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ALGORITHMS FOR RECOGNIZING BIPARTITE-HELLY
AND BIPARTITE-CONFORMAL HYPERGRAPHS * **

MARINA GROSHAUS! AND JAYME LUIS SZWARCFITER?

Abstract. A hypergraph is Helly if every family of hyperedges of it,
formed by pairwise intersecting hyperedges, has a common vertex. We
consider the concepts of bipartite-conformal and (colored) bipartite-
Helly hypergraphs. In the same way as conformal hypergraphs and
Helly hypergraphs are dual concepts, bipartite-conformal and bipartite-
Helly hypergraphs are also dual. They are useful for characterizing bi-
clique matrices and biclique graphs, that is, the incident biclique-vertex
incidence matrix and the intersection graphs of the maximal bicliques
of a graph, respectively. These concepts play a similar role for the bi-
cliques of a graph, as do clique matrices and clique graphs, for the
cliques of the graph. We describe polynomial time algorithms for rec-
ognizing bipartite-conformal and bipartite-Helly hypergraphs as well as
biclique matrices.

Keywords. Algorithms, bipartite graphs, biclique-Helly, biclique
matrices, clique matrices, Helly property, hypergraphs.

Mathematics Subject Classification. 05C85, 68505.

Received May 15, 2010. Accepted July 19, 2011.

* M. Groshaus was partially supported by UBACyT Grants X127, X456 and PICT ANPCyT
Grants 11-09112 and PICT ANPCyT 1562, Argentina.

** J.L. Szwarcfiter was partially supported by CNPq and FAPERJ, Brazil.

L Universidad de Buenos Aires, Departamento de Computacién, CONICET Buenos Aires,
Argentina. groshaus@dc.uba.ar

2 Universidade Federal do Rio de Janeiro, IM, COPPE, and NCE, Rio de Janeiro, Brazil.
jayme@nce.ufrj.br

Article published by EDP Sciences © EDP Sciences, ROADEF, SMAT 2011


http://dx.doi.org/10.1051/ro/2011112
http://www.rairo-ro.org
http://www.edpsciences.org

210 M. GROSHAUS AND J.L. SZWARCFITER

1. INTRODUCTION

It is well known that Helly hypergraphs and conformal hypergraphs are dual
concepts, in the sense that a hypergraph is Helly if and only if its dual is conformal.
We consider an extension of these concepts, namely (colored) bipartite-Helly and
bipartite-conformal hypergraphs. The interest on these concepts can be justified
both by their own, as combinatorial structures, and by their applications. These
hypergraphs were explicitly employed in the characterizations of biclique matrices
and biclique graphs. A biclique matrix can be viewed as a matrix representation
of the maximal bicliques of a graph, in the same way as a clique matrix represents
the maximal cliques of a graph. A biclique graph is the intersection graph of the
maximal bicliques of a graph, in a similar way as a clique graph is the intersection
graph of the maximal cliques of a graph. In fact, this paper has been motivated
by the study of bicliques of a graph. Bicliques have been considered in many
different contexts, for instance, in covering problems [1, 10]. Moreover, bicliques
have already been studied in relation to the Helly property, as in [6,7]. Finally, as
for the matrices, we mention that clique matrices are related to interval graphs [5],
Helly circular-arc graphs [4] and self-clique graphs [9]. Similarly, biclique matrices
are related to the study of biclique graphs [8].

In this work, we describe polynomial-time algorithms for recognizing bipartite-
Helly and bipartite-conformal hypergraphs. These algorithms can be viewed as
counterparts of the known algorithms for recognizing Helly hypergraphs and con-
formal hypergraphs [2]. As applications of techniques described in this work, we
present algorithms for recognizing biclique matrices. Furthermore, we employ the
concept of bipartite-Helly hypergraph in order to prove that the problem of rec-
ognizing biclique graphs lies in A'P, a fact so far unknown.

In order to develop the ideas of bipartite-Helly and bipartite-conformal hy-
pergraphs, we need further concepts related to bicliques and hypergraphs. For
instance, to distinguish between the two parts of the bicliques of a graph, it would
be natural to define the biclique matrix as being a {0, 1, —1}-matrix, instead of
a {0, 1}-matrix, employed for representing the cliques. When considering hyper-
graphs, the bipartitions which are present throughout the work, lead to defining
a bi-coloring of their vertices. We also employ the concept of a black section of
a hypergraph, which plays a similar role for bipartite-conformal hypergraphs, as
the known 2-section, employed for conformal hypergraphs [2]. Finally, recall that
the Helly property requires the concept of pairwise-intersecting families of hyper-
graphs. Similarly, for the bipartite-Helly property, we need the equivalent concepts
of monochromatic and bipartite-intersecting families.

The paper is divided as follows. In the next section, we present the main defini-
tions and concepts related to the work. In Section 3, we describe the polynomial
time algorithm for recognizing bipartite-Helly hypergraphs, while in Section 4, we
present algorithms for recognizing bipartite-conformal hypergraphs. Two applica-
tions of these concepts are given in Section 5, namely, in the recognition of biclique
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matrices and in the NP containment proof for the biclique graph recognition prob-
lem. Some short remarks form the last section.

2. PRELIMINARIES

Denote by H a hypergraph, with vertex set V(H) and hyperedge set E(H). Write
V(H) = {v1,...,v,} and E(H) = {E1,...,En}. If |[E;| = 2, for all 1 < i < m,
we then say that the hypergraph is a graph and the hyperedges are edges. Usually,
we denote a graph by G. For a graph G, write e, = v;v;, with the meaning of
Ei, = {v;,v;} for some k, and say that vertices v;,v; are adjacent. The 2-section
of a hypergraph H is a graph G2, where V(G2) = V(H) and such that there is an
edge e, = v;v; € E(G2) precisely when there exists some hyperedge Ei, 2 {v;, v;},
forall 1 <iz#j<mn.

For a graph G, say that V' C V(G) is a complete set if v;,v; are adjacent,
for all v;,v; € V'. A complete bipartite set is a subset B C V(G), which admits
a bipartition V4 U Vo = B, where v;,v; € B are adjacent exactly when v;,v;
belong to distinct parts of the bipartition. We restrict to proper bipartitions, that
is, V1,Va # 0. A clique is a maximal complete set, while a biclique is a maximal
complete bipartite set. The neighborhood of a vertex v of a graph is the subset of
vertices adjacent to v. Denote by Py a path formed by k vertices.

If G has ¢ cliques {Cy,...,C.}, the cligue matriz of G is the matrix A €
{0,1}¢*™, defined as ay; = 1 if and only if v; € Cj. Finally, if G has d bicliques
Bi,...,By C V(G), the bicligue matriz of G is the matrix A € {0,1,—1}4*",
where ap; = —ag; # 0, precisely when v;,v; € By, and v;,v; are adjacent, for all
1<k<nand1<i#j<n.

Say that a hypergraph H is conformal if each clique of its 2-section is contained
in some hyperedge of H. Furthermore, say that H is Helly if every subfamily of
pairwise intersecting hyperedges contains a common vertex.

A colored hypergraph H is a hypergraph in which there is a coloring C of the
occurrences of each vertex in the hyperedges of H, using the colors white and
black. That is, if vertex v belongs to hyperedges E1,..., Fx, then v is assigned
a color either white or black, in each of these hyperedges, and these colors are
independent. Define a coloring of the edges of the 2-section G5 of H as follows.
Each v;v; € E(G2) is black if there exists some edge Ej, 2 {vi,vj}, where v; and
v; have different colors in Ej; otherwise v;v; is white. Define the black section of
‘H, as the subgraph G} of G5, containing exactly the black edges of G5. Say that
‘H is bipartite-conformal, relative to C, when each biclique B of G, is contained in
some hyperedge of ‘H. That is, there is a hyperedge Ej, such that v;v; is an edge
of B precisely when v;, v; have different colors in Ej. When every two vertices
contained in a hyperedge of H with the same color are not adjacent in Gy, , we say
that C is a compatible coloring and that H is a compatibly colored hypergraph.

Given a {0, 1, —1}"*™matrix A, the associated hypergraph H of A is the hyper-
graph having one vertex v; for each column ¢ and one hyperedge Ej for each row
k of A, such that v; € E} precisely when ay; # 0. Define a special coloring of the
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FIGURE 1. Row-similar matrices.

e V(H) = {v,t,s,r}, colors = {w,b}

e E(H) = {El,EQ,E3,E4,E5,E6}

e Hyperedges:E1 = {vw, v}, B2 = {vp, ts}, E3 = {sp, s},
Ey = {vw, 7, Sw}, Es = {vp,"w,tw}, B = {Vw, tw}

FIGURE 2. Example of a colored hypergraph.

occurrences of each vertex in the hyperedges of H as follows: vertex v; € V(H) is
white in Ey when ap; = 1 and v; is black in Ey when ap; = —1. When v; € Ej then
v; is uncolored for Ej. Such a coloring and the coloring of edges of its 2-section,
is called the canonical coloring of H. We also employ special concepts related to
matrices, as follows.

Let A, A’ be {0,1, —1}™*™-matrices. Denote by A the vector consisting of row
k of A. Say that row k is dominated by row [, when aj; = 1 implies aj; = 1 and
ag; = —1 implies aj;, = —1, for all 1 < i < n, where A] = A; or A] = —A;.
In general, say that A, A’ are row-similar when A, = Aj or Ay = —A}, for all
1 < k < m. In Figure 1 there is an example of matrices row-similar to M;. In
general, denote by M any matrix which is row-similar to M.

Remark that whenever A, A’ are two row-similar matrices then the 2-sections
G2, GY of their corresponding associated hypergraphs are isomorphic. Moreover,
if e € E(G2) and ¢ € E(GY%) are two corresponding edges in an isomorphism
G2 = G, then they have identical colors in the respective canonical colorings.

Given a colored hypergraph H and a coloring C of it, say that C bicovers vertices
of H if for each v, there are hyperedges E;, E; such that v € F; N E; and v
has different colors in F; and E;. On the other hand, a subfamily of hyperedges
& C E(H) is monochromatically intersecting if, for any two hyperedges E;, E; € &,
either E; N E; = 0 or each v € E; N E; has the same color in both F; and Ej.
Consider a bipartition £ = & U & of €. Say that &£ is bipartite-intersecting if
&1, &, are both monochromatically intersecting, and for every pair of hyperedges
Ey € &, Es € &, there exists a vertex v € E1 N Esy, such that v has different colors
in By and FEs. Finally, say that H is bipartite-Helly if C is compatible and every
bipartite-intersecting subfamily £ = & U & C F(H) contains a common vertex.

In Figure 2, there is an example of a colored hypergraph H, using colors
white and black, where v,, and v, mean that vertex v is colored white and black,
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V1 V2 W1 W2 W3 w4

10 0-1-1-1
A = 01 -1-1-1 0
-10 0 1 0 1
V1 V2 W1 W2 W3 W4
10 0-1-1-1
Az = 01 -1-1-1 0
11 0-1-1 0

FIGURE 3. {0, 1, —1} matrices.

w1 Wa w1 W2 w3 W4

\
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Vi V2

2-section of H2 G: Black section

FIGURE 4. Graphs G2(Hs) and G(Hz).

respectively. Observe that E(H) bicovers V(H). However, examining the coloring
of the hyperedges F7 and F5, we conclude that the coloring is not compatible. On
the other hand, the coloring restricted to the partial hypergraph formed by the
hyperedges E; and Ej is compatible. The subfamily {FE, Eg} is not monochro-
matically intersecting. On the other hand, {Es} U {E4, Es} and {E5} U{Ey, E4}
are examples of bipartite-intersecting subfamilies of F(H). The latter contains a
common element, while the former does not, meaning that H is not bipartite-Helly.

Figure 3 illustrates an example of a {0, 1, —1} matrix with dominated rows. The
last row of Ay is dominated by the first row. The hypergraphs H1, Hs, associated
to the matrices A; and As, respectively, have as vertex sets V(H1) = V(Hs) =
{v1,v2, w1, w2, w3, ws}, and hyperedges Hy = {E1, Ea, E3}, Ho = {E1, Eo, ES},
where E1 = {vl,wg,wg,w4}, E2 = {’UQ,’U)1,U)2,1Ug}, E3 = {Ul,’lUQ,QU4}, and Eé =
{v1, v2, wa, w3 }. In Figure 4, we show the 2-section G of Hs and the black section
G} of the hypergraphs H; and Ho. Although A; and A5 and their corresponding 2-
sections are distinct, their black sections coincide. Observe that H; is not bipartite-
conformal, and that As is a biclique matrix of Gj.

Notice that whenever A, A’ are two row-similar matrices then the 2-sections
G2, GY of their corresponding associated hypergraphs are isomorphic. Moreover,
if e € E(G2) and €' € E(GY%) are two corresponding edges in the isomorphism
G2 = G, then they have identical colors in the respective canonical colorings.
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3. ALGORITHM FOR RECOGNIZING BIPARTITE-HELLY
HYPERGRAPHS

In this section we study bipartite-Helly colored hypergraphs. We give a charac-
terization for bipartite-Helly colored hypergraphs that leads to a polynomial time
algorithm for the recognition problem.

We need the following further definitions. Let H be a colored hypergraph of
m hyperedges, n vertices and let C be its coloring using colors white or black.
For every subset S” = {v;,v;,vi} of three vertices of V(H), consider every triple
Ll e, 1 < 4,5,k < m, where [;,[;l;, are equal to 1 or —1, with the meaning
of white or black, respectively. Let E}Zhlyﬁlk} be the subfamily of hyperedges of
E(H) which contains at least two vertices vs € S’, v, € S’, having colors I, I,
respectively. Similarly, let £ %li,lj,lk} be the subfamily of hyperedges of E(H) which
contains at least two vertices vs € S/, v, € S’, having color —I,, —I,., respectively.
In the example of the hypergraph of Figure 2, take b = 1 with w = —1 and
consider the subset of vertices S’ = {v,t, s} together with the triples b, b, b and
w, w,w. Then, 6%b,b,b} = {EQ,Eg}, g%b,b,b} = {E5,E6}.

We start with an observation.

Observation 3.1. Let H= {E\, Ea,..., E;} be a colored hypergraph. Then, H
18 compatible if and only if every bipartite-intersecting subfamily of hyperedges
& ={E;} U{E;} is compatible.

As a corollary of Observation 3.1, we also derive some properties on {0,1, —1}-
matrices.

Corollary 3.2. Let A be a {0,1,—1} — matriz. The columns of A form a com-
patible family if and only if A does not contain any matriz M.

The following Theorem characterizes colored bipartite-Helly hypergraphs.

Theorem 3.3. A colored hypergraph H is bipartite-Helly if and only if

(1) Every bipartite-intersecting subfamily &' ={E;} U{E;} of H is compatible,

(2) every bipartite-intersecting subfamily &' ={E;} U{E;, Ex} has a common ele-
ment, and

(3) every subfamily g}li,l_,»,lk} U g%li,l_j,lk} has a common intersection.

Proof. 1f 'H is bipartite-Helly, then the first two conditions follow directly. We prove
that also the third condition holds. We need to show that ‘c“%li,lj,lk} U g%li,lj,lk} is
a bipartite intersecting subfamily, for every {4, j, k}. First, we prove that £ %l Lk}
and g%li,lj,lk} are monochromatically intersecting. Let E,., E, € g%lmlr',lk}. Then
there is a vertex, suppose v;, which belongs to both subsets with color lJl If B, By
intersect in a vertex having different colors in these hyperedges then {E,} U{E,}
is a bipartite-intersecting family which is not compatible, a contradiction. Anal-
ogously, 5%li7lj7lk} is monochromatically intersecting. Finally, it remains we prove



ALGORITHMS FOR BIPARTITE-HELLY 215

that 5bi7lj;lk} u E%Zi’l%lk} is a bipartite-intersecting family. Let E, € g}lhlj’lk}’
and F, € 5%&,1»,!,9}' Then, there is a common vertex, suppose v;, that belongs to
FE,, E; with different colors among them since v; has color I; in E,., and —[; in F,.
Since H is bipartite-Helly, we conclude that ‘%li,lj,lk} U 5?li,lj,lk,lk} has a common
vertex.

Conversely. Let £’ = £1UE5 be minimal bipartite-intersecting subfamily with no
common element. Then, |€1] 4 |€2] > 4. Consider the case where | £1 |=| €2 |= 2.
Let v; be the common vertex to €1 \ {E;, } U Ea. Let {1 be the color of vy in £
(recall that since &1 is monochromatically intersecting, every vertex has the same
color in &3). Analogously, let vo be the common vertex to €1 \ {E;,} U Es. Let Iy
be the color of vy in £s. Finally, let v3 be the vertex belonging to €1 U &2\ {E;, }
and let I3 be the color of v3 in £5. Consider 5%17[27[3} U 5%11,12,&,}' We prove that
&' = €1 U &, is included in g}(h,lz,lz} U g%ll,lz,ls}' Subset E;, contains vy and vs.
Since Fj;, € & contains vy, v and v, the colors of vj, in i, Ey and E3 are [y,
la, I3 respectively. Then, as Fj, intersects I;, and both contain vy and vs, their
colors in F;, are —ly, —l3 respectively. Analogously, F;, contains vy, vs with colors
—l1, —l3, respectively. Finally, E;, contains vy, vy with colors [y, I3 respectively. It
follows that £1 C 6}11’[2)&}, Ey C g%ll;lml.’i}'

The case where | €1 [> 3 is similar. We consider £1\ {E;, } U&2, E1\{Fi, }UE>
and &1 \ {Ei;} U &2 and conclude that there are elements v1,vs,vs, such that
vj ¢ E;;. Finally, let I1,l2,13 be the colors of vy, v2,v3 € €1, respectively. In any
case, it follows that & = £ U €5 has a common vertex, a contradiction.

Finally, by Lemma 3.1, every bipartite-intersecting subfamily is compatible. We
conclude that £ is a bipartite-Helly hypergraph. v.

Theorem 3.3 leads to a polynomial time algorithm for recognizing bipartite-
Helly colored hypergraphs.

The algorithm is described below. For a given colored hypergraph H, it answers
YES or NO, depending on whether H is bipartite-Helly. Let H be a colored hy-
pergraph of m hyperedges and n vertices and let C be a coloring with colors white
and black, represented by —1 and 1. O

Algorithm 3.4. Recognizing bipartite-Helly hypergraphs
Input: Colored hypergraph H, V(H) = {v1,...,vn} and E(H) = {E1,...,En}

(1) for every bipartite-intersecting subfamily {E,} U {E;} do
if {E1} U{E;} is not compatible then return NO
(2) for every bipartite-intersecting subfamily {E;} U{E}, E;} do
if E; N E; N Ey, = then return NO
(3) for every v;,vj, vk, 1 <4,5,k <n and every l =1,—1 do
construct Sbi’l%lk}, ‘c”%li,lj,lk}
if ‘c“}li,l»,lk} ﬂé’%li’lwlk} = () then return NO
return YES

The complexity of the above algorithm can be evaluated as follows. As a pre-
processing, we compute the black section Gy of G. For this purpose, for each pair



216 M. GROSHAUS AND J.L. SZWARCFITER

of vertices vy, vy, € V(H), verify if some hyperedge E; contains both v,, v,. Conse-
quently, we can construct G in O(mn?) time. Next, we determine the complexity
of verifying whether the coloring of a hypergraph H is compatible, as follows. Let
E; be a hyperedge of H and consider the bipartition of the vertices of F; induced
by the two colors of the hypergraph. The coloring of F; is not compatible precisely
when there is an edge of G} formed by a pair of vertices having the same color
in H. Since there are O(n?) pairs of vertices and m hyperedges, we conclude that
compatibility can be checked in O(mn?) time, for the entire hypergraph.

Now, we examine the steps of the algorithm. For Step 1, we need to consider each
of the bipartite-intersecting subfamilies F; U E; of H. Therefore we compute the
intersection £; N £, and for each v € ;N E; verify if v has the same color in both
edges. If the answer is positive or E; N E; = () then E; U E; is monochromatically
intersecting. Consequently, Step 1 can be computed in O(mn?) time.

For Step 2, we compute first the bipartite-intersecting subfamilies of the form
{E1} U{Ej, Ey}. Using similar arguments as above, we conclude that these oper-
ations can be performed in O(m3n) time.

Finally, for Step 3, we need to consider each triple v;,v;.v; C V(H) and each
of the triples l;,1;, [y, corresponding to colors white and black, respectively. Then
we need to examine each hyperedege of H in order to construct the subfamily of
hyperedges 5l1i,lj. ;. and 5l%’lj. 1,» employing the definitions. There are O(n?) triples
and m hyperedges. Consequently, Step 3 requires O(mn?) time.

Therefore, Algorithm 3.4 requires O(mn? + m3n) time.

4. ALGORITHMS FOR RECOGNIZING BIPARTITE-CONFORMAL
HYPERGRAPHS

In this section we study bipartite conformal hypergrahs. The Helly property is
the dual concept of conformality for hypergraphs. Similarly, we relate the bipartite-
Helly property to the bipartite-conformal condition. We derive an algorithm for
recognizing bipartite-conformal hypergraphs having compatible colorings. We need
the following definitions.

The dual of a hypergraph H is the hypergraph H*, where V(H*) = E(H),
E(H*) = V(H), and such that for v} € V(H*) and E} € E(H"), v; € E} precisely
when v; € E; € E(H). If H is a hypergraph with a coloring C, then its dual
hypergraph H* has a coloring C* defined as follows. Let v; € V(H) and E; € E(H),
where v; € Ej;. Denote by v} and E; the vertex and hyperedge of H*, corresponding
to E; and v;, respectively. Then the color of v} in E} is precisely the same as the
color of v; in Ej.

Theorem 4.1. Let 'H be a colored hypergraph, C its coloring and H* its dual
colored hypergraph. Then H is compatible and H is bipartite-conformal if and only
if H* is bipartite-Helly.
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Proof. Observe that H is compatible if and only if H* is compatible. We need to
prove that H is bipartite-conformal if and only every bipartite-intersecting family
of hypedeges of H* has a common vertex.

Suppose H is bipartite-conformal. Let GGy, be its black section. Consider £1 U &5
a bipartite-intersecting family of hyperedges of H*, where £, = {E*;,,..., E*; },

Eo={E" ., .., E*.}.
Since &1,€2 are monochromatically intersecting, Vi = {vi,,... v}, Vo =
{Viyyr»- -, vi,} are both independent sets in G. On the other hand, since ev-

ery Ef € &1, Ef € & intersect in a different color, vertices v; € V1,v; € V5 are
adjacent in G. It follows that Vi, V5 induce a complete bipartite subgraph in G.
Since ‘H is bipartite-conformal, there is a hyperedge F; which contains the vertices
of V1 U Vs, It follows that E; in H* is a common vertex of £1 U Es.

Conversely, let B be a biclique of G with bipartition Vi = {v;,..., v},
‘/2 = {Uis+17 ey Uit}- Consider 51 = {E*il, ‘e 7E*is}, 51 = {E*is+1’ ‘e 7E*Z‘t},
hyperedges of H*. Since Vi, V5 are independent sets, £1, o are monochromatically
intersecting. Since every vertex of Vj intersects every vertex of V5, £ U &5 is a
bipartite-intersecting family in H*. By hypothesis there is a vertex E; common to
£1,E5. Then, edge E; of H contains the vertices of B. v O

Observation 4.2. Let A be a {0, 1, —1}-matriz which does not contain any matriz
M7 as a submatriz. Let H be its associated colored hypergraph. Then 'H is bipartite-
conformal if and only if the columns of A are bipartite-Helly.

The dual relation between the bipartite-Helly and bipartite-conformal condi-
tions, motivates the theorem below. As before, given a colored hypergraph H, for
every subset &' = {E;, E;, E} of three hyperedges of H, 1 <1, j, k < m, consider
all distinct triples I;, 5, l;, where each [;, I; or I, is either equal to 1 or -1 (white or
black, respectively). Let V}li,lj,lk} be the subfamily of vertices of H which belong
to at least two hyperedges FEs € &', E, € £, with colors Iy, ., respectively. Simi-
larly, let V%li,zj,lk} be the subfamily of vertices of H which belong to at least two
hyperedges Es € £, E, € £, with colors —ls, —I,., respectively. In the example of
he hypergraph of Figure 2, consider &' = {Ey, E3, E4} and [; = 1,13 = 1,14, = —1.
Assuming b =1 and w = —1, then V%ll,ls,lzl} = {t,s} and V%h,ls,h} =0

It follows the characterization for bipartite-conformal hypergraphs, with a com-
patible coloring C.

Theorem 4.3. Let H be a colored hypergraph, C a compatible coloring of it, and
Gy the black section of H. Then H is bipartite-conformal if and only if every
induced Py of Gy is contained in a hyperedge of H and every subfamily V}li,l,»,lk} U
V%li,lj,lk} s contained in a hyperedge of H.

Proof. The proof is similar as that of Theorem 3.3. It is clear that every Pj5 is
contained in an hyperedge of H. First, observe that V}li,l,»,lk} and V%li,lj,lk} induce
independent sets in Gy, since C is a compatible coloring.

Finally, let v, € V%li’lﬁlk}, v € V%lhljylkr}' There is a hyperedge in H that con-
tains v,., vs with different colors, meaning that in Gy they are adjacent. Then, the
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complete bipartite subgraph V} Ll ) UV%WD ) must be contained in a hyperedge
of H.

Conversely, let B’ be a minimal bipartite subgraph of a biclique B with bipar-
titions V{ C Vi, VJ C Vo (V{, V4 # () not contained in a hyperedge. Let E; be
the hyperedge containing Vi \ {v;, } U V5. Let 1 be the color of vertices of V3 in
E; (recall that since Vj is an independent set, every vertex has the same color in
Ey). Analogously, let F2 be the hyperedge containing V{ \ {v;,} U V3. Let I be
the color of the vertices of VJ in Fs. Finally, let E5 be the hyperedge containing
Vi UVZ\ {v;, }. Let I3 be the color of vertices of V5 in E5. Consider the bipartite-
intersecting family V}ll,lz,l;}} U V%l17l27l3}. The proof follows observing that B’ is
included in V}ll,lmls} u V%ll,lz,ls}v and therefore is also included in a hyperedge, a
contradiction.y

The following algorithm for recognizing bipartite-conformal hypergraphs having
a compatible coloring follows from Theorem 4.3. As before, the algorithm returns
YES or NO, in case of a positive and negative recognitions, respectively. O

Algorithm 4.4. Recognizing bipartite-conformal hypergraphs

Input: Colored hypergraph H, |V(H)| =n and |E(H)| =m

(1) construct the black-section Gy of H
(2) for every triple of vertices t, forming an induced Ps of G, do

if ¢t is not contained in a hyperedge of H then return NO
(3) for every l;,l;,lk, 1 <i,5,k<m,l=1,-1do

construct sets V}lhlj,lk}} V%li,lj,lk}

if V}li,l_,»,lk} U V%li,l_j,lk} 18 mot contained in a hyperedge of H

then return NO
return YES

We evaluate the complexity of the algorithm. Step 1 requires O(mn?) time, as
described in Section 3. In Step 2, we generate each triple of vertices, verify if it
forms an induced Ps; and if there is any hyperedge containing it. Clearly, these
operations can be done in O(mn?) time. Finally, for Step 3, we generate all triples
lilj, Iy, for 1 < i, <m and | = 1, —1, construct the subset of vertices Vlll,
VE 1,1, » and check if some hyperedge E; contains V!, UV .
O(m3) triples l;, .1y, for each triple, we perform intersections of the hyperedges
Ei, Ej, Ey,, requiring O(n) time, in order to construct V! ; ;. and V7 ;. Addi-

l2,l37
There are

tionally, verify, in O(nm) time, if some hyperedge E; contains Vlll,lz,lg,
That is, Step 3 requires O(m*n) time. Consequently, the complexity of the algo-
rithm is O(mn® + m*n).

Say that a {0,1, —1}-matrix A is bipartite when it admits a row-similar matrix
A’, such that no column of A’ has both entries 1 and —1. Say that a hypergraph
‘H is bipartite if H is the hypergraph associated to some bipartite matrix.

Next, we describe an algorithm for recognizing if a bipartite hypergraph H

is bipartite-conformal. The algorithm is conceptually simple and employs the
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relationship between conformal and bipartite-conformal hypergraphs. The input
of the algorithm is the bipartite matrix A to which H is associated. We transform
A into a convenient matrix A’, whose associated hypergraph is conformal if and
only if H is bipartite-conformal. The algorithm answers YES or NO, respectively,
to each of these alternatives.

Algorithm 4.5. Recognizing bipartite-conformal hypergraphs
Input: {0,1, —1}"*"- matriz A

(1) Partition the set of columns of A into two subsets Vi,V_1, corresponding to
the {0,1}-columns and {0, —1}-columns, respectively

(2) Let A’ be the matriz obtained from A by adding two extras rows, one containing
1’s in all columns of V1 and the other containing —1’s in all columns of V_1,
and having O’s in the remaining columns

(3) Construct the associated hypergraph H' of A’

(4) if H' is conformal then return YES else return NO

It is straightforward to conclude that the dominating operation of the above
algorithm is its last step. So, the complexity of the algorithm is that of recognizing
if H' is conformal. The latter is equivalent to recognizing if its dual is Helly, which
can be done in O(m*n) time [2].

5. APPLICATIONS

In this section, we describe applications of the concepts of bipartite-Helly and
bipartite-conformal hypergraphs. Two kinds of applications are given. In the first,
bipartite-conformal hypergraphs are employed in order to recognize biclique ma-
trices. On the other hand, we use bipartite-Helly hypergraphs to prove a result
on biclique graphs, that is, the intersection graphs of the bicliques of a graph.
We show that deciding whether a given graph is a biclique graph is in the
class N'P.

First, we consider the recognition of biclique matrices. These matrices have
been employed in the characterization of biclique graphs [8]. Besides, they might
be useful in approaching covering problems of bicliques, through matrices. Such
covering problems have been considered, for example in [1,10]. A characterization
of these matrices is given in terms similar to those used in the characterization of
clique matrices, as below.

Theorem 5.1. [8] Let A € {0,1,—1}"*"-matriz, and H its associated hyper-
graph. Then A is a bicligue matriz of some graph if and only if

(i)  Each row of A has at least one 1 and at least one —1,

(ii) A has no dominated rows,

(iii) A does not contain a My as a submatriz, and

(iv) H is bipartite-conformal, relative to its canonical coloring.
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The following property is a consequence of Theorem 5.1

Corollary 5.2. [8] A matriz is the biclique matriz of some graph if and only if it
is the biclique matriz of the 2-section of its associated hypergraph.

For recognizing biclique matrices, we describe two algorithms. The first is based
on Theorem 5.1. The second follows from Corollary 5.2 and employs an algorithm
for generating the bicliques of a graph.

The first algorithm for recognizing biclique matrices follows directly from The-
orem 4.3 and Theorem 5.1, by checking conditions (i),(ii), (iii) and (iv), for the
associated hypergraph of A. We recall that a {0,1, —1}-matrix A does not contain
M7 as a submatrix if and only if the canonical coloring of its associated hypergraph
‘H is compatible.

Algorithm 5.3. Recognizing biclique matrices

Input: {0,1, =1}™*"- matriz A

1
2

(1) if any row has no 1’s or no 0’s then return NO

(2)

(3) Construct the associated hypergraph H of A and its canonical coloring
(4)

()

if A has a dominated row then return NO

4
)

if the canonical coloring of H is not compatible then return NO

if H is not bipartite-conformal, relative to its canonical coloring
then return NO

(6) return YES.

We determine the complexity of the algorithm. For Step 1, clearly, O(mn) steps
are needed. For Step 2, for each row of A, examine all the rows, which means
O(m?n) time, overall. The associated hypergraph H and its canonical coloring can
clearly be constructed in time proportional to the size of H, i.e. O(mn). Checking
if a coloring is compatible can be done in O(mn?) time, as described in Section 3.
Finally, by Algorithm 4.4, to verify if a hypergraph is bipartite-conformal requires
O(mn® +m®*n) time, which is therefore the complexity of the present algorithm.

Alternatively, we can recognize if A is a biclique matrix by employing Corol-
lary 2. The idea is to construct the biclique matrix of the black section G} of the
associated hypergraph of A, and verify if these two matrices are row-similar. In
order to perform this operation, iteratively generate each biclique of Gy, construct
its row entry B’ in the biclique matrix of Gy, and search matrix A looking for a
row similar to B’. If no such row exists then A is not a biclique matrix. Other-
wise, remove from A the row similar to B’. If A becomes empty exactly after the
generation of the last biclique of G then A is a biclique matrix, otherwise it is
not.
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The formulation below describes the process.

Algorithm 5.4. Recognizing biclique matrices
Input: {0,1, —1}"*" matriz A

(1) construct the associated hypergraph H of A, its canonical coloring and black
section Gy
(2) for each biclique B of G} do
if A =( then return NO
construct a {0,1, —1}-vector B’ corresponding to an entry of B in a biclique
matriz of Gy
If A contains a row A; which is row-similar to B’
then remove A; from A else return NO
(3) if A= 0 then return YES else return NO

The complezity of the above algorithm can be verified as follows. Step 1 requires
O(mn?) time, as already known. In Step 2, we need to generate the bicliques of
Gy. This can be done in O(n®) time per biclique [3]. To check if the entry B’
of the biclique matriz of Gy is row similar to some row A; of A requires O(mn)
time. Consequently, Step 2 requires O(mn?) time. Therefore the complexity of the
algorithm is O(mn?® + m?2n).

Finally, consider the second application, on biclique graphs. A characterization
of these graphs has been described as below.

Theorem 5.5. [8] Let G be a graph with no isolated vertices. Then G is a biclique
graph if and only if G contains a family F of not necessarily distinct complete sub-
graphs covering the edges of G, whose associated hypergraph Hx admits a coloring
C such that

(1) Hz bicovers V(G).

(2) H% has no dominated hyperedeges
(3) F is a compatible coloring.

(4) HF is bipartite-Helly, relative to C.

The complexity of recognizing biclique graphs is unknown. However, we prove
that the problem belongs to N'P.

Theorem 5.6. Let G be a graph with n vertices. The problem of determining if
G is a biclique graph is contained in NP.

Proof. A certificate for G being a biclique graph is a family F of complete sub-
graphs of GG, satisfying the conditions of Theorem 5.5. First, we show that we can
restrict to families F of size O(n + m), where V(G) = n. For every vertex v;,
choose subsets F'" € F and F'® € F containing vertex v; with the color white
and black, respectively (2n subsets). For every edge v;v;, consider a subset F'/ € F
that contains v;v; (m subsets). Finally, for every pair of adjacent vertices v;, vj,
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consider two subsets F*J € F and FJ* € F, such that v; € F"J, v; € F" and
v; € F* and v; ¢ F7' (2m subsets).

The subfamily F'= {Fw Fiz Fbi pii i}, . verifies conditions (1) —
(4) of Theorem 5.5 and contains O(n+m) subsets. By employing Theorem 5.1 the
proof is completed. v |

6. CONCLUSIONS

We have considered bipartite-Helly and bipartite-conformal hypergraphs with
compatible colorings. For both types of hypergraphs, we have described character-
izations and recognition algorithms. The proposed algorithms run in polynomial
time in the size of the hypergraphs. As applications, we have formulated poly-
nomial time algorithms for recognizing biclique matrices. Finally, employing the
concept of bipartite-Helly hypergraphs, we have proved that the recognition prob-
lem for biclique graphs lies in NP.
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