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THE ANALYSIS OF DISCRETE TIME GEOM/GEOM/1 QUEUE
WITH SINGLE WORKING VACATION AND MULTIPLE
VACATIONS (GEOM/GEOM/1/SWV+MYV)

QINGQING YEY* AND LIWEI Liu?

Abstract. In this article, we consider a discrete-time Geom/Geom/1 queue with two phase
vacation policy that comprises single working vacation and multiple vacations, denoted by
Geom/Geom/1/SWV+MV. For this model, we first derive the explicit expression for the stationary
system size by the matrix-geometric solution method. Next, we obtain the stochastic decomposition
structures of system size and the sojourn time of an arbitrary customer in steady state. Moreover, the
regular busy period and busy cycle are analyzed by limiting theorem of alternative renewal process.
Besides, some special cases are presented and the relationship between the Geom/Geom/1/SWV+MV
queue and its continuous time counterpart is investigated. Finally, we perform several experiments to
illustrate the effect of model parameters on some performance measures.
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1. INTRODUCTION

The discrete-time queueing system, which was first presented by Meisling [17], have been well studied in
various forms by numerous researchers and have wide applications in digital communication and telecommuni-
cation networks, such as broad integrated services digital networks (B-ISDN) based on asynchronous transfer
mode (ATM) technology, since information in B-ISDN is transported by means of discrete units. Moreover, one
advantage of analyzing the discrete-time is that we can derive the results of the continuous-time counterparts
in a limiting case. For more details and applications on the topic of the discrete-time queue, we can refer to the
survey paper of Kobayashi et al. [8], the monographs of Hunter [7] and Takagi [21].

Since 1970, the vacation queueing systems has been attracted considerable attentions because it is more
flexible to find the optimal service policy in queueing systems if the servers are allowed to take vacations.
In the real life world, the vacation queueing system has a wide range of applications in many fields such as
telecommunication networks, production managing systems, inventory systems, etc. For the details on vacation
queues and their applications, the readers may refer to the survey paper by Doshi [5], the monographs of
Takagi [20] and Tian and Zhang [22]. In the vacation queues, there is an underlying assumption that the server
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completely stops its service during the vacation period. In 2002, motivated by the performance analysis of the
wavelength division multiplexing (WDM) optical access network, a class of semi-vacation policy, called working
vacation (WV), was presented by Servi and Finn, such a vacation policy has the feature that server can still
provide the service for the customers presenting in the system during the vacation period, but at a lower service
rate. Servi and Finn [19] first analyzed the M/M/1 type queue with multiple working vacations, denoted by
M/M/1/MWYV, and derived transform formulaes for the distribution of stationary system size and sojourn time
of an arbitrary customer. Later on, using matrix-geometric solution method, Liu et al. [15] demonstrated the
stochastic decomposition properties of the stationary system size and the sojourn time of the M/M/1/ MWV
queue. The M/M/1 queue with single working vacation, denoted by M/M/1/SWV, was investigated by Tian
and Zhao [23]. Subsequently, Wu and Takagi [25] generalized the work in [19] to an M/G/1 queue with general
working vacations. Using the matrix analytic method, Li et al. [12] studied the M/G/1 queue with exponential
working vacations. Extension to GI/M/1 type queue with working vacations was analyzed by Baba [1] by the
matrix analysis method. Banik et al. [3] analyzed the GI/M/1/N queue with working vacations. Parallel to the
results of the continuous time queue with working vacations, the discrete time Geom/Geom/1 queue with single
working vacation (Geom/Geom/1/SWV) was studied by Li and Tian [10]. Further, Tian et al. [24] discussed the
discrete time Geom/Geom/1 queue with multiple working vacations (Geom/Geom/1/MWYV). Li et al. [11] and
Li et al. [9], respectively, analyzed the discrete-time GI/Geo/1 type queue with multiple working vacations and
the discrete-time GI/Geo/1 type queue with multiple working vacations and vacation interruption. Extension
to the batch arrival discrete-time Geo/GI/1 queue with working vacations was studied by Li et al. [13].Recently,
Baba [2], Gao et al. [6], Li et al. [14], Luo et al. [16], Yang and Wu [26] and and others considered the working
vacation queueing systems with various features. More details and recent work related to working vacation, the
readers can refer to the survey of Chandrasekaran et al. [4].

Although there are various literatures concentrated on vacation queues and working vacation queues, there
has been a very few works on the queues related to the combination of vacation and working vacation. The
recent work of Ye and Liu [27] presents a new class of vacation policy which comprises single working vacation
and multiple vacations. During the regular busy period, if the server finds the queue empty after completing the
service of a customer, the server takes a working vacation during which the server can still provide the service
but at a lower rate. After the working vacation, if there are customers staying in the system, the service rate
will resume to the normal service rate immediately and a regular busy period starts. Otherwise, one vacation
will be taken during which the server stops its service completely. Upon return from the vacation, if it finds
one or more customers waiting in the system, it takes them for service at normal service rate immediately,
on the other hand, if there are no customers yet in the system, it immediately proceeds for another vacation
and continues in this manner until it finds at least one customer queued for the service upon returning from
a vacation. In order to describe this queue model with two phase vacation policy more clearly, we represent
this system schematically in Figure 1. In the real life situation situations, the two phase vacation policy has
practical cases and application, for example. (1) In several banks or service centers, the service windows can be
divided into corporation business windows and personal service windows. When the customers with corporation
business are relatively few, the service center/bank usually just keeps one window for corporation business in
operation waiting for the possible customers, this Min Speed period can be viewed as working vacation, after
this period, if there are still no customers with corporation business and the number of customers with personal
service grows too large, the window for corporation business may temporarily stop its service and begin to
provide service to customers with personal service, which can be seen as a vacation. In above case, we can
regard that the corporation business windows take two phase vacation policy we study. (2) The escalators in
some large supermarkets and metros are designed to operate at a lower service rate for a certain length when
the escalators just have no passenger, we can see this low service rate period as a working vacation, after the
low service period, if there are passengers coming, the escalators will switch to regular service rate. If there is
still no passenger, the escalators will temporarily stop the running until the new arrival of passengers which can
be seen as a vacation. In above case, we can regard that escalators take two phase vacation policy we study.
(3) This type of two phase vacation policy can also be utilized to model building of server maintenance model.
When the workload in the system is relatively few, the server may first enter a buffer period (working vacation)
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FIGURE 1. Schematic representation. (Color online.)

waiting for the possible tasks arriving, in which server work in a lower rate operation to economize operation
cost and energy consumption. After the buffer period, the system may resume to the regular service state for
the more benefit if there are tasks staying in the system. Otherwise, the server temporarily stops the running
to make the maintenance.

Ye and Liu [27] first studied the M/M/1 queue with single working vacation and multiple vacations, subse-
quently, Ye and Liu [28] generalized the work in Ye and Liu [27] to the GI/M/1 type queue with single working
vacation and multiple vacations. Inspired by classical discrete-time queues and the works of Ye and Liu [27, 28],
in this paper, we aim to extend the work in Ye and Liu [27] to the discrete-time Geom/Geom/1 queue and
discuss various properties for Geom/Geom/1 queue with single working vacation and multiple vacations and
obtain the various properties for this model.

The rest of this paper is organized as follows. In Section 2, we give a detailed description of the
Geom/Geom/1/SWV+MV queue and obtain the ergodicity condition. Section 3 is denoted to obtain the sta-
tionary distribution of system size. Section 4 demonstrates the stochastic decomposition properties of the system
size and the sojourn time in steady state. In Section 5, we discuss the regular busy period and busy cycle. The
relationship between the discrete-time Geom/Geom/1/SWV+MV queue and its continuous-time counterpart
M/M/1/SWV+MYV queue is given in Section 6. Several special cases are presented in Section 7. The effects of
model parameters on the key performance measures are performed in Section 8. The last is some conclusions.

2. MODEL DESCRIPTION AND ERGODICITY CONDITION

We consider the Geom/Geom/1 queue with two phase vacation policy that comprises single working vacation
and vacations, the detailed description for this model is as follows. For mathematical convenience, we denote
Z =1 — =, for any real number z € [0, 1].

In the discrete-time queues, the queueing activities (the arrivals, the departures and the end of vacations)
may take place at the same time. For mathematical clarity, we suppose that a potential arrival occurs in the
interval (n=,n),n=0,1,2,..., where n~ is the moment immediately before n, and a potential departure occurs
in the interval (n,n™"), where n~ is the moment immediately before n, that is, the system we consider here is
an early arrival system (EAS). Further, we assume that the beginning and ending of the working vacations or
vacations occur in the interval (n=,n).

Customers arrive at the system according to a geometric arrival process with parameter p, that is, the
inter-arrival time T follows a geometric distribution as follows.

P{T=k}=pp"', k>1,0<p<l.
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The service time Sy during the regular busy period and service time S, during the working vacation period
follow the geometric distribution with parameter u; and u,, respectively. That is

P{Sy =k} =may ", k>1,0<m <1,

P{Sv:k}zﬂvﬂﬁ_lv k=1, 0<p, <1,

where fi, < .
The working vacation V,, and vacation V,, follow the geometric distribution with parameter 6,, and 6,,
respectively. That is

P{Vy=k}=0,0"1 k>10<6,<]1.

P{V,=k}=0,0"" k>10<6,<]1.

The two phase vacation policy is described explicitly as follows: During the regular busy period, the customers
are served at rate pup, if the server after completing the service of a customer finds the queue empty, the server
enters into a working vacation during which the server can still provide the service, but at lower rate p,. At the
end of the working vacation, if there are customers staying in the system, the server switches its service rate
from g, to up immediately, and then the system will enter into the regular busy period. Otherwise the server
will take a vacation during which the server stops its service completely. Upon return from a vacation if it finds
one or more customers waiting, it takes them for service at a rate of p;, immediately, on the other hand, if there
are no customers yet in the system, it immediately proceeds for another vacation and continues in this manner
until it finds at least one customer queued for the service upon returning from a vacation.

We assume that inter-arrival times, service times during the regular busy period, services during the working
vacation, working vacation times and vacation times are mutually independent. Further, the service order is
assumed to be first in first out (FIFO).

Let @,, be the number of customers in the system at t = nt and J,, be the state of server at t = n* with

0, the server is in working vacation period at time nT,
Jn =<1, the server is in vacation period at time n*,

2, the server is in regular busy period at time n*,

then {Q,, J,} is a Markov process with the state space
2=1{0,0), (0,1)}U{(k,j):k=1,2,..., j=0,1,2}.

Using the lexicographical order for the states, i.e., (0, 0), (0, 1), (1, 0), (1, 1), (1, 2),..., the transition probability
matrix can be written as a Block-Jacobi matrix

[Aoo Aot
Big A1 A
A2 A1 Ao (2.1)
Ay Ar A

vl
I
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where
_ _ [ 0P
0P Oup Gup O 0o wPHy wP My
Agp = |, A= - , Bio=1| 0 0 ;
0 p 0 Oup Oup _
Dty 0
and
Ouwpite 0 Bupiy Ouwbite 0 Ouppin
AO = gup 91,]9 s A2 = 0 0 y
Dty Do

0w (1 — pito — Piv) 0 0w (1 — pito — Piv)
Al = 9@15 97115
L —piy — phu
It is easily seen from the structure of transition probability matrix that {Q,, J,} is a Quasi-Birth-and-Death
(QBD) process, so we are ready to analyze this model by matrix geometric solution method (the details can
be found in Neuts [18]). To this end, it is necessary to solve the minimal non-negative solution of the matrix
quadratic equation

R = R?As + RA; + Aq. (2.2)

In the following lemma, we give the explicit expression for R.

Lemma 2.1. If o = pjip/pps < 1, the matriz equation R = R2As + RA; + Ao has the minimal non-negative
solution

r 0 O
9wlz)uhf
0 0 «

where 0 < r < 1, and

r

Nl
N—
—~

N
N
~

~_ _ _ ~_ _ _ 2 _ _
= % (Hwﬁwl + Pl + Dby — ((9w9w1 + pliy + Ppv)” — 4ppuuuv)

g b (2.5)

Proof. Since Ag, Ay, Ay are all upper triangular matrices, we can assume that R has the same structure as

i1 Ti2 Ti13
R = T22 T23 . (26)
733
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By substituting (2.6) in (2.2), we will have the following set of equations:

r = éw;ﬁuvrfl + éw(l — Dlby _pﬂv)rll + éwpﬂvy (27)

12 = 0,pri2, (2.8)

713 = OuwPporly + Dip(T11713 + T12723 + T13733) + (1 — Pfiy — Py 713

+00pr12 + 0 (1 — Pty — Pho)T11 + OuwPhl, (2.9)

ro2 = Oupraz + Oyp, (2.10)

723 = Pip(T22723 + T23733) + Oy Praz + (1 — piiy — Ppp)ra3 + Oup, (2.11)
r33 = Ppprs + (1 — iy — Ppo)rss + pli- (2.12)

Clearly, we can know the quadratic equation (2.7) has two real roots, one is r which is given by (2.4), and the
other is

1
2pfiy

1
= _ _ = _ _ 2 _ _ 5
<9w9w1 + pity + Do + ((9w9w1 + plio + D) — 4ppﬂv/iv) 2>~ (2.13)

Note that

[N

=~ _ _ _ = _ _ =~ _ _ 2 _ _
(00" + Pt + Prv) — 2P = 040, + pliy — Ppw < ((9w9w1 + phiy + Do) — 4ppuvuv) :

we can verify that » < 1, and the other root given by (2.13) is larger than 1. Thus, we take r1; as 7. Note that
the minimal non-negative root of quadratic equation (2.12) is pfis/pup that is denoted by «, and the other root
is 1, so we take 733 = a. From (2.8) and (2.10), we can directly obtain 712 = 0 and r93 = 3 = 0,p (1 - évﬁ)_l,
Substituting 711 = «,712 = 0,799 = (8, and r33 = « in the (2.9) and (2.11), and after some mathematical
simplification, we can get

Ot

D
23 = —.

rs=—=——"02,
OwDpisT yaus

Then the proof is completed. O

Based on Lemma 2.1, we can give the ergodicity condition of the queueing system in the following lemma

Lemma 2.2. The process {Qn, J,} is ergodic if and only if o < 1.



GEOM/GEOM/1/SWV+MV 101

Proof. According to Theorem 1.5.1 in Neuts [18], we know that {Q,, J,} is ergodic if and only if the spectral
radius SP(R) of matrix R is less than 1, and set of equations

(700, M1, 10, T11, T12) B[R] = (700, M1, 105 T11, T12), (2.14)

has a positive solution, where

A A
B[R =" ™ . (2.15)
Bip RAs + Ay
Note that
0w 0wp O.wp _0 Owp
~ 0 D ~ 0 0.p Oup
BR] = |0uwpty  OwDitn  Ouw(l — ppiy) — 0“% _O 0w (1 — ppw) + 91}4 ) (2.16)
0 0 0 0.p p+0,p
Dl 0 0 0 1 — ppw

we can verify B[R] is a stochastic matrix which ensures that set of equations with coefficient matrix B[R] has
positive solution. Since r < 1 and 8 < 1, we can find that SP(R) = max(r, 8, «) < 1 is fulfilled if and only if
«a < 1. Then the proof is completed. O

3. STATIONARY DISTRIBUTION OF THE SYSTEM SIZE

If the ergodicity condition av < 1 is fulfilled, then its limiting probabilities exist and are positive. Define

Thod = nlgr;o P{Q" = k’Jn :]}7 (kvj) €N

mo = (700, T01) » Tk = (Tho, M1, Th2), k=0,1,2,....

The stationary distribution of system size is given in the following theorem.

Theorem 3.1. Under the condition that o < 1, the stationary probability distribution is

moo = Kp (ew + éwﬁﬂvf) )

o = Kp20,7rF—1, k>1,
T = KpOu (00 + O piot) B*, k>0, (3.1)
k=1 0w (0wt Bup,r) KL
Tre = Kp %zﬂa’c_lﬂ—i—i( o #T)zﬁjak S k>,
j=0 j=0
where
P pwra B

K

— _ _ _ - — . 3.2
Py (O + OwbpoT) B + p?B (O + POwTiw®) + POwT (B + OuwpioT) (P + Do) 3.2)
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Proof. Applying the method of matrix-geometric solution (see Neuts [18]), we have

T = (Tko, Th1, Tho) = (T10, T11, M2) RFTY, k> 1,

(700, M1, T10, T11, T12) B [R] = (700, T01, T10, 711, T12)-
Expanding the equation (3.4) yields the following equations

To0 = OuwPmoo + OuwbreTio + Premi2,
o1 = 0uwDToo + PTo1 + OwPlvT10,

_ ~ 0,7
10 = 911;]771'00 + 011)(1 - ﬁ,uv) - % 710,

w11 = Ou,pmor + Oy pria,

Ot _ _
T2 = Oypmoo + Oupmor + |Ow(1 — Ppy) + — | ot (p+0up)m11 + (1 — pup)mi2.

Solving equations (3.5)—(3.9) in form of mgo yields:

PO (0w + O 17

mo1 = r— OV
P (Hw + Gwp,uur)
o PO T -
10 = 7———=———-T00;
Ow + OuwDpinT
PO (O + OuwpinT) B
T, = 00,

P (Hw + éwﬁuvf)

_ pby + po., (Hw + éwuvf)
Dty (ew + g’wﬁ/’(‘v?)

12 7700 -

(3.10)

(3.11)

(3.12)

(3.13)
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From (2.6), we can directly obtain that

_ ; o1 -
¥ 0 — 1_” - riah—1-7
Owppnt =
k _ k—1 _
RF = v e | k=1,2,.... (3.14)
Py 4=
L ak -
Substituting (70, 711, m12) and R¥~! in (3.3), we can have
R LA S (3.15)
0 009w+9wﬁuvf ) 9Ly ey .
PO (O + OuproT
T = o0 2 ( _ _“_)ﬁk, k=1,2,..., (3.16)
P (011) + awp,uvr)
k—1 k—1
pew J k—1—j O ( w T ew,uu
TE2 = T00 | — - ™o + Bja , ]{3:1,2, (317)
P (0w + OuppnT) = iy (0w + OuwDpioT) jzo

o0
By utilizing normalization condition mgg + 791 + Y (7ko + Tk1 + Tr2) = 1, we can determine the myo after some
k=1

manipulation:
B pp/‘brfo_‘B (aw + a_wpﬂvf) (3 18)
00 — — = = _ — = = _ — — — = — — - .
pppsT B (0w + Ouwppin) + p?B (0w + POwTrn®) + pOuT (Ou + OuwptnT) (p + Prsce)
Hence, we can arrive at the results in Theorem 3.1. Then the proof is completed. O

Let P(W), P(V) and P(B) be the probabilities that the server is in working vacation, vacation and regular
busy period, respectively, then, according to the results in Theorem 3.1, we can easily obtain that

Zm} Kp (pfos + O + DO 1T (3.19)
> Kpby (00 + O o™
= Zﬂ'kl =f u vt ulhﬂ’)7 (3.20)
k=0 5
> O (0 + O T
=Y e = Kp phu_, Ou (Ow+ DupteT) | (3.21)

PHyTC a3
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4. STOCHASTIC DECOMPOSITION STRUCTURES

In this section, we focus on the analysis of the stochastic decomposition properties of the queueing system
under consideration. At first, we consider the stochastic decomposition structure of system size @) in the steady
state, before that, we give the following useful relationships:

27 (1 — az) 2T arz—14+1 g S AN-75
_ _ a2 . 1 7) 4.1
1—rz 1—rz 7 1—rz arz—|—< r)1—rz’ (4.1)
similarly,
3(1— 3 = —1+1 3 3
2B (1~ oz) - Zﬁgiﬁz 1 aéz +(1-2 P . (4.2)
1-p5z 1-p5z 8 1—pz 8 68)1—p8z
From (2.7), it is easily obtained that
Owr _ 2 _ _ _ _ _
7 = Pror” = (Pho + pfo)r + pie = T (pfw = Phor) - (4.3)
Further, from the above relationship, we can have
= _ ~ T
Ow + DO ™ = paw,u'u;- (44)

Theorem 4.1. If the conditions a < 1 and puy > p, are fulfilled, the stationary system size Q) can be decomposed
into the sum of two independent random variables: Q = Qo + Q4, where Qq is the stationary system size in the
classic Geom/Geom/1 queue and follows a geometric distribution with parameter &, and the additional system
size Qq is a mizture of four random variables

Qa = 00 Xo + 01X + 62 Xo + 03X, (4.5)
where Xo =0, X1 =1, Xy and X3 follow the geometric distribution with parameter ¥ and 3, respectively, and
o = K* [pp B (0w + OuwbpinT) + 0 150078 (0 + OupoT) ]

3 00,723
5, = for FoduT Wv,
T

5, — KPP (p +1P) (o — o)
r )

b3 = K*pOuT (0 + OuwpoT) (PrisB + pits) ,

K* = [pﬁ,ub (Gw + éwﬁ,uvf) 'F&B + PQB (ew + f’gwf,ub&) + ﬁow": (aw + éwﬂvf) (p + ﬁ,ub@)] - :
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Proof. From equation (3.1), we can have the probability generating function (PGF) of the system size Q:

oo o0 oo

E k k

Q(z) = g ThoZ" + E T2+ g ThoZ
k=0 k=0 k=1

= K*pp B (O + OupitsT) + K pB o TaB—— + KB 110,768 (0, + Bupo)
* =2 P o+ Oy 11T Bz K*p%0,, B Tz az
HETDT 0 raﬁ(@ + Mr)l—ﬁer p Bl—rzl—ozz
* - A BZ az
+K*ppb,, 7 (Hw + Hw,uvr) TR — (4.6)
where
N _ = = - I I ~ 21
K* = [pp,ub (Gw + Gwp,ufvr) ’I"Olﬂ +P25 (Gw + pouﬂ'ﬂba) +p0wr (011) + 011),“4)7’) (p erMbOl)] . (47)
Further, we can rewrite @ (z) as follows:
az
= 4
Q(Z) 1—O[ZQd (Z)a ( 8)
where
*, = -7 N =, = *, 2= n —77?2(1_042”) * =2 —Q n =
Qa (2) = K*pp B (O + Ouwbpot) (1 — az) + K*p P B——— + K" b3 (0 + o) (1 — az)
_ Bz (1 — _ 7
LR B (Bu -+ Bupta) T2 o porg, 5T
1—pz 1—rz
+K*ppbuy T (0 + Ouppir) B . (4.9)
1- 8z

By utilizing (4.1), (4.2) and (4.4), we can rewrite Q4 (z) as follows:

Qa(2) = K*pp B (6w + Oupen) (1 — az) + K*p*p 7B [a:z +(1-%)5 frm]

* =2 ) n = * =2 = ) = ﬁ a ZB
+K*p* 0,78 (9w + Hw,uvr) (1—az)+ K*p° 0,70 (Gw + kuvr) {aﬂz + (1 — ﬂ) T 52]
2B

1— 05z
= K* [pp 7B (Bw + Do) + D° 160078 (B + Oupin?)]

* 5z AT *, = — n
+K pQQme + K*ppy 7 (0w + Oupptor)

+K* *Ozpﬁ /u'bfﬂ_ (910 + e_wﬁﬂlvf) - O‘ﬁ2 ,u'bowfg (ew + éw/u'vrf)

2P Mbéwfﬁag + P 10078 (0 + O ) ag] z

27
1—rz

K [ (1- 2) + 5200 53]
; ;
1- 8z

(4.10)

+K* |p? 1w TB (0 + O 107) (1 - g) + 007 (O + Gw,uvT)]
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We now make some simplification for the expression of Qg4 (z), first of all, we denote the constant coefficient of
right-hand-side of (4.10) by do, that is,

o = K* [pp 7B (0w + OuwbpnT) + D° 158078 (B + OupoT)] - (4.11)

Secondly, using the relationship pupa = piip and (4.4), the coefficient of z in the right-hand side of (4.10),
denoted by d1, can be written as

& =K* [—ozpﬁ 11678 (0w + OuppoT) — ap® 0B (0w + Oupio™) + p°p ubéwfﬁa;
+0% 1007 (B + O p1o7) ag

* | Mz 77279711)7'0 - N5 n _ _ A -7 T _ _ = A _
=K [M — ppfis0uTB (0w + OuwptoT) + p°p HobuwrBa + pp fin0uTh (0w + O p10T)
— K p3 ﬂb‘ngQB.uv .

; (4.12)

Meanwhile, using the relationship puyo = pfip and (4.3), the coefficient of t2— in the right-hand side of (2.14),
denoted by d2, can be written as

6y = K* [pzﬁubéwﬁf (1 - %) +p29w5}

T - O
= K*p*0,-f (Tpub — Py + )
r 0T
_ K*p*0uB7 (p+ D) (1 — o)

. . (4.13)

Finally, the coefficient of 1fgz in the right-hand side of (2.14) is denoted by d3, that is

83 = K* |p* 1150078 (0 + Oupp7) (1 — g) + PP T (B + éwuvr)} = K*pOuT (0 + OuwpoT) (Drinf + ppv) -

Then Qg (z) becomes to

2T Z,B

=0dy+6 0 0 . 4.14

Qa(2) =00+ 012+ 27— —+ CE g (4.14)

We can verify that 69 + d1z + d2 + d3 = 1, which indicate that Qg (z) is a PGF. Based on (4.14), we can directly
arrive at the results in Theorem 4.1. O

Based on above stochastic decomposition properties, we can easily get the means
52 53 « (52 (53
E =h+—=4+=,F = 0+ =+ —=. 4.15
(Qa) AT @=7—7* 1t 3 (4.15)

Next, we are interesting in investigating the stochastic decomposition of the sojourn time W of an arbitrary
customer in the steady state. To this end, we denote W (s) be the PGF of W and utilize the classical relationship
(see Kobayashi and Konheim [8])

Q(z) = W(p+ps)- (4.16)
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Theorem 4.2. If the conditions o« < 1 and pp > p,, are fulfilled, the sojourn time W of a arbitrary customer
can be decomposed into sum of two independent random wvariables, that is, W = Wy + Wy, in which Wy is
the sojourn time in the corresponding classic Geom/Geom/1 queue, and Wy is the additional delay which is a

mixture of three random variables:

W, = %YEJ + 52(1;15‘7)1/1 + 53(1;137)}/2)

where Yo =0, Y7 and Yy follow the geometric distribution with parameter ¢ and T, respectively, ando =

T=20,.

Proof. By (4.8) and (4.14), we can have

r

Q(z) = < (50+512’+52 &
1—rz

1—az

Taking s = p + pz leads to

L (5-D)
p
Thus we have
T . o . T
L=r2| 1o p 1—o0s’ p+rp’
a A s
l—az|, iy 1- As’ D’
s 7 :
= ) T ="Uy
1-p5z smp-i(s—p) LTS
Substituting (4.19)—(4.21) in (4.17) yields
A s—p s—p @ s—p T
W(s)=— 1+ 1)
(s) 1—/\s<0+1 P + o2 P 1—0’8+3 p 1—71s
A s—p S—pos—+pos—p O S—pTS+prs—p T
= 0o + 61 P + 6 P P P + 63 P P b
1—MAs P 1—o0s P 1—7s
A D po pT 1—p o 1—p T
= Go— 012 = 6,27 5, 52 5, BT 2T 5 BT T )
1—As D P P P p 1l—os p 1l—7s

We can verify that

o — 6,2 — 5,27 _ 5, BT _
p p

p

)

_r
p+rp’

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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Then, (4.22) can be rewritten as
Wi(s) = Wo (s) Wa(s), (4.24)

where

A

Wo (s) = T

(4.25)

that is PGF of sojourn time of classical Geom/Geom/1 queue and

(1—-po) sa n (1—pr) s7

s
%% =0—+9 0 . 4.26
a(s) 1p+ 2 1—-o0s 3 P 1—7s ( )
From the structure of the Wy (s), we can directly arrive at the results in Theorem 4.2. O
Based on Theorem 4.2, it is readily obtained that
1—p 1—p
By = 6,177 5 1P T (4.27)
b o p T

1 1—po)o 1—pr)r
Bw) = L 45,0027 5 0P T (4.28)

Xl p T

5. THE ANALYSIS OF REGULAR BUSY PERIOD AND BUSY CYCLE

In this section, we mainly focus on the analysis of regular busy period and busy cycle. To avoid confusion,
the regular busy period B considered here is the continuous duration in which the server works at the service
rate of up and a busy cycle C is defined as the period between two consecutive instants at which a regular busy
period commences. In our queue model, a regular busy period can start at working vacation completion epoch
or a vacation completion epoch. Thus, a busy cycle C' can comprise a regular busy period B, the subsequent
working vacation V,, and the vacation period V, (if exists).

Since there is just a working vacation V,, in a busy cycle C, and the expected length of working vacation
period E(V,,) = 0,'. Denote the expected length of a busy cycle by E(C), and use the limiting theorem of the
alternating renewal process and (3.19), we obtain

P = = Kp (pOu + Oy + PO i), 1
(W) 5(C) P (PO + Ou + DO p1T) (5.1)
which leads to
1 p (0 + Oy pin™ p (0 + O T 7 + 3
pey= g POutbuer) 0 OutOupr)rtpl (5.2)
0w pB (aw + POuw pioT + p@w) Prpa BT (9w + PO T +p9w)
Similarly, by (3.20), we know
E v Kiew ew éu) ol
P(V) = (Vo) _ =P ( T Cwpt ) (5.3)

E(C) B ’
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and the expected length of vacation period in a busy cycle C is given by

D (0w + i)

E(V,) =— — — = (5.4)
pB (ew + PO T + pgw)
By (3.21), we have
E(B) POy Ow (0w + OuproT)
PB)=—=—*=Kp|——+ — 5.5
(B) E(C) plsTa (a3 (5:5)
Hence, we get the expected length of regular busy period F (B) in a busy cycle
p 9’[1) 797’[0 ’U7 r 3
E(B) = - p_(—_ P ") T v (5.6)
PuyapT (Gu, + PO oo T + pﬁw)
Clearly, it is easily seen that
E(C)=E(B)+EVy)+EWV,). (5.7)

6. RELATIONSHIP TO THE CONTINUOUS-TIME COUNTERPART

As we all know, one of the advantages of analyzing the discrete-time queues is that we can derive the
continuous-time counterpart in a limiting case. Therefore, in this section, we are denoted to find the rela-
tionship between our discrete-time system and its continuous counterpart M/M/1/SWV+MV queue that was
studied by Ye and Liu [27]. To this end, we first assume that the M/M/1/SWV+MV queue has the following
parameter assumption: Customers arrive at the system according to a Poisson process with rate A . The service
times in a regular service period and working vacation are exponential distribution with parameter u; and u!,
respectively. The durations of the working vacations and vacations are exponential distributions with parame-
ters 0., 0, respectively. Suppose that time axis is slotted into sufficient small intervals of equal length A, then

v

the M/M/1/SWV+MV queue can be approximated as follows.
p=AA,  pp=mA, py =LA, 0, =0,4 0,=0A. (6.1)

By taking advantages of the Lvesque integral, we can know when A — 0,

1
r— o <A+9{U+u; - \/(/\+9€,,+%)2 —4/\%), (6.2)
A A
aﬁu—z,ﬁai)\_k%. (6.3)
Substituting above expression in (3.1), we can know that when A — 0,

Tk — KTk, k> 0,

— K% gk, k>0,
k1 30 = (6.4)

k—1 k—1
T — K 0”1 Soriakimi 4 L M piakmi ) k>,
pp(1=7) =0 [
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where

/

K=(1-7r1-501-a) (1—ﬁ)(1—a)—|—9)7“\”(1—7“)(1—a)—|—i%(1—r)+%r(1_6) ) :

(1 =) (6.5)

We can find that the approximated probabilities obtained by (6.4) are consistent with that in Ye and Liu [27].

7. SPECIAL CASES

Case 1: If 6, = 1, it indicates that there is no vacation period, then the vacation period reduces to the idle
period. So our model becomes the standard Geom/Geom/1 queue with single working vacation. To verify that,
we find that when 6, = 1, then 8 = 0, and steady state probabilities becomes

Too = Kp (ew + éwl_)uvf) )
o1 = Kﬁew (911) + ew/vaF) y
o = Kp20,7rF—1, k>1, (7.1)

k—1 -
0 i k—1—g , Ow(OwtOuwpeT) 4
T = Kp —’;Ijg > ra 7+7( m )a , k>1,
j=0

where
_ i ppwra i
Pty (Ow + OuwbpoT) & + p? (B + POuTrs®) + POt (B + OuwptoT) (P + Do)

K (7.2)

which is consistent with the result in Li and Tian [10].

Case 2: If 6, = 1 and p, = 0, then the vacation period reduces to the idle period, further, since the service
rate during the working vacation degenerate to zero, the working vacation becomes the classical vacation, thus
our model becomes Geom/Geom/1 queue with single vacation, and the steady state probabilities is

moo = Kp (Hw + éw]?uvf) ,
o1 = Kﬁow (9711 + Hw/f’fvf) )
o = Kp?0,7rF—1, k>1, (7.3)

k—1 = _

_ O Ch1—i Ow(0utOupT) g

Ty = Kp | B2 37 rla ]—l—(Ta , k>1,
Jj=0

here,
O
r=—vr_ (7.4)
1 - ewp
and
K D HpT e

1ty (B + OuppinT) 70+ 12 (O + POuT160) + POusT (B + OupinT) (p + Do)

Case 3: If y, =0 and 6, = 6, = 6(0 <6 < 1), then there is no service during the working vacation
period and the working vacation and vacation follow the identical distribution, therefore, our model degen-
erates to Geom/Geom/1 queue with multiple vacation. Since u, = 0 and 6, = 6, = 0, we can find that
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r=p3=40p (1 — 0_15)71, and the stationary probabilities is

moo = Kpb,
o = Kp?0rrk—1, k>1,
Tkl = Kﬁezrka = U, (75)
k—1
— p0 4 6 j k—1—3
m—Kp<mb+M>j:OT7a I, k>1,
where
.
K Prvar (7.6)

~ ppusBar? + p2r (0 + porusa) + por (6 + Ouur) (p+ pusa)”

Note here that states (k,0) and (k, 1), for k£ > 0, both represent the system is in vacation period. In fact, (k,0)
means that the system stays in the first vacation after the regular busy period. So the probability that there
are k customers in the system and the server stays in vacation period is mxg + 71 If we let 7g, represent the
probability that there are k customers in the system given that the server is in vacation period and 7y, represent
the probability that there are & customers in the system given that the server is in normal service period. Then
we can obtain the stationary probabilities as follows.

oy = K (p0 +p6?)

Mo = K (p2§77 —|—Z3927“) rk=t k>1, (7.7)
o\ k=1 ) :
T = Kp (%—i—%) ]gorjak’lﬂ, k>1,

where K is given by (7.6).

Case 4: If y, = 0 and 6,, = 6, = 1, then there is no working vacation or vacation in the system. Then our queue
model becomes the classical Geom/Geom/1 queue without vacation. To verify that, we can easily observe that
r = =0 when y, =0 and 0, =0, = 1, if we let 7, (k =0,1,2,...) be probability that there are k customers
in the system, then stationary probabilities reduces to

o = 15 (1 - Oé) )
7.8
{ﬂ'k _ p(l—a)ak—l, k> 1. ( )
Ho
Clearly, (7.8) is the stationary distribution of system in the classical Geom/Geom/1 queue.
From Cases 14, we can know that the queueing system we study is an extension of classical vacation queueing

system and working vacation queueing system.

8. NUMERICAL EXAMPLES

In this section, based on the results we obtained previously, we perform several concrete numerical examples
to illustrate the sensitivity of performance measures to changes in the parameters of systems.

Firstly, under the condition that the parameters p = 0.6, 6, = 0.3, 8, = 0.4 are fixed, in Figures 2 and 3,
we compare the behaviors of mean system size E((Q) and mean waiting time E (W) with the change of p,
for different values of pj,. Obviously, we can observe that u, and p, have the similar effect on the F(Q) and
E(W), that is, both E(Q) and E(W) decrease along with the increase of p, or u,. That is because that the
increase of u, or p, indicates the increase of average service rate, then the decrease of E(Q) and E(W) can
be expected. Secondly, in Figures 4-6, given p = 0.6, up = 1.6, u, = 0.3, we compare the effects of 6,, and 6,
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FIGURE 3. E(W) wversus p,. (Color online.)

on the probability that the server is in working vacation P(W), the probability that the server is in vacation
P(V) and the probability that the server is in regular busy period P(C'), respectively. We first observe that
an increase in 6,, results in the decrease of P(W), which agrees with the intuitive expectations, actually, note
that the expected length of working vacation period E(V,,) = 6!, then as 0,, increases, the length of working
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FIGURE 5. P(V) versus 6. (Color online.)

vacation decrease, then the decrease of P(W) can be expected. Contrary to Figure 4, from Figure 5 and 6, we
observe that both P(V) and P(W) increase as 0,, increases. Further, we also find that the larger 0, is, the
larger P(W) becomes, however, the larger 6, leads to the smaller P(V) and P(B), respectively. Thirdly, in
Figures 7-9, given that p = 0.4, u, = 0.9, u, = 0.5, we plot the trends of expected length of vacation period
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FIGURE 7. P(B) versus 6,,. (Color online.)

E(V,), the expected length of regular busy period E(B) and the expected length of busy cycle E(C) with the
change of 6,, and 0, respectively. Evidently, from Figure 7 and 8, it is observed that E(V,) and E(B) have the
similar change trend with the change of 6,, and 6,,, that is, both decreases as 6,, increases and increases as 6,
increases. In contrary, from Figure 9, we find that E(C) increases as 6,, increases and decreases as 6, increases.
Further, we find that, E(V,) and E(B) are more sensitive to 0,, than 6,,, however, F(C) is more sensitive to 6,
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FIGURE 8. E(B) versus 6,, and 6,. (Color online.)
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FIGURE 9. E(C) versus 0,, and 6,. (Color online.)

than 6,,. At last, Given that p = 0.4, p, = 0.5, 8, = 0.3 and 0, = 0.6, Figure 10 presents a comparison of mean
system size in three different vacation queue, that is, the Geom/Geom/1 queue with multiple vacations, the
Geom/Geom/1 queue with single working vacation and the Geom/Geom/1 queue with single working vacation
and multiple vacations that we study in this paper. An intuitive result we can obtain is that the system size
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FIGURE 10. E(Q)versus up. (Color online.)

of Geom/Geom/1 queue with single working vacation and multiple vacations is between the system size of
Geom/Geom/1 queue with multiple vacations and the Geom/Geom/1 queue with single working vacation.

9. CONCLUSION

In this paper, we generalize the work in Ye and Liu [27] to the discrete time Geom/Geom/1 queue. We have
done works in several aspects:

(1) Using matrix geometric solution method, we derive the explicit close-form expression for the stationary
system size.

(2) The stochastic decomposition structures of the stationary system size and the sojourn time of an arbitrary
customer.

(3) The regular busy period and busy cycle are analyzed by limiting theorem of the alternating renewal
process.

(4) The relationship between the Geom/Geom/1/SWV+MV queue and the continuous time counterpart
M/M/1/SWV+MV queue is analyzed.

(5) Some special cases are presented.

(6) The effects of various parameters on the performance measures are illustrated numerically and graphically.
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