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AN ISOLATED POINT IN THE HEINIS SPECTRUM

Ramzi TURKI!2

Abstract. This paper continues the study initiated by Alex Heinis of the set H of pairs («, 3) obtained
as the lower and upper limit of the ratio of complexity and length for an infinite word. Heinis proved
that this set contains no point under a certain curve. We extend this result by proving that there are
only three points on this curve, namely (1, 1), (%, %) and (2,2), and moreover the point (%, %) is an

isolated point in the set H. For this, we use Rauzy graphs, generalizing techniques of Ali Aberkane.

Mathematics Subject Classification. 68R15.

1. INTRODUCTION

The complexity function p(n), which counts the number of factors of length n in an infinite word u on a
finite alphabet 4, has been extensively studied. We refer the reader to Chapter 4 in [4] which is devoted to this
function. In particular, a vast open question is to know which functions p can be complexity functions; even
after taking into account some immediate necessary conditions (p must be increasing, with p(m+n) < p(m)p(n)
for all m,n), it has been known since Morse and Hedlund [11] that some functions, for example [y/n], cannot

be realized as a complexity function.
p(n)
n 9

More recently, Alex Heinis [7,8] made a fine study of the possible values of the couple a = liminf,, o

8 =limsup,,_, @, for p the complexity function of an infinite word wu: again, there is one obvious condition,
a < 3, and a condition from [11] that either § = 0 or a > 1; but Heinis showed that there are many more
constraints: indeed we cannot have a = 8 € ]1,2[, and when we suppose that 1 < a < 2, then § is bounded

from below by the function 30(';2.

For practical reasons, we restrict ourselves to recurrent infinite words. An infinite word w is recurrent if every
factor of u has infinitely many occurrences in u. It is likely that the results would not change without this
hypothesis, but proofs would be more cumbersome as several additional shapes of Rauzy graphs would have to
be considered.

Thus we can define the Heinis spectrum
H={(a,p) :u€ A", u recurrent}.
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By Heinis’s result, H is above the curve C : § = % Heinis constructed one point in C'N H, namely the point
3.9

The goal of the present paper is to study how close points in H can get to the curve C. For this we study
Rauzy graphs and their evolution for an infinite word, starting with those of Sturmian words which have only
two types of evolution. This was extended by Ali Aberkane in [2] who showed that, when an infinite recurrent
word u has a complexity p(n) < %n + 1, then we can describe three types of evolutions of Rauzy graphs which
are denoted by O1 4, O1,4, and O, 5.

Then we introduce a new class of infinite words, called words of type ug, defined by the condition 3 < ;i—o‘a,
we describe the evolution of their Rauzy graphs, adapting the techniques of Aberkane to this new class. A
particular case gives the point (%, %) in H, following Heinis.

In the main part of the paper, we study how properties of evolutions of the Rauzy graphs imply relations
between a and 3. We show that if u is an infinite word of type ug such that 3 is less than 250?5277_0%1’ then « is
always equal to % and 3 is equal to % Therefore, we can say that (2,2) is the only point of H that lies on C

273
with 1 < o < 2, and that it is isolated in H.

2. DEFINITIONS

2.1. SOME BASIC NOTIONS OF COMBINATORICS ON WORDS

We first recall some basic definitions in combinatorics on words, and introduce some notations. For more
details see [10].

(1) A word is a finite sequence of letters on a finite alphabet A.

(2) We denote by z[i] the i-th letter of a word x.

(3) The length of a word u is the number of letters in this word. We denote it by |u].

(4)  An infinite word is a sequence indexed by N with values in .4. We denote it by u = ugu; . ..

(5) Let v be a finite word. A word w is a prefix (respectively a suffix) of v if there exists a word z such that

v = wz (respectively v = zw). We denote by pref,(v) the prefix of length i of v and by suff;(v) the suffix
of length i of v. If w is a prefix of length i of v, then w™tv is suff |, — jw| (V).

(6) Let u be an infinite word. The word wu is periodic if there exists 7' > 1 such that for all n > 0, we have
UptT = Un. We say that u is eventually periodic if there exist 7' > 1 and ng > 0, such that for all n > ny,
Un+T = Uy. In this case, u can be written u = vw® where v = ug ... Upy,—1 and W = UpyUng+1 - - - Ung+T—1-

(7) A word w of length n is a factor of an infinite word w if there exists ny € N such that w =
UpoUng+1 - - - Ung+n—1- We denote by L(u) the set of all factors of w.

(8) Let u be an infinite word. We denote by L, (u) the set of factors of length n of u. Then we set p,(n) =
#L,(u) with p,(0) = 1.

This function p is called the complezity function of u.

(9) Let s(n) =p(n+1) —p(n) denote the first difference of the complexity function.

(10) Let u be an infinite word on an alphabet A and w a factor of w.

e The factor w is a right special factor (respectively left special factor) for w if there exist two distinct
letters, a and b, such that wa and wb (respectively aw and bw) are in L(u). The set of right special
factors (respectively left special factors) of length n is denoted by RS, (respectively LS,,).

o We say that a factor w is a bispecial factor if it is both right special and left special.

(11) Let u be an infinite word on the binary alphabet {a,b} and w a bispecial factor of u. The factor w is a
strong bispecial factor of w if and only if awa, bwb, awb and bwa belong to L(u); if L(u) contains only three
factors out of these four then w is an ordinary bispecial factor; and finally if it contains only two of them
then w is a weak bispecial factor. These definitions can also be used on a larger alphabet when it is known
that w has only two extensions to the left and two extensions to the right.

(12) An infinite word w is called Sturmian if its complexity is p(n) = n+ 1 for all n € N.
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(13) An infinite word w is said to be recurrent if every factor of u has infinitely many occurrences in wu.

2.2. THE HEINIS SPECTRUM

Let u € A¥ be a recurrent infinite word. We define a(u) := liminf, @ and [(u) := limsup,,_, . @
(usually we will simply write «(u) = « and S(u) = 8 where there is no ambiguity).

When w is periodic, then @ = § = 0; otherwise, by Morse and Hedlund’s Theorem, [11], § > a > 1. In
particular, if v is a Sturmian word, a = g = 1.

The Heinis spectrum is the set
H={(a,8) :u € A, u recurrent} C (R U {400})?.
Theorem 2.1 ([7]). If (o, 3) € H with o # 0, then § > 392,

The following Lemma (implicit in [7]) will be useful to compute o and 3.
Lemma 2.2. Let u be a recurrent infinite word.
(1) If s(n) is eventually constant or if lim, .o s(n) = +00, then a = B = lim,,_, o, s(n).

(2) Otherwise, let VT ={n:s(n)>s(n—1)} and V- ={n:s(n) < s(n—1)}, then

o= liminflM and 3 = lim sup M
neV+ n nev-— n

Proof.

(1) If s(n) = d for all n > ng, then p(n) = p(ng) + d(n — ng) so that lim, @ =d. If limy, o $(n) = 00,
then for all d there exists ng such that s(n) > d and p(n) > p(ng) + d(n — ng) for all n > ng, and thus
lim,, 00 @ = 400.

(2) If the conditions of (1) are not satisfied, then both V* and V'~ are infinite. Let n; and ns be two successive
elements of V. Then s(n) < s(n — 1) for all n such that ny < n < ny. It follows that

p(n) Z p(n1) + (n—n1)s(n) and p(n) = p(nz) — (n2 —n)s(n).

We multiply the first inequation by (ne —n) and the second by (n—mn1). Summing the resulting inequations,

we get
(n2 —n1)p(n) > (n2 —n)p(n1) + (n —n1)p(nz2)
and thus
p(n) > ni(ng —n) p(ni1) n nz(n —n1) p(nz) > min <P(n1) 7 P(n2)> .
n ning —ny) np n(ng —ny) no ny ny
It follows that liminf,, . 28 = lim inf, cy+ @.
The proof for 3 is similar. O

3. RAUZY GRAPHS AND THEIR EVOLUTION

Let u be an infinite word defined on a finite alphabet A. To describe its structure, we associate with the set
of factors of u a family of graphs, called Rauzy graphs. Rauzy graphs were defined in [3], and have proved to
be a very useful tool to study families of infinite words with a constrained complexity function, e.g. p(n) = 2n
in [12], or s(n) < 2 in [9].
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F1GURE 1. The first Rauzy graphs associated with the fixed point of the substitution defined
by: o(a) = bb et o(b) = ba.

TN

Definition 3.1. For all n € N, the Rauzy graph of order n of u is the labelled directed graph, denoted by
I,, = I, (u), such that:

e Its vertices are the factors of length n of u.

e There exists an edge from the vertex w to the vertex v if and only if there exist two elements a and b of A,
satisfying wa = bv, such that wa is a factor of length n + 1 of u. We then say that the words w and v follow
each other in the infinite word u. The letter a is the label of the edge from w to v.

Remark 3.2. Let B = (wp, w1, wa, ..., wk) be a directed path in the graph I5,. For all i € [1, k], there exist
two letters a; and b; in A such that w;_1a; = b;w;. The path B is labelled by the word ajas . ..ag. The length
of this path is |ajas ... ax| = k. Note that several paths may be labelled by the same word.

Definition 3.3. Let w be a factor of u of length n + k for some k > 0, and let w; be the factor of length n
occurring at position ¢ in w, for 0 < i < k. Then B = (wp, w1, ws,...,w) is a directed path in the graph I,

which is called the path associated with w. The label of B is a word w’ such that w = wow'.

Definition 3.4. A substitution o is a non-erasing endomorphism of A4*.

s dar bb
"6 ba.
Then u = lim,,_, o, 0™ (b) = babbbabababbbabbbabbbabababbbab . . . is the fixed point of this substitution. The first
Rauzy graphs of this infinite word are represented on Figure 1.

Example 3.5. Consider the substitution

3.1. EVOLUTION OF RAUZY GRAPHS

Informally, we call evolution of a Rauzy graph I, the sequence of the following Rauzy graphs
(Lng1s Dnto, ooy Ig) for some [ > 1. The question we want to address here is: if we are given only I,
without any knowledge of the infinite word u, are we able to predict the evolution of I7,, and up to which length
[? More generally, what are the possible evolutions of 17,7
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In order to give a formal definition, we need more notations. Let G be the set of all possible Rauzy graphs
for infinite words on a finite alphabet A C Ag (where Ag is a fixed infinite set, e.g. Ag = N, otherwise G would
not be a properly defined set). Then, we can write:

G ={I(u) :n € N, A a finite alphabet,u € A*}

Given G € G, there is an integer n, an alphabet A and an infinite word u € A" such that G = I,(u).
Moreover, n is unique (recall that the vertices of a Rauzy graph are words such that n is their length). An
evolution is a partial map E : G — G* = U;>0G! such that, if E(G) = (G1,Ga,...,G)), there exist n € N, an
alphabet A and u € A“ such that I, (u) = G and I'},4;(u) = G; for all i from 1 to I. Note that usually E will
be defined only on a subset of G. We say that I, undergoes the evolution F (in a given infinite word u), if there
exists [ such that E(I},) = (I41,...,{nt1). Now, we call £ the set of the evolutions. If we take F; and Es
from &, let E1FE; be the evolution that maps G to (Gi,...,Gi,GY,...,G},) where Ei(G) = (Gy,...,G) and
E>(Gi) = (G4, ...,G}). This endows £ with a monoid structure.

First, we study the evolutions of length 1. Let I}, and I}, 11 be two consecutive Rauzy graphs of u. How are
they related? There is a one-to-one correspondence between edges of I',, and vertices of I},+1. Indeed, both are
in one-to-one correspondence with factors of length n + 1 of u: vertices of I, 11 by definition, and edges of I,
when viewed as paths of length 1 associated with factors of length n + 1. In the sequel, we will identify both
edges of I, and vertices of I3, 1 with the associated words. So we can say that the vertices of I, are the
edges of I',.

Definition 3.6. Let G = (V, E) be a directed graph. The derived graph of G, denoted by D(G) = (V', E'), is
the directed graph such that:
e Its vertices are the edges of G, i.e. V' = E.
e [t admits an edge from the vertex x to the vertex y when in G, the ending vertex of the edge x is the starting
vertex of the edge y (we can then say that the edges = and y of G are consecutive).

Remark 3.7 ([1]). The derived graph D(I3,) of a Rauzy graph I, is thus the directed graph such that:

e Its vertices are the edges of I',, i.e. the factors of length n + 1 of u.
e It admits an edge from the vertex w to the vertex v if and only if there exists a and b in A satisfying wa = bv.
This edge has label a.

We can notice that in the Rauzy graph I, 11, in order to have an edge from w to v, wa must belong to L, +1(u).
But it is not important in D(I3,). We know that any edge of I',41 connects two vertices associated with two
factors w and v of u such that wa = bv. These two vertices correspond to two consecutive edges of I, and thus
are also connected in D(I,). Therefore I,11 is a subgraph of D(I,).

The following proposition shows how I, and I},41 are related.

Proposition 3.8 ([5]). Let u be an infinite word and (I, )nen be its sequence of Rauzy graphs.

We always have I'y1 C D(I,). Moreover, if u is recurrent and RS, N LS, = & then [yy1 = D(I7,).
The consequence of this proposition is that, if there is no bispecial factor, we can easily construct the graph
I'i1- So, the most important is to study the case where we have a bispecial factor.

To study this case, we introduce the evolution Ej. Ej is an evolution up to the next graph with a bispecial
factor. We can define Fj in this way:

Ey(Gp) undefined if Gy has no right special factor

Ey(Go) =9 if G has a bispecial factor
Ey(Go) = (Gh,...,G)) otherwise, where | has a bispecial factor,
Go, . ..,G_1 have no bispecial factor,

and G411 = D(G;) for 0<i<l—1

Remark 3.9. If G has no right special factor, then any w such that I,(u) = Gy is eventually periodic and
has no bispecial factor of length more than n. Otherwise, there is always [ > 1 such that I},;; has a bispecial
factor.
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S(n,x,y) T(n,x,y,z)

FIGURE 2. The two types of Sturmian graph.

3.2. THE EVOLUTION OF RAUZY GRAPHS OF INFINITE STURMIAN WORDS

First of all, we recall the particular case of infinite Sturmian words.
The evolution of their Rauzy graphs is well-known. We adopt the presentation of Ali Aberkane.

3.2.1. Some properties of Sturmian words and their Rauzy graphs

Proposition 3.10 ([5]). Let u be a binary infinite word. The cardinality of the set of right special factors of
length n, called RSy, is equal to s(n). If moreover w is recurrent, the cardinality of the set LS, is also equal
to s(n).

Remark 3.11. In the case of an infinite Sturmian word which is always recurrent, we can notice that s(n) =1
for all n € N, i.e. there is only one right special factor and one left special factor for each length.

As every infinite Sturmian word is recurrent, we can say that a Rauzy graph of an infinite Sturmian word u
has one of only two possible shapes. We call Sturmian graph a Rauzy graph that has one of these two shapes
(even if it is not associated with a Sturmian word). The first is the graph which has only one bispecial factor
and the second is the graph which has only one right special factor and one left special factor distinct from each
other.

Notation 3.12. We now give a notation for these two types of Sturmian graphs described above and illustrated
on Figure 2.

(1) We denote by S(n,x,y) the graph of order n with a bispecial factor and z, y are the words which are the
labels of the two loops. We suppose that |x| > |y|. From n, 2 and y, we can find the vertices. In particular,
the bispecial factor w is determined by n, x and y.

(2) We denote by T'(n,x,y, z) the graph of order n with only one right and one left special factor, x, y and z
are the words labelling the branches (see Fig. 2).

Remark 3.13.

e If I, = S(n,z,y) and w is the bispecial factor of length n, then x and y start with different letters and
satisfy wz = z’w and wy = y’w where 2’ and 3y’ are two words that end with different letters.

o If I, =T(n,z,y, z), if wy is the right special vertex and wy the left special vertex, there exist 2/, ' and 2’
such that wiz = 2'wy, w1y = y'ws and wez = 2'wy.

3.2.2. The derived graph of these two types of graphs
In this part, we study the shape of the derived graph of a Sturmian graph. Suppose first that I, is a graph
of type T. Then I',+1 = D(I},) by Proposition 3.8. If I}, = T'(n,x,y, z) then I, 41 = D(T(n,z,y,z)) =:

S(n+1,zz,yz) if |z| =
T'(n+ 1,z pref, (z),y pref, (z),suff ;| _1(2)) if [2] > 1
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X
w y
S(n,x,y)
SUﬁIxI-I (x) wpref,(x) esuff1(y’)w SUfflyH (y)

P T

j o (& D(S(n,x.y))
—

uff 1(x’)w wpref1 )

FIGURE 3. A graph of type S and its derived graph.

Iterating this, we get Ey(T'(n,z,y,2)) = (T'(n + 1,zpref,(z),ypref,(z), suff;|_1(2)),...,T(n + [z] —
Lz pref|,|_(2),ypref|,|_1(2),suff1(2)), S(n + |2], 22, y2)).

We suppose now that I, is a graph of type S. We can notice that D(I},) is a graph with n + 2 vertices and
n + 4 edges. Since p(n +2) = n+ 3, then I, 41 is a subgraph of D(I,) with n + 3 edges. Then, to obtain I, 41,
we should take off one edge from the graph D(I,). Since I, has to be of type S or T, the only edges that we
can take off are e; and e4 (see Fig. 3).

If we take off e; then I5, 11 = T'(n+ 1,z pref, (y), pref, (y), suff |, _1(y)) (we assume for simplicity that [y| > 2;
if ly| = 1, we directly get S(n + 1,2y,y)). Then this graph I',+1 undergoes the evolution Ej which ends with
the graph I, = S(n + [y|, 2y, y).

If we take off e4 then 5,41 = T'(n + 1,y pref, (x), pref, (x), suff|;|_ (x)). Then I},;1 undergoes the evolution
Ey which ends with I, 1|, = S(n + |z], yx, z).

Definition 3.14. We define two types of evolutions between two graphs of type S:

e Let O, be the evolution defined on graphs of type S by:
O1,4(S(n,z,y)) = (G1,Ga,...,Gy) where G; = T'(n + i,z pref,(y),
pref; (y),suffy,_;i(y)) for 1 <i < |y|, and G|, = S(n + |y|, 2y, ).

e Let Oy, be the evolution defined on graphs of type S by:
Ol,m(S(nv €, y)) = (le G2a ceey G\af\) where G; = T(TL +1, yprefi(x)a
pref; (z),suff |5 _;(z)) for 1 <7 < |z], and G|;| = S(n + |z], yz, x).

We conclude that the sequence of Rauzy graphs of a Sturmian word u is therefore characterized by the sequence

of evolutions (Eg)g>0 € {014,014} Indeed, starting from ng = 0, 9 = a, yo = b, it defines by induction a

sequence (ng, Tk, yx) € N x A* x A* such that I,, = S(ng, zx,yx) and Ex(I5,,) ends with I}, . .
4. THE INFINITE WORDS OF TYPE ug

4.1. DEFINITION

In general, the Rauzy graphs of an infinite word may have many different shapes, with complicated evolutions.
However, if the complexity is assumed to be small enough, then the range of possible shapes and evolutions
becomes smaller and resembles that of Sturmian words. The purpose of this section is to define the right class
of words for our study, large enough to include all words whose contribution to the Heinis spectrum lies in a
neighborhood of C', and small enough to minimize the number of different evolutions.

We first observe that, if @ < 2, then infinitely many Rauzy graphs have a shape already encountered with
Sturmian words.
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Lemma 4.1. Let u be a recurrent infinite word which is not eventually periodic. If o < 2 then there exists an
nfinite number of n such that I, is of type S.

Proof. If we suppose that s(n) > 2 for all n large enough, then p(n) > 2n + ¢, which implies that o > 2 which is
excluded. From this, we can say that s(n) =1 for an infinite number of n, since s(n) > 1 as u is not eventually
periodic. Therefore, for such an n, I, is one of the Sturmian graphs. If it is not already of type S, then it will
evolve to a graph I5,, of type S with n’ > n (n’ — n being the length of one branch of I3,). d

In [2], Aberkane considered the class of infinite words with complexity p(n) < %n + 1. This is not enough for
us, as the point (%, %) cannot be reached by such words, so we need to extend Aberkane’s results to a larger
class. One of the key argument in [2] is that, when a Rauzy graph is of type S, say I, = S(n,z,y), some of the
a priori possible evolutions require that s(n + k) > 2 for all k such that 1 < k < |z|, which is impossible when

p(n) < %n + 1. In the next lemma, we study more precisely when this happens.

Lemma 4.2. Let u be an infinite word. We assume that there exist infinitely many n such that I, is of type
S, and s(n+ k) > 2 for all k such that 1 < k < |z|, where I, = S(n,z,y). Then

a4 —p) <26

Proof. If 8 > 2, clearly
a4 —0) <2a<20.

We assume now that 3 < 2.
p(n+1)

Let € be such that 0 < e < 2 — 3. Since a = liminf, @ and 3 = limsup,,_, ., =, —, there exists

ng € N such that, for all n > ng, a — ¢ < @ < B+ e. Let n > ng be such that I, = S(n,z,y) and
s(n+k)>2for 1 <k<|xl|

‘We can notice that "
x

pn+lz|+1) =pn+1)+ > sn+k) > p(n+ 1)+ 2z,

k=1
since
s(n+k)>2.
We know that p(n + 1) = |z| + |y|. Then, we have
pn+1) = [z[+ [yl = (e —e)n (4.1
la| + |yl < p(n + [z + 1) < (B +&)(n + [z]) (4.2)
|z > |y (4.3)
Equations (4.1) and (4.3) give
1
|x| > i(a —e)n. (4.4)

Equation (4.2) gives
(lzl + ly)) + (2 = B —e)lz| < (B +e)n.
According to (4.1) and (4.4), we have

(a—¢e)n+ %(2—ﬂ—5)(a—5)n < (B+e)n,

which implies that
6 e
— 2 —— < .
(a—¢) < 5 5 ) SPte
By letting € tend to 0, we get

a4 —p) <26 O



AN ISOLATED POINT IN THE HEINIS SPECTRUM 29

z
3

R (n!xyys% ,zzyzs!z4) Q(n!x!y!zl ,ZZ ,23)

F1GURE 4. Graphs of type R and Q.

We are now ready to define our class of words, that we named ug. It is exactly the class of recurrent words
for which the conclusion of Lemma 4.2 does not hold.

Definition 4.3. Let u be a recurrent infinite word. We say that u is an infinite word of type ug if

4o
< .
p 24+«

Remark 4.4. If u is of type ug, then o < 8 < %, therefore 0 < a < 2, and 8 < 2. In particular, since a # 0,

u is not eventually periodic, so in fact 1 < o < g < 2. By Lemma 4.1, infinitely many Rauzy graphs are of
type S.

Remark 4.5. Let u be a recurrent infinite word of complexity p(n) < %n + 1, which is the class of infinite
words defined by Aberkane in [2], then 8 < % which implies that this infinite word is of type ug (except in the
particular case a = 1, 3 = %) We are going to show that the techniques of Aberkane allow to extend some of
his results to the class of infinite words of type ug.

4.2. EVOLUTION OF RAUZY GRAPHS OF INFINITE WORDS OF TYPE ug

We consider now an infinite word of type ug. As with Sturmian words, our aim is to look at the evolution of
graphs between two successive graphs of type S.
In this part, we see the difference between the evolution of graphs of Sturmian words and of infinite words of
type ug. In fact, together with the two cases previously represented, where one edge is removed from D(I7,) to
get I',+1, we can also have I, 11 = D(I},). However, it is not permitted to take off both es and ey (see Fig. 3),
as this would yield an infinite periodic word, which is excluded as « > 0.

Definition 4.6. We define the graphs of types R and Q:

e Let R(n,x,y, 21, 22, 23, z4) be the graph which contains two right and two left special factors with six branches
labelled by x,vy, 21, 22, 23, 24 as indicated in Figure 4.

e Let Q(n,x,y, 21, 22, z3) be the graph which contains one right special factor, one left special factor and one
bispecial factor with five branches labelled by x,y, z1, 22, 23 as indicated in Figure 4.

Definition 4.7. We define the evolutions O,, , for all m > 2, where we don’t take off the edges e; and e4. Let
Om,z be the evolution defined on graphs of type S by: Op, »(S(n,z,y)) = (G1,...,G|z) when |z] > (m —1)|y|
(otherwise not defined), where:
o Gjlyj+i = B(n+ jly| + i,suffjy_jjy i (), suffyy _i(y), pref;, i (x),
pref |, (z), y’ pref;(y), pref;(y)) for 1 <i < |yl and 0 < j <m — 2.
o Gjiy = Q(n+ jlyl,suff 4y (), y, pref, (z), pref;, (z),y7)
for1<j<m-—1.
° G(m—1)|y|+i = T(n + (m - 1)‘y| + 7/,ym pref(mfl)‘y‘“(w),pref(mfl)‘y‘“(w),
suff| 5| (m—1))y|—i(z)) for 1 <@ < [z] — (m —1)]y|
o Gy =S+ |z|,y"x, ).

We can notice that this evolution is not a simple evolution such as Fj which is from a graph which contains a
bispecial factor to the next graph which has a bispecial factor since the graphs of type @ also contain a bispecial
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X
y
w

suﬂ‘xH (x) suﬂM_1 (y)

R(n+1 ,suﬂ‘xl_‘ (x),sufflyl_ y
pref, (x),pref.(y),pref(y))

)pret (x),

pref (x) {
Iyl v
Ut &) wy
Gy Q(n+lylsuff, (x),y.pref,, (x),
7 pref,, (x),y)
@
G

G

)
G, G

FI1GURE 5. The possible evolutions of a graph of type S with a strong bispecial factor.

factor. The graph Go = S(n,,y) contains a strong bispecial factor w. For 1 < j < m — 2, G;,| contains an
ordinary bispecial factor wy’ and G(m—1)|y| has a weak bispecial factor which is wy™ L.
The following proposition generalizes Lemma 4 in [1].

Proposition 4.8. Let u be an infinite word of type ug, then for all n large enough such that I, is of type S,
the evolution between I, and the next graph of type S is one of Oz, O1.4, 01 O1 .

Proof. Let I, = S(n,z,y), and define w, 2’ and y' as in Remark 5. If I, 1 # D(I},), then as for a Sturmian
word we get evolution O1 , or O 4.

Assume now that I,41 = D(I},), so that s(n + 1) = 2. Let ny = min{k > n : s(k) = 1} — 1, which is
well-defined since s(k) is infinitely often 1. By Lemma 4.2, since < ﬁ—”‘a, we have nq < n + |z| except for
finitely many n. We thus assume that n is large enough, so that n < n; < n 4+ |z|. Then s(k) > 2 for all
k€ [n+1,n1], and s(ny +1) = 1.

Since s(n1+1)—s(n1) < 0, there is a weak bispecial factor w’ of length n,. Let B be the path in I, associated
with w’. Since w’ is bispecial, the path B must start in a left special factor and end in a right special factor,
that is start in w and end in w. Therefore B is labelled by a word in {z,y}*, and thus v’ € w{z,y}*. Then
ny =n+ilz| + jly|, and n; < n+ |z| implies i = 0. So we have n; = n + j|y|, for some j > 1. This implies in
particular that |y| < |z|, and that

w' = wy’.

The graph I},41 evolves by Ej to I5,|,, which has exactly one bispecial factor wy, one left special factor
and one right special factor. The evolution of I3, 1, gives four cases for the graph I}, ;1. These cases are
illustrated on Figure 5:

e Case 1: wy is a strong bispecial factor. Then I}, 4,41 = G7.
e Case 2: wy is an ordinary bispecial factor, with edge e missing. Then I3, 41 = G5.
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e Case 3: wy is an ordinary bispecial factor, with edge es missing. Then I, 41 = G3.
e Case 4: wy is a weak bispecial factor. Then I, |41 = G}.

Now, we must discuss according to the nature of bispecial factors of length between n and ni, i.e. the nature
ofwy!, 1 <1<j—1.

Assume that one of the factors wy' is a strong bispecial factor. Then z'wy'z = wry'z and z'wy'y = wry'y
are factors. Also wxa and way are factors since w is a strong bispecial factor. Hence, the suffixes of length nq + 1
of wxy! and wzx are both right special factors. They are distinct since their suffixes of length n + 1 are the two

distinct extensions of w to the left, i.e., since we know that wxy' = z'y'"w and wx = z’w and the suffixes of

2'y'w and z’w of length n + 1 are different then we can say that wzy' and wz have distinct suffixes of length
ny + 1. Then s(nq + 1) > 2. This is a contradiction.

Therefore, for all I € [1,j — 1], the word wy' is an ordinary bispecial factor since wzy'y, wyy'z, wyy'y
necessarily are factors. In particular, G never occurs.

For all k € [n+ 1,n1 — 1], we have s(k + 1) = s(k), because all bispecial factor of those lengths are ordinary.

Then s(k) =2 for all k € [n+ 1,n,].

e If j = 1, there is a weak bispecial factor w’ of length n+-|y| so I, ;|41 is graph G} in Figure 5. Then I, ;||
is of type S and the evolution between I, and I5, 1|, is Oz 4.

o If j > 2, Iiyy+1 is graph G5 (not G since wy? is a factor), which is of type R and evolves by Ej to a
graph of type Q, I, o, If 7 > 2, this process repeats until we reach I5,j,|, which is of type @ and has a
weak bispecial factor. Then I5, ;|41 is a graph of type T' similar to G}, which evolves by Ej to a graph of
type S, I,z We recognize that the evolution between I, and I, |, is O » With m = j + 1. O

Definition 4.9. Let u be an infinite word of type ug, and ng € N be the smallest integer such that I5,, is of
type S and for every n > ng, if I}, is of type S then I3, undergoes one of the evolutions Oy ,, O1 4, or Op, »
(m > 2). The sequence of evolutions of u is the sequence (E;) € {O1 4,01 4,0 : m > 2} such that I,
undergoes evolution E;, where I5,, is the ith graph of type S after I,,. We say that £ € £ occurs an infinite
number of times (in the sequence of evolutions of u) if there exist [ € N and infinitely many ¢ € N such that
E=F;E;11...E;1;_1. Otherwise, we say that E does not occur from a certain rank.

5. INFINITE WORDS WHERE ONLY Oy, OCCURS
The following lemma implies that (2, 3) belongs to H, which was stated in [7] with a different proof. However
Lemma 5.1 is stronger as it applies to a whole class of words, characterized by the evolution of its Rauzy graphs,
and this will be needed at the end of the proof of Theorem 6.5.

Lemma 5.1. Let u be an infinite word with infinitely many graphs of type S. Let ng € N, and suppose that for
every n > ng, if I, is a graph of type S, then it undergoes the evolution Oa . Then (o, §) = (%, %)
Proof. We may assume that I, is of type S. Let (n;);en be the increasing sequence of orders n > ng for which I,
is of type S, and let I',, = S(n;, x;,y;). Then the next graph of type S is the graph I',, ., = S(n; +|z;|, y?zi, z;),
so that

Nit1 = n; + ||

|Zi1] = |@i| + 2y

[Yiv1] = |74
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Then we can write this system as a product of a matrix and a vector as follows:

Ni+1 110 n;

[Zip1] | = (01 2] | [zl

|Yit1] 010 |yl

110 n; no
We note A= | 012]. Then we can notice that | |z;| | = A | |zo]
010 il Yol

To find A?, we should write A as a product of a diagonal matrix D by a transfer matrix P and its inverse,
i.e. A= PDP~!' Then A’ = PD'P~!.
As the eigenvalues of A are {—1,1,2},

200 (200 0 211
we have D = | 0 =10 | and then D' = | 0 (—=1)" 0 |. Moreover, we may take the matrix P = |2 =20 | and
001 0 0 1 120
11
o
then P_l = 0—§ 3
1-45
ni ' no
Now, we can say that | |z;| | = PD'P~1 | |x]
il 9ol
2i+1 (=" 1 — Ly —
n; 5~ (lzol + [yo]) + == (=50l + [y0]) — 3lzo] — lyo[ + o
Hence |‘$z‘| = 231 (\Jio\+\yo|)_%(_1?2(_%|$0|+\yo|)
vi 5 (ol + yo]) + 3(=1)"(=3zo| + lyol)

Observe that s(n) = 2 when n; +1 <n < n;+|y;| and s(n) = 1 when n; +|y;|+1 <n < n;y;. By Lemma 2.2,
with Vt ={n;+1:4>0} and V= = {n; + |y;| +1: i > 0}, we deduce that

i+1
a = liminf ]M
i—00 n;

and

4 = limsup P11
i—00 ni + [y

We can write that
p(ni +1) = || + |yi
and
lyi
pns + il + 1) = plns + 1)+ (s + k) = p(ms + 1) + 2y,
k=1
(since I7,, undergoes evolution Os ,,, we have s(n; + k) = 2 for 1 <k < |y;]).

Then
p(ni + |yl +1) il + 3yl

n; + |yil n; + |yl

By replacing n;, |z;| and |y;| with their values, we will have:

|zl + lyal _ 2'(|zol + lyol)
i 222 (|zo) + lyol) + SoZ (2lyol — |zol) — 3leol — lyo| + 70
zo| + |yol

—1)¢ 1 ¥ — .
2(|zo] + [yol) + GAL (2lyo| — |aol) — HzelHyol=ro
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Letting ¢ — oo, we obtain that

il + vl 3
T—> 3 (5.1)

Similarly,

|| +3lyal _ 23 (|o| + lyol) + 3(=1)(2|y0| — |=ol)

mi 1yl 2i(|ao| + [yol) + S (2ly0l — |zol) — Slzol — lyol + no

Letting ¢ — oo, we obtain that
|| + 3|yl
_—
n; + |yl

)- O

P K bb
" )b ba.
Then v = lim, oo 0™(b) = babbbabababbbabbbabbbabababbbab . .. is the fixed point of this substitution. It is

called period-doubling word [6]. All Rauzy graphs of u of type S, starting from I, undergo the evolution Oz 4.

Therefore Lemma 5.1 applies and (o, 8) = (%, %)

g. (5.2)

Finally, (5.1) and (5.2) give that («, 5) = (

o
wlot

b

Example 5.2. Consider the substitution

6. RELATIONS BETWEEN ﬁ AND « ACCORDING TO THE EVOLUTIONS THAT OCCUR

Lemma 6.1. Let u be an infinite word of type ug. If the evolutions O, » occur an infinite number of times
with m > 3, then we have

3> 5a% — 3a )

“ 202 —-a+1
Proof. If o = 1, then the result is trivial since 2"(’5:5& = 1. We assume in the rest of the proof that o # 1.
By Remark 7, we then have 1 < a < < 2. Let ¢ > 0 and n be such that I, = S(n,z,y) undergoes the
evolution O, ., for some m > 3.
As in the proof of Lemma 4.2, we know that for all n large enough,

(@—en <pn+1)=|z[+ [yl
Since s(n + k) =2, for 1 <k < (m — 1)|y|, then

(m—1)|y|
pin+ (m-Dyl+1)=pn+1)+ > sn+k)=z[+2m—1)yl|.
k=1

Since, for all n large enough,
pn+(m—=1y[+1) < (B+e)(n+ (m—1)yl)

then
2| + (2m = D]y| < (B+¢e)(n+ (m —1)[yl).

We have also, for all n large enough,

p(n+ [z +1) = 2| + mly| > (a —&)(n + |z]).
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n °

<

‘We have

Letfz%andn:‘

B+e)ll+(m—1n] =&+ (2m—1)y
§+nza—c¢
26+mn > (a—e)(1+€)

and thus

—£-[2-@B+e)(m—-1)+1n>—-(B+¢)
§+n>(a—e)
2—(a—e))+mn>(a—¢)

—
> =
[N

We multiply (6.2) by A and (6.3) by u. Then in order to cancel £ and 7 in (6.1) + A(6.2) + u(6.3), we should
find the values of A\ and p in this system:

{—1+)\+(2—(a—€))u:0 (6.4)
—[2=@B+e)m—-1)+1]+AX+mu=0 (6.5)

Now, we subtract (6.5) from (6.4), hence we have
2-B+e)m—-1)+ (2~ (a—¢g)=m)p=0,
then

_2=(B+e)m—1)
m+ (a—¢e)—2

From (6.4), we can say that A =1 — (2 — (o — €))p. It is clear that p > 0 if ¢ is small enough. We can also see
that A is positive, in fact:

A(m+a—e—2)=m+a—-ec—-2—-2—-a+e)2-0F—-¢)(m—1)
—m(l—(2—a+e)2-f-c)—(2—ate)(B-1+e)
=m-1)2—a+e)(f-1+¢e)+m(la—1—c¢).

The last expression is positive if € is small enough because 1 < a <2 and 1 < 3 < 2.
Moreover, by doing (6.1) + A(6.2) + ©(6.3), we obtain (8 +¢) > (a — €)(A + p). Then we have

(B+e) = (a—e)l+pla—e—1)],
which implies that
(m+a—-ec—-2)(B+e)>(m+a—c—2)(a—e)+(a—e)la—e—1)(2— (B+¢))(m—1),
and then
(B+e)lm—1)(a—e)* + 2 —m)(a—e)+(m—2)] > (a —e)*(2m — 1) = m(a —¢).
By letting ¢ tend to 0, we obtain
Bl(m —1)a® + (2 = m)a + (m — 2)] = o (2m — 1) — ma.

Now, we should look at the sign of (m—1)a?+(2—m)a+(m—2), so we calculate A = (2—m)?—4(m—1)(m—2) =
(m —2)(2—3m) <0, since m > 3.
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Then
(m—1)a? + (2 —m)a+ (m—2) >0,
so we have
5> a?(2m — 1) — ma
“(m=—1a2+(2-m)a+ (m—2)
We know that
a?(2m —1) — ma m(2a? — a) — o?

= s

(m—1)a24+2—m)a+(m—2) m(a?—a+1)+(—a?+2a—2)

which is an increasing function of m, then

2y 2 2 _
8 > min m(2a” —a) —a ) G L O
m(a? —a+1)+ (—a? + 20— 2) 202 —a+1
Lemma 6.2. Let u be an infinite word of type ug. If the evolution Oz 01, occurs an infinite number of times
then we have (6 5)
a—5)a
> Y
pz 202 — 1

Proof. The result trivially holds if & = 1, so we assume that 1 < a < 5 < 2.
Let € > 0 and n be such that I, = S(n,z,y) undergoes the evolution Oz ;01 .
We know that, for all n large enough,

(@—e)n <p(n+1) =[z[+ [y < (B+¢e)n.

Since Iy 4y = Q(n + \y|,suff‘w‘_‘y‘(:r),y,preflyl(x),preflyl(w),y), Lotje) = S(n + |z|,y%x, z) and Dyiogz) =
S(n + 2|z|,y%x?, ), we can say that, for all n large enough,

p(n +2[z[ + 1) = 3Jz] + 2Jy| = (o — &)(n + 2|z])
and
p(n+lyl+1) = |z[ + 3ly[ < (B + &) (n + [yl).
Let ¢ = |ni| and n = ‘nﬂ, so that

(a0 —e)(1+28) <3¢+ 2
§+3n < (B+e)(1+n)

(a—¢g) <&+
Hence, we have
(B—2(a—¢e){+2n=>(a—¢) (6.6)
£+ (B+e—-3m>—(B+e) (6.7)
E4+n>(a—e) (6.8)

We multiply (6.7) by A and (6.8) by u. Then, in order to cancel £ and 7 in (6.6) + A(6.7) + 1(6.8), we should
find the values of A and p in the following system:

{(3—2(@—5))—>\+u:0 (6.9)

24 ANB+e—-3)+pu=0 (6.10)

Now, we subtract (6.10) from (6.9), hence we have \(8+¢—2) — (1 —2(a—¢)) = 0. Then A = % From
(6.9), we can say that p =X — (3 — 2(a — €)).
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If € is small enough, it is clear that A > 0. We can easily prove that p > 0, in fact:

pR2-p-e)=Q2a-g-1)-B-2a-¢)2-F-¢)

2@—e—-1)(B3-p—-e)+(B+e-1).

The last expression is positive if e is small enough since 1 < a < 2 and 1 < § < 2. Moreover, by doing
(6.6) + A(6.7) + (6.8), we have A(B +¢) > (o — &)(1 + p). Then we have,

(2a—e)~1)(B+8) = (a—)2— (B+e)+2a—c) —1—(3—2a—e)2—(B+2))
Letting ¢ tend to 0, we get
(20— 1)B > a(6a + 28 — 206 — 5),
and then
(2a% —1)B > a(6a — 5).

Since 202 — 1 > 0 we have 8 > %~ -

Lemma 6.3. Let u be an infinite word of type ug. If the evolution Oz ;O1 5 occurs an infinite number of times

then we have
40 — 3a

> - v |
Az 202 — 2o+ 1

Proof. Let € be small enough and n large enough such that I, = S(n, z,y) undergoes the evolution O3 ;01 5.
With similar arguments as in the previous proof, we have:

3la| + 4ly| = (o — &) (n + 2|x| + 2[y|)
|z +3ly| < (B+¢)(n + ly])
2| + [y| = (e —e)n

Now, let £ = ‘i—‘ and n = %, then we have this new system:

B—2(a—-¢){+22—(a—¢))n=>(a—¢) (6.11)
(B+e=3n—E=>—(B+e) (6.12)
E+n>(a—e) (6.13)

By doing suitable combinations between these equations, we find the following result

40?2 — 3a
e S
Bz 202 — 2o+ 1

Lemma 6.4. If 3 < 250‘27_3“ then we have

aZ—a+1’

— 402 —
(6Oz2 5)a and < : o = 3a

< S —
b o2 —2a+1

2

Proof. Observe first that 5 < 5o —3a implies that 1 < a < 2. We have to study the sign of the difference

) 202 —a+1
between the quotients 5°% __a?’_fl and (gi;i)lo‘. We can write
502 — 3a (6r — b)) —2(a—1)(2 - o)«

202 —a+1  2a2-1  (202—-1)202 —a+1)’
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2 L
444444444 3a—2
[2]
_ _ (6a=5)a
202 —1
..... 5a* —3a
20° —a+1 -
1.8 Ao
"l s T (5/3,20/11)
207 —2a+1
1.6 (3/2,5/3)
1.4
1.2
1 L
L . ) ‘ ‘ ‘
1 1.2 1.4 1.6 1.8 2

FI1GURE 6. Graphic representation.

which is negative. So
5a% — 3a - (6 — 5)
202 —a+1 202 -1
which implies that 8 < “;3;5)1“, since 3 < Q‘Z%ffl
Similarly, we calculate the following difference

502 — 3a - 40 =3 —202(a—1)(2 - ) <0
202 —a+1 2a2-2a+1 (202 -2a+1)202 —a+1)

Then we can say that
40? — 3a

<7.
p 202 —2a+1

Theorem 6.5. Let u be a recurrent infinite word such that 8 < 25;%277_0?& and B < Qi—aa, then (o, B) = (%, %)

Remark 6.6. We can reformulate Theorem 6.5 in another way:
o Ifa < %, then either 5 > Sa?=3a_ (a,8) = (2, 9).

A 202 —a+1 23
5 «
o If > 3 then g > St

The different functions involved in the proof of Theorem 6.5 are represented on Figure 6.

Now, we prove Theorem 6.5.

Proof. Let u be an infinite word satisfying both conditions. Since 8 < ﬁ—”‘a, it is of type ug. Since g < 2‘10;2_77(3&,
we can say by using Lemma 6.1 that, from a certain rank, there is no evolution O, ,, with m > 3. Therefore

we have only evolutions O1 ;, Oz, and O .

. _ 2 . . .
By using Lemma 6.4, we have g < (2322{1 and 0 < %, then from a certain rank, evolution O3 ;01 4

does not occur by Lemma 6.2, nor evolution Oz ;01 , by Lemma 6.3. These two results imply that from a
certain rank, either Oy , does not occur at all, but this would imply that a = 1, which is excluded, or only O

occurs. Therefore, by using Lemma 5.1, we conclude that (a, ) = (2, %) O
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Corollary 6.7. Let H = {(a, 8) : u € AV, w recurrent} and C = {(c, B) : B = 2%=2}. Then

HNC = {(1,1), (gg) ,(2,2)}

and (£, 2) is an isolated point in H.
Proof. Let (o, ) € HNC.

e Ifa<1ora>2then 8= % < «, which is impossible.
e If 1 < o < 2 then the conditions of Theorem 6.5 are satisfied, so that («, 5) = (%, %)

Therefore, HNC C {(1,1),(2,3),(2,2)}. These three values are obtained since: (o, 8) = (1,1) for Sturmian

words, («a, 5) = (%, %) for Example 5.2 and («a, 5) = (2,2) for words of complexity 2n + 1, see [3]. O

Acknowledgements. 1 express my gratitude to Julien Cassaigne my supervisor, for his guidance, advice and encourage-
ment. I wish to thank him for providing me with so many learning opportunities.

REFERENCES

[1] A. Aberkane, Exemples de suites de complexité inférieure & 2n. Bull. Belg. Math. Soc. 8 (2001) 161-180.
[2] A. Aberkane, Utilisation des graphes de Rauzy dans la caractérisation de certaines familles de suites de faible complezité,
Ph. D. thesis. Université d’Aix-Marseille 2 (2002).
[3] P. Arnoux and G. Rauzy, Représentation géometrique des suites de complexité 2n+1. Bull. Soc. Math. France 119 (1991)
199-215.
[4] V. Berthé and M. Rigo, Combinatorics, Automata, and Number Theory. Cambridge University Press, Cambridge (2010).
[5] J. Cassaigne, Complexité et facteurs speciaux. Bull. Belg. Math. Soc. 4 (1997) 67-88.
[6] D. Damanik, Local symmetries in the period doubling sequence. Discrete Appl. Math. 100 (2000) 115-121.
[7] A. Heinis, Arithmetics and combinatorics of words of low complezity. Ph. D. thesis, University of Leiden (2001).
[8] A. Heinis, The P(n)/n-function for bi-infinite words. Theoret. Comput. Sci. 273 (2002) 35-46.
[9] J. Leroy, An S-adic characterization of minimal subshifts with first difference of complexity 1 < p(n + 1) — p(n) < 2. Discrete
Math. Theor. Comput. Sci. 16 (2014) 233-286.
[10] M. Lothaire, Algebraic Combinatorics on Words. Cambridge University Press, Cambridge (2002).
[11] M. Morse, G.A. Hedlund, Symbolic dynamics. Amer. J. Math. 60 (1938) 815-866.
[12] G. Rote, Sequences with subword complexity 2n. J. Number Theory 46 (1994) 196—213.

Communicated by D. Jamet.
Received March 24, 2016. Accepted March 24, 2016.



	Introduction
	Definitions
	Some basic notions of combinatorics on words
	The Heinis spectrum

	Rauzy graphs and their evolution
	Evolution of Rauzy graphs
	The evolution of Rauzy graphs of infinite Sturmian words
	Some properties of Sturmian words and their Rauzy graphs
	The derived graph of these two types of graphs


	The infinite words of type u
	Definition
	Evolution of Rauzy graphs of infinite words of type u

	Infinite words where only O2,x occurs
	Relations between  and  according to the evolutions that occur
	References

