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PERIODICITY PROBLEM OF SUBSTITUTIONS
OVER TERNARY ALPHABETS*

Bo TaN! AND ZHI-YING WEN?

Abstract. In this paper, we characterize the substitutions over a
three-letter alphabet which generate a ultimately periodic sequence.

Mathematics Subject Classification. 11B85, 68R15.

The study of periodicity is a central topic in combinatorics and presents some
important applications in algebra, in formal language theory and in string search-
ing algorithms. In this paper, we study the substitutions which generate a periodic
sequence.

INTRODUCTION

Let S be the alphabet of finite letters. Let S* and S be respectively the free
monoid and the free group generated by S. The empty word ¢ is their neutral
element. Let ST = S*\{e}. Let SN be the set of infinite sequences on .

Let v and w be two words. We say that v is a factor of w and then write v < w,
if there exist u,u’ € S*, such that w = wvu’. We say that v is a prefix (resp.
suffix) of a word w and then note v < w (resp. v > w), if there exists u € S* such
that w = vu (resp. w = uv). We say that v is a proper factor of w if v < w and
v # w. Likewise, we define the notions of proper prefix and proper suffix. The
notions of prefix and factor extend in a natural way to sequences.

A morphism ¢ : S* — S* is called a substitution of S*. In this work, except
in the last section, we deal only with non-erasing substitutions, which means that
the image of any letter is different from the empty word e.
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Let ¢ be a substitution. If there is a letter a € S such that the word ¢(a)
begins with a and is of length at least equal to 2, in other words,

¢(a) = av for some v € ST,

then, for n > 1, ¢"(a) is a prefix of ¢"*!(a), and thus there is a unique (infi-
nite) sequence ¢ beginning with a such that ¢(£) = £. In this case, we say that
the substitution ¢ generates, with the axiom a, the sequence £&. And we write
£=¢>(a).

Ultimately periodic sequences are sequences of the lowest (subword) complexity.
In this paper we study the substitutions which generate a ultimately periodic
sequence. The decidability result on this kind of problem is proved independently
by, on the one hand, Harju and Linna [2] and, on the other hand, Pansiot [6],
that is, they give an algorithm which, for a substitution, determines whether this
substitution has a ultimately periodic fixed point or not. And Lando [4] provides
the bounds for the period and index of the substitution.

Finding all substitutions which generate a ultimately periodic sequence is a
quite different problem from determining whether a given substitution generates
a ultimately periodic sequence or not.

In the binary alphabet case, Séébold [8] has found all the substitutions which
generate a ultimately periodic sequence:

Theorem 0.1. Let ¢ be a (non-erasing) substitution over a two-letter alphabet
{a,b}. Then ¢ generates, with the aziom a, a ultimately periodic sequence £ if and
only if ¢ has one of the following forms:

1 so( ) =aP, p(b) € {a,b}", p>2, and { = a>

pla) = ab?, p(b) =b%, p,qg > 1, and £ = ab™>;

o(a) = (av)?, o(b) = (av)?, p,q > 1, v € {a,b} T, and £ = (av)>®
4 sﬁ(a) (ab)Pa, @(b) = (ba)?b, p,q > 1, and & = (ab)>

p(a) = (ab?)?a, p(b) =b, p,qg > 1, and { = (ab?)>®

In this paper, we consider the same problem over a ternary alphabet and our main
result is:

Theorem 0.2. Let ¢ be a (non-erasing) substitution over S. Suppose that
generates, with the axiom a, a sequence &. Then & is ultimately periodic if and
only if there is a permutation (x,y) of the letters (b, c) such that ¢ has one of the
following formS'
p(a) = a* ¢(2) € St ¢ly) € ST (k> 2), and £ = a*™

o(a) = az®, p(z) € 2™, p(y) € ST (k> 1), and £ = ax™®
(a) = (@0)?, (@) = (av)7, oly) € St (V'€ {a, 0}t p,q> 1), and & = (av)™
(a) = (az)Pa, p(z) = (va)z, o(y) € ST (p,q 2 1), and § = (ax)>;
() = () () = 9(0) € 5% (.92 1), and €= e}
(a)
(a)
(a)

a) = av, p(z) =z, p(y) =y (v € {z,y}"), and £ = av™
a) = av, p(z) =y, p(y) == (v € {z,y}"), and £ = a(vp(v))™
a) = av, (x) €r™, p(y) € rt (v,r € {z,y}"), and & = avr™

P NS S Lo~
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( )( a) = a(zy)", o(z) = (zy)'z, e(y) = o)™y (I,n > 1,m > 0), and § =
my 7

10 <(/>( ; a(zy)"z, p(z) = y(zy)', ely) = @(yz)™ (I > 1,m,n > 0), and
11 p(a) = a(y’ 'y =" o(x) = (ey)mz,0(y) =y (L,m,n > 1,0 < i <1), and
€= ay'(ay')™

12. ¢ is ultimately cyclic, in other words, p?(a) € wT, ¢*(z) € wt, Y2 (y) € w
(we ST,a<w), and £ = w™>
13. p(a) = (azy)'a, p(z) = (zya)"z, (y) = (yax)"y (I,m,n > 1), and £ =

(azy)>

14. ¢(a) = (azy)lazx, o(x) = (yax)"ya, ¢(y) = (zya)"zy (I, m,n > 0), and
§ = (azy)™

15. p(a) € wt, p(zy) € wh (w € {a, 2y} ", a Tw,y < P(y)), and £ = w™

16. p(ay) € w, p(z) € wh (w € {ay,z}*,a Tw,y <P(y)), and { = w™

17. p(ay) € wr, p(zy) € wt (w € {ay,zy}t,a Qw,y < p(y)), and & = w™

18. p(a) = (ay™xy™)ta, o(z) = (xy"ay™)x, (y) =y (m,n > 0,i,j > 1), and

§ = (ay™ay")>
19. There exist two words u = uy ---uy, € w and v = vy --- v, € w for some
word w = wy -+~ wy, € {a,x}" with wy = a, and integers P(a), D(«, B) and S(«)
for any «, 5 € {a,x} satisfying the following two conditions:

(x) P(a)=0; If B> w, then S(B) =

(x%) there is a constant C, such that for any factor afB of length 2 of w?, we
have S(a) + D(a, B) + P(B) =C,
such that (p(a) — uly'D(ul,uz) - yD(un—hun)unys(a)’

SD(I') = yp(m)vlyD(UIfWZ) N yD(”WLfl vum)vmy‘s(m)’

oly) = vy,

and then & = [wlyD(wl’w2) .. y'l)(wkﬂ,wk)wnyC]oo

20. ¢(a) = (au)*a, p(z) = 2, 0(y) =y (u € {z,y} ",k > 1), and £ = (au)™
21. ¢(a) = awra---auga, o(x) = 2,0(y) = = (u; € {2,y}7, 1] = - = |w| =
L.k >1), and ¢ = (auya--- aupar’)>

In the last section, we give several remarks concerning the (possibly erasing)
substitutions which fix a ultimately periodic sequence.

1. PRELIMINARIES

In this paper, we shall use the following terminology. The readers can find more
details in [5].

Let w € S* be a word. We denote by |w| the length of w, and, for a letter s € S,
by |w|s the number of occurrences of the letter s in w. We denote by Alph(w) the
set of letters appearing in w, that is Alph(w) = {s € S : |w|s > 1}. In particular,
Alph(e) = 0.

A word v € ST is said to be primitive if it is not a power of another word, that
is, the condition u = v* for some v € St implies & = 1. Any word is a power of a
primitive word.
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Two words u and v are said to be conjugate if there exist words x,y € S* such
that © = zy and v = yx. In this case, we also say that v is a conjugate word of u.

The next facts are basic results in Combinatorics on Words (see below for the
definition of w*).

Lemma 1.1. Let w be a primitive word, u be a word. Then
1. if u and w are conjugate, then u is also primitive;
2. if uw < w” for some k, then u > w”; if wuw < w”, then u € w*;
3. u € w* <= uF e w* for some k> 1 < uF € w* for any k.

The following theorem is classical in the study of periodicity [1].

Theorem 1.2 (Fine and Wilf).  Let z,y € S*, n = |z|, m = |y|, d = ged(n, m).
If two powers xP and y? of x and y have a common prefix of length at least equal
to n +m — d, then there is a word w such that x,y € w*.

Let £ € SN be a sequence. We call £ periodic if there exists a word w such that
& = w*(:= www---); we call £ ultimately periodic if there exist words u and w
such that & = uw.

Let £ be a sequence. The language of length n of £, denoted by L,,(€), is the set
of all factors of length n occurring in €. We call complexity function of ¢, denoted
by pe(n), the function which with each positive integer n associated the number
#L,,(§), where # denotes the cardinality of a finite set. A factor w of & is called
a (right) special factor if it has more than one right extensions, that is, there are
different letters x and y such that both wz and wy are factors.

The following lemma is elementary.

Lemma 1.3. Let £ be a sequence. The following are equivalent:
1. the sequence & is ultimately periodic;
2. the complezity function of & is bounded;
3. the lengths of the special factors of & are bounded.

Let & be a sequence. We say that ¢ is recurrent if every factor of £ occurs for
infinitely many times. If £ is recurrent, then £ is ultimately periodic if and only if
it is periodic.

Given a nonempty subset X of the free monoid S*, we denote by X* the sub-
monoid of S* generated by X (for simplification, we will write w* instead of {w}*
for w € ST). Conversely, given a submonoid P of S*, there exist a unique set X
that generates P and is minimal for set-inclusion.

Also, we put X+ = X*\{e} and wt = w*\{e}.

A monoid M is said to be free if there exist an alphabet A and an isomorphism
of the free monoid A* onto M. For example, for any w € ST, w* is free.

Proposition 1.4 ([5], p. 5).  Let P be a submonoid of S* and X be its minimal
generating set. Then P is free if and only if any equality

TIT2 T = Y1Y2 " Yn, MM >0, x5,y; € X

implies n =m and x; =y;, 1 <i<n.
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The minimal generating set of a free submonoid P of S* is called a code. the
intersection of all free submonoids of S* containing X is the smallest free sub-
monoid containing X; the code generating this submonoid is called the free hull
of X.

Theorem 1.5 (defect theorem, [5], p. 6).  The free hull 'Y of a finite subset
X C 5%, which is not a code, satisfies the inequality

#Y <H#X — 1.

Let ¢ be a substitution of S*. A letter s € S is growing (for ¢) if {|¢"(s)| : n > 1}
is unbounded; otherwise the letter s will be called a bounded letter.

A substitution ¢ is called cyclic if there is a word w € ST such that for every
letter s € S, ¢(s) € w*. And g is called ultimately cyclic if some power ¢ is cyclic.
It is easy to see that the sequence generated by a ultimately cyclic substitution is
periodic.

Let ¢ : S* — S be a substitution. It is simplifiable if there exist an alphabet
X, #X < #S and two morphisms ¢ : §* — X*, and 7 : X* — 5% such that
@ =7o0. And p is elementary if it is not simplifiable.

If a substitution ¢ is elementary, then it is injective overS™* and the set {¢(s) :
s € S} is a code ([7], p. 131).

2. PERIODICITY PROBLEM OVER A THREE-LETTER ALPHABET

Now we will concentrate on the case of the three-letter alphabet. We always
use S = {a,b,c} to denote the alphabet. The notation ¢ = (u,v,w) denotes the
substitution ¢(a) = u, p(b) = v, p(c) = w. In this section, we find all substitutions
over S which generate a ultimately periodic sequence.

Hereafter we assume that ¢ is a substitution over S which, with the axiom a,
generates the sequence £ = > (a), and ¢ is ultimately periodic.

According as whether each letter appears in the sequence ¢ for infinitely many
times, we consider two cases.

2.1. THE SEQUENCE £ CONTAINS SOME LETTER FOR ONLY FINITE TIMES

Suppose that £ contains some letter for only finite times, then, writing
£ =uw™® withue S*,west,
we have
1 < #Alph(w) < 2.
There are two possibilities:

Case I.  #Alph(w) = 1.
Without loss of generality, we take w = x € S. And thus p(z) € 2.
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Subcase I.1. z =a.
Then the substitution ¢ is of the form:
o p(a) =d", p(b),p(c) € ST, k>2, and £ = a*.
Subcase 1.2. x # a.
In this subcase, p(a) = av, a ¢ Alph(v) (otherwise, the sequence £ contains a
for infinite times).
Let y be the letter such that {a,z,y} = {a,b,c}. If y € Alph(v), then ¢(y) € ™
(otherwise, the letter y occurs for infinitely many times in &).
Therefore, the substitution ¢ is of one of the following forms:
o p(a) = az®, p(x) € zt, p(y) € ST, k> 1, and & = ax™;
e p(a) =av, p(z) € 27, p(y) € 2%, v € {z,y}", and £ = avz™.

Case II. #Alph(w) = 2. Let x,y € S such that Alph(w) = {z,y}. Then
p(x),0(y) € {z, ¥}
Subcase I1.1. a € {z,y}.

In this subcase, the restriction @[, 3+ of ¢ to {x,y}* generates the sequence
&, and thus (with z € S such that {z,y, 2z} = {a,b,c}):

® ©l{z,y}~ is one of the forms in Theorem 0.1, p(z) € S*.

Subcase I1.2.  a & {x,y}.

In this subcase, we have ¢(a) = av with v € {z,y}" (in fact, as in Subcase 1.2,
a € Alph(v) implies that a appears infinitely often).
Subsubcase 11.2.1.  Suppose both x and y are bounded. There are 3 possibilities:

(i) ¢(x) =z, p(y) = y. Then § = av™;

(i) (2) =y, @ly) = 2. Then £ = a(vp(v))™;

(iii) p(z) = ¢(y) € {z,y}. In this case, without loss of generality, suppose
o(z) = x, and thus £ = p>°(a) = avz®™. The sequence £ contains the letter y for
only finite times, and it is a contradiction.

So, in this subsubcase, the substitution ¢ is of one of the following forms:

o p(a) =av, p(z) =z, p(y) =y, v € {z,y}", and £ = av™;

o o(a) = av, p(x) =y, o(y) =z, v € {z,y}*, and { = a(vp(v))™.
Subsubcase I1.2.2. Suppose either = or y is growing. Then the substitution
<p2|{m7y}* generates an infinite sequence 7. Without loss of generality, we assume
that 7 = (©®[{443)(x). It is easy to see that all factors of n are factors of &,
thus 7 is also ultimately periodic. Then by Theorem 0.1, and noticing that both
x and y occur in 7 for infinitely many times, there are 3 possibilities:

(i) p?(z) € tT and ¢?*(y) € t* for some t € {x,y}T.

In this case, we have that {p(z),¢(y)} is not a code. Then by defect theo-
rem (Th. 1.5), there is a word r € {z,y} T such that p(z),p(y) € r*, and thus

e p(a) =av, p(z) €rt, (y) € rt, v,r € {x,y}T, and £ = avr™.
(ii) ¢*(2) = (vy)'z and ©*(y) = (y2)'y.
In this case we have either o(z) = (zy)'z,o(y) = (yz)™y or ¢(z) = y(xy)',
ply) = z(yz)™.
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Since £ = > (a) = avp(v)p?(v) - - - = t(xy)> for some word ¢, then for k large
enough, we have ©*(v) < (2y)>, hence v < (zy)*°.

Without loss of generality, we suppose z < v. An easy discussion gives that ¢
is of one of the following forms:

e o(a) = a(zy)", o(x) = (zy)'z, ¢(y) = (y=)™y, L,n > 1,m > 0, and

§ = a(xy)™;
o o(a) = a(zy)"z, o(x) = ylzy)', ¢y) = x(yz)™, I > 1,m,n > 0, and
£ = a(zy)>.

(iii) ?(z) = (zy?)%2 and ?(y) = y.
Then we have that ¢(z) = (vy')™z,¢(y) = y. In this case, the word v is a
conjugate word of some power of (zy'), and thus

o p(a) = a(y'zy'=")", p(z) = (2y")"z,0(y) = y,I,m,n > 1,0 <i <1, and
¢ = ay'(zy")>.

Up to now, we have shown:

Theorem 2.1. Let ¢ be a substitution over S. Suppose that ¢ generates, with the
aziom a, a sequence &, and & = ww®> with 1 < #Alph(w) < 2. Then there is a
permutation (x,y) of the letters (b, c) such that ¢ has one of the following forms:
(i) pla) = a*, p(z) € S*, p(y) € ST (k> 2), and £ = a>;

ii) p(a) = ax®, p(z) € 2T, p(y) € ST (k > 1), and & = ax®>;

iii) (a) = (av)?, ¢(z) = (av)?, @(y) € S* (v € {a,2}",p,q 2 1), and § =

—
j
jat

(

E

(iv) ¢(a) = (a2)Pa, p(z) = (2a)1z, p(y) € S* (p,q > 1), and € = (az)*;

(v) pla) = (azP)la, o(z) =z, ¢(y) € ST (p,q > 1), and £ = (axP)>;

(vi) p(a) = av, p(x) =z, p(y) =y (v € {z,y}T), and { = av™;

(vii) p(a) = av, p(z) =y, p(y) =z (v € {z,y}"), and § = a(vp(v))>;

(viil) p(a) = av, p(z) € rt, o(y) € rT (v,r € {2,y}T), and = avr™;

(i(X) <)/>(a) = a(zy)", o(x) = (zy)z, o(y) = (yx)™y (,n > 1,m > 0), and £ =

a(zy oo .

«ECX) w((a))Z a(zy)"z, (z) = yley)', ey) = z(yz)™ (I = Lmn > 0), and
= a(zy oo .

(xi) p(a) = a(y'zy')", p(x) = (zy')™z,0(y) =y (Lm,n > 1,0 < i < 1), and

€ =ay'(zy')>.

Remark that the second case in Subcase 1.2 and (i) in Subsubcase I1.2.2 is
summarized into case (viii) in the above theorem.

2.2. THE SEQUENCE § CONTAINS EACH LETTER FOR INFINITE TIMES

In this subsection, we suppose that the sequence & contains each letter for
infinite times. The study is divided into two parts, depending on whether the
substitution is ultimately cyclic or not.
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2.2.1. Ultimately cyclic substitution

As mentioned before, the sequence generated by a ultimately cyclic substitution
is periodic. In this subsection we study the ultimately cyclic substitutions.
In the binary alphabet case, we have

Proposition 2.2. Let ¢ be a substitution over a two-letter alphabet, then ¢ is
ultimately cyclic if and only if v is cyclic.

Proof. Denote the alphabet S = {a,b}. Suppose that ¢ is ultimately cyclic and
let n be the minimal integer such that " is cyclic.

Assume n > 1, then we have ¢"(ab) = ¢"(ba) and ¢"~!(ab) # ¢" 1 (ba). Since
o(e" (ab)) = (¢ t(ba)), by Theorem 1.4, we know that {¢(a),¢(b)} is not
a code. By defect theorem (Th. 1.5), ¢(a),¢(b) € w* for some word w. Hence
©" " (ab) = " 1(ba). This is a contradiction.

Son =1 and ¢ itself is cyclic. O

In the ternary alphabet case, the above theorem does not hold. For example,
(ac,ach,b)? = (ach, acbach, acb). But a little weaker result holds.

Theorem 2.3. Let ¢ be a substitution over a three-letter alphabet, then ¢ is
ultimately cyclic if and only if ©* is cyclic.

Proof. Write S = {a,b,c} and suppose ¢" is cyclic over S.

In the same way as in the proof of the above theorem, we show that {p(a), ¢(b),
©(c)} is not a code. Denote by Y the free hull of {¢(a),p(b),o(c)}. By defect
theorem (Th. 1.5), #Y < 2.

If #Y =1, then ¢ is cyclic, thus ¢? is also cyclic.

If'Y = {u,v}. Let us introduce a new two-letter alphabet X = {4, B} and
define two morphisms as follows: For each letter s € S, ¢(s) € Y*. Since ¥ =
{u,v} is a code, ¢(s) has a unique decomposition ¢(s) = wiwsy -+ wy, € Y™ (w; €
Y). Then define the morphism % : S* — X* as ¢¥(s) = C1Cy -+ - Cp, € X™, where
C; = Aif w; =wu and C; = B if w; = v. Another morphism 7 : X* — S* is
defined as 7(A) = u and 7(B) = v.

Then ¢ = wov. And ® := 1 o 7 defines a substitution over X*.

Since ™ is cyclic, there is a word w € S* such that ¢"(s) € w* for any s € S.
Thus for any letter x € X, o™ (n(z)) € w*, hence

o"l(z) = (om)™i(x) = o (roy)" on(x)
o g on(z) = Y(¢" (n())
Blwr) = ((w))".

m

Since ¥(w) is a word in X*, this implies that ® is ultimately cyclic over the
alphabet X. By Proposition 2.2, ® is cyclic, i.e. there is a word W € X* such
that ®(z) € W* for any = € X, and thus for any letter s € S, ®(¢(s)) € W*.
Hence

P (s) =moyomoi(s) = m(2(Y(s))) € T(W*) = (w(W))",
this is to say that ¢? is cyclic. O
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Now an induction on n gives the following result.

Proposition 2.4. A substitution ¢ over an n-letter alphabet is ultimately cyclic
if and only if "1 is cyclic.

2.2.2. Non-ultimately cyclic substitution

Now we turn to study the non-ultimately cyclic substitutions.

When ¢ contains each letter for infinite times, it is recurrent. Recall that if a
sequence is recurrent and ultimately periodic, then it is periodic. Therefore, in
the subsection, we will always write that £ = w*™ with w a primitive word and
Alph(w) = {a,b,c}.

We will consider three cases according to the number of growing letters. Re-
calling that p(a) = av with v € ST, the letter a is growing.

Case I. All letters are growing.

Theorem 2.5. Let @ be a non-ultimately cyclic substitution over S. Suppose that
@ generates, with the axiom a, a periodic sequence &, and & contains each letter
for infinite times. If any letter is growing, then there is a permutation (z,y) of
the letters (b, c) such that @ has one of the following forms:

(i) p(a) = (azy)'a, o(x) = (zya)™z, o(y) = (yaz)"y (,m,n > 1), and { =

(ii) ¢(a) = (azy)az, p(z) = (yax)™ya, ¢(y) = (zya)"zy (I,m,n > 0), and
£ = (axy)>;
iii) ¢(a) € wt, p(zy) € wt (w e {a,zy} T, a <w,y <e(y)), and & = w>;
) lay) € wh, (x) e w (w e {ay, 2}t a <w,y Qp(y)), and & = w™;
v) ¢lay) € wh, p(zy) € w (w € {ay, 2y} T, a <w,y < ¢(y)), and & = w™.

Remark that, in above theorem, the substitutions of types (i) and (ii) are el-
ementary, while the ones of the last three types are simplifiable. Also, the proof
will be divided into two parts.

First we consider the elementary substitutions. The following lemma comes
from [6].

Lemma 2.6. Let ¢ be an elementary substitution. Then ¢ generates a ultimately
periodic sequence & if and only if & has no special word of form xu, where x is a
growing letter and u, possibly empty, is a word consisting of bounded letters.

Proof for the elementary cases in Theorem 2.5.  If  is an elementary substitution
and every letter is growing, then ¢ generates a periodic sequence £ if and only if £
has no special words. In this case, £ = (azy)> for some permutation (x,y) of the
letters (b, ¢). From here we can derive easily the type of .

In fact, since ¢ is elementary, we get that ¢ is of one of the following forms:

J ?(a)(= gaxy)lcu o(r) = (zya)™z, p(y) = (yax)"y (I,m,n > 1), and
= (azy)™;

e p(a) = (azy)'az, o(z) = (yax)™ya, ¢(y) = (zya)"zy (I,m,n > 0), and
§ = (axy)™.
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These are just the cases (i) and (ii) in Theorem 2.5. O
Let us consider the simplifiable substitutions.

Proof for the simplifiable cases in Theorem 2.5.  Suppose that ¢ is simplifiable,
and Y is the free hull of {¢(a), p(b),p(c)}. Then #Y < 2.

Since #Y = 1 implies that ¢ is cyclic, we only need consider the case that
4Y = 2.

Take n large enough such that |¢"~1(s)| > |w| for any letter s € S. Since
{p(a),p(b),p(c)} C Y*, by Pigeon hole principle, at least two of {¢(a), ¢(b), p(c)}
have the same first letter. Denote the two words by ¢(z) and ¢(y), and the same
first letter by a. Hence ¢ () is the prefix of both ¢"(x) and ¢"(y), and the
length of " 1(a) is larger than |w|. Since ¢™(x), " (y) < w™>, there exists a
conjugate word w; of w such that ¢"(z) = wir, ¢"(y) = wt with I,m > 1 and
r,t proper prefixes of w;.

Recalling that =,y and z occur infinitely often, at least one of zx or zy is a
factor of &, ¢ (2)wy < &, and thus ¢"(z)w; < wi®. By Lemma 1.1, we can write
¢©"(z) = uw! with p > 1 and u a proper suffix of wy. So we have

O™ (z) = whr, " (y) = wi't, " (2) = uw? with I,m,p > 1 and r,t < wy,u > w;.

Subcase 1.1  Either r ort, say r, is empty.

If xz is a factor, then u = e, and the fact that one of yx and yz is a factor
implies t = €, thus ¢ is ultimately cyclic.

If zz is a factor, then u = ¢ and ¢ is ultimately cyclic.

If either yx or yy is a factor, then ¢t = € and ¢ is ultimately cyclic.

Thus if ¢ is non-ultimately cyclic, then Lo (§) C {zx, 2y, yz, zz, zy}. Moreover
we claim that wy € {z,yz}*.

In fact, suppose z <t wj. Since ¢ generates an infinite sequence, z <1 ¢(z), thus
©"(z) Qw®, and thus u = € and ¢ is ultimately cyclic.

Since z is not a prefix of w;, and neither yx nor yy is a factor, then y is
not a suffix of w; (otherwise either yz < w? or yy < w?). Thus, by Ls(£) C
{zz,zy,yz, 2z, 2y}, we have wy € {x,yz}*. The claim follows.

Hence ¢™(z), ¢™(yz) € wi with wy € {x,yz}*.

Now ¢"(x) and ¢"(y) have the same prefix as wi, but ¢"(z) has a different
prefix (otherwise ¢ will be ultimately cyclic). By enumerating all the possible
cases, we show that the first letter of both p(z) and ¢(y) is either x or y, and the
last letter of both ¢(z) and ¢(z) is either = or z. Moreover y > p(y) and z < p(z).
Thus ¢(2), p(yz) € {z,yz}"

We can look the substitution ¢ as a substitution over the alphabet {z,yz}
(with a slight abuse of notation), and ¢ is ultimately cyclic over this alphabet. By
Proposition 2.2, ¢ is cyclic over this alphabet, i.e. we have that

o o(z) € wh, p(yz) € wr with w € {x,yz}T, 2 < p(z), and & = w™.

This corresponds to the cases (iii) and (iv) in Theorem 2.5.
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Subcase 1.2 Neither r nor t is empty.

If either zx or xy is a factor, r = ¢; if either yx or yy is a factor, t = ¢; if 2z is
a factor, then u = ¢, and (since one of zz, zy and xz is a factor) r = €.

Thus, in this case, we have Lo(§) = {xz,yz, zx, zy}.

As in case Subcase 1.1, we have that either x < w; or y <w;, and £ = w®.
Moreover ¢"(zz), ™ (yz) € wi with wy € {xz,yz}*.

Similar to case Subcase L1, ¢(zz),p(yz) € {xz,yz}* and ¢ is a ultimately
cyclic substitution over the alphabet {xz,yz}, 2 < ©(z). Thus

o p(zz2) € wh, p(yz) € wh with w € {zz,yz}T, 2 < ¢(z), and £ = w™.

This corresponds to the case (v) in Theorem 2.5. O
Case II. One and only one letter is bounded.

Theorem 2.7. Let ¢ be a non-ultimately cyclic substitution over S. Suppose that
@ generates, with the axiom a, a periodic sequence &, and & contains any letter
for infinite times. If one letter is bounded and other letters are growing for o,
then there is a permutation (x,y) of the letters (b,c) such that ¢ has one of the
following forms:
(i) ¢(a) = (ay™zy")'a, p(z) = (zy"ay™ )Yz, ¢(y) =y (m,n > 0,4,j > 1), and
§ = (ay™zy™)>;
(ii) there exist two words u = uy---up, € wT and v = vy vy € W for some
word w = wy - - -wy, € {a,x}T with wy = a, and integers P(a), D(a, B) and S(«)
for any o, f € {a,x} satisfying the following two conditions:

(x) P(a)=0; If > w, then S(B) = 0;

(x%) there is a constant C, such that for any factor af of length 2 of w?,
we have

S(a) +D(a, B) +P(B) =C

such that

D(u1,uz) , ., yD(“nflf“n) S(a)

pla) = wy uny>',
sp(z') = yp(m)vlyp(vh”Z) ‘e y’D(WM*l 7u7n)vmy‘s(m)’

oly) = vy,

and then € — [wlyD(w11w2) P yD(wkflvwk)wnyc]oo.

Proof. We denote by y the bounded letter, and by x the growing letter in {b, c}.
Then ¢(y) =y.
First, we have

Claim 1. Fized «, 5 € {a,x}, then all the powers of y between the letter o and
B are the same, i.e. if ay'B < € and oy’ < &, then i = j.

In fact, since both « and g are growing and ¢ = w™, there exists n such
that ¢"(a) = dwPe and @"(8) = fwilg with d, f proper prefixes of w, e, g
proper suffixes of w; and p,q > 1. Since ¢"(ay’B) and ¢"(ay’ ) are factors,
we have wey® fw, wey? fw < & = w™. Since the word w is primitive, we have, by
Lemma 1.1, that ey'f,ey? f € w*. And, noticing that w ¢ %*, this implies that
1 =j. Claim 1 follows.

Define a morphism 7 : {a,z,y}* — {a,2}* as7w(a) = a,7(z) = z, and 7(y) = €.
Then for w € {a,z,y}*, the word 7(w) is obtained by erasing all the y’s from w.
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The substitution ¢ induces a substitution 6 over the alphabet {a, z} as follows:
6(a) = 7(¢(a)) and O(x) = w(p(x)).

Since ¢(y) = y, we know that 6 generates, with the axiom a, the sequence
m(€) = 0°°(a). Thus by the periodicity of £, the sequence 7(&) is also periodic.
Then by Theorem 0.1, we can get the form of the substitution 6. The rest thing
is deriving the substitution ¢ from €. There are three cases:

Subcase IL.1. 6(a) € u™,0(z) € u™ with u € {a,z}T.

For a, 3 € {a,r}, define the integer D(a, 3) as follows: if ay*3 is a factor of &,
then D(a, B) = k; if for any k, ay*3 is not a factor of £, then D(a, 8) = —1.

For a € {a,z}, P(a) (resp. S(«)) is defined as the maximal integer k such that
y* < (@) (resp. y* > p(a)).

So P(a) = 0. And if 81> u, then

S(B) = 0. (*)

(Indeed, if y* > ¢(3), then y™* > ©"(B) for any n. And thus y"* is a factor of &
for any n, while this is possible only if £ = 0.)
Moreover, we have

Claim 2. There is a constant C such that, for any o, 3 € {a,x} with D(a, 5) > 0,

S(a) +D(e, B) +P(B) =C. (%)

In fact, for a € {a,z}, since (a) € ut,

p(a) = yP @ rt, syS),

where r € {a,z} (resp. s € {a,z}) is the first letter (resp. the last letter) of w,
and ¢, is a word depending on a.

If D(a,$) > 0, then ayP@®p < ¢ and p(ayP@?3) < & hence
syS(@+P(@f)+PB)r < ¢ Recall that, for oy’ and ay’3 factors of &, i = j.
So there is a constant C such that the condition sy*r < ¢ implies k¥ = C. And then
S(a) + D(a, B) + P(B) = C. Claim 2 follows.

Now, if the numbers D, P and S are known, we can rebuild ¢(a) and ¢(z) from
0(a) and 6(z). In fact, if 0(«a) = uy - - - up, then

(‘p(a) = yp(a)ulyD(“h“?) . yD(“nflaun)unyS(a).

Conversely, for any substitution 6 = (u’,u?) and numbers D, P and S satisfying
the conditions (%) and (xx), it is easy to check that the derived substitution ¢
generates £ = w™, where w = uyyPWu2) g Plun—vun)y o€ with u = uy - - - uy,
and C the constant in (xx). This is just the case (ii) in Theorem 2.7.

Subcase I11.2.  6(a) = (ax)'a, 0(z) = (za)’z with i,j > 1.
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Just as in Subcase I1.1, y Zdp(a), y Fela), y do(z), y Pe(z). And we have
o p(a) = (ay™zy")'a, p(z) = (zy"ay™ =z, p(y) =y (m,n = 0,4,j > 1),
and & = (ay™ay™)>.
This is the case (i) in Theorem 2.7.
Subcase I1.3.  6(a) = (az')a, O(z) = x with i,j > 1.
Consider ¢(x). Just as before, y dp(z), y Fe(x). Then o(z) = x and the letter
x is bounded. This is a contradiction. 0

Case III. Two letters are bounded.

Theorem 2.8. Let p be a non-ultimately cyclic substitution over S. Suppose that
© generates, with the axiom a, a periodic sequence &, and & contains any letter for
infinite times. If two letters are bounded for y, then there is a permutation (x,y)
of the letters (b, c) such that ¢ has one of the following forms:

(i) pla) = (au)*a, p(z) = z,¢(y) =y (u € {z,y}* k > 1), and £ = (au)>;

(i) p(a) = aura---aupa, p(z) = z,0(y) = v (u; € {z,y} ¥, Jua] = - = |ux| =
L,k >1), and ¢ = (auya- - - aupart)™.

Proof. In this case, the letters b and ¢ are bounded. There are three subcases:

Subcase ITII.1.  ¢(b) = b and ¢(c) = c.

Write ¢(a) = auqa- - - augaug41, where u; € {b,c}*.

Since ug, | > ¢"(a) for any n, we have ugy1 = €.

Take n large enough such that ¢"(a) = w'r with r a proper prefix of w and
{ > 1. And the formula

p" " (a) = " (@)urp" (@) - " (a)urg™ (a)

implies that w'ruyw!r - - w'rupw!r < w™. Recalling that w is a primitive word

and Alph(w) = {a,b,c}, and noticing that u; € {b,c}™, we have ru; = -+ =
rui = w. Hence u; = --- = ug. So we have
e o(a) = (au)*a, p(b) = b,¢(c) = c (u € {b,c} T,k > 1), and & = (au)™.
This is the case (i) in Theorem 2.8.
Subcase II1.2. (b)) = ¢ and ¢(c) = .

In this case ¢? fulfils the condition in Subcase II1.1, then ¢?(x) = (zu)kz with
u # €. But it is easy to see that this is impossible.

Subcase II1.3.  ¢(b) = ¢(c) € S.

Suppose that ¢(b) = ¢(c) = x € S. Write that p(a) = auia---aupaui1,
where u; € {b,c}*.

Since z""+1l > "+ (a), we have ugy1 = €.

Take n large enough such that w<1¢™(a). And, as in Subcase III.1, the formula

¢ (a) = " (@)l 1" (@) - P (a)al " " (a)

implies that |uq| =+ = |ugl.
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So we have
e v(a) = aura---auga,o(xr) = x,0(y) = x (u; € {z,y} ", w1 = -+ =
|uk| = La k> 1), and E = (aula. . -aukaxL)‘X’,
This is the case (ii) in Theorem 2.8. 0

Now combining Theorems 2.1, 2.3, 2.5, 2.7 and 2.8, we get the proof of our
main Theorem 0.2.

3. REMARKS

In this section, we give some remarks concerning the periodicity of a fixed point
of a (possibly erasing) substitution.

e Fixed point of a substitution

Let ¢ be a non-erasing substitution over S. If ¢ generates a sequence £, say
& = ¢™(a), then p(§) = & In general, we say that a substitution ¢ fizes an
infinite sequence £ or that £ is a fized point of ¢ if p(&) = €.

Obviously, a fixed point of ¢ is also a fixed point of ¢™ for any n > 1.

Let ¢ be a non-erasing substitution, and & be a fixed point of ¢. Write

§=868& - (Lie€ld).

There are two cases:
Case I. The letter &; is bounded for any 7 > 1.

In this case, taking the formula ¢(£) = £ into account, a simple induction on 4
implies that ¢(&;) = & for any i.

Case II. There is some letter &; which is growing.
Put n = min{i > 1 : & is growing}. Then we have ¢(§;) = & for i < n, and
the substitution ¢ generates, with the axiom &, the sequence &,&,11&n+2- -
From the above characterization of the fixed point, we have

Theorem 3.1. Let ¢ be a non-erasing substitution, and & be a fized point of .
Then & is ultimately periodic if and only if one of the following conditions holds:

1. ¢ generates &, and & is ultimately periodic;

2. & = wn, where w € ST with Alph(w) S S;ne SN and ©|Atph(w) 5 the
identity; ¢ generates the ultimately periodic sequence n;

3. there is a nonempty subset X of S such that ¢|x is the identity, and § is
any ultimately periodic sequence over X.

¢ Erasing substitution

We consider the erasing substitutions over S = {a,b,c}. There are several cases
depending on the number of empty words among p(a), p(b) and (c):
Case I. ¢(a) = ¢(b) = ¢(c) =e.

In this case, the substitution ¢ fixes nothing but .



PERIODICITY PROBLEM OF SUBSTITUTIONS OVER TERNARY ALPHABETS 761

Case II. Two of p(a), ¢(b) and ¢(c) are empty, say p(b) = ¢(c) = e.

In this case, if a ¢ Alph(¢(a)), then ¢? fulfils the condition in Case I, and thus
¢ fixes nothing but €.

If a € Alph(p(a)), then the periodic sequence (¢(a))> is the unique fixed point
of .
Case III. Just one of ¢(a), p(b) and p(c) is empty, say ¢(c) = .

Define a morphism = : {a,b, c}* — {a,b}* as w(a) = a,m(b) = b, and 7(c) = e.
Then § = 7 o ¢ is a substitution over {a,b}.

Suppose that ¢ is a fixed point of ¢, then ¢ contains at least one letter in {a, b}
for infinitely many times (otherwise ¢(€) will be a finite word). Thus we can write

€ =z2ug2Puy - (l; > 0,u; € {a,b}).
Therefore £ = (&) = p(ujusg -+ ), and thus

wnt e = 7€) = m(p(uruz ) = Bury ).

Without loss of generality, we assume that u1 = a, and thus a < 6(a).

Subcase II1.1.  6(b) = ¢, or p(b) € cT.

In this subcase ? fulfils the condition in Case II, and it is easy to see that
(©?(a))™ is the unique fixed point of .
Subcase III.2. 6 is non-erasing over {a, b}.

In this subcase, the sequence 1 = ujus--- is a fixed point of the non-erasing
substitution 6.

Since n = 7(£) and £ = p(n), the sequence ¢ is ultimately periodic if and only
if n is ultimately periodic.

Up to now, we have shown that

Theorem 3.2. Let ¢ be an erasing substitution over S = {a,b,c}, and & be a
fized point of p. Then & is ultimately periodic if and only if there is a permutation
(x,y, z) of the letters (a,b,c) such that one of the following conditions holds:

1. p(x) € 5%, ply) = 9(2) = & with |¢(@)|, > 1, and € = (p(x))*;

2. p(x) € S*, p(y) € 2z, p(2) = & with 2'x < p(x) for some l > 0, and
£=(¢*(2))>;

3. o) = u, ply) = v, p(z) = € with the words u,v € St such that the
substitution 0 over {x,y} defined by 6(a) = w(u) and 6(b) = 7(v) is non-erasing
and fives a ultimately periodic sequence n € {x,y}Y, and & = p(n).

Where the morphism 7 is defined as w(x) =z, m(y) =y and w(z) = €.

e Substitution fixing a finite word

Let ¢ be a substitution. If there is a word w € ST such that p(w) = w, we say
that ¢ fixes a finite word. And in this case, we have that ¢ fixes the periodic
sequence w>. The interested reader is referred to [3] for a characterization of such
substitutions.
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