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In this paper we compare two different procedures of approximation of the posteriori error for the GFD method, both procedures are
residual based errors. The performance of the two different approximations of the error is illustrated by analysing different second order
partial differential equations in 2-D problems with known analytical solutions , using irregular cloud of points. Also, in this paper an
adaptive method for improving solutions using a posteriori error is shown.

Keywords: generalized finite differences, meshless methods, a posteriori error approximation, adaptive method

AMS Subject Classifications: F.1.1; F.4.2 (Authors: Please substitute appropriate classification codes)

1. Introduction

The classical finite difference method (FDM) emerged as an approximate discrete method of analysis of
boundary-value problems given in the form of differential equations and appropriate boundary conditions.
The idea of using an eight node star and weight functions to obtain finite difference formulae for irregular
meshes, was first put forward by Liska and Orkisz [6, 7], using moving least squares (MLS) interpolation,
and the most advanced version of the Generalized Finite Element Method (GFDM) was given by Orkisz
[2, 8, 9], including: mesh generation, local approximation, generation of finite difference (FD) formulae and
FD equations resulting from local (collocation) or global (Galerkin,variational,) formulations. GFDM is
included in the so-called Meshless Methods (MM) [1, 2].
In this paper we compare the posteriori error indicator for the GFD method developed by Benito et al.
[4, 5, 10] with a posteriori error estimator based on Orkis’z works [1, 8, 9]. Also, in this paper, an h-adaptive
method is shown, for improving the approximate solution of the second order partial differential equation.
The paper is organized as follows. Section 3 describes the posteriori error indicator. Section 4 describes the
posteriori error estimator. Section 5 describes an adaptive method in generalized finite differences. Section
6 illustrates the posteriori error approximations at work and the efficiency of the adaptive method for the
solution of elliptic equations using irregular clouds of points. Finally, in Section 7 some conclusions are
given.

∗Corresponding author. Email: jbenito@ind.uned.es

International Journal of Computer Mathematics
ISSN 0020-7160 print/ISSN 1029-0265 online c© 200x Taylor & Francis

http://www.tandf.co.uk/journals
DOI: 10.1080/0020716YYxxxxxxxx

Page 1 of 34

URL: http://mc.manuscriptcentral.com/gcom E-mail: ijcm@informa.com

International Journal of Computer Mathematics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

2 Benito, Urena, Gavete and Alonso

2. The generalized finite difference method

Let us to consider a problem governed by

α1
∂U

∂x
+ α2

∂U

∂y
+ α3

∂2U

∂x2
+ α4

∂2U

∂y2
+ α5

∂2U

∂x∂y
= f(x, y) in Ω (1)

with boundary condition

β
∂U

∂n
+ γU = g(x, y) in Γ (2)

where Ω ⊂ R2 with boundary Γ; αi, i = 1, · · · , 5, β and γ are constant coefficients; and f, g are two known
smoothed functions.
First of all, it is necesary to generate a grid of points (it can be irregular) in the domain that we call nodes.
Then, every node in the domain is the central node of a set of nodes around it. We call this a star. If U0

and Ui are approximations of the function at the central node and at the rest of nodes of the star, with
i = 1..N (in this paper the number of star nodes is N = 8, two nodes for each quadrants [4, 5]). Then,
according to the Taylor series expansion it is known that

Ui = U0 + hi
∂U0

∂x
+ ki

∂U0

∂y
+

1
2
(h2

i

∂2U0

∂x2
+ k2

i

∂2U0

∂y2
+ 2hiki

∂2U

∂x∂y
) + · · · (3)

where (x0, y0) are the coordinates of the central node, (xi, yi) the coordinates of the ith node in the star
and hi = xi − x0; ki = yi − y0. If the unwritten terms in the equation (3) are ignored, an approximation
of second order for the Ui function is obtained, which is indicated as ui. It is then possible to define the
function B5(u)(subindex refers to the number of unknowns in the functional) as in [6, 7] and [4, 5]

B5(u) =
N∑

i=1

[(u0 − ui + hi
∂u0

∂x
+ ki

∂u0

∂y
+

h2
i

2
∂2u0

∂x2
+

k2
i

2
∂2u0

∂y2
+ hiki

∂2u

∂x∂
y)w(hi, ki)] (4)

where B5(u) is norm to the second order approximation and w(hi, ki) a weighting function.
If the norm B5(u) is minimized with respect the partial derivatives included in formulae (4) , the following
linear equations systems is obtained

ADu = b (5)

where the A is a matrix of 5× 5 , the vector Du is given by

Du = {∂u0

∂x
,
∂u0

∂y
,
∂2u0

∂x2
,
∂2u0

∂y2
,

∂2u0

∂x∂y
}T (6)

and b is the vector of independent terms, including the values u0, ui(i = 1, .., N) to be solved by using
(GFDM) as described [4, 5] and [6, 7].
As the matrix of coefficients A is symmetrical, it is then possible to use the Cholesky method to solve the
same (5). On solving the system (5), the explicit differences formulae are obtained [4, 5].
On including in the equation (1) the explicit expressions obtained for the partial derivatives, the star
equation (7) is obtained as

λ0u0 +
N∑

i=1

λiui = f(x0, y0) ⇔ u0 =
N∑

i=1

miui + mff, with

N∑
i=1

mi = 1 (7)
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A posteriori error in GFD. Application 3

3. A posteriori error indicator in the generalized finite differences

It is possible to take more terms of the Taylor series expansion to obtain the approximate value of the func-
tion in any node of the star. The difference between the fourth order and the second order approximations
in each node of the star, is:

[ui]order4 − [ui]order2 =
1
6
(
∂3u0

∂x3
+

∂3u0

∂y3
+ 3

∂3u0

∂x2∂y
+ 3

∂3u0

∂x∂2y
) +

1
24

(
∂4u0

∂x4

+
∂4u0

∂y4
+ 4

∂4u0

∂x3∂y
+ 6

∂4u0

∂x2∂y2
+ 4

∂4u0

∂x∂y3
) (8)

The expression(8) is valid for i = 1, · · · , N , where N is the number of nodes of the star. Of the other
hand, the star equation (7) indicates that the value of the function at the central node of the star, is the
weighting average of the function values at the rest of nodes, plus the corresponding to the independent
term of partial differential equation (1). The error at the central node of the star may then be approximated
by the weighted addition of the absolute values involving the 3rd and 4th order partial derivatives terms:

Ind(u0) =
N∑

i=1

|mi(
1
6
(
∂3u0

∂x3
+

∂3u0

∂y3
+ 3

∂3u0

∂x2∂y
+ 3

∂3u0

∂x∂2y
) +

1
24

(
∂4u0

∂x4

+
∂4u0

∂y4
+ 4

∂4u0

∂x3∂y
+ 6

∂4u0

∂x2∂y2
+ 4

∂4u0

∂x∂y3
))|+ mff(x0.y0) (9)

where the 3rd and 4th order partial derivatives are calculated using the values of 1st and 2nd order deriva-
tives, that were calculated before with the explicit formulas of DU obtained in [4, 5] and

∂su0

∂xq∂yr
=

∂q

∂xq
(
∂ru0

∂yr
) =

∂r

∂yr
(
∂qu0

∂xq
) (10)

where s = q + r, s = 3, 4 and q, r = 0, 1, 2.
In this paper Ind(u0), equation (9), is denominated error indicator.

4. A posteriori error estimator in the generalized finite differences

The error indicator developed in the previous section is now compared with a posteriori error estimator
based on Orkisz’s works [2, 8, 9].
Let us consider the fourth order Taylor approximation and, as in (4), it is possible to define a function
B[u], now involving partial derivatives until 4th order. Minimizing B[u] with respect the partial derivatives
Du = {∂u0

∂x , ∂u0
∂y , ∂2u0

∂x2 , ∂2u0
∂y2 , ∂2u0

∂x∂y}
T , the following linear equations system is obtained

ADu + b∗ = b (11)

being A,Du, b the matrix and vectors considered in section 2 and b∗ a new vector with the terms involving
3rd and 4th order partial derivatives.
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4 Benito, Urena, Gavete and Alonso

The equation (11) can be written as:

Du + A−1b∗ = A−1b (12)

where A−1b correspond to the second order approximation (it can be substituted by the explicit differences
formulae obtained from (5)).
We can call these u

(4)
0 y u

(4)
i to the fourth order approximations at the central node and the rest of the

star nodes respectively, and 4u0 y 4u1 to the errors, at the same nodes, between the fourth and second
order approximations. The bearing in mind the principles of linearity in the solution and superposition,
we can write:

u
(4)
0 = u0 +4u0; u

(4)
i = ui +4ui (13)

We can also write (1) as:

αDu = f(x, y) (14)

where α is the vector of coefficients of the equation (1), α = {α1 α2 α3 α4 α5}.
If we substitute Du, obtained from (12), for each node of domain, into equation (14), we obtain:

α(A−1b−A−1b∗) = f(x0, y0) = λ0u
(4)
0 +

N∑
i=1

λiu
(4)
i (15)

According to section 2, we can write:

αA−1b = λ0u0 +
N∑

i=1

λiui (16)

substituting the values of u
(4)
0 y u

(4)
i given in (13) into equation (15), considering (16) and after operations,

we have:

λ04u0 +
N∑

i=1

λi4ui = −αA−1b∗ (17)

The expression (17) is the star equation for the calculus of a estimation of the error at the nodes of the
star.
If we apply (17) to the nodes of the domain, we obtain a system of equations in which the matrix of
coefficients is the one obtained in section 2 for the second order approximation and in the vector of
independent terms are expressions including third and fourth partial derivatives in the central node of the
star. We can obtain these values as we mentioned in section 3.
In this method it is necessary to solve the system of equations twice, and also to obtain the third and
fourth order derivatives, for which the method will need more time than the explained in section 3.
In this paper, 4ui, obtained solving equation (17), is denominated error estimator.

5. An h-adaptive method

By using the posteriori error indicator as proposed in section 2, it is possible to find an algorithm to
improve the approximation solution by selectively increasing the number of nodes in the domain.
In the stars whose central node had an error (obtained using the posteriori error indicator) greater than a

Page 4 of 34

URL: http://mc.manuscriptcentral.com/gcom E-mail: ijcm@informa.com

International Journal of Computer Mathematics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

A posteriori error in GFD. Application 5

Fig. 1. First cloud of 122 nodes Fig. 2. Last cloud of 181 nodes

fixed value, new nodes would be added to the centre of gravity of the triangles made using the central node
and the others nodes of each star one after the other to avoid overlapping of the triangles. In addition,
some nodes are added to the boundary.
In order to avoid misleading clouds, a limit for the distance between nodes is used as a parameter (minimum
distance) of the h-adaptive method, in such a way that if the distance between the new node and any
node of the domain is smaller than this minimum distance, then, the new node should not be added.
This minimum distance is given as the maximum distance between all nodes of the mesh, multiplied by a
positive parameter α < 1.

6. Numerical results

This section includes an example to illustrate the different results obtained for both posteriori error ap-
proximations and the application of h-adaptive method.
In this section both posteriori error approximations are used to solve various second order partial differ-
ential equations, with the objective of first comparing the indicator error approximations with estimator
error approximations and subsequently to apply the adaptive algorithm.

6.1. Example 1

Application to solve Laplace equation, with Dirichlet boundary condition and the exact solution is
U(x, y) = L(x2 + y2) and the weighting function

ω(x, y) =
1

(dist)3
(18)

where dist is the distance between the central node and the considered node in star. The domain is defined
by figure 2 (mesh with 181 nodes).

The first cloud, figure 1, has 122 nodes (30 nodes in the boundary) and after two adaptive steps we
obtain the cloud showed in figure 2, which has 181 nodes (40 nodes in the boundary, ten nodes more that
the first clouds, included in the side with greater error).
Figures 3, 4, 5 show the absolute exact error and the error approximations of the solutions for each interior
node (value multiplied by 103) (using for representation Modified Shepard’s Method) using the indicator
and estimator previously described for the last step (cloud of nodes of figure 2).
In table 1 we can see a summary of the global errors obtained using the adaptive method. In this table
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6 Benito, Urena, Gavete and Alonso

Fig. 3 Cloud of 181 nodes. Absolute error

Fig. 4 Cloud of 181 nodes. Indicator error Fig. 5 Cloud of 181 nodes. Estimator error

the global error is:

Global error =

√∑N
i=1 e2

i

N

exacmax
(19)

where N is the number of nodes in the domain, exacmax is the maximum exact value of function in the
domain, ei is the error in the node i. The first column includes exact error value, ei = sol(i)− exac(i); the
second column, the error indicator value ei = Ind(ui) and the last one, the error estimator value, ei = 4ui.

Global error
Number of nodes Exact error using indicator using estimator
122 0.3148 0.1938 1.2231
141 0.0392 0.0821 0.0614
181 0.0198 0.0485 0.0349

Table 1. Adaptive Method. Global errors.

Figures 6 and 7 show the absolute errors,|ei| = |sol(i) − exac(i)|, in the nodes of domain, vertical lines,
for the step 1 (cloud of 122 nodes) and for the last step (cloud of 181 nodes) respectively, as it is shown
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A posteriori error in GFD. Application 7

Fig.6. Absolute error (122 nodes). Fig.7. Absolute error (181 nodes).

Fig. 8. First cloud of 136 nodes Fig. 9. Last cloud of 157 nodes

in figure 7 the error at the nodes of the domain decrease.

6.2. Example 2

Application to solve the equation

∂2U

∂x2
+

∂2U

∂x∂y
+

∂2U

∂y2
− ∂U

∂x
− ∂U

∂y
= 0 (20)

with Dirichlet boundary condition and the exact solution is

U(x, y) = yex (21)

using the weighting function (18). The domain is defined by figure 8 (mesh with 136 nodes).
The first cloud, figure 8, has 136 nodes (36 nodes in the boundary) and after three steps we obtain the

cloud showed in figure 9, which has 157 nodes (45 nodes in the boundary, nine nodes more that the first
clouds, included in the side with greater error).
Figures 10, 11, 12 show the absolute exact error and the error approximations of the solutions for each
interior node (value multiplied by 102) (using for representation Modified Shepard’s Method) using the
indicator and estimator previously described for the last step (mesh of 9).
In table 2 we can see a summary of the global errors obtained using the adaptive method

Page 7 of 34

URL: http://mc.manuscriptcentral.com/gcom E-mail: ijcm@informa.com

International Journal of Computer Mathematics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

8 Benito, Urena, Gavete and Alonso

Fig. 10 Cloud of 157 nodes. Absolute error

Fig. 11 Cloud of 157 nodes. Indicator error Fig. 12 Cloud of 157 nodes. Estimator error

Global error
Number of nodes Exact error using indicator using estimator
136 0.057 0.0397 0.0297
146 0.0244 0.0393 0.0277
150 0.0144 0.0232 0.0192
157 0.0124 0.0217 0.0172

Table 2. Adaptive Method. Global errors.

Figures 13 and 14 show the absolute errors in the nodes of domain for the step 1 (cloud of 136 nodes) and
for the last step (cloud of 157 nodes) respectively, as it is shown in figure 14 the error at the nodes of the
domain decrease.

7. Conclusions

The comparison of the results obtained using both error approximations, shows a similar efficiency. But
the error indicator uses less time to get the solution since it does not need to solve the system of equations
again.
The use of the error indicator and the adaptive method allows us to decrease global and local errors
significantly. If we compare the results obtained here with the others obtained previously [5], it’s important
to add nodes looking for an improvement in the regularity of the mesh.
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Fig.13. Absolute error (136 nodes). Fig.14. Absolute error (157 nodes).
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