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ON MATCHING EXTENDABILITY OF LEXICOGRAPHIC PRODUCTS*

NINA CHIARELLI', CEMIL DIBEK?, TiNAZ EKiM?, DIDEM GOZUPEK?
AND STEFKO MIKLAVIC!

Abstract. A graph G of even order is (-extendable if it is of order at least 2¢ + 2, contains a matching
of size £, and if every such matching is contained in a perfect matching of G. In this paper, we study
the extendability of lexicographic products of graphs. We characterize graphs G and H such that their
lexicographic product is not 1-extendable. We also provide several conditions on the graphs G and H
under which their lexicographic product is 2-extendable.
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1. INTRODUCTORY REMARKS

A matching in a graph G is a set of pairwise non-adjacent edges and a matching M is a perfect matching of G
if V(M) = V(G). The size of a matching is given by the number of edges it contains. If every matching of size ¢
can be extended to a perfect matching in G, then G is called ¢-extendable, where |V (G)| > 2¢+ 2. In particular,
0-extendable means there exists a perfect matching in G. Note that, although extendability is originally defined
for connected graphs in [8], we will work in a more general setting of not necessarily connected graphs.

The concept of f-extendability is widely analyzed in the literature. In 1980, Plummer [8] studied the properties
of l-extendable graphs and showed that every 2-extendable graph is either bipartite or a brick. Necessary and
sufficient conditions for a graph to be 1-extendable were given by Little, Grant and Holton [6]. There are also
many other results related to n-extendability of graphs. However, there are few works on matching extension in
different types of graph products. Gyéri and Plummer [4] showed that the Cartesian product of a k-extendable
graph and an f-extendable graph is (k + £+ 1)-extendable. Gyéri and Imrich [3] showed that the strong product
of a k-extendable graph and an f-extendable graph is [(k + 1)(¢ + 1)/2]-extendable. Liu and Yu [7] studied
matching extendability from a prescribed vertex set in lexicographic products. Bai, Wu, Yang and Yu [1] studied
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FIGURE 1. The lexicographic product of graphs is not commutative.

the lexicographic product of extendable graphs. In particular, they showed that the lexicographic product of a
k-extendable graph and an f-extendable graph is (k + 1)(¢+ 1)-extendable. More results on graph products can
be found in [5].

In this paper, we provide, to the best of our knowledge, the first results on the specific conditions making
the lexicographic product of graphs 1 or 2-extendable. Furthermore, we also provide the characterization of
l-extendability in lexicographic products of graphs, which, to the best of our knowledge, does not exist in the
literature.

The rest of this paper is organized as follows. We first give some definitions and preliminary results in
Section 2. Section 3 is devoted to the characterization of 1-extendability in lexicographic products of graphs.
In Section 4 we provide some conditions on the graphs G and H such that their lexicographic product is
2-extendable. Finally, in Section 5, we study the extendability of two special edges in the lexicographic product
of an arbitrary graph with the empty graph when their lexicographic product is not 2-extendable in general.

2. PRELIMINARIES

Throughout this paper, graphs are assumed to be finite and simple. For a graph G, we denote its vertex set
by V = V(G) and its edge set by E = E(G). An independent set I C V(G) is a set of pairwise non-adjacent
vertices. A graph with E = () (i.e. the graph is an independent set) will be called empty graph. For a set S CV
we let G — S be the subgraph of G induced by the set V'\ S. For a subset S C V', we denote by Gg the subgraph
of G induced by the set of vertices S. Connected components of G will simply be called components of G. A
component C of G is called even (odd, respectively), if the order of C' (i.e. the number of vertices in C') is even
(odd, respectively). We denote by o(G) the number of odd components of G. A (induced) path on k vertices is
denoted by Pj.

The lexicographic product G[H] of two graphs G and H has vertex set V(G) x V(H) and two vertices (u1, uz)
and (vq1,v2) are adjacent whenever uijv; € E(G), or u; = v1 and ugve € E(H). Note that the lexicographic
product of two graphs may not be commutative. For example, P[Ps] is not isomorphic to P3[Ps], as illustrated
in Figure 1.

We can now state the following result of Tutte:

Theorem 2.1 (Tutte [9]). A graph G has a perfect matching if and only if for every subset S C V(G) we have
o(G—8) < S].

We will also need the following results.

Lemma 2.2 (Little et al. [6], see also [10], Thm. 5.1.2).
Let G be a 0-extendable graph, i.e., a graph that has a perfect matching. Then G is not 1-extendable if and
only if there exists a subset S C V(G) such that S is not an independent set and o(G — S) = |5)|.
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Theorem 2.3 (Bai et al. [1]). Let G be m-extendable and H be n-extendable. Then their lexicographic product
G[H] is (m + 1)(n + 1)-extendable.

Theorem 2.4 (Chan et al. [2]). Let I' = G(S) be a Cayley graph over the Abelian group G of even order. Then
I is 2-extendable if and only if it is not isomorphic to any of the following graphs.

(i) Zan(1,2n—1),n > 3;

(i) Zon(1,2,2n—1,2n—2),n > 3;
(ill) Zan(1,4n —1,2n),n > 2;

(iv) Zan+2(2,4n,2n+1),n > 1; and
(V) Zan+2(1,4n+1,2n,2n+2),n > 1.

3. 1-EXTENDABILITY OF THE LEXICOGRAPHIC PRODUCTS

Let G be a connected graph and let H be an arbitrary graph. In this section we assume that G is 0-extendable,
and therefore the orders of both G and G[H] are even. It is an easy exercise to show that in this case G[H] is
also 0-extendable.

The main theorem of this section (Thm. 3.1) characterizes graphs G and H such that G[H] is not 1-extendable.
Its proof immediately follows from Theorem 3.2, Theorems 3.7 and 3.8.

Theorem 3.1. Let G be a 0-extendable graph and let H be an arbitrary graph. Then G[H]| is not 1-extendable
if and only if both of the following (i) and (ii) hold.

(i) H is an empty graph.
(ii) There exists S C V(G) such that G — S has |S| singleton components, and either S is not an independent
set, or S is an independent set of G and G — S has at least one even component.

This section is organized as follows. In Section 3.1, we show that G[H] is l-extendable if H is non-empty or
G is l-extendable (see Thm. 3.2). This implies that, while characterizing lexicographic products which are
not l-extendable, we can assume that H is empty and G is not l-extendable. Consequently, we focus on
lexicographic products with empty graphs in Section 3.2 where we show that it is enough to restrict our study
to the lexicographic products with empty graphs on 2 vertices (see Thm. 3.7). Finally, using this restriction, we
characterize lexicographic products with empty graphs which are not 1-extendable in Section 3.3 (see Thm. 3.8).

3.1. l-extendability — case when H is non-empty or G is 1-extendable

We refer to a graph as a non-empty graph if it contains at least one edge, i.e., the graph itself is not an
independent set.

Theorem 3.2. Let G be a 0-extendable graph, then G[H]| is 1-extendable if H is a non-empty graph or if G is
also 1-extendable.

Proof. Assume first that H is non-empty and pick an edge e of G[H].

Case 1. e = (z,a)(z,b) for some z € V(G) and some adjacent vertices a,b € V(H). Let M be an arbitrary
perfect matching of G and let y € V(G) be such that zy € M. Now a perfect matching of G[H]
containing e is:

{(z,a)(@,b), )0}V | A@owatv |J G}
ceV(H)\{a,b} zwceel\‘//l(\;[a;y}
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Case 2. e = (z,a)(y,b) for some adjacent vertices z,y € V(G) and some vertices a,b € V(H). If zy is contained
in some perfect matching M of G, then a perfect matching of G[H| containing e is:

{(@,a)(,0), (x, ), a)}u ) A@owotu |J {&owel
ceV(H)\{a,b} zwceel\é(\l{{agy}

Assume now that zy is not contained in any perfect matching of G. Pick an arbitrary perfect matching M of G
and let z,v € V(G) be such that xz,yv € M. Pick also an edge cd € E(H).
Let M! be an arbitrary perfect matching of the subgraph of G[H] induced by the set of vertices

({z} x (V(H)\{e, d})) U ({z} x (V(H) \ {a, b})).

Note that such a perfect matching exists since we have all possible edges between the sets {z} x (V(H)\ {c,d})
and {x} x (V(H)\ {a,b}). Similarly, let M? be an arbitrary perfect matching of the subgraph of G[H] induced
by the set of vertices

({v} x (V(H) \{e,d})) U ({y} x (V(H) \ {a,b})).

Now a perfect matching of G[H] containing edge e is:
{($7 (l)(y7 b), (1'7 b)(y7 a’), (Z, C)(Z, d), (U, C)(U, d)}U

MU M?U U {(w, h)(u, h)}.
wueM\{zz,yv}
heV (H)
This finishes the proof of Case 2, thus the case where H is non-empty. It remains to show that G[H] is 1-
extendable if G is 1-extendable (but H is empty). Let e = (z,a)(y,b) be the edge we want to extend into a
perfect matching of G[H|. Furthermore, let M be a perfect matching of G containing the edge zy.
If a = b, then the following matching is a perfect matching of G[H] containing e:

U {w,h)(u,h)}.
wueM
heV (H)

Otherwise (if a # b), the following matching is a perfect matching of G[H] containing e:

fe.@@aiu  J {wnwwniv [  {wh)(eh) .

wueM\{x wue M
ot nev i\ {ab)

3.2. Lexicographic products with empty graphs

We will assume from now on that H is the empty graph on n vertices, where n > 2. We will denote this
graph by E,,. We identify the vertex set of F,, by {0,1,2,...,n—1}. For an arbitrary graph G and for v € V(Q)
we abbreviate v; = (v,4) € V(G[H]) Vi € {0,1,2,...,n — 1}. Assume that G is 0-extendable and n > 3. In this
subsection, we show that G[Es] is 1-extendable if and only if G[E,] is 1-extendable. We will need the following
definition.

Definition 3.3. Let G be an arbitrary graph and let S C V(G[E2]).

(i) S is called rectangular if the following holds for all v € V(G) and i € {0,1}: v; € S if and only if v;11 € S.
Here, the addition in subscripts is modulo 2.
(if) S is called almost rectangular if there exists v; € S such that S\ {v;} is rectangular.
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Lemma 3.4. Let G be an arbitrary graph and S C V(G[Es]). Then the following statements hold.

(i) If S is rectangular, then the only odd components of G[E2] — S are singletons.
(ii) If S is almost rectangular, then there is at most one non-singleton odd component of G[E2] — S.

Proof.

(i) Let C be a component of G[E;] — S which is not a singleton. Pick z; € C (z € V(G),i € V(E3)). We will
show that also x;11 € C. Observe that since S is rectangular, we have that z;+1 ¢ S. Since C' is not a
singleton, there is a vertex y; € C'\ {x;}, which is adjacent to x;. But then z is adjacent to y in G, and so
y; is adjacent to ;41 in G[E»]. This shows that z;11 € C and we are done.

(ii) Let v; € V(G[Es]) be such that S\ {v;} is rectangular, and let C' be a component of G[E3] — S which is not
a singleton. If v;11 & C, then, similarly as in (i) above, we find that x; € C if and only if 2,11 € C, and so
C is of even order. Therefore, the only possible odd component, which is not a singleton, is the component
containing v;4. U

Lemma 3.5. Let G be an arbitrary graph and S C V(G[Es]). Then there exists a rectangular S1 C V(G[Es]),
such that o(G[E2] — S) — |S| < o(G[E2] — S1) — |S1].

Proof. Assume that S is not rectangular and pick v; € S, such that v;41 € S. Let C be the component of
G[FE2] — S, containing v;41, and let Cy, ..., C; be all other components of G[E3] — S.

Case 1. C'is even. In this case let S’ = SU{v;11}. Note that the components of G[E;] — S are C1,...,C; and
the components contained in C'\ {v;y1}. Therefore, we increase the cardinality of S by 1, but we also
increase the number of odd components at least by 1 (namely, C \ {v;11} contains at least one new
odd component). It follows that |S| — o(G[Ez] — S) > |S’| — o(G[E2] — 7).

Case 2. C is odd. In this case we let 8" = S\ {v;}. If C is a singleton, then note that the components of
G[E2]—S"are C,{v;},C1,...,C:. We decrease the cardinality of S by 1, and increase the number of odd
components by 1. Therefore, |S|—o(G[E2]—S)—2 = |S'|—0o(G[E2]—S"). If C is not a singleton, then note
that the components of G[Es] — S” are C'U{v;},C1,. .., C,. We decrease the cardinality of S by 1, but
also decrease the number of odd components by 1. Therefore, |S| —o(G[E2] —S) = |S"| —o(G[Ez] - S").

Observe that after the above steps either v;, v, € S or vy, v;41 € S’. If ' is rectangular then we set S; = S’
and we are done. If S’ is not rectangular, then we repeat the above steps. After finitely many steps, we will end
up with a rectangular set Sy such that o(G[Ez] — S) — |S]| < o(G[E2] — S1) — |S1]- O

Lemma 3.6. Let G be an arbitrary graph and S C V(G[Ez]) such that S is not an independent set. Then there
exists either a rectangular or an almost rectangular set S1 C V(G[E2]), such that Sy is not an independent set
and o(G[Es] — S) — |S| < o(G[E2] — S1) — |51

Proof. Pick an edge x;y, in Gg. If xj41,y041 € 5, then the same procedure as in the proof of Lemma 3.5 will
yield a rectangular set S; such that {z;,y,} € Si and o(G[E2] — 5) —|S| < o(G[E2] — S1) — |S1]- f zj11 € S
and ye41 € S, then we again apply the procedure in the proof of Lemma 3.5, but with v; # z;. This will yield
an almost rectangular set Sy such that {x;,ye} € S1, x;41 € S1, and o(G[E2] — §) — |S| < o(G[E2] — S1) — |51
If zj11 € S and yer1 & S, then we similarly get an almost rectangular set S such that {z;,y,} € S1, yet1 & S1
and o(G[E2] — S) — |S] < o(G[E2] — S1) — |S1]-

Finally, assume that ;11 ¢ S and ye41 & S. We apply the procedure in the proof of Lemma 3.5 with v; # z;
and v; # ye. This will yield a set S’ such that

® Tjt1,Yi+1 g Slv
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e 5"\ {z;,ye} is rectangular,
* o(G[Ey] = 5) = |S] < o(G[Ex] = 5') = |5].

Let C be a component of G[E5| — S’ containing z;41, and let C1, ..., C), be all other components of G[Es] —5’.
As z;41 and ye4q are adjacent, we have that ye1 € C. Since S\ {z;,ye} is rectangular, this implies that C' is
even. Let S = S'U {z;41} and note that S; is almost rectangular and is not an independent set. Note also that
the components of G[E,] — 51 are C1,...,C, and components contained in C'\ {x;41}. Therefore, we increase
the cardinality of S” by 1, but we also increase the number of odd components by 1 (namely, C'\ {z;4+1} contains
at least one new odd component). It follows that o(G[Es] — S’) — |S'] < o(G[E:2] — S1) — |S1]. O

Theorem 3.7. Let G be a 0-extendable graph and let n > 3 be an integer. Then G[Es] is 1-extendable if and
only if G[E,] is 1-extendable.

Proof. Assume that G[E»] is 1-extendable and pick an edge e = x;y; of G[E,,]. If i = j thenlet £ =i+ 1. If i # j
then let £ = j. Note that the subgraph G’ of G[E,,] induced by the vertices {z;, z¢ | z € V(G)} is isomorphic to
G|Es). As G|Es] is 1-extendable, there is a perfect matching MY of the subgraph G, which contains edge e.
Pick an arbitrary perfect matching M of G. Now a perfect matching of G[E,,] containing e is:

M U{zpwy | zw e Mk e {0,1,...,n—1}\ {i,£}}.

Assume now that G[Es] is not l-extendable. By Lemma 2.2 there exists a subset S C V(G[Ez]) such that
S is not an independent set and |S| = o(G[E2] — S). By Lemma 3.6, there exists either a rectangular or an
almost rectangular set S; C V(G[Es]) such that S; is not an independent set and 0 = o(G[Es2] — S) — |5] <
o(G[E3] — S1) — |S1|. As G[Es] is 0-extendable, we have, by Theorem 2.1, that o(G[Ez] — S1) = |S1].

Case 1. S; is rectangular. Recall that by Lemma 3.4(i), all odd components of G[E>] — Si are singletons.
Let v!,9%,...,v™ € V(G) be such that S = {v] | 7 € {1,...,m},i € {0,1}}. Furthermore, let
ul,u?, ..., u™ € V(G) be such that u} (where j € {1,...,m} and i € {0,1}) are the singleton compo-

nents of G[Es] — S1. Now define set R C V(G[E,]):
R={v/|je{l,...,m},ie{0,1,...,n—1}}.

Note that R is not an independent set and that uf (where j € {1,...,m} and i € {0,1,...,n —1})
are the singleton components of G[E,]. By Lemma 2.2, G[E,] is not l-extendable.

Case 2. S is almost rectangular. Recall that by Lemma 3.4(ii), there is at most one odd component of G[Es] —
S1 that is not a singleton. In fact, we will show that there must be one odd component that is not
a singleton. Let v%, v, v%,...,v™ € V(G) be such that S; = {vf} U{v] | j € {1,....,m},i € {0,1}}.
Without loss of generality we can assume that ¢ = 0. Assume for a moment that {v?, ..., v™} is not an
independent set of the graph G and let Sy = 57\ {v]}. Note that S5 is rectangular and not independent.
Furthermore, o(G[E2] — S2) = o(G[E2] — S1) — 1, as the odd component of G[E3] — S; containing v}
will be an even component in G[Es| — Ss. Therefore, 0 < o(G[Ez] — S1) — |S1]| = o(G[E2] — S2) — |S2],
and we could proceed as in Case 1 above, with set S5 instead of set S;. This shows that we can
assume that {v!,... 0™} is an independent set of graph G. However, as S; is not an independent set,
there is an edge between v” and v’ in graph G (for some i such that 1 < i < m). Without loss of
generality we can assume that i = 1. Let C be the component of G[F2] — S1 containing v{. We know
from the proof of Lemma 3.4(ii) that C' is the only possible odd component that is not a singleton.
Let u',u? ...,u™ € V(G) be such that u! (where j € {1,...,m} and i € {0,1}) are the singleton
components of G[E;] — S; that are different from C. If C' is singleton, then let S = S7 \ {v0}. Observe
that u! (where j € {1,...,m} and i € {0,1}) and v], v} are singleton components of G[E>] — Ss. By
Theorem 2.1, G[E2] is not 0-extendable, a contradiction. Therefore, C' is not a singleton.
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Let w!,w?,...,w* € V(G) be such that C = {v{} U {wf |je{l,...,¢},i€{0,1}}. We will now show that ¢ is
odd. Assume that ¢ is even. Observe that since v{ € C, v? is adjacent only to the vertices in C'U S;. Therefore,
v is also only adjacent to the vertices in C'U Sy. This shows that {u},..., {u™}, {v% w!,... w’} are odd
components of G — {v!,v?, ..., v™}. This result and Theorem 2.1 together imply that G is not O-extendable, a
contradiction. This shows that ¢ is odd.

Now define set R C V(G[E,]):
R={0}u{v!|jef{1,...,m},ic{0,1,....,n —1}}.

Note that R is not an independent set and ui (j e {1,...,m}, i € {0,1,...,n — 1}) are the singleton

components of G[E,] — R. Moreover, component containing v} is

Cr={w! |je{1,2,....0},ic{0,1,....n—1}}U{? |ie{1,...,n—1}}.
As 0 is odd, C} is also an odd component of G[E,] — R. By Lemma 2.2, G[E,] is not l-extendable. O

3.3. l-extendability - case when H is empty

In this section, we will characterize 0-extendable graphs G such that lexicographic product G[E,] is not
l-extendable, where E,, is the empty graph on n vertices. By Theorem 3.7 we can assume that n = 2, and by
Theorem 3.2 we can assume that G is not 1-extendable.

Theorem 3.8. Let G be a 0-extendable graph. Then G[Es] is not 1-extendable if and only if there exists S C
V(G), such that G — S has |S| singleton components, and either S is not an independent set, or S is an
independent set of G and G — S has at least one even component.

Proof. Assume first that there exists S C V(G) such that G — S has |S| singleton components. Let m = |S| and
let u',u?, ..., u™ be these singleton components. Define R = {s; | s € S,i € {0,1}} C V(G[E3]). Observe that
ul, j€{1,...,m},i € {0,1} are singleton components of G[F2] — R. If S is not an independent set, then R is
also not an independent set; therefore, G[Es] is not 1-extendable by Lemma 2.2. If S is an independent set of G,
then let C' be an even component of G—S. Pick € C which has a neighbor in S. Let Ry = RU{zo} C V(G[E3)]).
Note that u!, j € {1,...,m},i € {0,1} are singleton components of G[Fa]— Ry, and that {wo,w; | w € C}\{zo}
is an odd component of G[Es2] — R;. Again, by Lemma 2.2, G[E»] is not 1-extendable.

Assume next that G[FE»] is not 1-extendable. By Lemma 2.2 there exists a subset R C V(G[E2]) such that
R is not an independent set and |R| = o(G[Ez] — R). By Lemma 3.6, there exists either a rectangular or an
almost rectangular set Ry C V(G[E2]) such that R; is not an independent set and 0 = o(G[E2] — R) — |R| <
o(G[Ez] — Ry) — |R1|. As G[E»] is O-extendable, we have, by Theorem 2.1, that o(G[Ez2] — Ry) = |Ry|.

Case 1. R; is rectangular. Recall that, by Lemma 3.4 (i), all odd components of G[E;] — Ry are singletons.
Let v, v%,...,v™ € V(G) be such that Ry = {v] | j € {1,...,m},i € {0,1}}. Furthermore, let
ul,u? ..., u™ € V(G) be such that uf (j € {1,...,m},i € {0,1}}) are the singleton components
of G[Es] — R1. Now let S = {v!,v?,...,v™} C V(G). Note that S is not an independent set and
ul,u?, ..., u™ are singleton components of G — S. Since G is 0-extendable, G — S has no other odd
components.

Case 2. R, is almost rectangular. Let v°,v',v% ..., 0™ € V(G) be such that Ry = {00} U {v! | j €
{1,...,m},i € {0,1}}. Without loss of generality, we can assume that ¢ = 0. Note also that, by
using the same arguments as in the proof of Theorem 3.7 (see Case 2), we can assume that there is
an edge between v? and v in G, (for some i such that 1 < i < m), and that {v!,v?,... 0™} is an
independent set of G. Otherwise we define Ry = R; \ {v]} and proceed as in Case 1 above. Without
loss of generality we can also assume that ¢ = 1.
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G*[H] G*[H] G*[H] G*[H]GY[H|G*[H]
(MJI
(Lé)
(r!\c)l
(z.,d)
Case 2
G*[H] G¥[H] G*[H] G*|H) G¥[H GEH] GY[H] ¢*H] G H]
(z,a)0 "(y b)
(I!C)- -(y d)
Case 5 Case 6 Case 7

FIGURE 2. All possible cases for two non-adjacent edges in G[H| with respect to the subgraphs
their endpoints belong to.

Let C be a component of G[Fs] — S; containing v9. As in the proof of Theorem 3.7 (Case 2), we show
that C is an odd component of G[F2] — Ry that is not a singleton. Let u!,u?,...,u™ € V(G) be such that
ul (j€{1,...,m}, i€ {0,1}}) are the singleton components of G[Es] — R;.

Let w',w?, ..., w’ € V(G) be such that ¢ = {09} U{w! | j € {1,...,£},i € {0,1}}. As in the proof of
Theorem 3.7 (Case 2), we show that ¢ is odd. Now let S = {v!,v?,...,v™}. Recall that S is an independent
set of G. Observe also that u!',u?,...,u™ are singleton components of G — S and that (w',w?, ..., w* v%) is an

even component of G — S. g

4. 2-EXTENDABILITY OF LEXICOGRAPHIC PRODUCTS

In the following, we denote by G*[H] the subgraph of G[H] induced by the set of vertices in {z} x V(H)
for some = € V(G). Likewise, we refer by G*¥[H]| to the subgraph of G[H] induced by the set of vertices in
({z} x V(H))U ({y} x V(H)) for some z,y € V(G). Moreover, we denote by M* a perfect matching of G*[H]
for some k € V(G).

Observation 4.1. Let x,y,z,w be four distinct vertices of G and a,b,c,d be four (not necessarily distinct)
vertices of H such that the two edges ey,es € E(G[H]) whose endpoints are among these vertices are non-
adjacent. Then ey and es can belong to one of the following cases (illustrated in Fig. 2):

Case 1. e = (x,a)(x,b) and e2 = (y,¢)(y, d).
Case 2. e1 = (z,a)(z,b) and ex = (z,¢)(z,d).
Case 3. e = (x,a)(x,b) and es = (z,¢)(y,d).
Case 4. e1 = (z,a)(x,b) and e2 = (y,¢)(z,d).
Case 5. €1 = (z,a)(y,b) and ex = (y,¢)(z,d).
Case 6. e1 = (x,a)(y,b) and e3 = (x,¢)(y, d).
Case 7. e1 = (z,a)(y,b) and ez = (z,¢)(w, d).

Theorem 4.2. If G is a connected graph and H is a 1-extendable graph, then G[H] is 2-extendable.
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Proof. Theorem 2.3 implies that if G is 0-extendable and H is 1-extendable, then G[H] is 2-extendable. Hence,
we will consider here the case where G is not 0-extendable. The following 7 cases refer to Figure 2. In each case,
we will exhibit a perfect matching M* of G[H]| containing the edges e; and es.

Case 1. Since H is 1-extendable, e; can be extended to a perfect matching M?® in G*[H|. Likewise, ez can be
extended to a perfect matching MY in GY[H]. Then MF is:

M*UMYU U MF.
keV(G)\{=z,y}

Case 2. Since G is connected, = has a neighbor 2’ € V(G), i.e., z2’ € E(G). Notice that G**'[H] is isomorphic
to Py[H]|, which is 2-extendable since H is l-extendable and P, is O-extendable. Let M! be a perfect
matching of Gee' [H] containing e; and es. Hence, M?P is:

M'U U MPF.
keV(G)\{z,z'}

Case 3 and Case 6. In both cases, G*Y[H] is isomorphic to P,[H], which is 2-extendable. Let M! be a perfect
matching of G*Y[H| containing e; and ep. Hence, M? is:

MU U MF.
kEV(C)\{zy}

Case 4. Since H is l-extendable, e; can be extended to a perfect matching in H. Let M be a perfect matching
of G*[H] containing e;. Besides, notice that GY*[H] is isomorphic to P,[H], which is 2-extendable (and
hence 1-extendable). Let M? be a perfect matching of GY*[H| containing e;. Then MT is:

M'uM?U U MF.
keV(G)\{z,y,z}

Case 5. Pick a vertex o’ € V(H) such that aa’ € E(H). Such a neighbor of a always exists since H is (also) 0-
extendable (H cannot have isolated vertices). Likewise, pick a vertex d’ € V(H) such that dd’' € E(H).
Since H is 1-extendable, aa’ can be extended to a perfect matching M in H. Pick an edge ef € M*
such that e, f ¢ {a,a’}. Such an edge always exists since H is 1-extendable and therefore has at least
4 vertices. Let M?' be a perfect matching of G*[H] containing the edge dd’ and let M? = M? \ {dd'}.
Since H is l-extendable, there exist u,v € {V(H) \ {b,c}}. Let G’ [H] be the subgraph of G[H]
induced by the following set of vertices:

({a} x (V(H)\{a,dse, 1)) U {y} x (V(H)\ {b, ¢, u,v})).
Let M3 be a perfect matching of G, [H]. Then M* is:

{617 €2, (xa a/)(y’u)a (Za d/)(y’v)v (1'7 6)(%, f)}U

M?*uU MU U M*.
keV(G)\{z,y,z}
Case 7. Notice that both G*¥[H] and G**[H]| are isomorphic to P[H], which is 2-extendable. Let M! be a
perfect matching of G*[H] containing e; and M? be a perfect matching of G**[H] containing es.
Then M7T is:
M'uM?U U M*.
keV(G)\{z,y,z,w}

This concludes the proof. O
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G[H]

G

FiGURE 3. H is l-extendable but G is not connected and the two bold edges can not be
extended to a perfect matching of G[H].

The example in Figure 3 shows that if the assumption that G is connected is omitted, then Theorem 4.2 does
not hold anymore.

We will now consider the case where G is 1-extendable. The following proposition will be useful in our proof.
To prove it, we will need the notion of a Cayley graph. Let G denote a finite group with identity 1 and let
S denote an inverse-closed subset of G\ {1}. The Cayley graph Cay(G;S) of the group G with respect to the
connection set S is the graph with vertex set G, in which g € G is adjacent with h € G if and only if h = gs
for some s € S. Observe that Cay(G;.S) is regular with valency k& = |S| and is connected if and only if S
generates G.

Proposition 4.3. Let G be a cycle of even length and let H be an arbitrary graph of order at least 2. Pick
independent edges e; = (z,a)(y,b) and ez = (z,¢)(w,d) of G[H| such that x # y and z # w. Then there exists
a perfect matching of G[H| containing e; and es.

Proof. Let Ey be the empty graph on the vertices of the graph H. Observe that G[Ey] is a Cayley graph of the
Abelian group Zy X Z,,, where £ is the length of the cycle G and n = |V (H)|. Therefore, G[E] is 2-extendable
by Theorem 2.4, and hence there is a perfect matching M of G[Ey] containing edges e; and ep. Observe that
M is also a perfect matching of G[H]|, which proves the result. g

Theorem 4.4. If G is a 1-extendable connected graph and H is an arbitrary graph of order at least 2, then
G[H] is 2-extendable.

Proof. The work in [1] implies that if H is 0-extendable and G is l-extendable, then G[H] is 2-extendable.
Hence, we will consider here the case where H is not 0-extendable. Consult Figure 2 for the 7 cases in the proof
and let us denote by M* a perfect matching of G[H| containing e; and es.

Case 1. Since G is l-extendable and connected, the minimum degree of G is at least 2. Let 2’ # y be a neighbor
of  and let MY be a perfect matching of G that contains zz’. Furthermore, let 3 be a neighbor of
y such that yy’ € MY and M' be a perfect matching of the subgraph of G*¢' [H] induced by the
following set of vertices:

({a} x (V(H) \{a,0})) U ({2'} x (V(H) \ {a,b})).

Let M? be a perfect matching of the subgraph of G¥¥'[H] induced by the following set of vertices:

{y} x (V(H)\{e,d})) U ({y'} x (V(H) \ {e, d})).



Case 2.

Case 3.

Case 4.

ON MATCHING EXTENDABILITY OF LEXICOGRAPHIC PRODUCTS 867
! .
Let M& = MY\ {(z,2")(y,y')}. Then MT is:

{e1, e, (z/,a)(@',b), (v, c) (v, d)} U M U M? U U {(z,h)(w,h)}.

szMG'
heV (H)

Pick a vertex z’ such that zz' € E(G). Let M! be a perfect matching of the subgraph of G**'[H]
induced by the following set of vertices:

({z} x (V(H) \{a,b,c,d})) U {2’} x (V(H) \ {a,b,c,d})).
Since G is l-extendable, z2’ can be extended to a perfect matching M in G. Then M7T is:
{er,e0, (2, a)(@,0), (2 )@’ . yu My | {(zR)(w,h)}
2we M\ {za'}

heV (H)

We have two subcases here:
Subcase 3.1: d ¢ {a,b}. Let M* be a perfect matching of the subgraph of G*¥[H] induced by the
following set of vertices:

({z} x (V(H) \{a,b,c})) U ({y} x (V(H) \{a,b,d})).
Let MS be a perfect matching of G containing zy and MY = MY \ {zy}. Then M7T is:
{er ez, (y.a)(w, 0} uM U | {(zm)(w,h)}.
zweMG/

heV (H)

Subcase 3.2: d € {a,b}. Assume without loss of generality that d = a. Let M be a perfect matching
of G containing xy € E(G). Pick a neighbor 3’ of y such that yy’ € M. Such a neighbor always exists
since G is a l-extendable connected graph and hence has minimum degree 2. Let M! be a perfect
matching of the subgraph of G*[H] induced by the following set of vertices:

{z} x (V(H) \ {a,b,¢})) U ({y} x (V(H) \ {b,¢,d})).

Moreover, let u # y be a neighbor of ' such that y'u € M and let M? be a perfect matching of the
subgraph of G¥“[H] induced by the following set of vertices:

{y'} x (V(H) \{a,b,c})) U ({u} x (V(H) \{a,b,c})).
Let MY = M\ {zy,y'u}. Then MP is:
{617 €2, (yv C)(ylv CL), (yv b)(ylv b)’ (y/a c)(u, C)’ (uv a)(u’ b)}U
MuMPU | {(zh)(w, b))

szMG/
heV (H)

Let MY be a perfect matching of G containing yz € E(G). Pick the vertex 2’ ¢ {y, 2} such that
za’ € MS. Let M' be a perfect matching of the subgraph of G**' [H] induced by the following set of

vertices:
({z} x (V(H) \ {a,0})) U ({2'} x (V(H)\ {a,b})).
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Let M? be a perfect matching of the subgraph of GY*[H] induced by the following set of vertices:

{y} x (V(H)\{e})) U ({2} x (V(H) \ {d}))-
Let ME = M\ {za',yz}. Then MF is:

{61,62,(x/,a)($l,b)}UM1UMQU U {(z,h)(w, h)}
szMG/
hEV (H)

Let M be a perfect matching of G containing xy and let M2 be a perfect matching of G containing
yz. Since the symmetric difference of two perfect matchings consists of isolated vertices and even
cycles, the edges xy and yz are contained in an even cycle Z of G, in which every second edge is
contained in M2, By Proposition 4.3, there is a perfect matching M# containing e; and e in the
subgraph of G[H] induced by the set of vertices in V(Z) x V(H). Let MG = MG\ E(Z). Then M* is:

M2 A ) h).
zweMG/
heV (H)
Let M be a perfect matching of the subgraph of G*Y[H| induced by the following set of vertices:

({z} x (V(H) \ {a,e})) U {y} x (V(H) \ {b,d})).
Let MY be a perfect matching of G containing zy € E(G) and let M& = MY\ {zy}. Then MF is:

{en,ea} UM U | {GzB)(w, )}
szMG/
heV (H)

Let MY be a perfect matching of G' containing xy. We have the following subcases:
Subcase 7.1: If zw € M, then let M' be a perfect matching of the subgraph of G*¥[H] induced by
the following set of vertices:

({z} < (V(H) \ {a})) U {y} x (V(H) \ {b})).

Furthermore, let M? be a perfect matching of the subgraph of G*¥[H] induced by the following set of
vertices:

({2} < (V(H)\{c})) U {w} x (V(H) \ {d})).
Moreover, let MG = MY\ {(x,y)(z,w)}. Then MF is:

{enesfUM UM?U (] {(tR)(, D)}

' em?’

heV (H)
Subcase 7.2: If zw ¢ MY, then let v be a neighbor of z such that vz € M©. Since the symmetric
difference of two perfect matchings consists of isolated vertices and even cycles, the edges vz and zw
are on an even cycle Z of G, in which every second edge is contained in M.
If {z,y} € V(Z), then let M! be a perfect matching of the subgraph of G[H] induced by the set of
vertices in V(Z) x V(H) and which contains e; and ez (recall that this subgraph is 2-extendable due
to Prop. 4.3). Let MS = MS\ E(Z). Then MP is:

M'u | (@),

tt'eMC’
heV (H)
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G[H]

G

FIGURE 4. G is not connected but l-extendable, and the two bold edges can not be extended
to a perfect matching of G[H].

If {z,y} & V(Z), then let M? be a perfect matching of V(Z) x V(H) containing es. Moreover, let
MC = M@\ (E(Z)U{e1}). Then M* is:

{el}UM2U [ {(tR)(E ). O

tt'e M
heV (H)

The example in Figure 4 shows that the connectivity requirement on G is necessary in Theorem 4.4; in other
words, if G is a disconnected l-extendable graph, then G[H] might not be 2-extendable.

We will now consider the case where both G and H are 0-extendable. First, observe that when H = Py, which
is 0-extendable, and G = Py, which is also 0-extendable, then G[H] is not 2-extendable: let E(H) = {ab} and

E(G) =

{zy,yz, zw}. Then e; = (x,b)(y,a) and ex = (y,b)(z,a) cannot be extended to a perfect matching in

G[H]. In the following, we prove that the case where |V (H)| = 2 is the only case where G[H] is not 2-extendable
when both G and H are 0-extendable.

Theorem 4.5. Let G and H be 0-extendable graphs and let |V (H)| > 4. Then G[H]| is 2-extendable.

Proof. We treat separately each one of the 7 cases depicted in Figure 2 and described at the beginning of
Section 4. In particular we provide a perfect matching M* of G[H| containing e; and eq for each case.

Case 1.

Case 2.

Let M! be an arbitrary perfect matching of the subgraph of G[H] induced by the following set of
vertices:

({z} x (V(H) \ {a,b})) U ({y} x (V(H) \ {c,d})).
Then M7T is:

{61,62}UM1U U MF.
ke{V(G)\{z,y}}

Let M' be an arbitrary perfect matching of the subgraph of G[H] induced by the following set of
vertices:

({z} x (V(H) \ {a,b,¢,d})) U ({y} x (V(H) \{a,b,¢,d})).
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Then M7 is:

{elaGQ}UMlU{(yva)(y’b)a(y,c)(yvd)}u U Mk'
keV(G)\{z,y}

We have the following two subcases:
Subcase 3.1: d # a and d # b. Note that we may have ¢ = d in this case. Let M be an arbitrary
perfect matching of the subgraph of G[H| induced by the following set of vertices:

({z} x (V(H) \{a,b,c})) Uy} x (V(H) \{a,b,d})).
Then M7F is:

{eren, () b)yuM'y | M~
keV(G)\{z,y}

Subcase 3.2: d = a or d = b. Assume without loss of generality that d = a. Consider the case where
there exists ¢ € V(H) such that c¢’ € E(H) and ¢’ ¢ {a,b}. Let M! be an arbitrary perfect matching
of the subgraph of G[H] induced by the following set of vertices:

({z} x (V(H) \ {a,b,c,c'})) U {y} x (V(H) \{a,b,c,c'})).
Then M7T is:

{er,e2, (x.d)(y,b), (v, 0)(y. ) yuM'u | ) M~
keV(G)\{z,y}

If the neighborhood of ¢ is a subset of {a, b}, then consider a perfect matching M of H. If ca € M, then
there exists b € V(H) such that bb’ € M. Let M* be an arbitrary perfect matching of the subgraph
of G[H] induced by the following set of vertices:

({a} x (V(H) \{a,b,8,c}) U ({y} x (V(H) \{a, bV, c})).

Then M7F is:
{er,e2, (V) (y,0), (w, )y, W)y UML) M~
keV(G)\{z,y}

If ¢cb € M, then let M*' be an arbitrary perfect matching of the subgraph of G[H] induced by the
following set of vertices:

({z} x (V(H) \ {a,b,c})) U ({y} x (V(H) \{a,b,c}))

Then M7F is:
{enen, )@ UM' U |J M~
keV(G)\{z,y}

If x has a neighbor w such that w ¢ {y,z}, then e; can be extended to a perfect matching M* in
G""[H] since G""[H] is l-extendable. Likewise, ez can be extended to a perfect matching M? in
GY#[H| since GY*[H] is 1-extendable. Then MT is:

M1 U J\4’2 U U Mk
keV(G)\{z,y,z,w}

If the neighborhood of z is a subset of {y, z}, then consider a perfect matching M of G and assume
without loss of generality that zy € M. Therefore, there exists w € V(G) such that zw € M. Consider
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a vertex d’ € V(H) such that dd’ € E(H). Since G*"[H] is 1-extendable, (z,d)(z,d’) can be extended
to a perfect matching M3 in G*“[H]. Let ¢/ € V(H) \ {c} and M* be a perfect matching of the
subgraph of G*Y[H]| induced by the following set of vertices:

({a} x (V(H)\{a,b})) U ({y} x (V(H) \ {c,c'})).

Then MY is:

{e1,e2, (y,¢)(z,d)} UM UM*U U M*.
keV(G)\{z,y,z,w}
Consider a perfect matching M of H and let a’,d’ € V(H) be such that aa’ € M,dd" € M.
Pick an edge ef € M such that e, f ¢ {a,a’}. Let M be a perfect matching of G*[H] and d’ be a
vertex such that (z,d)(z,d’) € M*. Moreover, let M' = M \ {(z,d)(z,d')}.
Note that there exist u,v € V(H) \ {b,c} since |V(H)| > 4. Let G}, [H] be the subgraph of G[H]
induced by the following set of vertices:

({a} x (V(H) \{a,dse, £})) U {y} x (V(H)\ {b, ¢, u,v})).

Let M? be a perfect matching of G/, [H]. Then MPF is:

{617 €2, ('Ta a/)(yv U), (Zv d/)(yv U)v (l‘, €)(.T, f)}U
M*uM?U U M*,
keV(G)\{z,y,z}

Let M' be an arbitrary perfect matching of the subgraph of G[H] induced by the following set of
vertices:

({z} x (V(H) \{a,c})) U ({y} x (V(H)\ {b,d})).
Then M7F is:

{61,62}UM1U U Mk.
keV(G)\{zy}
Notice that both G*¥[H] and G**[H]| are isomorphic to P;[H], which is 1-extendable. Let M! be a
perfect matching of G*Y[H] containing e; and M? be a perfect matching of G**[H| containing es.
Then M7 is:
M'uUM?U U M*. O
keV(G)\{z,y,z,w}

5. SPECIAL 2-EXTENSIONS OF LEXICOGRAPHIC PRODUCTS

Let G be a 0-extendable but not 1-extendable graph. Let us refer by a problematic edge to an edge e that
cannot be extended to a perfect matching of G. We are interested in the case where G[E>] is not 2-extendable
but the two copies of a problematic edge of G can be extended to a perfect matching of G[Es].

Let us first point out the fact that we can restrict our attention to the case where G[E»] is 1-extendable since
otherwise even one copy of a problematic edge in G cannot be extended to a perfect matching in G[Es]. This
result, stated in the next lemma, follows from the proof of Theorem 3.8:

Lemma 5.1. Let G be a 0-extendable but not 1-extendable graph. If G[Es] is not 1-extendable then every copy
of every problematic edge of G is also problematic in G[Es].
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The following theorem characterizes the case where both copies of a problematic edge in G can be extended
to a perfect matching in G[E»].

Theorem 5.2. Let G be a 0-extendable but not 1-extendable graph with a problematic edge e, and assume G[Es)]
is 1-extendable. Then the two copies {e1,e2} of e in G[E3] can not be extended to a perfect matching of G[Es]
if and only if there exists a subset of vertices S C V(G) such that e € E(Gg) and G — S has |S| — 1 singletons
and one odd component that is not a singleton.

Proof. Throughout the proof, let the problematic edge e be uv and its two copies in G[Es] be ujv1 and uqvs.

Assume that there is a subset S C V such that e € Gg and G— S has |S|—1 singletons and one odd component
that is not a singleton. Let S; and S be the two copies of S in G[E»] and let S = S U Sy \ {uy, vy, us,va}.
Now, let G’ = G[E2] \ {u1,v1,uz2,v2}. Since G’ — S’ has at least 2|S| — 2 odd components (singletons) and
|S’| = 2|S| — 4, we have that G’ has no perfect matching (by Thm. 2.1). Therefore, {e1, ez} cannot be extended
to a perfect matching in G[E»].

Now assume that {eq,e2} cannot be extended to a perfect matching in G[E>| and let us show that there is
a subset S C V(G) such that e € E(Gg) and G — S has |S| — 1 singletons and one odd component that is
not a singleton. By our assumption, the graph G’ = G[Es] \ {u1,v1, uz,v2} (which is the lexicographic product
of G\ {u,v} with F3) does not admit a perfect matching. Therefore, there is a subset S” C V(G’) such that
o(G'—=8") > |9’|. By Lemma 3.5, there exists a rectangular S C V(G’) such that o(G' —S")—|5’| < o(G'—S)—|S|
and therefore |S| < o(G' — S). Moreover, we know by Lemma 3.4 that all odd components of G’ — S are
singletons, say x1,...,z{ and z3, ..., %, respectively, in each copy of G\ {u,v}. Hence 2¢ > |S|. Now, let S =
SNV(G1\{u1,v1}) where Gy \ {u,v1} is one copy of G\ {u, v} in G’, and consider the set S = S;U{u,v} in G.
Clearly, 2, ..., x% are also singletons in G — S. As 2¢ > |S| = 2|51 | = 2|S| — 4, we have that ¢ > |S| — 1. On the
other hand, since we assumed that G[E2] is 1-extendable (see Lem. 5.1 and the related discussion), in particular
ey is extendable to a perfect matching in G[Fs]. It follows that SU{uy,v1} is not a Tutte set in G[Ea]\ {u2, va},
that is 2¢ = o((G[Ea] \ {ua,v2}) — (S U {u1,v1})) < |SU{ur,v1}] = [S|+2 = 2|S1| +2 =2(|S| — 2) + 2, and
thus ¢ < |S| — 1. Therefore, we have exactly £ = |S| — 1 singletons in G — S. In addition, there is necessarily one
more odd component (which is not a singleton) in G — S since G is 0-extendable and hence has an even number
of vertices. This concludes the proof. O

Note that if G[E2] is not 1-extendable, then one can find S C V(G) such that G — S has exactly | S| singletons;
this corresponds to the special case of Theorem 3.1 where S is not an independent set (contains a problematic
edge).

After establishing several results on the 2-extendability of lexicographic products, we can suggest some open
research questions in the same direction. Recall that the work in [1] proves that the lexicographic product of an
m-extendable graph and an n-extendable graph is (m + 1)(n + 1)-extendable. Theorem 4.5 proves that when
both G and H are 0-extendable, G[H] is not only l-extendable, but also 2-extendable if |V (H)| > 4. This
naturally raises the following question: can a result stronger than (m + 1)(n + 1)-extendability be obtained by
imposing a restriction on |V (H)|? Likewise, we plan to investigate whether stronger forms of Theorem 4.2 and
Theorem 4.4 can be obtained by keeping the connectivity condition: if G is a connected graph and H is an
m-extendable graph, is G[H]| (m + 1)-extendable? If G is a connected m-extendable graph and H an arbitrary
graph of order at least 2, is G[H]| (m + 1)-extendable?
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