"(a) where n € N, it follows by induction that ¢ (a) avoids p in the abelian
sense. 0

Corollary 3.21. The pattern afvyBaf3y is 5-abelian avoidable in full words.
The next corollary follows trivially from the above and Theorem 3.13.

Corollary 3.22. The pattern afyBafy is T-abelian avoidable in partial words.

4. AVOIDING PARTIAL WORDS WITH FINITELY MANY HOLES

Now, we give constructions for avoiding words with finitely many holes.

Theorem 4.1. Ifp is an abelian k-avoidable pattern, then for every integer h > 0
there exists an infinite word with h holes over an alphabet of size k + 2h that is
non-trivially abelian p-free.

Proof. Since p is abelian avoidable, |p| > 2 and we write p = af3q, where ¢ is a word
and «, [ are variables. If « = 3, p contains a square, and from [4], a word with
infinitely many holes over a five-letter alphabet can be constructed that avoids
non-trivial abelian squares. If we only keep h holes and fill in the other holes with
any letter of the alphabet in that construction, we obtain an infinite word with h
holes that avoids non-trivial abelian squares and thus non-trivially avoids p in the
abelian sense. Therefore we only need to consider when « # f3.

First consider the case where a and (3 are both contained in ¢. Since p is abelian
k-avoidable, there exists an infinite word w over a k-letter alphabet A such that
w avoids p in the abelian sense. Let C = {aq,...,ap—1} U {bg,...,bn_1}, where
ANC =10. Define A’ = AUC, so ||A’|| = k + 2h. Then an infinite partial word w’
over A’ is defined as follows:

aj, ifi=4y for some 7, 0 < j < h;
aj, ifi=4j5+1for some 5,0 <75 < h;

w'[i] =< o, ifi=4j+2for some j, 0 <j < h;
bj, ifi=4j+3 forsome j, 0 <j <h;
wli], otherwise.

Then w' is of the form agagobpaaiob . ..ap—1ap—10bp_1w(4dh)w(dh +1)...

Let p=ap...m—-1, &; € E. Note that w’ has h holes and each a; only appears
twice and each b; only appears once. Suppose there exists u = uouy . .. um—1 that
is a non-trivial abelian occurrence of p in w’. Notice that ug must contain at
least one a; or b;, else u occurs in w. Since « is in ¢, there is some [ > 1 such
that u; $ ug. It is easy to see that this forces u; to contain a hole. Hence ug is a
factor of w'[0...4h — 1]. The only possibilities for g, that is the only factors of
w'[0...4h — 1] that have an abelian compatible factor at a later position in w’
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starting at least one position after ug, are of the forms a;, a;o, or ¢b; for some i.
If ug = a;, then u; = ¢, so u is a trivial occurrence. Hence uq is of the form a;¢ or
ob; for some i. Since [ appears again in ¢, using the same logic as above, u; must
also be of the form a;o or ob; for some j. However, such ugu; cannot be a factor
of w'.

We prove the rest of the claim by induction on the length of p. The case of
|p| = 1 is trivial. When « is not contained in ¢, if afq is abelian k-avoidable, so
is fq. Since |Bq| < |afq|, there exists an infinite partial word with h holes over
a (k + 2h)-letter alphabet that non-trivially avoids (¢ in the abelian sense, thus
non-trivially avoiding o3¢ in the abelian sense. Similarly, if # does not occur in
q, then ¢ is non-trivially abelian avoidable over an alphabet of size k + 2h, and so
are 8q and afq, which is p. a

Proposition 4.2. Let p # aa be an abelian k-avoidable pattern in full words with
each of its variables occurring at least twice. Then for every integer h > 0 there
exists an infinite partial word with h holes over an alphabet of size k + 2h that is
abelian p-free.

Proof.

The infinite partial word with h holes is exactly the same as the one we provided in
Theorem 4.1, i.e. w’'. We have already shown that it is non-trivially abelian p-free.
Moreover, we prove that it avoids p in the abelian sense even trivially by induction
on the number of holes, if each variable of p occurs at least twice. Trivial abelian
squares are not avoidable, so we do not consider them. In other cases, suppose
w’ contains a trivial occurrence of p, denoted by u. Then u contains at least one
hole. When u contains only one hole, it is a factor of b;_ja;_1a;0b;a;a;41, which
obviously does not meet p in the abelian sense. Assume any factor u’ containing
j —1 holes, denoted by u = bi_1ai_1ai<>biai .. .Obi+]‘_2ai+]‘_2ai+]‘_1, where 1 <
j —1 < h, is abelian p-free. Then consider v’ = uw'ob;j;j_1a;4j-1a;4; or v’ =
bi—sa;—sa;—10u’. Let u” be the former one (the latter one is handled similarly).
If a trivial abelian occurrence of p is in u”, the hole before b;1 ;1 can only be
replaced by either the letter a;—1 or b;_1, since otherwise the sequence contains
j—1 holes and is trivially abelian p-free. Suppose it is replaced by a;_1. Then from
the first occurrence of ¢ in u”” to that occurrence of a;_1 there are only j — 1 holes
and at least 2(j — 1) distinct letters. It is impossible that each of those letters be
paired with one of the holes. The claim follows by induction. O

The following result is concerned with an arbitrary insertion of a hole in an
infinite word that avoids a pattern in the abelian sense.

Theorem 4.3. If p is an abelian avoidable pattern, then there exists an infinite
abelian avoiding full word so that we can insert a hole into any position and get a
partial word that is non-trivially abelian p-free.

Proof. Assume p = «q...q,_1 is abelian avoided by an infinite word w over
alphabet A. Let A’ = A? x {0,1}, and define an infinite word v as follows. Let
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j € {0,1}. For integer ¢ > 0, if ¢ = j mod 2, let v[i] = (w[i — jlw[i — j + 1],7) €
A’. Suppose towards a contradiction that v is not abelian p-free. Thus, there
exist i; and iy such that a;, = «,, wli1...i1 + 1] and wliz...i3 + ] are not
permutations of each other, while v[i ...41 + 1] and v[iz .. .42 4[] are. This means
wliy — jlwliy — 7+ 1] ... wliy + 1 — jlw[iy + 1 — j + 1] is a permutation of w[is —
Jlwlia —j +1]...wliz + 1 — jlw[iz + 1 — j + 1]. Since j = 0 or 1, this contradicts
the fact that w avoids p in the abelian sense.

Assume we replace one letter in v with a ¢ to get v/, and u = uguy ... up_1
is a non-trivial abelian occurrence of p in v’. Note that uw must contain the hole.
Suppose us contains the hole and ug is compatible with a permutation of u;, for
some s,t. Then since |ugs| > 1, either (w[iy — j1Jw[ir — j1 + 1], 71)0 or o(wliz —
Jilwlin — 41 + 1],71) is a factor of us, for some integers iy, ji. This means u;
contains a letter (wliz — ja]wlia — jo + 1], j2) where jo = j1, wliz — j2] = wliy — j1],
and wliz — j2 + 1] = wliy — j1 + 1]. Since j1, j2 is either 0 or 1, wiy] = wliz] for
either case. This contradicts w avoiding p in the abelian sense. O

5. CONCLUSION

In this paper, we have generalized results from abelian powers in partial words
given by Blanchet—Sadri et al. [4,7] and abelian patterns in full words given by
Currie et al. [9-11]. Theorem 3.10 gives tight bounds on the lengths of patterns,
over any pattern alphabet of at least three variables, for abelian pattern avoidance
by partial words with infinitely many holes. Our bound in Theorem 3.9 is tight
for unary and binary pattern alphabets.

Our current bound, given in Proposition 3.7, for abelian 2-avoidable (resp.,
3-avoidable) binary patterns p is |p| > 363 (resp., |p| > 119). A topic for future
research would be to improve on those two bounds.

We have also given upper limits for the abelian avoidability indices of all binary
and ternary patterns in partial words, which we have done for all binary patterns
and, non-trivially, for all but two ternary patterns. Referring to Section 3, an upper
bound for the abelian avoidability indices of afavyBaf and aBay[~ remains open.
The avoidability of patterns over four variables has been studied by Currie et al. [9],
but has not been completed.
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