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CHANCE-CONSTRAINED DATA ENVELOPMENT ANALYSIS MODELING
WITH RANDOM-ROUGH DATA *

RASHED KHANJANI SHIRAZ', MADJID TAVANA%32 AND DEBORA D1 CAPRIO*®

Abstract. Data envelopment analysis (DEA) is a useful management tool for measuring the relative
efficiency of decision making units (DMUs) which consumes multiple inputs to produce multiple out-
puts. Although precise input and output data are fundamentally indispensable in classical DEA models,
real-world problems often involve random and/or rough input and output data. We present a chance-
constrained DEA model with random and rough (random-rough) input and output data and propose a
deterministic equivalent model with quadratic constraints to solve the model. The main contributions
of this paper are fourfold: (3.1) we propose a DEA model for problems characterized by random-rough
variables; (3.2) we transform the proposed chance-constrained model with random-rough variables
into a deterministic equivalent non-linear form that could be simplified as a deterministic model with
quadratic constraints; (3.3) we perform sensitivity analysis to investigate the stability and robustness of
the proposed model; and (3.4) we use a numerical example to demonstrate the feasibility and richness
of the obtained solutions.

Mathematics Subject Classification. 90B50, 90C29, 90C31, 90C90.

Received June 16, 2016. Accepted December 6, 2016.

1. INTRODUCTION

Data envelopment analysis (DEA), initially developed by Charnes et al. [3], is a non-parametric method
to identify efficient production frontiers and evaluate the relative efficiency of decision making units (DMUs)
where each unit is responsible for converting multiple inputs into multiple outputs. The conventional DEA
models require precise and known values for the inputs and outputs. However, this assumption may not be
satisfied in many real-world problems characterized by imprecise and unknown data. As a consequence, a wide
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range of DEA models have been proposed to evaluate DMUs with uncertain data. Fuzzy, random, and rough
sets are commonly used to formalize the uncertainties inherent to real-world performance evaluation problems.

Land et al. [13] extended the chance-constrained DEA model proposed by Charnes and Cooper 1959 to
compute the efficiency of DMUs facing the uncertainty deriving from the inputs being deterministic and the
outputs jointly normally distributed. Olesen and Petersen [22] developed a chance-constrained DEA model by
imposing chance-constraints on the multiplier model. Olesen [21] presented a comparison of two different models
(Land et al. [13] and Olesen and Petersen [22]), both designed to extend DEA to the case of stochastic inputs
and outputs. Morita and Seiford [19] studied robustness of the efficiency results when input and output data
are subject to stochastic measurement error. Huang and Li [10] developed stochastic models in DEA by taking
into account the possibility of random variations in the input and output data. They proposed dominance
structures on the DEA and removed the Pareto efficient DMUs from the DEA envelopment side. Huang and Li
[11] developed the chance-constrained DEA model with separate chance-constraints. They defined the efficiency
dominance of a DMU using joint probabilistic comparisons of inputs and outputs with other DMUs. Talluri
et al. [32] applied chance-constrained DEA model to vendor evaluation.

Cooper et al. [4] presented a joint chance-constrained programming in the multiplier DEA model. Cooper et al.
[7], Li [14], and Bruni et al. [1] utilized joint chance- constraints to extend the concept of “Stochastic efficiency”
to a measure called “a-stochastic efficiency”. Cooper et al. [6] used chance-constrained programming to extend
congestion in DEA models. Cooper et al. [5] provided chance-constrained programming models for identifying
technical efficiencies and inefficiencies. Sueyoshi [30] proposed a stochastic DEA model to plan the restructuring
strategy in the petroleum industry by incorporating futuristic data in their stochastic model. Tsionas and
Papadakis [36] developed Bayesian inference techniques in stochastic DEA models. Udhayakumar et al. [37]
used a genetic algorithm to solve the chance-constrained DEA models involving the concept of satisficing. Wu
et al. [38] proposed a stochastic DEA model by considering undesirable outputs with weak disposability. This
model not only deals with the existence of random errors in the collected data, but also depicts the production
rules uncovered by the weak disposability of undesirable outputs.

Tavana et al. [33] developed three imprecise DEA models in the presence of probability-possibility, probability-
necessity and probability-credibility constraints where fuzziness and randomness simultaneously exist in an eval-
uation problem. Tavana et al. [34] introduced random fuzzy variables in DEA when randomness and vagueness
coexist in the same problem. The authors propose three DEA models for measuring the radial efficiency of
DMUs when the input and output data are random fuzzy variables with Poisson, uniform and normal distri-
butions. Hence, they extend the formulation of the possibility-probability and the necessity-probability DEA
models with random fuzzy parameters to a production possibility set where the random fuzzy inputs and outputs
have normal distributions with fuzzy means and variances. Tavana et al. [35] proposed a chance-constrained
DEA model with birandom input and output data. They formulate a super-efficiency model with birandom
constraints and obtain a non-linear deterministic equivalent model to solve the super-efficiency model.

Since the pioneering work of stochastic theory and rough set theory, several approaches have been well-
developed and applied to a wide variety of real-world problems (Lempel and Moran, [15]). These approaches
include expectation models Liu, [17], chance-constrained programming (Charnes and Cooper, 1959; Liu, [17]),
and dependent-chance programming (Liu, [16]; Liu, [18]). However, randomness and roughness are always treated
separately in all of the models in the literature.

Random phenomenon is one class of uncertainty that has been studied by many scholars in connection with
mathematical programming problems. In real-world problems, it is not unusual to have to deal with two or
more concurrent uncertainty factors. However, many researchers believe that the classical one-fold uncertain
variables (random, fuzzy, and rough variables) cannot always be used to clearly represent complicated and
involved real-world problems where randomness and roughness coexist at the same time. In such cases, the
concept of random-rough variable turns out to be a useful tool in dealing with these two types of uncertainty
simultaneously. Recently Khanjani et al. [12], Tavana et al. ([33,34], 2014) and Paryab et al. [23] presented
DEA models with two-fold uncertain data. Khanjani et al. [12] proposed fuzzy rough DEA models based on the
expected value and possibility approaches. Paryab et al. [23] proposed DEA models using a bi-fuzzy data based
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possibility approach. However, there has been no attempt to study randomness and roughness simultaneously
in DEA problems.

An input or output variable in a DEA problem can be a normally distributed random variable, and its
mean values can still be a rough variable. In this study, we consider random variables with rough parameters
(random-rough variables) in DEA problems. Liu [17] introduced the concept of random-rough variable by
combining randomness and roughness. Liu [18] extended the concept of random-rough variable and proposed
a random-rough expected value model (EVM). Xu and Yao ([40,41,42,43]) discussed the basic definitions and
properties of random-rough variables, and introduced EVM, chance-constrained, dependent-chance, and bi-level
models. Xu and Yao [40] showed that random-rough variables can represent many real-world problems including
seasonal products selling (e.g., ice cream, Christmas trees, and woolen materials) where demand may vary from
one year to another. They further argue that the historical data in these seasonal problems are subject to
stochastic variations and that the expected value of the stochastic distribution is imprecise and varies from year
to year. Finally, Xu and Yao (]40,41,42,43]) proposed several crisp equivalent models and applied them to many
real-world queuing, inventory, and production planning problems.

The main contributions of this paper are fourfold: (3.1) we propose a DEA model for problems characterized
by random-rough variables; (3.2) we transform the proposed chance-constrained model with random-rough
variables into a deterministic equivalent non-linear form that could be simplified as a deterministic model with
quadratic constraints; (3.3) we perform sensitivity analysis to investigate the stability and robustness of the
proposed model; and (3.4) we use a numerical example to demonstrate the feasibility and richness of the obtained
solutions. The remainder of this paper is organized as follows. In Section 2, we provide some preliminaries and
definitions about rough and random-rough variables. In Section 3, we introduce the random-rough CCR model
proposed in this study. In Section 4, we present the mathematical details of the expected value operator and
in Section 5, we introduce a sensitivity analysis framework for this model. In Section 6, we present a numerical
example to demonstrate the applicability of the proposed random-rough CCR model. Finally, in Section 7, we
present our conclusions and future research directions.

2. PRELIMINARIES AND DEFINITIONS

Rough set theory (Pawlak, [24,25]) is an efficient mathematical tool to deal with imprecise, inconsistent, and
incomplete data. Pawlak and Skowron [26,27,28] have extensively studied rough sets and their applications.
Dubois and Prade [8] extended rough set theory into the fuzzy direction. Tao and Xu [31] presented a rough
multiple objective programming model for a solid transportation problem. Other researchers have successfully
applied rough set theory to feature selection, attribute reduction, and rule learning problems (Nguyen, [20];
Qian et al., [29]).

Trust theory, introduced by Liu [17], is a branch of mathematics that studies the behavior of rough events.
Trust theory is the foundation for rough programming like probability theory is for stochastic programming and
possibility theory is for fuzzy programming. In particular, in order to describe two-fold uncertain events, such as
random-rough variables, Liu [17] mixed trust measures with probability measures. Random-rough variables turn
out to be useful tools to deal with two types of uncertainty (namely, randomness and roughness) simultaneously.
In this section we present a series of definitions, axioms, and theorems which provide the basis of theory of
random-rough variables.

Definition 2.1 (Liu, [18]).
The structure (A, A, A, ) is called a rough space if A is a nonempty set, A is a g-algebra of subsets of A, A
is an element in A, and 7 is a set function on A satisfying the following axioms:
Axiom 1. 7 {A} < oo;
Axiom 2. 7 {A} > 0;
Axiom 3. 1 {A} > 0, for any A € A;
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Axiom 4. For every countable sequence of mutually disjoint events {A4;};>, in.A, we have:

W{UAZ} :Zw{Ai}.

If, in particular, 7{@} = 0, then 7 is a measure on (A,.4) and the tuple (A,.A, ) is also a measure space.

Definition 2.2 (Liu, [18]).
A rough variable ¢ is a measurable function from a rough space (A, A, A, 7) to the set of real numbers.

The concept of rough set (Powlak, 1982) is based on the existence of a universe of objects U (a non-empty
finite set of objects) and an indiscernibility relation R on U, such as an equivalence relation, representing the
lack of knowledge about the objects in U. Given X C Uone can approximate X by constructing the lower and
upper approximations of X. The lower approximation of X, denoted by X, is a subset of X containing all the
objects surely belonging to X with respect to R. The upper approximation of X, denoted by X, is a superset
of X containing all the objects possibly belonging to X with respect to R.

Definition 2.3. Let X be a subset of a finite universe of objects Uendowed with an indiscernibility relation R.
The pair (X, X) represents the collection of all subsets of U having the same lower and upper approximations
as X and it is called a rough set

Figure 1 provides a visual representation of a rough set and its approximations. The dotted curve together
with its internal points represents X. The two thick curves together with their inner points represent the upper
(X) and lower (X)) approximation, respectively.

Definition 2.4 Liu, [18].
Let (A, A, A, ) be a rough space. The upper and lower trust of an event K € A are defined by:

m{K} T{KNA}

(TR =y ~{4)

and (Tr)Lower {K} _

Finally, the trust of Kis defined by:

Te(K} = 5 [(T) PP (K} + ()" {K}] .

1
2
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The trust also defines a measure on A. More precisely: (a) Tr{A} =1; (b) Tr {0} = 0; (¢)
Tr{A} < Tr {B}, for every A, B € Awith A C B;and(d)Tr {A} + Tr {A°} = 1, for everyA € A.

Assume that A = {A:e<A<d}, A={A:a<A<b}, where ¢c < a <b<d, A coincides with the Borel
algebra on A and mis the Lebesgue measure. Then, the identity function § (A) = X is a rough variable. Such a
rough variable is usually denoted by & = ([a, b], [c, d]).

Definition 2.5 (Rough Arithmetic) (Liu, [17]).

Let £ = ([a},ag],[ag,m]), az < a1 < ag < ayg, and 77 = ([by,bs], [b3,b4]), b3 < b1 < by < by. The rough
arithmetic of £ and 7is defined as follows:
([k;al, k?a,g] s [k‘ag, k:a4]) s if k> 0;

([kaz, kai] , [kaq, kas]) , it k<o

Iy

+ 7= ([a1 + bi,as + bo] , [az + b3, as + bs]) and k& = {

where k is a non-zero real value.

Definition 2.6 Liu, [18]. )
Let £ be a rough variable defined on a rough space (A, A, A, 7). The expected value of £ is defined by:

E<£>:/0+°°Tr{s>r}dr—/

0
Tr{& < ridr,

provided that at least one of the two integrals is finite. In particular, if £ = ([a,b], [c,d]) with ¢ < a < b < d,
then B[] =+ (a+b+c+d)

Definition 2.7 Liu, [18]. Let £ be a rough variable and « € (0,1].
Then:

sup (@) =sup {r: Tr{& > 1} > a}is called the o — optimistic value of £, and
&up(e) =inf{r: Tr { <1} > a}is called a — pessimistic value of .

Definition 2.8. A random-rough variable is a function §: from a rough space (A, A A, 7) to a collection of
random variables £()\) such that for every Borel set B of R, £ (\) (B) = Pr {g()\) € B} is a measurable function
of A € A.

Definition 2.9 Liu, [18]. A random-rough variable 5 is said to have a normal distribution, if the random

variable & (\) has a normal distribution whose expected value [ is approximated by a rough set (X, X), or its

standard deviation & is approximated by a rough set (X, X), or both of them.
Henceforth, we will write fz ~ N ([L, 02) to denote a random-rough variable whose expected value [ is

approximated by a rough variable of the form ([a, b], [¢,d]), with ¢ < a < b < d.

Definition 2.10 Liu, [18]. Let gbe a random-rough variable defined on the rough space (A, A, A, 7). Then, its
expected value is defined by:

E(f)z/omTr{AeA‘E[é(A)] >T}dr_/

— 00

’ Tr{)\eA’E {é(A)} gr}dr

Definition 2.11 Convex function. Bazaraa et al., 1990.
Let S be a nonempty set of ™. A function f : S — R is called a convex function if, for every zy, zo € R™,
f(z1) # f(x2), and every A € (0,1), we have:

FOz1+ (1 =N x2) < Af(z1) + (1= A) f(22)
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Definition 2.12 Bazaraa et al., 1990. A programming problem is called convex if it has a convex feasible set
and a convex objective function.

Theorem 2.13.

(a) fmf (a) is an increasing function of o € [0, 1] and &p (@) is a decreasing function of a € [0, 1].
( ( ):fsup(lfa)Cmdfsup(a):finf(lfa)forogagl

(C) glnf (O[) < gsup (OL) fOT 0 <a< 0.5

( ( )>§Sup(a) f07n05<0£<1

3. THE CCR MODEL WITH RANDOM-ROUGH DATA

Stochastic programming problems are optimization problems with random parameters. In stochastic pro-
gramming, the parameters or the coefficients are usually characterized by a probability distribution. After the
introduction of rough sets by Pawlak [24], some scholars developed the concept of two-fold uncertain variables
and combined rough variables with fuzzy and random variables. An explicit use of the classical deterministic
DEA models for measuring the true relative efficiency is not possible due to the lack of complete knowledge
and information in complex real-life problems. In this section, we present the mathematical details of the ap-
proach proposed in this study for solving CCR models in which the input and output data are assumed to be
random-rough variables.

As in Section 2, we will use an over-lining bar to indicate rough data and an over-lining tilde to denote
random data. Moreover, we will add the superscripts I or O to show that a variable refers to the inputs or
outputs, respectively.

Let X; = (Z1j, ... ,nzcmj)t eR™ and Y; = (915, . - - ,ﬂsj)t € R* be the random-rough input and output vectors
for the jth DMU, DMU;, with j = 1,...,n, each of them endowed with a normal distribution. For every

j=1...,nand ¢ = 1,...,m, let Z;; and o;; denote the expected value and the variance of the random
variable T;;, respectively, with the expected value Z;; being represented by a rough variable. Similarly, for every
j=1,...,nandr =1,...,s,let .; and o,; denote the expected value and the standard deviation of the random

variable ¢,;, respectively, with the expected value g,; being represented by a rough variable. In summary, we
have:

Eij ~N (fij7az‘2j) j4j = ([x(iljax?j] [‘rfjazzd]])azzcj < 1'% < xij < ‘Tzdj
yTj ~ N (yrﬁ ) yTJ - ([y?j’yr]} [y’r‘j7y7"j])’y rj < y rj < yﬁj < ygj? (31)

Finally, let DMU, be the generic but fixed DMU under assessment. Thus, the sub-index p will be added to
indicate that a quantity refers to DMU,,.
The chance-constrained CCR model with the random-rough data can be formulated as follows:

min 6,
s.t.
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where 8 € (0,1] and « € (0, 1] are the pre-determined thresholds defined by the decision maker for identifying
an allowable chance of failing to satisfy the constraints. P(e) denotes the probability of the event (o) and Tr[e]
stands for the trust measure of the event [e].

=~ noo_ - - =~
Assume h; = Y Z;j\j — Z;jpb,. Due to the normal distribution of Z;;, h; also has a normal distribution with
j=1

the following mean:
_ B(h) Zx” e

For the inner part of the first constraints of model (3.2), we have:

.
Il
_

Zx” xlp 0| =21-8&P <

Thus, we have:

Zfij)‘j — Tiplp — Ui@_l (B) <0

j=1

where @ is the cumulative distribution function of the standard normal distribution and:

ol (A.0,) =

E l’l] Ilp

Jj=
= Z Z A )\kCOV(‘%ij, izkr) + G%Var(;%ip) — 2917 Z )\jCOV(Q:?ij, *%zp)

j=1k=1 j=1

Therefore, it results in the following constraint:
n
Tr Z(Eij)\j — jipﬂp — Jéi@_l(ﬁ) < 0 2 «
A similar method can be applied to the second constraint in (3.2) and obtain:

Zyrj)\j - grp + 45_1(5)0"}—? =20) 2«

r

where h, = > YriNj = Urps I (;L )= > ¥rj\j — Urp and
j=1 j=1
Ug (AJ) = var Z ZjTJ)\ yrp = Z Z /\j)\kCOV (ﬁrjv §zk) + var (ﬂrp) -2 Z )\jCOV (§T’j7 :ljrp)-

j=1 j=1k=1 =1
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As a result, model (3.2) gives rise to the following chance-constrained programming model:

min 6,
s.t.

n
Tr Z.fij)\j — a’:ipﬁp — Ué()\j,ﬁp)é_l(ﬁ) <0| 2 a, 1=1,...,m,
=1 '

T | Y 90X — Orp + 871 (B)0? (V) 20| 2 a, r=1,...,s, (3.3)

r

)\j}O, j:l,...,n.

Liu [18] has proposed three methods for converting rough programming model into a deterministic program-
ming model. These three methods are known as the rough EVMs, rough chance-constrained programming, and
the c-optimistic and a-pessimistic value operators for rough variables.

Following Xu et al. [44], we use the a-optimistic and a-pessimistic value operators for rough variables to
transform the rough programming model (3.3) into a deterministic model, that is, into maximum programming
and minimum programming under the « trust level of a rough variable £. The a-optimistic and a-pessimistic
values of the rough variables are as follows.

Based on Theorem 1, if o € (0.5, 1], then, & (@) = &sup («). Thus, the a-pessimistic and a-optimistic values
for the rough variables are represented by the interval [fsup (@), &nf (a)}. It follows that for a € (0.5, 1], the
[x?;lp(a), xglf(a)} and [yf;lp(a)’ yi?f("‘) 7
spectively. Hence, the implementation of the coptimistic and apessimistic operators to (3.3) yields the following
interval non-linear program:

rough variables Z;; and ¥,; can be transformed into the intervals re-

min 6,
s.t.
SO [P @ O] <ol (0.0,) 07 (8) <6, [P W] L i1, m, (3.4)
j=1
SN [ @ e B0 () 2 [ i@, r=1s,
j=1

A 20,7=1,...,n
The minimum efficiency score of model (3.4) for DMU,, is attained if its observations consist of minimum

inputs and maximum outputs. Ifa € (0.5, 1], then the a-optimistic value (and hence the upper bound) is obtained
by solving the following non-linear programming model:

s\ inf (o) . inf(a)
(HP)RRDEA = min 0,
s.t.
n
inf(a sup(a inf (o) _ sup(a) Hinf(e) .
Z xij( )/\j“‘)\p%pp( )_O'}%i ()\j’ap )gp 1(5)<mipp( )9;; ’ i=1,...,m,
j=1
J#ED
Z yi?p(a))‘j + )\pyirr;f(a) + ¢! (8) g}% () = yirr;)f(a)7 r=1,...,s, (3.5)
j=1
J#Dp
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The a-pessimistic value (lower bound) is obtained by solving the following non-linear programming model:

s\sup(e) . sup (o)
(ep)RRDEA = min ¢,
s.t.
Z 2PN+ Al = ol (3,0," ) 0T (B) <aly e, =1, m,
7=1
J#D
inf sup(a — sup(a
E: ym‘a%M‘¥Ap%mm )+4ﬁ1(5)gg(Aj)>ZM;%)v r=1,...,s, (3.6)
j=1
J#D
Aj =0, j=1...,n.

Given the functional forms of 0’~ (AJ,GP) and a~ ()\»), it is obvious that models (3.5) and (3.6) are non-
linear programming problems. These ‘two non-linear programmlng models can be transformed into programmmg

models with quadratic constraints. Suppose that v;and u, are the nonnegative variables substituting 0'~ ()\], 05)

and 0~ (A;), respectively. If o € (0.5,1], then the a-optimistic value (and hence the upper bound) is obtamed
by solvmg the following model:

w\inf(ar) _ . inf(a)
(HP)RRDEA = min 6,
s.t.

n

Z mf(a)/\ + )\p j;lp(a) _ Ui¢_1 (6) < jup emf(a) i=1,.
j=1

JFD

n

ST BN 4 A 4 6 (B u, 2y, r =1, s,

j=1
J#P
V2 zn: zn: Nodrcov(Ge: 5 inf (@) ar(5 ) 207 S° \cor(E 5). i
; JALCOV(Zij, Tik) + (0p ) var(Zip) — 20, Z Ajcov(Zij, Tip), t=1,...,m,
j=1k=1 i1
J#Fpk#p J#D
n n n
Z Z )\j/\kCOV(?,-j, ﬂik) + var(?jrp) -2 Z /\jcov(ﬁrj’ jT'P)? r=1,...,s, (37)
j=1k=1 j=1
J#Fp k#p J#Dp

Vi, Ur, A; 20, i=1,....m,r=1,...,5 j=1,...,n
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And the a-pessimistic value (lower-bound) is obtained by solving the following model:

(0= i 7
s.t.
n
Z bup O‘))\ + A\ ;r;,f(a — ;971 (B) xi;f(a)ﬁzup(a), 1=1,...,m,
j=1
J#p
STyl N Ay £ e (B)uy > AR =1, (3.8)
j=1
J#Dp
’Ui2: Z Z AjAkCOV(‘%ij,f%ik) —+ (qup(a))Qvar(fip) — 29;up(a) Z )\jCOV(‘%Z‘j, fip)y 7 = 1, e,y
j=1k=1 j=1
J#Fpk#p J#Dp
n n n
u? = Z Z AjAkcov(Yri, Yir) + var(yrp) — 2 Z ACoV(Yriy Urp)s T=1,...,8,
j=1k=1 ji=1
J#Fp k#p J#FD
Vi, Ur, Aj 20, i=1,...,m, r=1,...,s, j=1,...,n

Proposition 3.1. Both model (3.7) and model (3.8) are feasible for every level of o and 3

Proof. Let \; = {1 JEP i =1, n. Also, let 02" = 1 for model (3.7) and 63 = 1 for

0 j#p ~’
model (3.8).
It is trivial to check that v; > 0 and u, > 0. Therefore, this solution is feasible for both model (3.7) and
model (3.8). O

inf(a)

RRDEA < 1and 0 <

Proposition 3.2. Let § € (0,0.5] and a € (0.5,1]. Then, for DMU,, 0 < (0*)

* sup(a)
(0 )RRDEA <L

Proof. Let A, =1, A\; = 0 for all j # p, and GSup(a) 1. Then, v; > 0, u, > 0 and all constraints of model (3.8)
are satisfied. Thus, this is a solution. Due to the minimization of model (3.8), the lower bound of (9*);1125;;14
must be less than or equal to unity. Then, —®~1(3) > 0 and v; > 0 with respect to 8 < 0.5 and, as a result,

the first constraint in model (3.8) is converted into the following inequality:

Z xsup(a)A + AT inf(a)

P ip
gzup(a) > i=1

i (e) >20,1=1,...,m,

ip
We claim that (9*);12)[3(2) 4 > 0. Indeed, assume that (9*)2;53(2)!4
in model (3.8) it follows that wa( ) < 0 which contradicts yizp(a) > 0. Therefore, the lower bound of qup(o‘)

must be greater than zero. As a consequence, 0 < (0;)Sup(a)

inf ()
0< (0 )RRDEA

0. Then, A; = 0. From the second constraint

RRDEA S 1 holds. A similar reasoning shows that

1 also holds. O
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Proposition 3.3. Let 5 € (0,0.5]. Then, there exists at least one efficient DMU),, that is, there exists p €
{1,...,n} such that (9*)2111;(31314 =1.

Proof. Suppose that Vp € {1,...,n}, (Hz)lnf(a) < 1 with A} and (9;)inf(a) representing the optimal solution to
model (3.7). By the first constraint of model (3.7), we have:

Z I;r;f(a)Aj oyt (B) < z?;lp(a) ((QZ)inf(a) o )\Z) C Yi=1,...,m.
J=1
J#p

We claim that A% < (03)™. Indeed, if A5 > (67

ﬂmmﬂtmn(wpmm”§><OHMMhmmmsthm
right hand-side of the inequality above is non-positive; a contradiction to the fact that —®~! (3) is positive for

B < 0.5. 1t follows that A5 < (%) () < 1.
Now, divide both sides of all the constraints of model (3.7) by 1 — A5. The constraints become:

n w\ inf(a) %
) Aj inf() Vi sup() (917) —
Const. 1: E (1_)\*> l’m — m@ (5) gxip W’ 1= 1,...,m,

j — 1 P D
J#p
Const. 2 : i )‘j ybup(a) + Ur T 1 (ﬂ) ymf(a) r=1 s
* * ) 1_A;; 1_)\* Tp ) PR b
.2 =
J#Dp
2 n n iy A (9 )mf(a)_)\* 2 _
Const. 3: (11’3\;) = > > T=5E 1= ’;\*cov (Zij, Tir) + (W) var (Z;p)
j=1k=1
J#Fpk#p
o) nf(e) _y« n s - -
—2(17)1_7/\;;13 Z 1_'3\2 COov (xij, l‘ip) s
7=1
J#p
(123 2 S - )‘7' Ak = = 17}‘; 2 >‘j ~ ~
Const. 4: (1—,\;;> = X > X5 WCOV (yijyik) + (q) var (yrp) -2 E 1_,\;COV (yrjayrp)
J#Fp k#Fp J#Fp

Therefore, we have

Const. 1: Z Aj sz — 5,07 (B) < x?ﬁp(a) (ép)inf(a) Li=1,...,m,
j=1

J#DP
Const. 2 : Z /\]yrjp(a) +a, 07 (B) =y @) r =1, s,

j=1
J#FDP
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- . 2 . n
Const. 3 : ﬁi Z Z AjAkcov ( xw,xlk) ((gp)mf(a)) var (fz‘p)*Q(@p)mf(a) Z jcov (%ijaiip)a

j=1k=1 j=1
J#Fp k#p Jj#Fp
Const. 4: (u,)° = Z Z NjACOV (Grjy Yik) + var (Grp) — 2 Z oV (s Urp)
J#Fpk#p J#p
— inf(a * itlf(a)_ * ] _
where (Qp) fe) _ (9”)1_#)\", Aj = %, j # pu; = 1"#, Uy = #, and A, = 0. These are feasible solu-

tions to model (3.7) and (ép)inf(a) < (Hz)inf(a) which contradicts the optimality of (9*) ") in the minimization
problem. Thus, it can be deduced that there exists p € {1,...,n} such that (9;)lnf(a) =1. ]

Proposition 3.4. Let § € (0,0.5] and aq,as € (0.5,1] with oy > . Then, for DMUp, we have:

s\ inf(ar) «\ inf(a2)
(a) (9 )RRDIEA = (9 )RRDQEA

sup(az) s\ sup(ar)
(b) (0 )RII';DEA = (9 )R}I;DEA

Proof. Assume that oy > a9 Theorem 1 yields:

igf(al) > inf(az) inf(as) < xinf(ozl)
" = ij =Yg
and (3.9)
sup(a) sup(as) sup(as) sup(a)
yrj 1 < yrj 2 xzj 2 2 ./,C,Lj 1
The constraints in (3.5) can be written as:
3 gl ol (A, 0) @71 (8) < (607 — ) i, i =1, m (3.10)
j=1
J#p
E: A ﬁmw Uﬂg%(%)}(l*Aﬁyzﬂ®7 r=1,...,s (3.11)
j=1
J#FD
If 3 < 0.5and @1 (B) < 0, the left-hand-side of (3.10) is non-negative for positive data and we have Hmf(a) = Ap.
inf(a)

Furthermore, 6, = Ap = 1 is a feasible solution in (3.5) and hence we have 1 > me(a) It follows that 1 > A,,.
The relationships in (3.9), (3.10) and (3.11) indicate that the feasible region of the constraints in (3.5) for ay
is not greater than the one for as. Consequently, (a) holds. Reasoning in a similar way, we can shows that (b)
also holds (]

Proposition 3.5. Let 81, B2 € (0,1] with —®~1 (81) = —®~! (B2) and o € (0.5, 1]. Then, for DMU,, we have:

oinf(a oinf(a
(a) (0°)5 ) = (") s

(b) (9*)2?]7(0) > (9*)2’5}7(@)‘
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Proof. Let \;, 9;, and 0(®) he a feasible solution to model (3.7) at the level a,B1). Since —@~1(B1) =
J P
~1(B,), we must have:

ST M ON + Aanre L(B2) < 3t N+ Xpaii? ) — it (By) < 2PN =1, m,
j=1 j=1
J#D
Z sup(a))\ + )\ ylnf(a) + 2 62 u'r > Z ysup a)j\j + j\py:"rzl)f(a) + é_ (ﬁl) ur > ylnf(a) r= 1a RS
j=1

Thus, A;, v;and é;,nf(a) still is a feasible solution to model (3.7) at the level («, 32). Hence, the efficiency at /31
is greater than or equal to the efficiency at fs.
The proof of (b) is similar. O

Proposition 3.6. Let 81, B2 € (0,1], with =@~ (B1) = —®~ 1 (B2), and a1, € (0.5,1], with a; > as. Then,
for DMU,, we have:

*'f(xl *'fC!Q
(a) (075 > (),

(b) ()5 < (o) 5P,

Proof. Let \;, v; and a‘;’lf(") be a feasible solution to model (3.7) at the level (o, 81). The constraints of (3.5)
can be rewritten as:

SN — e (8) <l (67 ) i1, m,
j=1
Zyi;p(a))\j + ! (B)uy > ylnf(a) (1=X),r=1,...,s
Jj=1

According to Theorem 2.13, we know that:

inf(ar) inf(a) inf(ar) inf (o)
i 2 Yrj d Ty 2 Ty

an
sup(az) 5, sup(ai) sup(az) - sup(an)
rj Z Yrj Tij Z Tij

For —®~1 (31) > —®~1(B2) and o > ap we must have the following:

3 R, —mdt (3) < 3 oA, gt () <l (B0 23,) <
j=1 =
xﬁ;p(ag) (é;)nf(az) _ j\p) i=1,...,m,

Zyi?P(QQ)j\j + P ,32 )iy Zysup 041))\ + P (51)u7’ > ymf(ou) (1 2 ) > ymf(az) (1 _ j\p) r=1,...,s,
j=1

Thus, )\j, v; and me(a) still is a feasible solution to model (3.7) at probability level (as,S2). Hence, it can

be concluded that the efficiency at («y,[S1) is greater or equal to the efficiency at (ag,S2). Similarly, we can
establish (b). O
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Proposition 3.7. If 8 € (0,0.5], then, both model (3.5) and model (3.6) represent convex programming problems
and have global optimal solutions.

Proof. First, we prove that O’}:l; (A;,0) and O’}:? (A;) are convex functions. a’%_ (Aj,0) and Jg (A;) can be redefined

as follows:

O'}%i (A;,0) = \/(9,—/\1,...,—)%){/(9’_/\17._.7_)\n)t

a? (\j) = \/(1,7)\1,...,f)\n)V(l,fAl,...,f/\n)t

™

where V and Vare the variance-covariance matrices for corresponding set of constraints.
To simplify notations, we let X = (6, —M\q, ..., —/\n)t and ¥ (X) = VXtV X. It is easy to prove that ¥ (X)
is a convex function. Indeed, given ¥ (X) = VX'V X and n € (0,1), we have:

T (nX1+(1—n)Xz) = \/UQXfVXl +(1—n)* XEVXy + 2p(1 — 1) X{V X,
<M/ XIVX1 + (1 —n)/ XEVXy =@ (X1) + (1 —n) ¥ (Xo)
Thus, ¥ (X) is a convex function.

Consider now the following functions:

= inf «a infca _ a) pinf(a
Hi ()= > o N + 0P — ol ()\- pinfi >)¢ L (B) — 2P ginfe) g,

ip 7Y p
i=1
J#DP
gr ) == 3 PN = e — a7l (8) 60 (3) + B <o,
i
Jj#D
Since 3 < 0.5, we have —®~1 () > 0 and, hence, H; () and g, (\) are convex functions. Therefore, models
(3.5) and (3.6) represent convex programming problems and have global optimal solutions. a

4. DETERMINISTIC RANDOM-ROUGH CCR MODEL WITH EXPECTED VALUE OPERATOR

In order to solve an uncertain model with random-rough parameters, the model should be first converted
into a deterministic model. The technique for computing the expected value is straight-forward and efficient.
Assume that n DMUs (j = 1,...,n) are to be assessed, each using amounts 3:%‘ of m random-rough inputs
(i =1,...,m) to produce amounts y,; of s random-rough outputs (r = 1,...,s). The following random-rough
CCR model results from considering the random-rough inputs and outputs for DMU,:

min 6,
s.t.
n
jl])‘J fwep <0, i=1, ,m,
j=1
n
S Uridi =G 20, r=1,...,s, (4.1)
j=1



CHANCE-CONSTRAINED DATA ENVELOPMENT ANALYSIS MODELING WITH RANDOM-ROUGH DATA 273

The random-rough expected value form of the above model is given by:

min 6,
s.t.

n
E Z‘%ij)‘j_‘%ipgp <0, i:1,...7m,
j=1

E Y GrjXi—dmp| 20, r=1,...,s, (4.2)
j=1

/\j}O, j:L...,’I’L.

Proposition 4.1. Letfz be a normally distributed random-rough variable, §~ N (ﬂ,Uz), whose density func-
tion, denoted by f (x), is defined as follows:

1 _@-n?
e 22 | —o0o<T<+00

fla) =

oV2r

where i = ([a,b], [¢,d])is a rough variable. Then, the expected value ofg 1s obtained as follows:
= 1
E¢] = Z[a—i—b—i—c-ﬁ-d].

Proof. By the definition of the expected value operator (see Def. 10), we have:

+o0 0
:/ Tr{/ xf(x)dx}r}dr—/ Tr{/ xf(x)dmgr}dr
0 zeA —00 zeA
oo teo g 1(2—p)2 0 too g 1(2—h)\2
z/ Tr{/ ze 2 (%% )dx>r}d7‘—/ Tr{/ xe_§< B )dxér}dr
0 —o OV2T —o —o OV2T

+oo 0
:/ Tr{n>r}dr—/ Tr{p<r}dr=-(a+b+c+d).
0

— 00

B (¢) :/OJFOOTT{/\EA’EK(A)] >T}dT—/OOOTT{AeA\E[g(A)] <rldr

Employing the expected value of the normally-distributed random-rough variables, we are able to construct a
deterministic linear programming model to evaluate the efficiency of each DMU in the uncertain environment.
Subsequently, applying Proposition 4.1, we can represent the deterministic CCR model based on the expected
value approach as follows:

0%y =min 6,

s.t.

NIE

a b c d a b c d .
(zf; +ap; +af; + o) Ny < (28, + 2, + x5, +2i,) 0, i=1,...,m,
1

BN
I

3

(ygj +y7éj +yﬁ] +y';d‘]) )\j > (ygp +y7lzp+y7€p +y;"ip)1 r= 17"’787
1

<.
I
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5. SENSITIVITY ANALYSIS

Sensitivity analysis is one of the most interesting and promising research areas in linear programming. In this
section, sensitivity analysis is proposed to adjust the input and output data.

Let 0' - and 0 - be the standard deviations of Z;; and ¥, ;, respectively, and assume that all inputs and outputs
are statistically mdependent The independence assumption implies both cov (Z;;, Zix,) = 0 and cov (§rj, rg) =0
and allows for the following definition of adjusted inputs and outputs.

Definition 5.1. Let all inputs and outputs be statistically independent. The adjusted inputs and outputs can
be defined as follows:

gnte) =yint() — o g1 (), gup(@) = y2up(@) — 0 671 (B),  r=1,....5 (5.1)
zl@) = ‘“f<“>+ qu (B), TP = L olo (), i=1,...,m (5.2)
e ’—y:;‘p<“>+a D (B)f‘f;f(a =1 L0007 (B),  j#Epr=1,...s (5.3)
wP ) =P oLet (8), 2 = oY —oleT(B),  j#pi=1,...m (5.4)

Proposition 5.2. If 3 € (0,0.5}, then

n

(@) = 3 BN+ Op = DY@ — 8T (807 () < O~ D@ = 3 g =1, s

Jj=1 j=1
i7p J#p
(b) Z 1nf( ))\ + ()\ _ emf(a ) :;)lp(oz) _ ! (ﬁ) ZI(A 0) Z _1nf(a))\ _q;p( )’ i=1,..m
J#D JFD
(c) - Z mf(a)/\ + (A — 1)y sup( ) _ 1 (B)o?(A) <A — 1T sup(a) o Z Zjirl;f(a)/\j,”’: 1,...s
7=1 j=
i#p J#p
n n
(d) Z sup(a A+ (/\ H;nf(a)> m;Ill)f(oz) _ ¢! (B) UiI (\,0) < Z ,sup(a)/\ 7mf(a)7 i=1,..m
J=1 j=1
j#p JjF#p
where
I(\.§) = n)\z )2 einf(a)AQIQ d o9 (\) = n)\Q 02 L (1 -2 (50)2
o; (A, 0) = Z ¥ (Uij) + | bp — Ap (Jip) and o,” () = Z 3 (Urj) +(1=XAp) (Urp) .
J=1 j=1
JF#Pp JF#p
Proof. Reasoning as in the proof of Proposition 3.3, we have A} < (0;)mf(a) < 1. Since it is an optimal solution,
we have (02)™1“ <1, Az <1, and (62)™' = A2 > 0. Therefore:
. 2 inf 2 2 S inf(a :
o (A, 0) = Z )\? (U{j) + <9p (@) _ /\p) (O'in) < Z )\jJin + <9p flo) _ /\p> O’in i=1,...,m,

j=1 j=1
J#D J#D
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Similarly,

o 0 )2 2/ 5)\2 - o o _
(N = | Y A(02) +(1=X)7(0,) < D Mo+ (1=X)a%, r=1,...s
i=1 j=1
J#p J#p
Finally, letting v; = o} (\,0) and u, = ¢ ()\), we obtain (b) and (a), respectively. Reasoning in a similar way,
)c

statements (c) and (d) can be easily obtained. O

Now consider the following linear programming problems:
Deterministic upper-bound CCR model

éi*nf = min Hmf(a)
s.t.
ST E N F AT Capr gt =, (5.5)
i=1
JFD
Z _sup(a)A + )\ —1nf(a) > ylnf(a) r=1,...,s,
j=1
JF#p
E;?f(a),szp(a),y%f(a), gi;p(a) as in equations (5.1)—(5.4)

v; = ol (\,0) as defined in Proposition 5.2
Uy = 09 (M) as defined in Proposition 5.2
Uiy Up, )\j = 0,] = 1,...,n

Deterministic lower-bound CCR model

gr sup(c)
03yp = min 0y

s.t.

n

Z 7sup(oz))\ +A\T _inf(a) <7z Anf(a Gsup(a) i=1,...,m,

pl ip
j=1
J#DP
Z @ix;f(a))‘j + Ap?igp(a) Z ﬂ:‘;p(a), r=1,...,s,
j=1
J#FD
a‘:;gf(a),i:;p(a),gf;f(a), 7oaP(®) 4 in equations (5.1)—(5.4)

v; = ol (\,0) as defined in Proposition 5.2

u, = 0 (\) as defined in Proposition 5.2

Vi, Up, Ay 20,5=1,...,n

Model (5.5) is a deterministic linear programming model that allows us to extend the CCR model with
rough variables presented by Xu et al. [44] to a CCR model with the adjusted input and output values

(z mf(o‘),yi;p(a)) and (z Sup(a),y%f(a)) defined as in relations (5.1)—(5.4) for DMUj;, j=1,...,n
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Proposition 5.3. Let 0 < 8 < 0.5. The following implication holds.

(a) If (6*)mf(a) 1for DMU,, in model (3.7), then 6% ; =
Equlvalently .
(b) If 67, < 1 for DMU,, in model (5.5), then (6*)™® < 1 in model (3.7).

inf

1 in model (5.5).

Proof. We show (b). Suppose that 6%, < 1 in model (5.5). Due to the fact that 0 < § < 0.5, we have
@~1(B) < 0. At the same time, by the definition of adjusted inputs and outputs (Def. 5.1, Egs. (5.1)—(5.4)), we

have glr;)f(a) > yirr;)f(a)’ gbup(a) > ysup(a and 3i,mf(w) < QL,?;f(Oé)7 j?;p(a) < xj;p(a).

Since a solution of model (5.5) is also a solution of model (3.7), there exists a solution with (6*)
for model (3.7).

inf(a) _ _ 9*

1nf

The counterpart of Proposition 5.3 for the lower bound efficiency (8*) can be also proved. We leave it to the
reader to work out the details.

Corollary 5.4. Let 0 < 8 < 0.5. The following implication holds.

(a) If DMU, is stochastic rough efficient, i.e. éi*nf = 1, then DMU,, is efficient for the adjusted inputs and
outputs in the deterministic model (5.5).
Equivalently:

(b) If DMU, is inefficient for the adjusted inputs and outputs in model (5.5), then DMU,, is stochastic rough
inefficient.

5.1. Sensitivity analysis for the BCC output-oriented model

In this section, we extend the sensitivity analysis to the BCC output-oriented model with adjusted input-
output. Let us first consider the following output-oriented BCC model:

max  p
s.t.

E TijAj < Tip, 1=1,...,m,

Zy”])\] 2 (ppyTp? r= la EERED (56)

Definition 5.5. DMU,, is said to be efficient if the optimal value of ¢, is equal to one (¢;; = 1).

Similarly to the CCR model with rough variables introduced by Xu et al. [44], we can formulate the deter-
ministic output-oriented BCC model with rough variables as follows:
Deterministic upper-bound BCC model
max @}“f(a)
S.t.

n

Z 1nfa))\ +A bup )<$§UP(Q)’ i:l,...,m,

ip
j=1
J#D
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n

Z yi;p(a))\j + )\pyxrr;f(a) cp;nf(a)y;r;)f( ), r=1,...s

j=1
J#D

E:%:
j=1

A; >0, i=1,...,n

Deterministic lower-bound BCC model

max (p;up( )
s.t.
Z sup a))\ +)\p lzr;;f(a g.%‘ii;f(a)a 1= 17...,m,
J=1
J#DP
inf(« sup(a sup(a),,sup(o
Z Yrj ( ))‘j + Apyrpp( ) > “p ol )yrpp( )’ r=1L...,s (5.7)
j=1
J#D

D N=1,
j=1
A =0, j=1,...,n

In addition to the input-oriented CCR model with random-rough data, we can now formulate the deterministic
upper bound output-oriented BCC model as follows:

inf(a)
max  p

s.t.
n

Z mf( )>\ (O —1) sup(a)_é—l(ﬁ)gil()\)go»i:l,...,m,

J=1

J#D
> PN+ (@) @ £ 7L (B) 07 (9, X) 20 = 1., (5.8)
j=1
J#DP

D=

j=1
Aj=20, j=1,...,n

The deterministic lower bound output-oriented BCC can be obtained in a similar way. Moreover, as in

Proposition 9, for an optimal solution, we have gpmf(a) > 1 and A < 1, and, hence, also gpmf(a) Ap = 0. Thus

n

U? (QD,)\) =g, = Z )\3 (O’gj)Z + (w;innf(a) o )\p) Z s 07’] + ( inf(a) by ) ng

j=1 j=1
J#D J#D
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Similarly, we have:

ol =vi= | 3 ML)+ < Y Noh+ (1N,
j=1 j=1
J#Dp J#ED

Therefore, non-linear programming model (5.8) can be then converted into the following model:

max cp;,nf(a)

s.t.

Z mi?f(oz))\j + (M —1) x;;p(a) ! (8) <0, i=1,...,m, (5.9)
j=1
J#FDp
n
SN+ (- ) @ 4 07 (B un 20, r=1, s,
j=1
J#Fp

A =1,
1

n
J=

vi= Z Z NjAkcov (Zij, Tik) + (N\p — D% var () +2 (N — 1) Z Ajcov (Zij, Tip), i=1,...,m,
j=1k=1 =1
J#Fpk#p J#Fp

n n B 5 . 2 - . i ~ ~
Ug = Z Z Aj)‘kCOV (gTj7 grk) + (w;nf(a) - Ap) var (ng) - 2(plnf(0’) Z )‘jCOV (g’rja ng) = 17 sy S,
j=1k=1 j=1
j#Fpk#p J#DP
Ap,vi,up 20, j=1,....,m4e=1, ....m; r=1,...,s.
Now consider the following linear programming problems for the output-oriented BCC model with adjusted

inputs and outputs defined as in (5.1)—(5.4):
Upper-bound BCC model with adjusted data

@* = max cp;,nf(a)
S.t.
n
S a0 a @ <A@ =1, o,
j=1
J#p
n
Z gi?p(a))‘j + /\Pgirr;l)f(a) 2 (pi;f(a)girr;f(a), r=1,...s,
ji=1

J#D
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n

doa=1,

.
=

Lower-bound BCC model with adjusted data

max cp;up(a)
S.t.
- _sup(a) _inf(a) _inf(a) .
> A n e <A it
j=1
J#P
_inf —sup(a sup(oa) msup(a
Z yrj (a))‘j + )\pyrpp( ) = 901) o )yrpp( )a r= 1a EEREES (5'10)
J=1
J#DP
D %=1,
j=1
)\] > 07 .7 = 1’ 7n

This simply is the deterministic BCC model described by model (3.2) for DMU, with the adjusted input
and output values defined as in relations (5.1)—(5.4).

The discussion about the lower bound model is omitted in Propositions 5.6 and 5.7.
Proposition 5.6. Let 0 < 8 < 0.5.The following implication holds.

a) If goinf(a) * =1 for DMU, in model (5.9), then ¢* =1 in model (5.10).
P P
Equivalently:
(b) If $* > 1 for DMU, in model (5.10), then (¢p"*)* > 1 in model (5.9).

Proof. We show (b). Suppose that ¢* > 1 in model (5.10). Due to the fact that 0 < S < 0.5, we have
@~1(B) < 0. At the same time, by the definition of adjusted inputs and outputs (Def. 5.1, Egs. (5.1)—(5.4)), we

have gir;)f(a) > yir;)f(a)’ gizp(a) > y;;p(a) and ji?f(a) < xi?f(a)’j?;p(a) < xj;p(a)_
Since a solution of model (5.10) is also a solution of model (5.9), there exists a solution with (cpipnf(a))* =¢*>1
for model (5.9). O

Corollary 5.7. Let 0 < 8 < 0.5. The following implication holds.

(a) If DMU, is stochastic rough efficient, i.c. (gn*)* = 1, then DMU, is efficient for the adjusted inputs
and outputs in the deterministic model (5.10).
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TABLE 1. Random-rough inputs and outputs.

DMU Input 1 Input 2 Output 1 Output 2

1 N(([15,26], [13,38]), 1)  N(([38,50], [26,66]), 1)  N(([13,16], [11,19]), 1)  N(([13,17], [9,25]), 1)

2 N((8,12], [6,14]), 1) N(([15,18], [12,20]), 1)  N(([16,20], [13,23]), 1)  N(([15,19], [13,23]), 1)

3 N(([30,35], [18,49]), 1) N(([35,40], [23,46]), 1)  N(([12,18], [9,22]), 1)  N(([16,20], [8,22]), 1)

4 N(([11,19], [9,20]), 1) N(([9,15], [6,20]), 1)  N(([50,61], [39,74]), 1)  N(([49,63], [35,76]), 1)

5 N(([30,46], [20,52]), 1) N(([41,55], [28,66]), 1)  N(([60,65], [50,75]), 1)  N(([45,50], [40,65]), 1)
Equivalently:

(b) If DMU, is inefficient for the adjusted inputs and outputs in model (5.10), then DMU,, is stochastic rough

inefficient.

Proposition 5.8. Let 0.5 < 8 < 1. The following implication holds.

(a) If g* =1 for DMU, in model (5.10), then, (goi,nf(a)> =1 in model (5.9).
Equivalently:
(b) If (gp},“f(“)) > 1 for DMU, in model (5.9), then ¢* > 1 in model (5.10).

Proof. We show (b). Since 0.5 < 8 < 1, we have ®~1(3) > 0. Moreover, by Definition 5.1, we have ﬂi;p(a) <

yi;p(a)a Qirrllaf(a) < yi%f(a) and a’ci?f(a) < xi?f(a)7 f?;p(a) < xj’;p(a). Thus, assuming that (@Lnf(a))* > 1 in model

(5.9) implies that there exists a solution with o* = (wijnf(a))* > 1 for model (5.10), when evaluating DMU,. O
Corollary 5.9. Let 0.5 < 8 < 1. The following implication holds.

(a) If DMU),, is efficient for the adjusted inputs and outputs in model (5.10), then DMU,, is stochastic rough
efficient.
Equivalently:

(b) If DMU, is stochastic rough inefficient, then DMU, is inefficient for the adjusted inputs and outputs in
model (5.10).

6. NUMERICAL EXAMPLE

In this section, we present a numerical example to demonstrate the applicability of the proposed framework
and exhibit the efficacy of the described procedures and algorithms. In this example, we consider five DMUs
with two random-rough inputs and two random-rough outputs as shown in Table 1. The random-rough inputs,
Zi;, and the random-rough outputs,y,;, are normally distributed with the following rough means and known
variances:

i‘i]‘ ~ N (-i'ija 1)
where Z;; = ([x?j,x?j} , [zfj,x;-ij]) with xfj < x?j < xi’j < xfj
Ly vl [yess ui]) with ye, <yl < by <yl

The data in Table 1 can be summarized as follows:

Zij ~ N (Zij,1) and §rj ~ N (Frj, 1) where Zj; = ([2;, %], [25;, 25]), 9es = ([y55905] - [958, v5])

It is also assumed that inputs and outputs of two different DMUs are independent from each other. This
independence assumption implies that cov (Z;;, Z;) = 0 and cov (§rj, Yrk) = 0.

The upper and lower bounds corresponding to models (3.7) and (3.8), respectively, have been estimated
by using GAMS software. Recall that the lower bound provides the a-optimistic value, while the upper bound

and §r; ~ N (yrj,1). Similarly, g, =
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TABLE 2. Stochastic efficiency of model (3.7) and model (3.8).

DMU Stochastic Efficiency
a=06,8=01 a=06,8=00 a=06,3=00 a=07,8=01 a=0.78=00 a=0.7 8=00
1 [0.1814, 0.2743]  [0.1910, 0.2883] [0.1999, 0.3013] [0.1478, 0.3388] [0.1559, 0.3561] [0.1633, 0.3721]
2 [0.5033, 0.7217] [0.5377, 0.7730] [0.5705, 0.8225] [0.4203, 0.8657] [0.4487, 0.9291] [0.4758, 0.9908]
3 [0.1420, 0.1940] [0.1488, 0.2028] [0.1550, 0.2107]  [0.1209, 0.2262] [0.1270, 0.2361] [0.1325, 0.2452]
4 [1.0000, 1.0000] [1.0000, 1.0000] [1.0000, 1.0000] [1.0000, 1.0000] [1.0000, 1.0000] [1.0000, 1.0000]
5 | [0.4275, 0.5885] [0.4422, 0.6078] [0.4556, 0.6254]  [0.3645, 0.6920]  [0.3776, 0.7145]  [0.3894, 0.7349]
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TABLE 3. EVM efficiency model.

DMU | EVM
0.1841
0.4741
0.1323
1.0000

0.4449

Uk W N~

provides the a-pessimistic value, respectively. Six different «, ) threshold levels have been considered to evaluate
the performance of DMUs using models (3.7) and (3.8), that is:

(a = 0.6,  =0.04), (a = 0.6, 8 =0.05), (¢« =0.6, 8=0.1), (a« =0.7, 8 =0.04), (« = 0.7, 5 = 0.05), and
(a=0.7, 6=0.1).

Table 2 presents the lower and upper bound efficiency values associated with the six above specified threshold
levels. As shown in this table, DM Uy turns out to be stochastic rough efficient at all the six given levels, whereas
DMUs 1, 2, 3 and 5 results inefficient at all the levels.

When § was kept unchanged and « was increasedfrom 0.6 to 0.7, the lower bound efficiency of DMUs reduced
while the upper bound efficiency increased. Consider for instance the (o = 0.6, 8 =0.1) and (o = 0.7, 8 =0.1)
levels, as an index for the behavioral analysis of the changes in the efficiency scores induced by « and . The
lower bound efficiency score of DMUs; at (e = 0.6, 8 = 0.1) and («0.7=, § = 0.1) levels are 0.5033 and 0.4203,
respectively. Also, the upper bound efficiency score of DMy at (o = 0.6, 8 =0.1) and (o = 0.7, 8 = 0.1) levels
are 0.7217 and 0.8657, respectively. Thus, Proposition 4 has been confirmed.

On the other hand, when « was kept unchanged and —®~! () was increased, the corresponding upper and
lower bounds of the efficiency scores of the DMUs increased or remained unchanged. See Table 2. For example,
the upper bound efficiency score of DMUj at the (« = 0.6, 8 = 0.1), (« = 0.6, 8 = 0.04), and (« = 0.6, 8 = 0.05)
levels are 0.1940, 0.2028 and 0.2107, respectively. Also the lower bound efficiency score of DMUj for (o = 0.6,
B8=0.1), (¢ =0.6, 8=0.04), and (o = 0.6, 8 = 0.05) levels are 0.1420, 0.1488, and 0.1550, respectively. Thus,
Proposition (3.5) has been confirmed.

Finally, it deserves to comment on the computational results obtained for the upper and lower bound effi-
ciency models (3.7) and (3.8) by changing a and 3. When « and —®~! () were increased simultaneously, the
corresponding upper bound efficiency value increases, whereas the corresponding lower bound decreases slightly.
For instance, as is shown in Table 2, the upper bound scores of DMUs at the (o = 0.7, 8 = 0.05) and (« = 0.6,
B = 0.04) levels are 0.9908 and 0.7730, respectively. Also the lower bound efficiency score of DMU; at the
(o =0.7,  =0.05) and (o = 0.6, B = 0.04) are 0.4758 and 0.5377, respectively. Thus, Proposition 6 has been
confirmed.

Next, we applied the random-rough EVM model (4.1) to calculate the efficiency of the DMUs. The results
are reported in Table 3. DMU, was identified as the efficient unit with a score of one (Tab. 3). Compared to
the existing chance-constrained DEA models or approaches, the random-rough EVM was much easier to solve
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TABLE 4. Geometric efficiency and ranking of the DMUs.

DMU Stochastic Efficiency
a=06,=01 aa=06,=00 a=06,=00 «a=078=01 a=07=00 a=0.7,8=00
1 0.2231 (4) 0.2347 (4) 0.2454 (4) 0.2238 (4) 0.2356 (4) 0.2465 (4)
2 0.6027 (2) 0.6447 (2) 0.6850 (2) 0.6032 (2) 0.6457 (2) 0.6866 (2)
3 0.1660 (5) 0.1737 (5) 0.1807 (5) 0.1654 (5) 0.1732 (5) 0.1802 (5)
4 1.0000 (1) 1.0000 (1) 1.0000 (1) 1.0000 (1) 1.0000 (1) 1.0000 (1)
5 0.5016 (3) 0.5184 (3) 0.5338 (3) 0.5022 (3) 0.5194 (3) 0.5349 (3)

and implement. Using the random-rough EVM, to determine the efficiencies, only one pair of LP models was
solved for each DMU without any need to solve non-linear programming models. In particular, the random-rough
inputs and outputs made it easy to identify the best performing DMU.

However, the fi nal efficiency score for each DMU was characterized by an interval [(9*)3“’(0‘) , (9*)mf(a)}

with respect to the («, 3) trust level and the ranking approach was used to rank the efficiencies of different
DMUs. The geometric average efficiency scores and the final rankings of the five DMUs are presented in the
Table 4.

Wang et al. [39] suggested a geometric average efficiency index for DMU), namely:

aGeometric(a) _ eipf(a) % GjuP(a)

J J

The geometric average efficiency measures the overall performance of each DMU and is more comprehensive than
either of the lower bound and upper bound efficiencies. This efficiency can be seen as an overall performance
measure for each DMU and is much easier to compute and rank. Table 4 also shows the geometric average
efficiencies and ranking of the five DMUs as DMUy = DMUy = DMUs5 - DMU, = DMUsj. Based on this
ranking, DMUy is the best-performing DMU and DMUj; is the worst-performing DMU among the five DMUs
under consideration.

7. CONCLUSION AND FUTURE RESEARCH DIRECTIONS

The conventional DEA is a well-established methodology for measuring the relative efficiency of DMUs
which consumes crisp inputs and produce crisp outputs. Due to the uncertainties inherent in the real-world
performance assessment problems, precise input-output data values are often unavailable in the production
process. The variables in the real-world problems are often characterized as random-rough data.

In this study, we have considered a chance-constrained DEA model for solving DEA models with random-
rough inputs and outputs. By assuming that the DMUs operate in a random-rough environment, we have
proposed a deterministic non-linear model equivalent to the non-deterministic chance-constrained model. We
have also investigated the stability and robustness of the proposed random-rough DEA model through sensitivity
analysis. Finally, we have presented a numerical example to demonstrate the applicability of the proposed
framework and exhibit the feasibility and richness of the obtained solutions. Although, in this study, we have
considered a CCR DEA model, the proposed approach can provide insights for future research to address
uncertainty in other types of DEA models.

Acknowledgements. The authors would like to thank the anonymous reviewers and the editor for their insightful com-
ments and suggestions.
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