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A GCD-weighted Trigonometric Sum

Proposed by Nikolai Osipov, Siberian Federal University, Krasnoyarsk, Russia.
Given an odd positive integer N , compute

N∑
k=1

gcd (k,N)

cos2 (πk/N)
.

Solution by the proposer. For a positive integer N , let

ζ = cos (2π/N) + i sin (2π/N)

be the fixed primitive N th root of unity in the field of complex numbers C. Below we
use the following general statement.

Lemma. Suppose a rational function R ∈ C(z) has no poles at z = ζk with k ∈ Z.
Then

1

N

N∑
k=1

R(ζk) =
∑

06=a∈PR

res
z=a

F (z) + res
z=0

F (z) + res
z=∞

F (z)

where PR is the set of poles of R and F ∈ C(z) is defined by

F (z) =
R(z)

z(1− zN)
.

The proof of lemma follows immediately from the well-known residue theorem in
complex analysis applied to the rational function F (we recommend the reader calcu-
late carefully the residue of F (z) at z = ζk for any k ∈ Z).

1. We begin by showing that

S(N) =
N∑
k=1

1

cos2 (πk/N)
= N2

for any odd positive integer N . For this purpose, note that

cos2 (πk/N) =
1 + cos (2πk/N)

2
=

2 + ζk + ζ−k

4
=

(ζk + 1)2

4ζk
.

Thus, we have

S(N) =
N∑
k=1

R(ζk)

with the rational function

R(z) =
4z

(z + 1)2
.

Clearly, PR = {−1}. For the corresponding rational function

F (z) =
4

(z + 1)2(1− zN)
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we obtain the following:

res
z=−1

F (z) = N, res
z=0

F (z) = res
z=∞

F (z) = 0

(an easy calculation of these residues is left to the reader as an exercise). Therefore,
from the above lemma we find S(N) = N2 as desired.

2. Let

N =
s∏
j=1

p
αj
j

be the prime power decomposition of N . For any odd positive integer N , we prove
that

S∗(N) =
∑
k

1

cos2 (πk/N)
= N2

s∏
j=1

(
1− 1

p2j

)

where the sum is taken over all k such that 1 6 k 6 N and gcd (k,N) = 1. Indeed,
using the well-known inclusion–exclusion principle, we obtain

S∗(N) = S(N)−
s∑
j=1

S(N/pj) + . . . = N2 −
s∑
j=1

N2

p2j
+ . . . =

= N2
s∏
j=1

(
1− 1

p2j

)
.

3. The required sum can be computed as follows. Firstly, we get

N∑
k=1

gcd (k,N)

cos2 (πk/N)
=
∑
d|N

dS∗(N/d) = N
∑
d′|N

S∗(d′)

d′

where d = gcd (k,N) and d′ = N/d. Secondly, we note that the function

f(N) =
∑
d′|N

S∗(d′)

d′

is multiplicative. Indeed, since the function

S∗(N)

N
= N

s∏
j=1

(
1− 1

p2j

)

is obviously multiplicative, the function f(N) is also multiplicative by the well-known
theorem (see, e.g., [1, Sec. 1.4.1] for more details). So, we need only to calculate f(N)
for all prime powers N = pα. This is quite easy:

f(pα) = 1 +
α∑
β=1

pβ
(
1− 1

p2

)
= pα + pα−1 − 1

p
.
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Finally, we obtain

N∑
k=1

gcd (k,N)

cos2 (πk/N)
= N

s∏
j=1

(
p
αj
j + p

αj−1
j − 1

pj

)
as the answer.

Remark. As a corollary, we see that the value of the sum in our problem is always an
integer (it seems that this fact is not evident). One can find more information on the
sums of such kind (including the well-known Ramanujan’s sums) and their applica-
tions in the papers [2] and [3].
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