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In this paper, some aspects on the periodic solutions of the extended Duffing—Van der Pol oscillator are
discussed. Doing different rescaling of the variables and parameters of the system associated with the
extended Duffing—Van der Pol oscillator, we show that it can bifurcate one or three periodic solutions
from a two-dimensional manifold filled by periodic solutions of the referred system. For each rescaling
we exhibit concrete values for which these bounds are reached. Beyond that we characterize the stability
of some periodic solutions. Our approach is analytical and the results are obtained using the averaging
theory and some algebraic techniques.
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averaging theory
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1. Introduction

1.1 Setting the problem

A large number of non-autonomous chaotic phenomena in physics, engineering, mechanics and
biology, among others, are described by second-order differential systems of the form

X=gx,t)+y@®, (1)

where g(x, x, 7) is a continuous function and y (¢) is some external force. For instance, in biology,
system (1) models the FHN neuron oscillator, and in engineering, system (1) is a model to the
horizontal platform system.

The specific topic addressed in this paper concerns another particular case of Equation (1),
namely, an extension of the forced Van der Pol equation with external excitation. Van der Pol’s
system also plays an important role in many applications in areas such as engineering, biology,
physics and seismology (see [2] and references therein).
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The system associated with the forced Van der Pol equation with external excitation is
characterized by system (1) with functions g and y in the form

g(x,x,1) = po(1 — x*)x — %V(X), y (1) = 8o cos(wr), (@)

where pg is the damping parameter, V (x) is the potential function, and § and w are the amplitude
and angular frequency of the driving force y (¢), respectively. We assume that py is non-negative
and 8y and w are positive. The potential V (x) can be approximated by a finite Taylor expansion
in series

Vox) = %wéxz, Vilx) = %a)gxz + %aox“, Ve(x) = %a)%xz + %a0x4 + %on‘s,

where wg and A are non-zero and « is a real number.

Almost all papers on forced excited Van der Pol systems deal with the potential V,. How-
ever, some papers concerning the potential V, have shown a lot of interesting behaviours
[7,12,25,27,28]. This case is usually referred to as Duffing—Van der Pol oscillator or ¢4-Van
der Pol oscillator. Nevertheless, more recently, some papers were published taking into account
the potential Vg meanly addressing the problem of chaos control [13,17,22]. The dynamics
considering the potential Vi is more complex and rich than the corresponding cases consid-
ering the potentials V, and V4 [24,26]. This is the case that we will regard. This case is
quoted in the literature as the extended Duffing—Van der Pol oscillator or ¢°-Van der Pol
oscillator.

In this paper, we will give an analytical treatment to system (1) in order to study its periodic
solutions considering functions (2) and the potential V. Indeed, calling y = x we obtain

x=y,
3)

y= —wéx + poy — aox® — pox’y — Aox° + 8o cos(wr).

System (3) becomes simpler if we perform a rescaling s = wt in the time ¢ and another one
y = wyY in the spatial variable y. In fact, calling again the new time s by ¢ and the variable Y by
y, after the rescaling, we have

xX=y,

“)

y:—x+py—<xx3—pxzy—kx5+8cost,

where the new parameters p, «, A and § are the respective old ones divided by . The study of
the periodic solutions of the non-linear non-autonomous 2 -periodic differential system (4) will
be the objective of this paper.

When «, A and § are zero, Equation (4) is referred to as unforced Van der Pol equation and has
a unique stable periodic solution for p positive. Furthermore, if p is large, this periodic solution
remains, and it describes a periodic oscillatory behaviour called relaxation oscillation. On the
other hand, by considering § non-zero, system (4) can present non-linear attractors from simple
periodic solutions up to multi-periodicity and chaos. In [10], we can find a didactical discussion
about these objects and some results using classical techniques are obtained for a special case of
system (4) using particular values of p, §, @ and initial conditions.

There exists an exhaustive list of papers in the literature studying the properties of system (4)
when § is zero. For § positive, many open questions remain mainly due to the difficulty of
integrating the system. In particular, in [19], Ma et al. study some aspects of robust practical
synchronization for system (1) and apply the results to a particular case of system (4). In the
same direction, in [14], Leung investigates synchronization processes between chaotic attractors
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considering « = A = 0 in system (4). In [2,11], many aspects of system (4) for the case where «
and A are zero and p is large are studied. Furthermore, in [8], Egami and Hirano provide suffi-
cient conditions to the existence of one periodic solution under some analytical hypotheses for a
general forced Van der Pol system considering p equal to zero.

Periodic solutions for system (4) were found in [17], where Liu and Yamaura investigate chaos
control. Besides, in [5,6], results on the existence of periodic solutions for an autonomous special
case of the extended Duffing—Van der Pol oscillator were obtained. In [16,30,31], we can also
find some results on systems similar to system (4).

In this paper, we are concerned with periodic solutions of system (4). We will present sufficient
conditions in order that this system possesses one or three periodic solutions, and we will provide
conditions on the parameters p, o, A and 6 for which these bounds are realizable. In addition,
we will prove that it is not possible to obtain different bounds of periodic solutions using the
methodology presented in this paper.

The phase space of our non-autonomous differential system is (x, y, f) and its Poincaré map is
defined in the (x, y)-space. When possible the stability of the periodic solutions will be studied.
As usual a periodic solution is stable if the eigenvalues of the fixed point associated with its
Poincaré map have a negative real part; otherwise, the periodic solution is unstable. Inside the
unstable periodic solutions there are two types: the unstable saddle periodic solutions having an
eigenvalue with a negative real part and the other with a positive real part, and the repeller with
both eigenvalues having a negative real part.

We should note that the method used here for studying periodic solutions can be applied to
any periodic non-autonomous differential system as done in [9,18]. In these papers, the authors
applied the method used in this paper in order to guarantee the existence of periodic solutions in
a periodic FitzHugh—-Nagumo system and in the Vallis system, respectively.

The paper is organized as follows. In Section 1.2, the main results are stated and compared
with other results. Also, some important points on the results are clarified. In Section 2.1,
we prove the results. In Section 2.2, some aspects of the results are pointed out. Lastly,
Section 3 is devoted to give a brief summary of the results that we use from the averaging
theory.

1.2 Statement of the main results

In this section, we present our results. We will behave under an analytical approach and for
this reason the results are valid for a large range of the parameters of system (4), different from
the major part of the results dealing with numerical techniques. In addition, it is important to
note that we are concerned with harmonic solutions in the sense that they do not bifurcate from
periodic solutions with multiple periods.

We have the following results.

THEOREM |  Consider ¢ > 0 sufficiently small, (p,§,ca,\) = (er,ed, e™a, e L) withny,nz > 1
and 81d? > 481 > 0. Then system (4) has a 21 -periodic solution (x(t,€), y(t, €)) such that

0 0 02(36r)1/3 1/6 1/3F
(x(0, £), (0, £)) — ,3—F+§(;> ,

when & — 0, where T = (9d + /81d% — 4812)'/3. Moreover, for r sufficiently small, this
periodic solution is stable.
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THEOREM 2 Consider ¢ > 0 sufficiently small, («, 6, p, ) = (ea,ed, "' r, L) withny,ny > 1
and o # 0. Then system (4) has a 2w -periodic solution (x(t,¢),y(t,¢)) such that

1/3
(x(0, ¢),y(0, ) — ((ﬂ) ,0>,
3a

when & — O.

THEOREM 3 Consider ¢ > 0 sufficiently small and (1,8,p,0) = (el,ed,e™r, e™a) with
ni,ny > 1. Then system (4) has a 2 -periodic solution (x(t, €), y(t, €)) such that

1/5
(x(0,),y(0,¢)) — ((%) ,0>,

when & — 0.

We remark that the stability of the periodic solutions of Theorems 2 and 3 cannot be decided
with the real part of the eigenvalues of their Poincaré map because these real parts are zero.

THEOREM 4  Consider ¢ > O sufficiently small and (x,y, p, 5,0, 1) = (¢X, €Y, ¢r, e2d,e"a, " 0)
with p # 0. Then system (4) has a 2w -periodic solution (x(t,¢),y(t,¢)) such that

)
(x(0,€),y(0,8)) — <0(8), T + 0(8)> ,
when ¢ — 0. Moreover; this periodic solution is unstable.

Note that in Theorem 4 we have a periodic solution that comes from infinity. As far as we
know, this kind of behaviour also has not been observed in the papers concerned with system (4).
Nevertheless, this behaviour is common when we perform a rescaling in the parameters and
variables as we made previously and can be observed also in [9,18].

THEOREM S5 Consider ¢ > 0 sufficiently small, (a,),d,p) = (¢a,el,ed, €"'r) with n; > 1,
al < 0and

_53747712a°d? N 20480d*
T 7812507 AN

Then system (4) has a 2w -periodic solution if D = 0 and three 2m -periodic solutions if D < 0.
Moreover, there are values of «, A and § such that for all p the system realizes the number of
these periodic solutions.

THEOREM 6 Consider ¢ > 0 sufficiently small, (p,«,§,)) = (er,ea, ed, €™0) withny > 1 and
—324a*r* — 9a*d*r* + 36a*r* — d*r* # 0. Consider also the values

Ay = 324a* + d*F* + 9% (d* — 4r),
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A, = 2187a*d* + 27d** — 16d*r° + 184> (27d*r* — 72d°r* + 32r%).
The system
rxo(—4 + x5+ ¥5) — 3ayo(xg +35) =0,
4d — ryo(—4 + x5 + ¥5) — 3axo(xg +y5) =0

has one solution (xg,yg) if AfAr =0 or Ay > 0, and three solutions (xf),yf)) if Ay <O fori=
1,2,3; we assume that all of them satisfy

2702 ((xh)* + Oh)D)* + P2 (=4 + (x)* + ) (=4 + 3(x))* + 3(yh)?) # 0.

Then if AjAy =0 or Ay > 0, system (4) has a 2w -periodic solution O, e), yo(t, g)) such
that (x°(0, 8),y0(0, £)) —> (xg,yg) when ¢ — 0. Additionally if A, <0 system (4) has three
27 -periodic solutions (x'(t,€),Y'(t,€)) such that (x'(0,¢),y'(0,8)) — (xf),yf)) when ¢ — 0 for
i = 1,2,3. Moreover, there are values of p, a and § such that for all A the system realizes the
number of these periodic solutions.

THEOREM 7 Consider ¢ > 0 sufficiently small, («,p,),8) = (ea,er,el,ed), ap #0,
(> — 3a®)(r* — 9a*) # 0 and

C = 4(3a + 10£)(540a¢ — 9a*(d*> — 600£%) — 120al(d*> — 150¢2)
+ 500%(=7d* 4 400€))r® + 6(a + 50)(6a — d + 20¢)(6a + d + 20£)r® # 0,

D = 2066242608a"d® — 31254%r'? — 531441a"*(3125d® + 96d°r* + 1536d*r* — 1024d°r%)
+ 35429440 (312548 % + 616d°r* — 1600d*r°)
+ 18a%r'°(9375d® + 50004° — 88000d*r* + 102400d%r° — 32768r%)
+2916a°r%(15625d% + 11700d%r* — 45632d*r* 4 23552d°r® — 2048/°)
— 6561a8r*(46875d® + 24832d°r* — 66816d*r* + 122884°r° + 4096/%)
+ 81a*r* (—46875d® — 36000d°r* + 275200d*r* — 246784d%r® + 61440r%).

The system
2rx0(—4 + 22 4 ¥3) — yo (3 + y2) (6a + 5£(x3 + y2)) = 0,
8d + 8ryo — (x5 + ¥g) (6axo + 2ryg + 5€xo (x5 + y3)) = 0

has one solution (xg,yg) if D < 0, and three solutions (xf),yf)) if D > 0fori=1,2,3; we assume
that all of them satisfy

4p* (=4 + ()” + 0 (=4 + 30 +30p)%)
+((0)” + 0D (6 + pA((x)” + () (18a + 254(xp)* + 3(3p)*) # 0.
Then, if D <0 system (4) has a 2m-periodic solution O, 8),y0(t, £)) such that
(x°(0,¢),°(0,8)) — (xg,yg) when ¢ — 0. Furthermore, if D > 0 system (4) has three 2m-
periodic solutions (x(t,€),y'(t,€)) such that (x'(0,¢), y'(0,¢)) — (xi,y5) when & — 0 for i =

1,2,3. Moreover, there are values of o, p, A and & for which the system realizes the number of
these periodic solutions.
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THEOREM 8 Consider ¢ > 0 sufficiently small, (p,X*,8,a) = (¢r,el,ed, €™a) with ny > 1.
Consider the numbers

C = 40004363 r* 4 72000004 7 r* + 60d>£r° + 72000431 + (50d*€%r* — 22000042 ¢4
— 8000000¢°7* — 2800d2£2r° 4+ 160000£*r° — 64%r® + 24000%/%),
—45000%7* + 3/°
N2 = TSR oA
31254204

N3 = 5859375d*£5 + 187500004257 + 875000* (—7d* + 1200¢*)r*
+ 2502 (=7d* 4 155600£%)r° + 1560007 + 910,
Ny = 1171875d%£5(1250000¢* + 8500027 + r*) — 2500d°¢*(312500000000¢8
+ 5343750000€°7% + 746250000 r* + 3583756%r° 4 69r%)
— 30004*¢%r*(218750000000¢'° — 21625000000¢% % — 686625000£°7*
— 37150002*7% — 650£27% — 3r'%) — 1600£%7°(400000000000¢'°
— 144900000000¢%7% — 2817000000£°7* — 8880000£*7° 4 38700¢%r®
+ 27r'%) + 124%r*(—~50000000000000¢" — 32250000000000¢'°72
— 662400000000£87* — 2803000000£°7° + 5410000¢%r® + 19200£%7'0 + 971%)
Ns = 488281254%¢% — 46875004°¢*r* + 64000%r'°(16004> + r*) — 16d°r®
(2000000£* + 2900£2r* + r*) 4+ d*r®(27500000¢* + 60000£%12 + 27r%)
Ms = —25d*02 + d*(110000£4 + 1400£2r + 3r*) + 400(10000£6 — 200€*r* — 30274,

We assume that CMs # 0. The system

2rx0(—4 4 x5+ y5) — Syo(xg +y5)* =0,
8d — 2ryo(—4 + X3 + y3) — Sxo(xg +y2)* =0

has one solution (xg,yg) if No <0,N3 >0o0rNy > 0andNs > 0, and three solutions (xé),yf)) if
Ns < O fori=1,2,3; we assume that all of them satisfy

12527 ((xh)? + )*) +4p% (=4 + () + )P (=4 + 3(x))? + 3 # 0.

Hence, if Ny <0, N3 >0 or Ny > 0 and N5 > 0, then system (4) has a 2w -periodic solution
x°(t, €),y°(t, €)) such that (x°(0, ¢),y°(0,¢)) — (xg,yg) when ¢ — 0. If N5 < O then system (4)
has three 27 -periodic solutions (x'(¢,€),y'(t,€)) such that (x'(0,¢),y(0,¢)) — (xf),yf)) when
e — 0 for i =1,2,3. Moreover, there are values of p, A and § such that for all a system (4)
has one or three periodic solutions.

We note that in Theorems 5, 6, 7 and 8 we do not say anything about the kind of stability
of the periodic solutions because we do not have the explicit expressions of the real part of the
eigenvalues of their Poincaré maps.

We remark that the periodic solutions provided in Theorems 1 until 8 exist when we take
small values for the parameters of system (4) obeying some relations among them. For instance,
Theorem 1 states the existence of one periodic solution for system (4) if each parameter of this
system is small and o and XA are much smaller than p and §. This assertion becomes more clear
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if we observe the replacement done in each theorem and take into account that ¢ is sufficiently
small. As far as we know, periodic solutions of system (4) whose parameters have this character-
istic have not been observed in the literature. Besides, it seems that the simultaneous bifurcation
of three harmonic periodic solutions in the extended Duffing—Van der Pol system is also new.

Furthermore, we note that the periodic solutions presented in the present paper are different
from those stated in [8]. Indeed, in the referred paper, the authors ask for V¢ (0) < 0, and in our
case, we have V/(0) = 0.

2. Proof and discussion of the results

2.1 Proof of the results

In order to apply the averaging theory described in Section 3 in systems (4), we start performing
arescaling of the variables x and y and of the parameters p, «, A and § as follows:

x=&"X, y=¢&™mY,

®)

2

p=&"r, a=¢c"a, r=¢&"l, §=2¢"d,

where ¢ is positive and sufficiently small and m; and n; are non-negative integers, for i = 1,2
andj = 1,2,3,4. We recall that since § > 0, p > 0and A # O we haved > 0, r > 0 and £ # 0.
In the new variables (X, Y), system (4) is written as

d_X — S*m|+mzY
dt
a_ —gMTmY o ghpy — g2 px2y _ dmomdm g3 Smi—matnipxS 4 g=mAn g cogt
dt )
(6)
In order to have non-negative powers of ¢, we must impose the conditions
m=my=m and ny > m, (7
where m is a non-negative integer.
Hence, with conditions (7), system (6) becomes
dx
=
dy ®
T —X +eMrY — g2mtmpx?y — gimtmgx 3 ghmitngxS 4 g cost.

In this paper, we will find periodic solutions of system (8) depending on the parameters r, a, £
and d and the powers m, n; of ¢, fori = 1,2, 3, 4. Then, we will go back through rescaling (5) to
ensure the existence of periodic solutions in system (4).

From now on we assume that the values ny, m* + n% m* + n% and ny — m are positive and
observe that considering these conditions each power of ¢ in system (8) becomes positive. The
reason for a such assumption will be explained later on in Section 2.2. Now we shall apply
the averaging theory described in Section 3. Thus following the notation of the mentioned
section and denoting again the variables (X, Y) by (x,y), we have x = (x,y)7, and system (13)
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corresponding to system (8) can be written as
X = Fo(t,x) = (y,—x)". ©)
So the solution x(¢,z) = (x(¢,z), y(¢,z)) of system (9) such that x(0,z) = z = (xg, yp) is

x(t,Z) = xpcost + ypsint,

y(t,Z) = ypcost — xp sint.

It is clear that the origin of coordinates of R? is a global isochronous centre for system (9)
whose circular periodic solutions starting on z = (xo,yo) € R? are parametrized by the above
functions x(¢,z) and y(t,z). Therefore, through every initial condition (xp,yp) in R? passes a
27 -periodic solution of system (9).

Physically speaking, system (9) models a simple harmonic oscillator and its solutions
(x(t,z),y(t,z)) describe the wave behaviour of this oscillator. In this direction, the problem of
perturbation of the global centre (9) is equivalent to the problem of perturbation of a simple har-
monic oscillator introducing a damping parameter as external force and considering a potential
V by taking small values for p, o, A and § as stated in Theorems 1-8.

We note that using the notation of Section 3, the fundamental matrix Y (z,z) of system (9)
satisfying that Y (0, z) is the identity of R? is written as

Y(t.2) = ( co.st sint) .
—sint cost

From the averaging theory we are interested in the simple zeros of the function

2
f@) = (7“1(2),1‘2(1))=/0 Y~ (t,2)F\ (1,x(t,2,0)) dt, (10)

where F(t,x) are the terms of order 1 on ¢ of the vector field associated with system (8)

2m+n;

(y, —x 4 gM ry —e rx2y _ 82m+nzax3 _ 84m+n3£x5 + e~ ] o I)T.

Now we prove our results.

Proof of Theorem 1  First we take n; = ny = 1, m = 0 and consider n,,n3 > 1. So rescaling (5)
becomes (x,y, p,8,a, 1) = (X, Y,er,ed, e™a, e"d) and calling again (X, Y) by (x,y) we verify
the hypotheses of Theorem 1. Now the vector field of system (4) becomes

(v, —x + ery — erx’y — e"ax® — £"4x° 4+ ed cos 1) .
Hence, as we stated before, the terms of order 1 in this vector field are given by Fi(t,x) =

(0,ry — rx*y +d cos ). Then since z = (xo,)o), the function f(xo,y0) = (f1(x0.0).f2(x0. y0))
given in Equation (10) turns into the form

2
fi(xo,y0) = / —(sint)(d cost + r(ygcost — xqo sint)
0

— r(ypcost — xp sin ) (xg cos t + yg sin H?) dr
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_ 1 2., .2
= —anxo(—4 + x5 + o),

2

fr(x0,¥0) = (cost)(d cost + r(ygcost — xqp sint)
0

— r(ypcost — xg sin t) (xp cos t + yp sin t)z) dr
1
= J(4d = ryo(—4 + X5 +29)-

The zeros of functions f; and f» are a pair of conjugate complex vectors and a real pair (xJ, yg)
satisfying xJ = 0 and

2 36r)!/3 1/6\"
Yo=3 S += (—) (9d +/81d> — 48/2)'°,
3(9d ++/81d2 — 48213~ 3 \r

Note that yg is real because 81d> > 487> > 0 by assumption. We observe that the expression
of yg = yg(r, d) does not change when we go back through rescaling (5) taking » = ¢~!p and
d = £7'8 according to the hypotheses of Theorem 1.

Moreover, we denote I' = (9d + +/81d% — 48r2)!/? and observe that the matrix M = (myj) =
a(f1,/2)/0 (xo, yo) at (xg,yg) is diagonal and its elements are m;; = —mrl"' /36 and myy = wrl_,
where

61/324,.2/3 62/3F2

ry=-12+ 2 273

The determinant [Ty of M written in a power series of r around r = 0 is

3 2
Iy = §(2n2d(4d)1/3)r2/3 + % +0(73),

which is positive for |r| sufficiently small because d > 0. So the averaging theory described
in Section 3 guarantees the existence of a 2m-periodic solution (x(t,¢),y(t,e)) such that
(x(0,¢),y(0, ¢)) tends to (x),y) when ¢ — 0.

On the other hand, the trace X of M at (xJ, y9) is

o = =237 (2d) 3 — %r + 0.

Thus for || sufficiently small, the trace ¥y of M is negative. So the real part of the eigenvalues
of the matrix M are both negative and then the periodic solution (x(z, €), y(t, €)) is stable for each
¢ sufficiently small. So Theorem 1 is proved. |

Proof of Theorem 2 Now we take n, = nqy = 1 and consider n;,n3 > 1. So we are under the
hypotheses of Theorem 2. Now, taking m = 0 and doing rescaling (5), the vector field of
system (8) is written as

(v, —x + &M ry — e"rxly — eax® — e 4x> + ed cos)T.
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Thus, we have Fi(7,x) = (0, —ax® + d cos 1), and f (xo, y0) = (f1 (X0, Y0), f>(X0, ¥0)) becomes

2
fi(x0, v0) = / —(sin#)(d cos t — a(xy cos f + yo sin 1)) dr
0

_ 3 2 2
= Zanyo(xo +y0)s

2

f>(x0, y0) = (cos1)(d cost — a(xycost + yo sint)?) dt
0
1 2, 2
= Zn(4d — 3axy(xy + ¥p))-

The real zero (x),y]) of fi and f; is

4d\'3
%J$=<<§) ﬁ)

Again the values (xg, yg) does not depend on ¢ when we go back to the original parameters o
and § through rescaling (5). Besides, the matrix M = 9(f1,/>)/9 (xo, yo) at (xg, yg) now is written

as
1/3
1 0 (G) a82> .
c 3 1/3
-3 <<—> a82) b4 0
4

and then the determinant Iy of M is

3n? [9a?8* 13
My = — > 0.
2e2 2

M =

Therefore, the averaging theory implies the existence of a 2w -periodic solution (x(t, €), y(t, €))
such that (x(0, &), (0, ¢)) tends to (x3,9) when ¢ — 0. [ |

We observe that since the trace ¥ of M is zero and the determinant ITj is positive, then the
real part of both eigenvalues of M is zero. So we cannot decide about the stability of the periodic
solution of Theorem 2. In what follows, we see that the same occurs in Theorem 3.

Proof of Theorem 3 We start considering ns = nqy = 1,ny,n, > 1 and m = 0. Therefore, we are
under the assumptions of Theorem 3. Doing rescaling (5) the vector field of system (8) becomes

(v, —x + &"ry — e"rx’y — e"ax® — elx’ + ed cost)T.

So we conclude that F (¢,x) = (0, —€x> + d cost) and then we get

2
fi(x0,y0) = / —(sin7)(d cos t — £(xg cos t + yo sin1)®) dt
0

5
= gﬁnyo()% +39)%
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2
J2(x0,y0) = (cos 1) (d cost — £(xq cost + ygsint)’) dr
0

1
= 3m(8d — 50x0(3 + y2)?).
Now the real zero (xg, yg) of fi and f; is

8d 1/5
(050 = ((5) ,0).

We note that as in Theorems 1 and 2 the root (xg, yg) does not depend on ¢ after we perform
rescaling (5). However, using Equation (5), the matrix M = a(f1,/>)/9 (xo, o) at (xg, yg) is

(0 (G-

whose determinant is

572 /252268\ '/
My = —— > 0.
2e2 2

Then the averaging method states the existence of a 2w -periodic solution (x(t, ), y(z, €)) such
that (x(0,¢),y(0,¢)) tends to (xJ,y)) when & — 0. The stability of this periodic solution is
unknown because the trace ¥ of M is zero and the determinant ITy > O is positive just as in
Theorem 2. |

Proof of Theorem4 In what follows, we assume that ny =m =1 and ny = 2. Now the
expression of the vector field of system (8) is

(v, —x + ery — e3my — e 2ax® — e + ed cosn)T,

and then F(t,x) = (0, ry + d cos ). In this case, we obtain

2
fi(x0,y0) = / —(sint)(d cost + r(ygcost — xo sint)) dt
0
= X,
2
fr(x0,¥0) = / (cost)(d cost + r(ygcost — xgsint)) dt
0
=m(d + ryo).

It is immediate that the only zero (xJ,y9) of fi and f> in this case is (xJ,y3) = (0,d/r). So after
going back through rescaling (5) taking r = ¢! p and d = £28, we have

8
0.0
0 =1{0,— .
(x0:30) ( 8p>

In addition, the matrix M = a(f1,f>)/9(xo, yo) at (xg, yg) is diagonal and its elements are both
given by pm/e. Consequently, M has determinant Ty = (p7/¢)?> > 0 and trace Xy = 2pm/e >
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0. Then the averaging theory described in Section 3 assures the existence of a 2w -periodic solu-
tion (x(¢, €),y(¢,¢)) such that (x(0, ¢),y(0, ¢)) tends to (xg,yg) when ¢ — 0. Moreover, since p
is positive this periodic solution is unstable. Then, Theorem 4 is proved. |

Proof of Theorem'5 Now we take m = 0, n, = n3 = nqy = 1 and n; > 1. The expression of the
vector field of system (8) in this case is

(v, —x + " ry — e’y — eax’ — x> 4+ ed cost)T,

and we get F|(t,x) = (0, —ax® — £x° + d cos t). Hence, function f = (fi, f>) is written as

2
fi(xo,0) = / —(sin1)(d cost — a(xq cost + yo sinf)® — €(xg cos ¢ + yo sint)°) dt
0

1
= gnyou% + ¥ (6a + 5¢(x5 + ¥5)),

2
fr(x0,¥0) = / (cost)(d cost — a(xgcost + ypsin t)3 — £(xpcost+ ypsin t)s) dt
0
1 2 2 2 2
= grr(Sd — X0 (x5 + ¥5) (6a + 5€(x5 + ).

In order to find the zeros of f (xy, yp), we compute a Grobner basis {by (xg, ¥0), K = 1,2,3} in
the variables xo and y, for the set of polynomials {fl (x0,¥0), fz (x0,¥0)}, where fl,z = (8/m)fi2.
Then, we look for the zeros of each by, k = 1,2, 3. It is a known fact that the zeros of a Grobner
basis of {fl (x0,50)), fz (x0,y0)} are the zeros of fl and fz, and consequently, zeros of f; and f, too.
For more information about a Groébner basis, see [1,15].

The Grobner basis is

b1 (xo, yo0) = dyo,
by (x0, y0) = (6axg + 5€x3)yo + (6a + 10€x3)yy + SE;,
b3 (x0,y0) = —8d + 6axy + 50x; + (6axo + 10€x3)yg + 5€x0Yy-

The only zero of b (xp, yo) is yg =0sinced =& 16 > 0. So replacing yg into b3(xp, yo) and
simplifying the new expressions, we reduce our problem to find a zero of the polynomial

1 & 6a 5
—_ — [ p— JR— . 11
p(xo) 57 b3(x0,0) = 7 + 50 + X3 (11)

As we know from algebra, there is no general formula to provide the roots of a quintic poly-
nomial as polynomial (11). Nevertheless, some techniques may make this task easier. An elegant
one can be found in [29]. In this paper, a way is provided to study the number of roots (complex
and real, including multiplicity) of a polynomial of any order by only performing some calcula-
tions on the coefficients of the considered polynomial. We will present a brief summary of the
algorithm of this method in the appendix.

By the Fundamental Theorem of Algebra, polynomial (11) has five roots taking into account
their multiplicities and once we want to apply the averaging theory, we are only interested in the
real simple roots of polynomial (11). Indeed, applying the method due to [29] and summarized
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in the appendix, we obtain

384ad>

D, = IR
53747712 a®d* d*
Ds= """ 7% 4 20480—.
> 8125 0 Iz

Therefore as described in the appendix, since aA = g2al < 0, by hypothesis we have that D, is
negative. So polynomial (11) has a unique simple real root if Ds = D = 0 according to statement
(5) of the appendix. On the other hand, statement (3) says that polynomial (11) has three sim-
ple real roots if Ds = D < 0. Moreover, D and D4 do not change when we replace (a, ¢,d) by
(e 'a,e7'A, £718) using rescaling (5).

Now using the property on zeros of the Grobner basis cited previously, the function f (xg, yo)
has a zero (xg, 0) if D = 0 and three zeros (xf), 0) if D < 0, with i = 1,2, 3. Besides the matrix
M = 9(f1,f2)/9(x0, yo) evaluated at yg = 0 after rescaling (5) is

| 0 %(&mg + 5axd)
M=-

e\ _Z (1802 + 250x 0
—g( axy + Xg)

whose determinant is
1 /27 15 125
M) = (E(amgf + Iozx(mgf + a(knxéﬁ) .

Thus by computing a Grobner basis for polynomials {IT(x), fi (X, 0), f>(xo, 0)} in the variables
a, 8, A and xy, we get the polynomials Bl(a,S,A,xo) =4 and 1_72(01,8,)»,)(0) = 6u + 5)»x(2). So
l_)l(oz, 8,X,x0) > 0 because § > 0 and it means that we cannot have fi, f, and I1 equal to zero
simultaneously. Consequently, T1(x})) # O for all i = 0, 1,2, 3. Then using the averaging theory
we conclude the existence of a 27 -periodic solution if D = 0 and three 27 -periodic solutions if
D < 0.

Now we exhibit the values of «, A and 6 for which system (4) has one or three 2 -periodic

solutions. On the one hand, if consider a = f—g, {=—1landd = %, we obtain al = —%—g < Oand
D = 0. On the other hand, taking d = 18a/31 and £ = —42a/155, we get al = —42a?/155 < 0
and D = —% < 0. So Theorem 5 is proved. |

We note that by assumption in Theorem 5 we have af < 0. So considering the notation of the
appendix, the coefficients D, = —6a/5¢ and D3 = 384ad”/¢* corresponding to polynomial (11)
are positive and D; is negative. Thus the only possible configurations of roots of polynomial (11)
are those one listed in statements (3) and (5) of the appendix. This fact means that we cannot
have two or five periodic solutions when we consider m = 0, n, = n3 =ngs = 1l andn; > 1.

Proof of Theorem 6 We start fixing the values m = 0, n; = n; = ny = 1 and n3 > 1. Now the
vector field of system (8) is written as

3

(v, —x + ery — erx’y — eax’ — " 4x> + ed cos1)”,
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and then F|(t,x) = (0, ry — rx’y — ax® + d cos t). With this expression of Fy, function (10) is as
follows:

2
fi(x0,y0) = / —(sint)(d cost + r(ygcost — xq sint)
0
— r(yp cost — xp sin t)(xp cos t + yp sin t)2 — a(xp cost + yp sin t)3) dr

——ln(rx (—4 + 2 2y —3 2 2
=7 0 Xy + yO) ayo (x() + )’())),

2

fr(x0,y0) = (cost)(dcost + r(ygcost — xpsint) — r(ygcost — xo sint)(xg cos t + yp sin z‘)2
0

— a(xpcost + yp sin t)3) dr
1
= Zn(4d — ryo(—4 + x5 4+ y3) — 3axo(xg + y3)).

In order to find zeros (x5, y5) of f(xo,yo) as before, we compute a Grébner basis {5y (xo, yo),
k=1,...,14} in the variables xy and yy now for the set of polynomials {fl (x0,Y0), f_z(xo, o)}
with ]71,2 = F(4/m)f12. We will look for zeros of two elements of the Grobner basis for the
polynomials {fl (x0,¥0), fg (x0,y0)} in the variables xy and yy. These polynomials are

bi(x0,y0) = 144a2dr® — 4d>r® + (108a2d*r* + 144a°r* — 4d*r*)y,
+ 144a%dr*y2 + (81d*d® + 18a2d>F + d2r*)y?,
by (xo,y0) = 216a°dr? + (=324a*r* — 9a*d*i? + 36a*r* — d*r*)x,
+ 7@’ d%r + 2164’7 + 3ad’r)yo + (243a°d + 54d>dr + 3adr*)yj.

We must observe that b (xo,yo) depends only on yy. Then for each zero yj of bi(yo), the
second polynomial b (xo,yo) provides a zero x;j associated with yj; because the coefficient of xq
in by (xg,yo) is not zero by the hypothesis. Now we will look for zeros of b;(yy). Indeed, the
discriminant A of the cubic polynomial b; (yg) is written as

A = —16d°r°(324a" + d*r + 9a*(d* — 417))°
x (2187a*d* +27d*r* — 16d*r° + 184> (27d*r* — 72d*r* 4 32/°))
= —16d*r°AlA,.

Soif A or A, is zero, then A is zero and consequently b (y) has a simple real root yg because
this polynomial has no root with multiplicity 3. Actually b} (yo) = 6(81a*d* + 18a*d*r* +
d*r*) > 0. The same occurs if A, > 0, since this condition implies A < 0. On the other hand,
if Ay <0, then A > 0 and consequently polynomial b;(yy) has three simple real roots yf),
i = 1,2,3. Additionally, replacing each value yf) into b, (xp,yp) we obtain the respective val-
ues xf), for =0, 1,2, 3. We note that coming back through rescaling (5), the signs of A, A} and
A, does not change because each monomial composing A has the same degree.

Now we will verify the condition M = det((df /0z) (xf),yf))) #0fori=0,1,2,3. Infact M is

—n [—6axoyo + p(—4+ 3G +Y5)  2pxoyo — 3 (xg + 3y5)
4e 2pxoy0 + 3a(3x3 + ¥3) 6axoyo + p(—4 + 2 +3y2) )
whose determinant IT now is
2
T

@(m%x% + 3007 + P2 (—4 + x5+ ¥5) (—4 + 3x5 + 39).

IT(x0,y0) =
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However for each i =0, 1,2, 3 the determinant H(xf),yf)) # 0 by hypothesis. Therefore, using
the averaging theory described in Section 3, system (4) has a 2w -periodic solution if AjA, =0
or A, > 0 and three 27 -periodic solutions if A, < 0.

Now we present concrete values of «, p and § for which we have one or three periodic solu-
tions. Indeed takinga = r = 1 and d = 6, we have A, = 3452544 > 0. Meantime if we consider

d = 6a and
9a

V-9+4/6
we obtain A, = —34012224a%/(9 — 44/6)? < 0. We also observe that the values (r,a,d) =
((32),/154973 1185,22) and (r,a,d) = (585+/3,195,5851/2) make A; and A; equal to zero,

9622 °
respectively. This ends the proof of Theorem 6. |

r=—

Proof of Theorem 7  For this case, we assume m = Q0 and n; = 1, i = 1, 2, 3, 4. Then, the vector
field of system (8) is written as

(v, —x + ery — erx’y — eax® — elx> + ed cost)T,

and we have F| (t,x) = (0, ry — rx’y — ax’ — £x> 4+ d cos1). So it follows that

2
fi(x0,y0) = / —(sin?)(d cost + r(ygcost — xo sint) — r(ygcost — xq Sint)
0
(x0 cos t 4 yo sin 7)> — a(xy cos ¢ + yo sin1)® — £(xq cos t + yo sin£)’) dr

1 2, 2 2, .2 2, .2
= —gn(erO(—4 + x5+ Yp) — Yolxg + yp) (6a + 5€(xg5 + yp)),
2
S2(xo,y0) = (cost)(d cos t + r(yy cost — xg sint) — r(yo cos t — xo sint)
0
(xo cos t 4 yo sin7)> — a(xy cos t + yo sinz)® — £(xq cos t + yo sin)’) dr

1
= g7 (8d +8ryo - (5 + y5) (6axo + 2ryo + 5€x0(xg + ¥§)))-

We will find zeros of f'(xo, yo) through the zeros of a Grébner basis {by (xo, yo)} of it. As before,
instead of f (xo, yo), the Grobner basis will be related with the functions f;, = F(8/7)f12-
One of the elements of the Grobner basis in the variables xy and yy is

by (x0,y0) = 144d%dr’ — 4d>F 4 960ad r + 160040 + (108a*d*r*
+ 960ad*er* 4 2000d%¢*r* + 144a*r® — 4d*r® + 960atr®
+ 160002r%) y + (120ad>er* + 500d>¢*F + 144a*dr’
+ 1200ad (r° + 2400d0°r)y; + (81a*d*r? + 540a>d*€r* + 900a>d>r?
+ 18a*d*r* + 300ad*er* + 900d*¢*r* + d*r®)y;
+ (—450a*d* *r — 1500ad” € r + 50d° 021 )yg + 625d*¢*y;.
We note that again b, (xg,yo) depends only on y,. Moreover, the Grobner basis has another
element b, (xg, yo) which is linear on xo and the coefficients depend on y,, where the coefficient
C of xo is not zero by hypotheses. Its expression is too large and we will omit it here. It can be

easily obtained by an algebraic manipulator. So for each zero y;; of b (yo), the second polynomial
by (xo,y0) provides a zero xj; associated with ;.
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Now we will look for zeros of b;(yp). Indeed using again the appendix, the conditions on a,
r, d and £ that provide three zeros, (xf),yf)), where i = 1, 2,3 for b (yy), are D5 = —DéDgD <0,
where D is given in Theorem 7 and D! and D? are the values

. 1100753141764%r°

Ds = d0(—9a2 + 12)28 °

D2 = (590494'%d* + 167" 4 36a°r'°(11d* — 4r%) — 81a*r°(d* — 12d°r* + 161%)
— 6561a°(3d*r? — 4d>r*) + 729a° Bd*r* — 284°%r° + 16/%))2.

By hypothesis ar = e 2ap # 0 and D2 # 0, then D! and D? are positive. Therefore, in order
to have Ds negative, we must have D positive. On the other hand, if Ds is positive then according
to statement (2) of the appendix, we have a unique zero (xg, yg) for by (yo) because the value

1296a%r*(—3a> + r?)?

D, =
? d*(—9a + r2)*

1

is negative if (= 3a»)(r* — 94°) # 0. In addition by consideringa = ¢ o, ¥ = e l'pandd =

18, we get

[ 20(=4+33+33) =Ty Ta—Ty—35AT503 + 5)
8e \I'y + Iy + SAT3(52 +32)  2p(—4+2+32) -1y )’
where T'y = 2x0y03a + 5€(x3 + ¥3)), T2 = —4pxoye, ['s = x3 + 3 and 'y = 60(x} + 3y3).
Moreover, determinant IT of M is written as
_ i 2, 2 2 2 2
T (xo, yo) = ) 4p~ (=4 + x5 + yp) (=4 + 3x5 + 3yp)
+ (g 4+ ¥ (60 + pA(xg + y5) (18 + 25035 + 3y)))).

However, by hypothesis H(xf), vh) # 0 for i = 0, 1,2,3 and hence we conclude the first part of
Theorem 7.

Now we provide values for «, p, A and § for which we have one or three 2 -periodic solutions.
First, we observe that taking (a,r,d) = (1,2, %), we obtain

2770035802112
6561

However, if we consider

1 1
(a,r,d,0) = (— L, 1,——>,
V3 (5v/3)
then D = 2752. So Theorem 7 is proved. |

Now we will prove that under the conditions m = O and n; = 1,7 = 1, 2, 3, 4, and the assump-
tions of Theorem 7, we cannot have two or five periodic solutions by using the averaging theory
and rescaling (5). Indeed, we observe that the only possibility to have five periodic solutions
is that statement (1) of the appendix holds. However, this condition does not hold since D, is
negative for any a, r and d satisfying the hypotheses of Theorem 7.

In addition, we note that the only condition that provides two periodic solutions according
to the appendix is statement (7), and it needs Ds = D4, = E, = 0. Nevertheless, we start con-
sidering this condition and will find a Grobner basis for the set of polynomials {D,, Ds, E»}
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in the variables a, d and r. First, we will consider the factor Dg of Ds because D; # 0 by
hypothesis. In this case, we obtain 55 polynomials in the Grobner basis, where the first one
is g(d,r) = r*g(d, r) and

g(d,r) = 91125d'? — 438800d'°r% + 9193604°%r* — 1038464d°r° + 66099248
—225280d°r'° 4 32768r".

Since r # 0 we must find a zero of g(d, r). So solving g(d, r) = 0 in the variable r we obtain
six pairs of values

ry = +d\/q),
where i = 1,...,6 and for each i the value qf) is the ith root of the polynomial

g(x) = 91125 — 438800x + 919360x% — 1038464x° + 660992x* — 225280x° + 32768x°.

This polynomial has only complex roots. Indeed, if we study the function ¢’ (x) which is given
by

¢ (x) = —438800 + 1838720x — 3115392x% + 2643968x" — 1126400x* + 196608x°,

we can apply the method described in the appendix to show that the respective values D, and Ds
related to ¢'(x) are negative and positive, respectively. Therefore, ¢’(x) has only one real root g,
whose approximate value is ¢, = 106703 * A dditionally, the approximate value of ¢(x) evaluated

100000 *
in g is q(qp) = % > 0. So if we observe that the coefficient of x° is positive, it follows
that the minimum value of g(x) is positive. Then each r,, i = 1,...,6, is a complex value and

the correspondent Grobner basis has no zeros. Then we cannot have a common real zero of Dy,
D2 and E; and so statement (7) in the appendix does not hold. Consequently, it is not possible
to obtain two periodic solutions. The proof considering the factor D of Ds instead of D? leads to
the same polynomial g(d, r) and then we have the same conclusion.

Proof of Theorem 8§ In what follows we take m =0, ny =n3 =ngy =1 and ny > 1. So the
vector field of system (8) becomes

(v, —x + ery — erx’y — e"ax® — efx’ + ed cos1)”,

and we obtain F;(t,x) = (0, ry — rx>y — £x> 4 d cos t). So f (xo, o) is written as

2
fi(x0,¥0) = / —(sint)(d cost + r(ygcost — xo sint) — r(ypcost — xq sin r)
0
(xo cos  + yo sin1)> — £(xo cos t + yg sin£)”) dr

1
= —gTCrxo(—4 + X5+ ¥8) — S€yo(xg +v5)),

2

fo(x0,y0) = (cost)(dcost+ r(ygcost — xgsint) — r(ygcost — xo sint)
0

(xo cos  + yo sin1)> — £(xq cos t + yg sin£)”) dr

1
= gn(gd — 2ryp(—4 + x5 +¥3) — 5€x0(5 + y5)P).

Again we will find zeros of f(xy,yo) through the roots of a Grobner basis {by(xg,y9)} of
f (x0,¥0). We will find a Grobner basis of the functions fi » = F(8/7)f1 -
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An element of the Grobner basis in the variables x and yy is
bi(x0,v0) = —4d>F + 1600dL*r + (2000d>¢>r* — 4d*r® + 1600L>R®)y,
+ (500d° 21 + 24004 €%1°)y3 + (900d>€*r* + d*r®)yy + 50d> 2y + 625d* ¢y,

As before, b (xg,yo) depends only on yy and another element b, (xg, yg) of the Grobner basis
is linear on xy with coefficients depending on yy, where the coefficient C of xy in b, (xo, yo) is
not zero by hypotheses. We will not present the expression of b, (xg, yp) in order to avoid large
expressions. Then for each zero y;; of by (yo) we have a second zero xj; through b (xg, yo) related
to 5.

In order to apply the method described in [29] and the appendix for b;(yy), we will perform
the translation yo = ¢ — (217 /d(125£)?). With this translation we obtain a new polynomial b} in
the form

4500€27% — 370 i 2k 4r*ky 4rks
5150200 Tkt T ates? T ase

bi(p) =¢’ +
where
ki = 156250d%¢*r* 4 7500000*7 — 135000%F" + 1,
ki = 390625,
k, = 39062500d°¢% — 390625¢*(d* — 80¢%)r* — 1500000¢*r* + 13500027° + 378,
ky = 48828125,
ky = 48828125d*¢° — 781250d% (2500068 — 5000/ + 3¢*7*) + 2r*
(156250000¢° — 3750000£*7* 4 22500£%r* 4 979),
ks = 30517578125.

We observe that the translation performed does not change the number or kind of the zeros of
the original polynomial b;. Now we will apply the method of the appendix for b}. Indeed, we
have

D; = N,
D= B
976562546¢10" "
Dy— 16712 N,
3814697265625412¢18"
256520
Ds NsMs.

= 1490116119384765625420¢26

Therefore, if Ds is negative then b} and consequently b; have exactly three zeros, and hence
functionf = (f1,f>) has exactly three zeros (xf), yf)), i = 1,2,3. Onthe other hand, if Ds is positive
and one of the values D,, D3 or D is non-positive, then f has exactly one zero (xg, y8). Moreover,
using rescaling (5) the matrix M is the same as the one of the proof of Theorem 7 taking a = 0.
In addition, determinant IT of M is written as

1 2,2, 4 2 2, 2 2 2
1 (x0, yo) = ;(125)» (x5 +¥p) + 407 (=4 + x5 + y5) (—4 + 3x5 + 3yp)).

By hypothesis IT(x}, y}) # 0 for i = 0, 1,2, 3, then we have the first part of Theorem 8 proved.
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Now we exhibit values of p, A and § for which we have either one or three periodic solutions.
First, we consider

1
(r,t,d) = <v31, 1, E\/ISMWS - 226851v35) .
With these values we obtain

1
N3 = @(206837701817900 — 10419995302263+/35),

N 2(—649491478051728715458244 4 109639832554794027558525+/35)
5 = b
48828125

which are positive. On the other hand, considering (r,¢,d) = (~/31/4,1, 1) we get Ns =

— Z?gigé%s < 0. This ends the proof of Theorem 8. |

Now we will show that if m =0, ny = n3 =n4 = 1 and n, > 1, then we cannot have two
periodic solutions by using the averaging theory described in Section 3 and rescaling (5). Indeed
in order that function b7 (¢), given in the proof of Theorem 8, has two periodic solutions, we need
statement (7) of the appendix. We start considering the conditions Ns = Ny = E, = 0 and will
see that these equalities imply that N3 cannot be negative. We claim that N5 and M5 are factors
of Ds as we saw in the last proof. Also we will not present the expression of E, in order to
avoid its large expression. It can be obtained by an algebraic manipulator such as Mathematica.
Additionally, we note that Ny = N5 = 0 implies D4 = D5 = 0, which are necessary conditions
for having exactly two real roots.

We start replacing the condition Ny = N5 = E; = 0 for other ones easier when r > 0. It is
easy to see that if = 0 we have N3 = 0 and consequently we cannot get two roots for b7. Now
we obtain a Grobner basis for the set of polynomials {N4, Ns, E»} in the variables d, r and £. This
basis has 12 elements, where 2 of them are

g1(r, 0) =125 - 10%¢8 + 2 - 108¢%2 — 1000004 7* — 10400€%r° — 348,
g2(d, r, £) = 25d*¢* — 110000d4%¢* — 4000000£° — 1400d%¢%r* 4 80000¢* 1>
— 3d%r* 4 12000%7*.
In addition, the resultant of these two polynomials with respect to the variable r has the factor
g3(d, £) = d® — 1240000d%¢% — 2694400004 ¢* + 6144 - 10°d%¢° + 28672 - 10%¢5.

Consequently, we will replace the problem of finding a zero of N4, N5 and E, by the problem of
finding a zero of g1, g and g3. Moreover, we suppose that we have a common zero between each
gi and N3, i = 1,2,3. With this supposition and computing the resultant between g; and N3 we
obtain a new polynomial g4 in the variables r and d given by

g4(r,d) = 1423828125d'® + 259740000004 '*r* — 479333880000004 > r*
— 4788102451200004'°7° 4 17118322432000004° 18
— 1255910608601088004°r'° — 13346167139860480004* '
+ 51918655746065039364°r'* — 4405603330689073152r'°.

However, the resultant between g3 and g, is written as Kr'?®, where K is a positive constant. This

polynomial cannot be zero since r > 0. It means that when we consider each g; zero, N3 must be
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positive or negative, exclusively. But taking the values (r, £,d) = (ro, £y, 1) we have g; = 0, for

eachi = 1,2, 3 and N; is approximately 87235%‘583 > 0, where r( and ¢ are roots of the polynomials

F(x) = —125 — 44400x> + 184640x* — 237568x° + 86016x°,

and
1(x) = 1 — 1240000x> — 269440000x* + 6144000000x° + 2867200000000x%,

respectively. So N3 is positive when g; = 0, for each i = 1,2, 3, and then D; is negative. Hence
using the factor N5 of Ds we cannot obtain two periodic solutions. The proof that cannot exists
two periodic solutions for the case that we consider the factor M5 of Ds instead of N5 is similar
and we will omit it here.

We remark that we cannot prove analytically the non-existence of five periodic solutions
for system (8) considering m = 0, n; = n3 = ny = 1 and n, > 1. Actually, using the algebraic
manipulator Mathematica, we obtained evidences that this number of periodic solutions cannot
happen, but an analytical treatment is not trivial.

2.2 Discussion of the results

Now we discuss some aspects of the averaging method presented in Section 3 in order to find
periodic solutions in system (4). In fact by using the averaging theory and rescaling (5), we shall
see that we cannot prove that system (4) has periodic solutions except in the cases presented in
Theorems 1-8.

We start studying the possible values to the powers of ¢ in system (8). This is important
because these powers play an important role in the averaging theory described in Section 3
because they determine the terms of order 1 that we are interested in. Indeed, we note that each
one of the five different powers of ¢ in system (8) must be non-negative. Therefore, considering
these powers as zero or positive, we have 32 possible combinations of these 5 different powers
of ¢. Actually some of them are not algebraically possible. Table 1 exhibits only the possible
case.

Observing Table 1 we see that in fact we have only 18 cases. Moreover, in order to apply the
averaging theory for one of the 18 cases, we must integrate the equations of the non-perturbed
part of the vector field of system (8). This is not a simple task because the major part of these
equations are non-linear and non-autonomous. Indeed in each case from 1 to 8 and from 11 to
16 we could not integrate the equations even using the algebraic manipulator Mathematica or
Maple. The non-integrable cases from Table 1 are listed as follows:

Case 1: Fo(t,x) = (v, —x +ry — ax® — rx’y — £x° + d cost),
Case 2: Fo(t,x) = (v, —x + ry — ax® — i’y — £x°),
Case 3: Fo(t,x) = (y, —x +ry — ax’ — rxzy + dcost),
Case 4: Fo(t,x) = (v, —x +ry — ax® — rx%y),

Case 5: Fo(t,x) = (y, —x +ry — rxzy —4x> +dcost),
Case 6: Fo(t,x) = (v, —=x + ry — i’y — £€x°),

Case T: Fo(t,x) = (v, —x + ry — rx’y + d cos 1),

Case 8: Fo(t,x) = (y,—x+ry — rxzy),

Case 11: Fy(t,x) = (y, —x — ax’ — 4x> 4+ d cost),
Case 12: Fy(t,x) = (y, —x — ax® — ZxS),

Case 13: Fo(t,x) = (v, —x — ax’ +d cos 1),

Case 14: Fo(t,x) = (y,—x — ax®),

Case 15: Fy(t,x) = (v, —x — £x° + d cost),

Case 16: Fy(t,x) = (y, —x — 2x°).
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Table 1. Here, when appear &, this means that the corresponding cases cannot occur.

Possible combination of powers of ¢ for the system (9)

n =0 2m+n; =0 2m+ny =0 dm+n3 =0 —m+nys =0 Cl
—m+ng >0 Cc2
dm+n3 >0 —m+nys =0 C3
—m-+ng >0 C4
2m+ny >0 dm+n3 =0 —m+nyg =0 C5
—m+ng4 >0 (&)
dm+n3 >0 —m+nys =0 C7
—m+ng >0 C8
2m+n; >0 2m+ny =0 %)
2m+ny >0 dm+n3 =0 o
dm+n3 >0 —m—+ng =0 Cc9
—m-+ng >0 C10
ny >0 2m+n; =0 j%
2m+n; >0 2m+ny; =0 dm+n3 =0 —m—+ng =0 Cl11
—m+ng >0 C12
dm+n3 >0 —m-+ng =0 Cl13
—m+ng >0 Cl4
2m+ny >0 dm+n3 =0 —m—+ng =0 C15
—m-+ng >0 Cl6
dm+n3 >0 —m+nys =0 C17
—m+ng >0 C18
Note: The notation Ci, i = 1,..., 18 enumerate each possible case.

In particular, we observe that cases 12, 14 and 16 turn the non-perturbed part of system (8)
into a Hamiltonian system. In [3], Buica and Llibre provide a method to apply the averaging
theory in planar systems when the system is Hamiltonian, but the expressions become also too

much complicated and again we could not integrate the equations in cases 12, 14 and 16.

In cases 9, 10 and 17, we can integrate the expressions but in these cases the hypotheses of the
averaging method do not apply. In these cases, we have the following expressions for Fy (7, X).

Case 9: Fy(t,x) = (y,—x+ry+dcost),
Case 10: Fo(t,x) = (v, —x + ry),
Case 17: Fo(t,xX) = (y, —x + d cost).

Solution x(7) in case 9 is

C eI/D—V=4+7) 4 ot ((1/D1r+V=44r) _ (i) sint,

r

where

_ F2d +r((Er + V=44 r)x0 F 2y0)

C¥
2r/=4+ 12

In order that x(¢) be periodic, we must have C~ and C™ equal to zero. But these conditions are
verified only if we take xo = 0 and yo = —d/r. So x¢ and y, are fixed and then the unperturbed
system x = F(t,x) has no sub-manifold of periodic solutions. Consequently, we cannot apply

the averaging theory in this case.
On the other hand, in case 10 solution x(¢) is written as

Cc- e(l/2)t(r—«/—4+r2) + ct e(1/2)t(r+«/—4+r2) _ (i) sint,
r
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where
_ (FEr V=44 r)x F 2y
2r/ =4 + 12 '

Again we need to choose C~ and C* equal to zero, but this happens only if (xg, o) = (0,0). So
we cannot apply the averaging theory because (0, 0) is the equilibrium point of the non-perturbed
part of system (8) in case 10.

Finally, in case 17 solutions x(¢) and y(r) have the form

CT

d
x(t) = xpcost+ ypsint + Etcos t,

d
y(t) = ypcost — xpsint + 5(tcost~|— sint).

It is immediate to note that these solutions are non-periodic because d is positive.
Case 18 provides positive results and Theorems 1-8 are based on this case. In fact, we observe
that in case 18 the vector field of system (8) is

(y, x4+ Sn' ry — 82m+n1 rx2y _ 82m+n2ax3 _ S4m+n3£x5 + 8—m+n4d cos f)T.

As we commented before, the periodic solutions of our problem correspond to the simple zeros
of function (10). So in order to calculate the zeros of the function f(z) given in Equation (10), we
must determine F| (f,x), where F (¢, X) is determined by the terms of order 1 on ¢ of the vector
field of system (8). However, we see that the expression of F (¢, x) depends on the values m and
n;, i = 1,2,3,4. In fact, if m is positive and observing condition (7), the only terms of the vector
field of order 1 on ¢ can be generated by powers n; and —m + n4, where these two values can be
1 or greater than 1. This implies four possibilities. On the other hand, if m is zero the powers of ¢
in the vector field of system (8) depend on ny, ny, n3 and ny. Again, each one of these powers can
be 1 greater than 1. So, if m is zero we have 16 possibilities for F;. Then case 18 has 20 subcases
corresponding to the different possibilities of F (¢, x). These subcases are presented in Table 2.

Table 2. Possible expressions for F(#,X) when m* + n%, m* + n%, ng — m and nj are positives.

Sub. Conditions Second coordinate of F (z,X)
1 m=0,n=1,i=1,2,3,4 ry —ax® — rx?y — €x> +d cost
2 m=0,n,=1,i=1,2,3,n4 > 1 ry—ax3—rx2y—£x5

3 m=0,n,=1,i=1,2,4,n3 > 1 ryfax3frx2y+dcost
4 m=0,n,=1,i=1,3,4,n, > 1 ry—rxzy—éxs-i-dcost
5 m=0,n=1i=23,4m > 1 —ax’ — €x° +dcost

6 m=0,n =n=1,n3,n4 > 1 ry—ax3—rx2y

7 m=0,n =n3=1,ny,n4 > 1 ry—rxzy—€x5

8 m=0,n =nq4 =1,np,n3 > 1 ry—rx2y+dcost

9 m=0,n=n3=1,n;,n4 > 1 —axd — 0x°

10 m=0,n=n4=1,n,n3 >1 —ax® +dcost

11 m=0,n3=n4 =1,n1,ny > 1 —£x° +d cost

12 m=0,n =1,n>1,i=2,3,4 ry — e’y

13 m=0,m=1,n>1,i=1,3,4 —ax®

14 m=0,n3=1,n>1,i=1,2,4 —0xd

15 m>0,n=1,n>1,i=1,2,3 dcost

16 m>0,n>1,i=1,2,3,4 0

17 m>0,n=1,-m+n =1 ry +dcost

18 m>0,n=1,—m+ng > 1 ry

19 m>0,n >1,—-m+ng4 =1 dcost

20 m>0,n >1,—m+ng > 1 0

Notes: We exhibit only the second coordinate of F (¢, x) because the first one has no terms depending on ¢.
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Theorems 1-8 correspond to subcases 8, 10, 11, 17, 5, 3, 1 and 4, respectively. These are the
only subcases of case 18 where the averaging method provides positive results. Indeed, in cases
15, 16, 19 and 20, function (10) does not have zeros. On the other hand, in cases 2, 6, 7, 13, 14,
18, the only zero of function (10) is (xp, o) = (0, 0) that corresponds to the equilibrium point
of the system, and consequently, in these subcases the system does not have periodic solutions.
In cases 9 and 12, function (10) has real zeros different from (0, 0), but they are non-isolated
and then the Jacobian of function (10) at the zero is zero, and consequently, the averaging theory
cannot be applied.

3. The averaging theory for periodic solutions

Now we present the basic results on the averaging theory of first order that we need to prove our
results.

Consider the problem of bifurcation of T-periodic solutions from differential systems of the
form

X = Fy(t,x) + F;(1,%) + &’R(1, X, &), (12)

with ¢ = 0 to ¢ # O sufficiently small. Here the functions Fyp, F; : R x @ — R" and R : R x
Q x (—¢r,&) — R" are 2, T-periodics in the first variable and €2 is an open subset of R”. One
of the main assumptions is that the unperturbed system

X = Fy(t,Xx) 13)

has a manifold of periodic solutions. A solution to this problem is given using the averaging
theory.

Indeed, assume that there is an open set V with V C D C Q and such that for each z € V,
x(-,z,0) is T-periodic, where x(-, z, 0) is the solution of the unperturbed system (13) with x(0) =
z. Answer to the problem of bifurcation of T-periodic solutions from x(-,z, 0) is given in the
following theorem.

THEOREM 9 We assume that there exists an open set V with V. C D and such that for each
z € V,x(-,z,0) is T-periodic and consider the function f : V. — R" given by

T
f@®@ =/ YN, 2)F\(1,x(t,2,0)) dr.
0

Then the following statements hold.

(a) If there exists a € V with f(a) = 0 and det((df /9z)(a)) # 0, then there exists a T-periodic
solution ¢ (-, &) of system (12) such that ¢(0,&) — aas e — 0.

(b) The type of stability of the periodic solution ¢ (-, €) is given by the eigenvalues of the Jacobian
matrix M = ((3f /9z)(a)).

For a proof of Theorem 9(a), see [4, Corollary 1].

In fact, the result of Theorem 9 is a classical result due to Malkin [20] and Roseau [21]. For a
shorter proof of Theorem 9(a), see [4].

For additional information on the averaging theory, see [23].
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Appendix. Root classification for a quintic polynomial

In this section, we present a brief summary of the results about the number and multiplicities of the real/complex roots
for a quintic polynomial with arbitrary coefficients presented in [29]. Indeed, consider the polynomial P(x) = x° + px® +
gx® + ux 4 v. So, the following table gives the number of real and complex roots and multiplicities of roots of P(x) in
all cases:

M Ds>0ADs>0AD;>0ADs >0 (LLLL1
2) Ds >0A Dy <0VvD3 <0VvDy <0) {1}

3) Ds <0 (L1,
&) Ds=0ADy >0 2.1,1,1)
5) Ds =0ADy <0 {2,1}
©) Ds=0ADys=0AD;>0AEs £0 2.2,1)
%) Ds=0ADs=0AD;>0AE =0 B.1,1)
) Ds=0ADs=0AD3 <0AEy#0 n

) Ds=0ADs=0AD3 <0OAE; =0 {3}

(10) Ds=0ADy=0AD3=0ADy#0AF, #0 (3,2}
(11) Ds=0ADy=0AD3=0ADy#A0AF,=0 4.1
(12) Ds=0AD;=0AD3;=0AD; =0 {5}
where
Dy = —p,
D3y = —12p° — 45¢% + 40pu,
Dy = —4p°? — 274* + 12p*u + 117pgPu — 88p2u® + 160u” — 40p>qv — 300quv + 125p2,
Ds = —4p3gPu® — 27g* % + 16p*i° + 144pgPu® — 128p%u* + 2561°
+ 16p3q3v + 108q5v - 72p4quv — 63Opq3uv + 560p2qu2v - 1600qu3v
+ 108p°v? + 825p2¢%v* — 900p> v? + 2250¢%wv” + 2000pu*V? — 3750pgv® + 3125v*,
E> = 16p*q% — 48p°u + 60p>q2u + 160p>u® + 900¢%u> — 1100p3qv
— 3375q3v + 1500pguv + 625p2v2,
F, = 3q2 — 8pu.

The polynomials D;, i = 2,3,4,5, E; and F, form a discriminant system which is sufficient for the classification of
roots of the polynomial P(x), which is described by the right column of the table. For instance, {1, 1, 1} means three real
simple roots and a pair of complex roots, and {3, 1, 1} means a real triple root plus two real simple roots.
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