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THE THEOREM OF FINE AND WILF
FOR RELATIONAL PERIODS

VESA HALAVA!, TERO HARJU! AND ToMmI KARKI!

Abstract. We consider relational periods, where the relation is a
compatibility relation on words induced by a relation on letters. We
prove a variant of the theorem of Fine and Wilf for a (pure) period and
a relational period.

Mathematics Subject Classification. 68R15.

1. INTRODUCTION

In 1999 Berstel and Boasson introduced the notion of a partial word. In their
paper [1] they studied periodicity properties of partial words and presented a
variant of the theorem of Fine and Wilf for partial words with one hole. Further
results with more holes and on periodicity properties of partial words in general
can be found in [2,3,5-7,12,13]. The motivation for this research comes partly
from the study of biological sequences such as DNA, RNA and proteins [4,11].

In the article [9] we introduced word relations as compatibility relations of words
induced by a relation on letters. We showed that partial words can be seen as words
with a special word relation. The study of relational codes and relationally free
monoids continued in [10]. In this article we will consider relational periods of
words. We shall prove a variant of the theorem of Fine and Wilf as an example of
an interaction property between a (pure) period and a relational period.

2. WORD RELATIONS

For a relation R C X x X we often write z Ry instead of (x,y) € R. The
restriction of Ron Y C X is Ry = RN (Y x Y). A relation R is a compatibility
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relation on letters if it is both reflexive and symmetric, i.e., (i) Vo € X : = Rz,
and (ii) Vx,y € X : 2Ry = yRax. The identity relation on a set X is
defined by tx = {(z,2) | = € X} and the universal relation on X is defined by
Qx = {(z,y) | ,y € X}. Subscripts are often omitted when they are clear from
the context. Clearly, both tx and Qx are compatibility relations on X.

A compatibility relation R C AT x AT on the set of all nonempty words over an
alphabet A will be called a word relation if it is induced by a relation on letters,
i.e.,

a1 amRby---b, <= m=mnanda;Rb;foralli=1,2,....m

whenever aq,...,am,b1,...,b, € A. The restriction of R on letters, denoted by
R4, is called the generating relation of R. Words u and v satisfying u Rv are said
to be compatible or, more precisely, R-compatible. If the words are not compatible,
they are said to be incompatible.

Since a word relation R is induced by its restriction on letters, it can be pre-
sented by listing all pairs {a, b} (a # b) such that (a,b) € R4. We use the notation

R={(ri,...,mn),

where r; = (a;,b;) € Ax Afori=1,2,...,n, to denote that R is the word relation
generated by the symmetric closure of 14 U {r1,...,7}.

Example 2.1. In the binary alphabet A = {a,b} the compatibility relation

R = <(a’a b)> - {(aa a)v (ba b)a (aa b)a (ba a)}

makes all words with equal length compatible with each other. In the ternary
alphabet {a,b, c}, where

S = <(a7 b)) = {(a7 a), (b7 b), (a7 b), (bv a), (C, C)}a
we have abba S baab but, for instance, words abc and cac are not S-compatible.

Partial words can be interpreted as words with a word relation. The next
example will express this in more detail.

Example 2.2. A partial word of length n over an alphabet A is a partial function
w: {1,2,...,n} — A.

The domain D(w) of w is the set of positions p € {1,2,...,n} such that w(p)
is defined. The set H(w) = {1,2,...,n} \ D(w) is the set of holes of w. To
each partial word we may associate a total word w¢ over the extended alphabet
Ao = AU{$}. This companion of w is defined by

w if p € D(w),
wo(p) = {o(p) ifZeH((w)).
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Thus, the holes are marked with the “do not know” symbol <>. Clearly, partial
words are in one-to-one correspondence with words over Ag.

The compatibility relation of partial words is defined as follows. Let x and y
be two partial words of equal length. The word y is said to contain the word z if
D(z) C D(y) and z(k) = y(k) for all k in D(z). Two partial words z and y are
said to be compatible if there exists a partial word z such that z contains both =
and y. Then we write = T y.

From another viewpoint partial words with compatibility relation T can be seen
as words over the alphabet A¢ with the relation

Ry = ({(&.a) |a € A}).

Two partial words z¢ and y¢ are compatible if and only if z¢ R 1y¢. Namely, two
partial words are compatible if for 1 < ¢ < |zo| = |yo| we have 2 (i) = yo (i) or
at least one of the letters z¢ (i) and ye (7) is . For more details, see [10].

3. RELATIONAL PERIOD

Let © = 1 -+ - x, be a word over the alphabet A. An integer p > 1 is a (pure)
period of x if, for all i,5 € {1,2,...,n}, we have

i=j (modp) = z; =uz;,.

In this case, the word x is called (purely) p-periodic. The smallest integer which
is a period of z is called the (minimal) period of x. Here we denote it by 7(z), or
shortly, 7 if the word x is clear from the context.

For words with compatibility relation R on letters, we will now define relational
periods.

Definition 3.1. Let R be a compatibility relation on an alphabet A. For a word
x = x1- 1, € AT, an integer p > 1 is a (relational) R-period of z if, for all
i,7 € {1,2,...,n}, we have

i=j (modp) = z;Rux;.

For a word = the minimal (relational) R-period is denoted by mwr(x), or shortly,
7 if the word « is clear from the context. Note that a (pure) period is a relational
R-period with R = ¢. Note also that for the universal similarity relation Q = (Q4),
we clearly have mg(x) = 1 for any word .

Example 3.2. Define the following compatibility relations on the alphabet A =
{a,b,c}: R={(b,c)),S = {(a,b)),T ={(a,c)). Consider the word z = abcba. We
clearly have

T=nmpr=4>n1g=3>n1p =2>7mg5=1
Note that in this example the universal relation on A is the only relation such
that the minimal relational period of z is one. Indeed, if one is an R’-period of z,
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then 21 R' z2, 1 R' 23 and 29 R’ x3. In other words, R’ = {((a,b), (a,c), (b,c)) =

Q) = Q.

The following result is an easy consequence of the definition of a relational
period.

Proposition 3.3. Let R and S be compatibility relations on A such that R C S.
Then every R-period of a word x is an S-period of x. Moreover, mr > Tg.

Since ¢ C R by the reflexivity of a compatibility relation R, we have the following
corollary.

Corollary 3.4. Every pure period of a word x is a relational period. Thus, for a
word x and for a compatibility relation R, we always have m > 7R.

As an example of the use of relational periods we will consider periods of partial
words.

Example 3.5. In [1] a partial word w is said to have a (partial) period p if, for
all i, € D(w),
i=j (modp) = w(i)=w(j).

Consider now the companion of a partial word over the alphabet As. Recall that

Ry = ({(¢,a) [a € A}).
The number 4 belongs to D(w) if and only if we (¢) # . Thus
i,J € D(w) <= wo(i),wo(j) € Ao \ {0} = A
If a partial word w has a period p, then for all i, j € D(w), we have
i=j (modp) = we(i) Ry we()),

since Ry N (A x A) = . If i and j do not both belong to D(w), then we (i) or
we (7) is & and we () Ry we (§) is clear by the definition of the relation Ry. Thus,
p is a relational R¢-period of w¢. On the other hand, if p is a relational R;-period
of w¢, then it is a partial period of w, since we have to consider only positions
without holes and Ry N (A x A) = . In other words, we have showed that these
two definitions of periods are equivalent.

Note that there exists also a weaker period of partial words. After Berstel and
Boasson [1] a partial word w is said to have a local period p if

i,i4+p € D(w) = w(i) = w(i + p).

This can be expressed using compatibility relation R; similarly to the example
above.
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4. FINE AND WILF’S THEOREM

The theorem of Fine and Wilf [8] is well-known in combinatorics on words:

Theorem 4.1. If a word x has periods p and q, and the length of x is at least
p+ q— ged(p, q), then also ged(p, q) is a period of x.

Berstel and Boasson gave the following variant of this theorem for partial words
with one hole in [1]. Recall that H(w) denotes the set of holes of w.

Theorem 4.2. Let w be a partial word of length n with local periods p and q. If
H(w) is a singleton and if n > p+ q, then ged(p, q) is a (partial) period of w.

Furthermore, they showed that the bound p + ¢ on the length is sharp. For
partial words with more holes, the theorem of Fine and Wilf was considered, for
example, in [7] and [3]. There it is shown that local periods p and ¢ make a
sufficiently long word to have also the period ged(p, ¢) when certain unavoidable
cases (special words) are excluded. The bound on the length depends on the
number of holes in the word. Another result concerning interaction properties
of partial periods was given in [12,13]. Shur and Gamzova found bounds for the
length of a word with k holes such that partial periods p and ¢ imply the partial
period ged(p, q).

These results concerning periods of partial words are special cases of interaction
properties of relational periods. Since the interaction bounds of partial periods
depend on the number of holes, this means that the interaction of periods in the
case of arbitrary relational periods must depend on the number of occurrences
of certain letters. Namely, any non-transitive compatibility relation R must have
letter relations (z1,x2), (z2,23) € R, but (x1,23) € R for some letters x1, o, 3.
Then the role of the letter xay in Ry, 4, .,) 18 exactly the same as the role of
the hole ¢ in R;. Hence, by the results of partial words, interaction bounds for
R-periods will depend on the number of occurrences of xs. This indicates that
the situation can be very complicated when we consider general non-transitive
relations. The following example shows that without any additional assumption
we cannot find a general bound for the interaction of relational periods.

Example 4.3. Let R = ((a,b), (b,c)). There exists an infinite (not necessarily
ultimately periodic) word

W = wiwaws - - - = ach®1 2qepb272 ..

where the numbers i; > 1 are chosen freely. Now w has R-periods 2 and 3. Namely,
wiwsws - -+ € {a,b}*, wowawg - -- € {b, c}*,
and
wiwawy - -+ € {a,b}*, wowsws--- € {b,c}*, wswswg--- € {b}*.
However, 1 is not a relational R-period of the word w. For example, (wi,ws2) =

(a,¢) ¢ R. Furthermore, all numbers 2,3,4,... are R-periods of the ultimately
periodic word w’ = acbbb- - -, but 1 is not an R-period of w’.
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Nonetheless, some period interaction results can be obtained. If the relation R
is an equivalence relation, the situation is reduces to Theorem 4.1.

Proposition 4.4. Let R be an equivalence relation. If a word x has R-periods p
and q and the length of the word is at least p + q — ged(p, q), then ged(p, q) is an
R-period of x. The bound on the length is strict.

Proof. Let R be an equivalence relation on the alphabet A and let x be a word
over the alphabet with R-periods p and ¢ and of length n > p + ¢ — ged(p, q).
Suppose that A has m equivalence classes and let their set of representatives
be {ai,...,am}. Let B = {b1,...,by} be another alphabet. Consider now a
letter-to-letter morphism ¢: A* — B*, where for every ¢ € {1,2,...,m}, each
letter belonging to an equivalence class of a; is mapped to b;. This mapping
is clearly well defined. Then w = p(z) = wy---w, is a word over B*. Let
i,j € {1,2,...,n} satisfy ¢ = j (mod p). Since z; Rx; by the assumption, we
have w; = ¢(z;) = p(xj) = w; by the definition of the morphism ¢. Thus, also
w has the period p. Similarly, the word w is ¢g-periodic. By the theorem of Fine
and Wilf (Th. 4.1), we therefore conclude that w is also ged(p, ¢)-periodic. Let
now 4,7 € {1,2,...,n} satisty ¢ = j (mod ged(p,q)). Then w; = w;. By the
definition of ¢ this means that z; = ¢~ '(w;) and z; = ¢~ (w;) belong to the
same equivalence class. Hence, z; Rx;. This means that ged(p, ¢) is a relational
R-period of the word . Of course, the bound p+ ¢ — ged(p, q) is the best possible,
since there are counter examples of the original theorem of Fine and Wilf with
length p + ¢ — ged(p,q) — 1 and our statement coincides with Theorem 4.1 by
choosing R = ¢. 0

As was mentioned above, the theorem of Fine and Wilf cannot be generalized
for relational periods (neither to local periods) of a non-transitive compatibility
relation unless some restrictions on the number of relations (holes) and exclusions
of some special cases are given. On the other hand, it might be possible to get new
variations of the theorem by assuming some restrictions on compatibility relations.
For example, by assuming that one of the periods is pure and only the other one is
relational by the relation R # ¢ we get a theorem similar to that of Fine and Wilf.
The sufficient and necessary lower bounds on the length of the word w considered
in the theorem are given in Table 1.

Theorem 4.5. Let P and Q be positive integers with ged(P,Q) = d. Denote
P =pd and Q = qd. Suppose that a word w has a (pure) period Q and a relational
R-period P. Let B = B(p,q) be defined by Table 1. If |w| > Bd, then also
ged(P, Q) = d is an R-period of the word w. This bound on the length is sharp.

In order to make the proof of this theorem more readable, we first prove two
propositions concerning the case d = 1. The first one says that our lower bounds
B(p, q) are sufficient.

Proposition 4.6. Let p and q be positive integers and let ged(p, q) = 1. Suppose
that a word w has a (pure) period q and a relational R-period p. Let B = B(p,q)
be defined as in Table 1. If |w| = B, then 1 is a relational R-period of w.
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TABLE 1. Table of lower bounds B(p, q).

B(p,q) p<gq p>q
p+1 q—1
p, q odd —q |qt+—F>
2 2
1 1
p odd, g even ]iq ptl
2 2
-1 -1
p even, q odd q+q2 P q+q2 P

Proof. The word w is a rational power of a word of length g. Thus in w there
are at most ¢ different letters. We show that a letter in an arbitrary position
s€{1,2,...,q} is R-compatible with all the other letters of the word w. If ¢ = 2,
then there are at most two letters in w and we may use Proposition 4.4. Hence,
let us assume that ¢ > 3.

We make the following definitions. Let b be an integer in {1,2,..., ¢} such that
b= B (mod ¢) and define

;| B—b+s ifse{1,2,...,b},
"T1 B-—q—b+s ifse{b+1,b+2,...,q}

By the definition, s’ is the last position in w such that s’ = s (mod ¢). Note that
since B > q > b, we have

0<s<B-b+s<B,
if se€{1,2,...,b} and
0<s—b<B—-q—b+s<B-b<B,

ifse{b+1,b+2,...,q}. Let us now define two sets

C B—s
s+ip|i=1,2,..., ,
p
B_
{y—ijj:OJ,.wq—{ 5J-1}.
p

Note that 0 < B — s < pq, which implies that

Si

S

B - B
lgl—ngql and q>q{—SJ12q(q1)10.
p p
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Now we prove that all elements of S; and Ss belong to the set {1,2,...,B}. For
the set S; this is clear, since

max(S1) = s+ (LEJ)pgerbszrBsB.
p p

In order to prove that the minimal element of Sy is always positive, we have to
consider two different cases.

Case 1. Let us first assume that B = pTHq. Then b =q and s’ = B—q+ s for
all s € {1,2,...,q}. We have

min(Sy) = s’—(q—{B;SJ —1)P>5"(q_1_(3;5_1))p

= B-q+s—qgqp+B—-s=2B—(p+1)q
= (p+1)g—(p+1)g=0.

Case 2. Let us then assume that B = ¢ + gg—lp = %Qq — L. Now

B-—s :q—1+ q—s >q—17
p 2 p ] 2

since ¢ is odd and ¢ > s. If s € {1,2,...,b}, then

sy 4o 252 o o354

~1 ~1
q+qu—b+s—qp+qu+p

q—b+s>s>0.

Ifse{b+1,b+2,...,q}, then

min(Sy) > & — <q a1 1>p

g—1 g—1
= at—5P-a-bts—aqpt——ptp

= s—-b>0.

Next we show that the set S;U S5 is a complete residue system modulo ¢ for every
chosen s € {1,2,...,¢}. The elements of S; are pairwise incongruent modulo ¢,

since ged(p, ¢) = 1 and L%J < q. The same holds for S;. Assume now that for
B

somei€{1,2,...,{ J}andforsomejG{O,l,...,qf LbJ — 1} we have

—s
p p

s+ip=s —jp (mod q). (1)
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TABLE 2. Table of critical positions a(p, q).

a(p, q) p<q|p>q
p, q odd 2
2
q q
dd = =
p odd, g even 5 5
p even, q odd q q

This is true if and only if (i +j)p+s— s =0 (mod ¢). Since B =b (mod q), we
have s = s (mod ¢) by the definition of s’. In other words, (i+j)p+s—s = (i+j)p
(mod ¢). Since ged(p, ¢) = 1, equation (1) is true if and only if (i45) = 0 (mod q).
But this is not possible, since

B B-
0<(i+j)§{ sz+q{TSJ1q1<q.

Hence, in S U Sy we have

B - B -
|51U52|={ SJ-i-q—{—SJ:q
p p

pairwise incongruent elements modulo q. Let b be a letter in position ¢ and let
a be the letter in position s (and s’). Now either an element in S; or in Sy is
congruent to ¢ modulo q. Hence a Rb. g

Next we will prove that our lower bounds are necessary.

Proposition 4.7. Let p and q be positive integers such that ged(p,q) = 1. Let
B = B(p,q) be defined as in Table 1. There exists a word w and a compatibility
relation R such that |lw| = B — 1, w has a (pure) period q and an R-period p but
1 is not an R-period of w.

Proof. Like in the proof of Proposition 4.6, let b € {1,2,...,q} satisfy
b= B (mod ¢). In addition, we define so called critical positions a(p, q) according
to Table 2. We show that it is possible to construct a word w of length |w| = B—1
with a pure period ¢ and an R-period p such that the letter in the critical position
is not related to the letter in the position b. Note that all these critical posi-
tions are positive integers less than or equal to ¢. In the sequel we denote critical
positions shortly by a.
Consider now the minimal solution (i, j) for the equation

a+ig=b+jq (mod p), (2)

such that ¢ and j are nonnegative integers. By the minimal solution we mean a
solution where max(a + iq,b + jq) is as small as possible. Note that if i > j for
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some solution, then a + (i — j)g = b (mod p) is a smaller solution. Similarly, if
j > i, then a = b+ (j —i)g (mod p) is a smaller solution. Thus the minimal
solution is of the form where either : = 0 or j = 0.

Since ged(p,q) = 1, we know that {a+ig | ¢ = 0,1,...,p — 1} and {b+ iq |
i = 0,1,...,p — 1} are complete residue systems modulo p. Hence there ex-
ists exactly one 5 € {0,1,...,p — 1} satisfying a = b + j¢ (mod p) and ex-
actly one 7 € {0,1,...,p — 1} satisfying a + i¢ = b (mod p). Furthermore, for
je{L1,2,...,p— 1}, we have

a=b+jq (modp) = a+(p—jlg=a+pg—jg=>b (mod p),
and p—j € {1,2,...p — 1}. Hence, the minimal solution of (2) is either of the

form (0, 7) or (p — 4,0).
Now we prove that in all the cases of Tables 1 and 2 the minimal solution is

B-1b
t=0 and j=—-
q
Note that, since B < pq, we have % e{L,2,...,p—1}.
Consider first those cases where B = %q and consequently b = ¢q. Let j =
B—b

=
Case 1. Let p and ¢ be both odd and p < ¢q. By Table 2, we have a = 5.

Now b+ jg = B and, since ¢ is odd, it follows that

p+l —gq-p g+l

(b+ijg)—a="—F—q-— 5 =0 (modp).
Hence, ( ,%) is a solution. Furthermore,
p+1 p—1
—p_p=ET", =
749 5 q 5 q

and

p+1

. -1
a+(P*J)q:a+qup—q:a+—2 q=a+ B> B.

2
Hence, in the solution (p— %, 0), we have max(a+1iq, b+ jq) > B whereas in the

solution (0, %), we have max(a +iq,b+ jq) = B. Thus, (0, %) is the minimal
solution.
Case 2. Suppose that p is odd and ¢ is even. By the parity of ¢, a = § is an

integer and
1
(b—l—jq)—azl%q— % = %pEO (mod p).
—b

Hence, (0, BT) is a solution. Like in Case 1, we have

a+(p—j)g=a+ B> B,

and therefore (0, %) is the minimal solution also in this case.
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Consider next those cases where B = g + q;le. According to Tables 1 and 2

we have a = ¢ and ¢ is odd. Clearly, (i, j) = (0, Tb) is a solution, since

) g—1 q—1
(b+3q)—a=q+Tp—q=TpEO (mod p).

Like above a + (p — j)q = a + pg — B + b. By substituting a and B we get

. qg—1 qg—1 q—1
a+@]Mq+<—5ﬂH-jrm+p)(q%j;w>+b3+(p@+b
Case 3. Assume that p > ¢. Then p — ¢ is positive and a+ (p — j)g > B. Thus
the smallest solution is not (p — j,0).
Case 4. Assume that p is even, ¢ is odd and p < ¢. Then b = ¢ — £. Moreover,

. P p
a+(pfj)q:B+(pr)+qf5:B+§>B,

and we conclude that (0, %) is the smallest solution also in this final case.

Define now a word w in the three letter alphabet {«, 3,7} by the rule

(3)

—1 —a—1 g\t . +1
v (,ya afyq a ﬁ)Bib if B = qu,
(Y71By Tt ra) T APTIB i B = g+ Sp,
where a = a(p, q) is given by Table 2. Define further that w’ = w3~!. If w has a
relational R-period p, then by Proposition 4.6, it has also a relational R-period 1.
However, by the considerations above, the word w’ does not have an R-period 1 if
« and 3 are unrelated by the compatibility relation R. Namely, the first occasion
where the distance between the letters o and § in w is a multiple of p is the case
where « is in the position a and 3 is in the position B. O

Now we are ready to prove our main theorem.

Proof of Theorem 4.5. Suppose that a word w has a pure period @) and a relational
R-period P such that ged(P, Q) = d. Let P = pd, Q = qd and B = B(p,q). Let
us consider a word
w = wiw; - Witk

where 1 < ¢ < d and k; = thvlT—zj > B. Now ged(q,p) = 1 and the word w®
has a pure period ¢ and a relational R-period p. The period ¢ implies that the
word w(?) is over the alphabet A; = {w;, wiyq, ... s Wit (g—1)d}- Since B > g, also
the prefix of w® of length B is over the same alphabet. By Proposition 4.6, the
prefix has a relational R-period 1. In other words, all letters A; are compatible
with each other. This means that also the whole word w(® has 1 as an R-period.
This is true for all 1 = 1,2,...,d. Consequently, d is a relational R-period of w.

In order to prove that the bound Bd on the length of w is necessary, we give
an example of a word w’ of length Bd — 1 such that it has a period @ and an
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R-period P but no R-period d. Suppose that w(% is given by equation (3) and
w® =~ for i =1,2,...,d— 1. Let w be a perfect shuffle of these d sequences,
i.e.
’ 0= 0Pw® @D o D@ @,
Define further that
w =ws L.

Clearly w’ has a period Q and an R-period P, but by the proof of Proposition 4.7,
ged(P, Q) = d is not an R-period of w’, if @ and 8 are unrelated by the compati-
bility relation R. ]
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