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A SHARP FORM OF THE DISCRETE HARDY INEQUALITY AND THE

KELLER–PINCHOVER–POGORZELSKI INEQUALITY

DAVID KREJČIŘÍK AND FRANTIŠEK ŠTAMPACH

Abstract. We give a short proof of a recently established Hardy-type inequality due to Keller, Pin-
chover, and Pogorzelski together with its optimality. Moreover, we identify the remainder term which
makes it into an identity.

In [2], Keller, Pinchover, and Pogorzelski made an interesting observation that the celebrated discrete
Hardy inequality
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which holds true for all complex sequences {un}∞n=0 with u0 = 0, can be improved to the inequality
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Moreover, in [3], the same authors showed that the improved discrete Hardy inequality is actually
optimal. This means that if (1) holds with a weight sequence w̃ such that w̃n ≥ wn for all n ∈ N,
then necessarily w̃n = wn for all n ∈ N. Note that if inequality (1) holds true for all finitely supported
sequences u ∈ C0(N0), then it is true for all complex sequences u.

The aim of this note is to provide a short and elementary proof of inequality (1) as well as its optimality.
In fact, we show more, namely, we determine a remainder term in (1) yielding an identity from which
the inequality (1) readily follows.

Theorem 1. For all u ∈ C0(N0) with u0 = 0, we have the identity
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In particular, the inequality (1) holds and, in addition, is optimal.

Proof. First, we establish (3). An important observation for the proof is that the weight (2) can be
expressed as
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n
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√
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√
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we have the identity
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for all n ∈ N and {un}∞n=0 ⊂ C with u0 = 0, where the terms
√

1 +
hn√
n− 1

un−1 and
|un−1|2√
n− 1

are to be understood as zeros if n = 1. Next, summing by parts, we obtain
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for any u ∈ C0(N0) with u0 = 0. Thus, applying (4), we establish (3).
Second, we prove the optimality. Suppose w̃ is a sequence such that w̃n ≥ wn for all n ∈ N and (1)

holds for all u ∈ C0(N0), u0 = 0, with w replaced by w̃. Then, by (3),
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for all u ∈ C0(N0). Note the right-hand side of (5) vanishes if un =
√
n which, however, is not a finitely

supported sequence. Therefore we regularize the sequence un =
√
n by introducing uN
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1 if n < N ,

2 logN − logn
logN if N ≤ n ≤ N2 ,

0 if n > N2 ,

with N ≥ 2. Notice that ξN → 1 pointwise as N → ∞. At the same time, we have
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Since the last expression tends to 0 for N → ∞, we deduce from (5) that
∞
∑

n=1

n(w̃n − wn) = 0.

Bearing in mind that w̃n ≥ wn for all n ∈ N, we conclude that wn = w̃n for all n ∈ N. �

Remark. Inequality (1) is a particular case of the improved discrete p-Hardy inequality established by
Fischer, Keller, and Pogorzelski in a currently unpublished preprint [1]. Their weight sequence again
improves upon the one of the classical discrete p-Hardy inequality but its optimality has not been
demonstrated yet. A short proof of the classical discrete p-Hardy inequality with an optimal constant
can be found in the recent paper [4].
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