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In this paper, a global finite-time observer is designed for a class of nonlinear systems with bounded rational
powers imposed on the incremental nonlinearities. Compared with the previous global finite-time results, the
new observer designed here is with a new gain update law. Moreover, an example is given to show that the
proposed observer can reduce the time of the observation error convergence.
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1 INTRODUCTION

Consider the problem of observer design for a nonlinear system described by

T = f(a;,u),
{y — h(z), M)

where x € R"™ is the state, u € R™ is the input, y € RP is the output. Unlike in the case of linear
system, the observability of nonlinear system depends on the inputs of the system (Gauthier
and Bornard 1981), (Gauthier et al. 1992), (Shim and Seo 2003). Perhaps for this reason, over
the years, several papers have investigated the relationship between nonlinear observability and
the existence of nonlinear observers (Hermann and Krener 1977), (Fliess 1982). Since then, a lot
of works have been done to try to design nonlinear observers through linearization of nonlinear
systems (Krener and Isidori 1983), (Rugh 1986), (Kotta 1987). With the definition of uniform
observability or observability for any input as proposed by (Gauthier et al. 1992), thereafter,
many existing results on nonlinear observer design are based on uniform observability. For ex-
ample, (Gauthier et al. 1992) proposes a simple nonlinear observer by a high gain method, then
a nonlinear observer is designed in (Hammouri et al. 2002) for nonlinear systems with a triangu-
lar structure, and high gain observers in the presence of measurement noise (Ahrens and Khalil
2009) are employed to output feedback control problem for a class of nonlinear systems through
a switched-gain approach and so on. A common assumption for the observer design of nonlinear
system is the Lipschitz condition in the nonlinear terms as discussed in the works (Rajamani
1998), (Pertew et al. 2006), (Chen and Chen 2007) and references therein. Research on nonlinear
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observer design has also been done on some other kinds of nonlinear systems. (Krishnamurthy
et al. 2003) gives global high-gain-based observers for nonlinear systems with output dependent
upper diagonal terms, while global asymptotic high gain observers are studied in (Praly 2003)
for nonlinear systems with the nonlinear terms admitting an incremental rate of the measured
output.

Based on the finite-time stability and homogeneity theory of nonlinear systems (Bhat and
Bernstein 2000), (Bhat and Bernstein 2005), different kinds of finite-time observers for nonlinear
systems are developed. For example, (Perruquetti et al. 2008) introduces a finite-time observer
with application to secure communication, where a homogeneous Lyapunov function is con-
structed. Then, based on this homogeneous Lyapunov function, semi-global finite-time and two
different kinds of global finite-time observers are designed for single output triangular nonlinear
systems which are uniformly observable and globally Lipschitz (Shen and Xia 2008), (Shen and
Huang 2009), (Ménard et al. 2010). Global finite-time observers (Shen et al. 2011) are proposed
for a class of globally Lipschitz nonlinear systems with nontriangular structure where the inter-
actions between all the states of the nonlinear terms are allowed. Then, in (Burlion et al. 2011),
a global finite-time observer with high gain is designed for a class of nonlinear systems where the
nonlinear terms admit an incremental rate depending only on the output. Unfortunately, in all
these papers, the derivative of the homogeneous Lyapunov function along the observation error
system is not continuous. Then, (Shen and Xia 2010) gives a correct proof of the convergence of
observation error and a semi-global finite-time observer is designed for the following nonlinear
systems whose solutions exist for all positive time:

j:l =T+ fl(ya U),
j72 =3+ f2(ya z2, U),

in:fn(yam%'- xnau)a

y =z =0z, C = [ ..()] ,
where u € R™, © € R", y € R, with the nonlinear terms f;(-) (i = 2, ..., n) satisfying conditions:

|fi(y7x27" . 7562"“) - fi(y)i?)' . 'aj:i)u)’ S F(u7y)

n ) %
LD (&7 | D Jay — &+ 1> |wy — 2417, (3)
j=2 j=2 j=2

where I'(:) is a continuous function, I > 0, v; € [O,j%l) (j = 2,...,n), the rational powers

of the incremental terms satisfy qﬁj‘.jl < Bij < ]%1 (2 <j <i<mn) (where ¢ > nis a
positive real number). Asymptotic and finite-time stability are studied for a class of nonlinear
homogeneous systems (Shen and Xia 2011) where the best possible lower bound of homogeneity
of degree is obtained. Then, motivated by (Rosier 1992), a new kind of continuous homogeneous
Lyapunov function and a global finite-time observer are constructed in (Li et al. 2011) for a
nonlinear System (2) under condition (3) with a better lower bound of the rational powers
e < By <73 (2<j<i<n).

In this paper we restrict our attention to estimating the states only for those nonlinear sys-
tems (2) whose solutions globally exist and are unique for all positive time. The primary objective
of this paper is to design a new global finite-time observer for nonhnear system (2) with condi-
tion (3). We will show that under the same rational powers o7 < i < 77 (2 < j <i < n),
global finite-time observers exist with a new gain update law where two new items are intro-
duced compared with the dynamic high gain used in (Li et al. 2011). Moreover, through an
example, it will be shown that the observer proposed in this paper can render the observation
error converging much more quickly than that in (Li et al. 2011) although the amplitude of the




observation error curve is a bit greater.

The rest of the paper is organized as follows. Some previous results are reviewed in section 2.
Then in section 3, our main result, a global finite-time observer with a new gain update law is
designed for system (2) under condition (3) with a detailed proof. An example is given in section
4, highlighting the performance of the proposed observer and some comparisons are made with
the results in (Li et al. 2011). Then the paper is concluded in section 5. Finally, the proofs of
two useful lemmas are included in the Appendix.

2 PREVIOUS RESULTS

Before we consider the global finite-time observer for system (2) with condition (3), let us recall
some previous results for nonlinear system(2) with condition (3) where the rational powers
satisfying 2 j+1 < 52] ji (2 < j < i < n) (where ¢ > n is a positive real number) in (Shen
and Xia 2010) and 2= < f§;; < ;757 (2<j < i< n) in (Li et al. 2011), respectively.

For nonlinear System (2), earher (Shen and Xia 2010) presents a semi-global finite-time ob-
server of the following form:

j- = +La1[elja1+f1(ya )7
Ty = &3+ L%az[e1]* + fo(y, &2, u),

iy = L"a,, [e1]% + fuly, oy ..., Tn,u),
with the observer gain L being dynamically updated by
L =—Ller(L'™7 = p2) — 3% (u,y, 2)], L(0) > o2, (5)

where 1, p2 > 1, 3 are three positive real numbers, ¥(u,y, &) = I'(u,y)(1 + >27_, [#;]%), and

a; >0 (i =1,...,n) are the coefficients of the Hurwitz polynomial

"4 ars" L ap_1s + an, (6)
and

a=ia—(i—1),i=1,...,n, (7)
where o € (1 — ﬁ, 1), and the rational power (3;; satisfy = J+1 <Bij <+ 2<j<i<n)

(where ¢ > n is a positive real number).

Then, based on the same gain update law (5), a kind of global finite-time observers with two
homogeneous terms (Li et al. 2011) with different degrees (one less than 1 and the other greater
than 1) are constructed for nonlinear system (2) with condition (3) where the rational powers
satisfying 27 < 05 < 5 (2 <j <i<n)as follows

21 = @9+ Lag[eq ] + LI r=D0=m0g, [ey |01 + f1(y, u),
To = @3+ L2agfer | + L2 D= qy[eq |52 4 fo(y, Go, ),

i, = L'y, [e1]* + L= (Ba=1)(A=mag [eljﬁn + fuly,Tay ..., Tp,u),

where 3; =i — (i—1), (i=0,1,...,n), B3>1E2 0<n<l-a<l.
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3 MAIN RESULT

The purpose of this paper is try to design a global finite-time observer with a new gain update
law for the nonlinear system (2) with condition (3) where the rational powers satisfying ;=7 <
Bij < 3%1 (2 < j <i<n). Before we give our result, let us introduce a useful lemma first.

The rational power ;; (2 < j < i <n) in (3) satisfy the following condition.

Lemma 3.1:  For f3;; (2 <j <i<mn) given in (3), 1 — % < a <1, if B > #‘il, we have
a—1-— aj—lﬁij + a1 < 0.
Proof The proof of Lemma 3.1 is in the Appendix. O

In the following, we will prove that the observer of the form (4) with the following dynamic
gain

L=—Lipi(L'™ — 2) — p30(u,y, 2) — paL' 2 |y — &1 [™ — 05U (u,y,2) [y — 21|™],  (9)

L(0) > ¢ is a global finite-time observer for nonlinear system (2) with condition (3), where
Y1, w2 > 1, w3, 4, @5 are five positive numbers, m is a positive number satisfying

m > max{a;_16;; —a;-1, 1}, 2 <j <i <n, (10)
U (u,y, ) is the same as that in (5).

For the gain update law L(¢) in (9), we have the following result.

Lemma 3.2:  For the observer gain L(t) in (9), there exists M > 0 such that L(t) < M, t €
[0,T], VT € (0,00).

Proof The proof is simple, thus omitted here. O
The dynamics of the observation error e = z — & is given by
é1 = ey — Lag [eljal,

o = ez — L2az[e1 | + fo,

(11)
én = —L"ay [elJan + fna

Where .]EQ = f?(ya X2, U) _fz(y7‘%27u)) sy fn = fn(y7 T2y ... 7xn’u) _fn(y7*%27 L )j}nu u) Consider
the change of coordinates

€q
€= Ticivoo

where 0 < 0 < 1 will be given later. Then (11) can be expressed as

€1 = Leg — L(a1_1)0+1a1 fEljal — %0'61, }

€9 = L53 — L(01271)U+1a2[61Ja2 _ %(U‘i‘ 1)82 + %7

En = _L(anil)odrlan [Eljan - %(n -1+ U)ffn + Lné’ﬁn’.

Before we prove the global finite-time stability of the error system (12), let us investigate some



properties of the following homogeneous nonlinear system

€y = Leg — L(ea=Dotlg e o2
[e1] (13)

€y = —Llen—Notlg o) |on,

First, for system (13), suitably choose a; (1 < i < n) such that there exists PT = P > 0
satisfying

ATP+ PA< —1I, hyI < DiP+ PD; < hol, (14)
—a1 1...0
where hi, he > 0 are real constants, D, = diag{o,1+4o0,...,n— 140}, A= —CL.n_l 0" ' "1
—a, 0...0

The following lemma gives a new homogeneous Lyapunov function. Under this Lyapunov
function and condition (14), we will see that system (13) is finite-time stable.

Lemma 3.3: For system (13), construct the following homogeneous function

Vie) = { Jo wmxeV)(ver, v™ez, ... v ten)dv, € € R\ {0}, (15)
0, e=0,
where V(e) = eTPe, P, Dy are given in (14), ¢ > 0 is an integer, x(s) =

0, s € (—o0,1]

2(s—1)%, se(1,3)

1-2(s—2)?%, s€[3,2)

1, s € [2,00)

(i) V(e) is a positive definite function homogeneous of degree q with respect to the weights
{ai—1}1<i<n- V() is called a q h-Lyapunov function of V(g) w.r.t. x, L, (g, a1, .+ ., Qp—1).

(ii) There exist ¢1, ca > 0 such that

, x(s) € C'"(R,R). Then

av(e)T

01V(5) < 9

D1€ < CQV(E). (16)

(le) Ifq > max{ai}ggign_l +1, d‘[/h(f)

. is C' on R™, then there exists a c3 > 0 such that

av
() < —esL'V (e)?, (17)
where v = %.
Proof We give a direct and detailed proof of the lemma in the Appendix. O

Based on Lemma 3.1, Lemma 3.2 and Lemma 3.3, our main result with explicit proof is given
in the following.

Theorem 3.4: If nf;frl < Bij < ]%1 (2 <j<i<mn), then for any 1 —% < «a < 1, there
exist o; >0 (1 <1 <6) and 0 < o < 1 such that the system (4) with dynamic high gain (9) is

a global finite-time observer for nonlinear system (2) with condition (3).
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Proof

Under the condition that 1 — 2 < a <1, a; (1 <i < n) satisfying (14), 0 < o < 1 (which will
be given later), we will use the homogeneous Lyapunov function V(¢) as defined in Lemma 3.3
to derive the global finite-time stability.

For all e € R™, calculating the derivative of the Lyapunov function V' (g) defined in (15) along
the solution of system (12), from Lemma 3.3, we have

d‘;(f) < —c3 L'V (€)Y + cop1 (L7 — )V (e) — crp3¥(u, y, £)V (€)
(12)
1+(m—2)o m mo m 8V(€)T
—c1pa L ler|™V (e) — c1o5s L™ W (u, y, 2)|e1| "V (€) + 5 1 (18)

V() & _ N~V i "avie)| 1
Pl = Ji | | )
de i=2 g Limtto| = i=2 Oe; LZ_H‘U (v, y, 2 Z |z — 5] +1 Z
. 1B n_ i R £ oV (e i1t
|lz; — &;]P9) < ZZ\II(u,y,g:) 8<)‘ B +ZZZ ;[P LU=1+0)Bi—(i=1+0)
=2 j=2 =2 j=2

<A (2<j<i<n).

If 5;; < j%l, there exist a o1 > 0 such that 3;; < T=itor

Choose 0 < o < g1, then we get

i—O’l .
J—I+o:> Yi
L(j_1+o')/61j_(i_1+o-) <L1_20.

Then, by Lemma 4.2 in (Bhat and Bernstein 2005), we have

8 n o1
Z ‘ ( ) ‘—i—lLl QJZZ a
=2 1=2 j=2 €i
n J q-oj_g1taj_1 q a; 1+C¥J 185
< k10 (u,y, 1) Vie) + kol LY~ QUZZV , (19)
i=2 j=2 i=2 j=2

ﬁij .

where k1 = maxg.y(;)-1} ‘832(5 )‘ 251, k2 = max gy (-1 ‘835 )‘ |25

Then, for § > 0, define B; 2 {e: V() <0}, Ps=A{e:|e1] < d}. Let @ = {ec:(0,e2,...,en) €
The proof is divided into two parts: e € R" \ Q and ¢ € Q, where part I consists of two
small parts ee€ B \Qand e € (R"\ By) \ Q , respectively. When ¢ € By \ 2, we can get

d‘ih(f) 12 ) —1c3L'=V (€)?. Then we have %ﬁe) 12 < —c3L'79V (e)Y for e € (R™\ By) \ .
Thus, we obtain d‘;ge) < 1LV (g)7 for all ¢ € R™\ Q. Then when € € €, it can

12
be verified that the norg—ti"ivial solution of system (12) can only pass through 2 finite times.
Thus, from the combination of these two parts, we obtain the global finite-time stability of error
system (12).
Part I:



1. When ¢ € By \ Q, from (18) and (19), we have

dV (e)
dt

< =3 L'V ()Y + capr (L7 — 02)V () — 130 (u, y, 2)V (¢)
(12)
—c1pa L2y MY () — o5 LMW (u, y, ) |61 |V (€)

q+B

+En? U (u,y, 2)V(e) + kon?lL1 "2V (e) (20)

where 8 = mina<j<i<n{c;-18;; — @;—1}. From Lemma 3.1, we can derive v < #, then, there
exist dyi1, d21, d31 > 0 such that when 1 < di1, w2 > do1, @3 > d31 we have

dV (e)
dt

1
< —Ze3L'OV (€)Y — coprpaV (€) — c1oa LM T2 ey Y (£)

(12)

1
—c1ps LW (u, y, 2)[er "V (€) < —5esLTV (), (21)

1
2 > 2
where di; = &, do; = (73’“2" Z) , d31 = L

3C2 ’ C3 C1 ’

2. When € € (R"\ By) \ £, from (18) and (19), we can derive

dV (e)
dt

< —03L1_"V(£)7 + Cle(Ll_" — )V (e) — c1p3¥(u,y, 2)V(e)
(12)
—c1pa LTI ey MY (€) — 15 LMW (u, y, #)] 1|V (€)

9—an—1+1 a+B

+En?U(u,y, 2)V(e) + kon?ILY 27V (e) v, (22)

where B = maX2§j§iSn{aj_1ﬂij — Ozi_l}. o
Let G = {z : V(2) = 1}. For any ¢ € (R"\ B1) \ Q, there exist § > 0 and X such that

e = (Ae§, el X1 T = diag{\, A, .. )0 20 = (ed,...,e0)T € G\ Ps. Then
we have

m+q
1™V (€) = ATV (%) = A = Vi(e) o ||,
Because |9|™ > min.eg\p, [e1|™ = 0™, then we can get the following inequality

m—4q

le1|™V(e) > 6"V (e) « , e € (R"\ By1)\ Q. (23)

Thus, from (22) and (23), we obtain

dV (e)
dt

< —cs L'V (€)Y + capr (L7 — 02)V (€) — c13¥ (u, y, 2)V (€)
(12)

—c1pg LT M=o gmy (&) = c1os LU (u, y, )0V (€) B
g—ap_1+1

+hin® U (u,y, )V (e) @ + kan® L'V (e)

=

at
a .

(24)

Because m > max{o;_10;; — a1, 1} (2 < j <i <mn), we can get [it(m=2)o > [l-0 Thep,
there exist d41, ds1 > 0 such that ¢4 > %cpl holds when ¢4 > d41, @5 > ds1. Thus, for
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e € (R"\ By)\ Q, we have

dV (e)

o < —c;;Llf"V(a)“Y — 12V (€) — cr3¥ (u, y, )V (e) < —63L17”V(E)7, (25)
(12)

2kon?l 2 kin?
where dq1 = max{ I 3clc§m}7 ds1 = 5

Finally, from (21) and (25), by combining part 1 and 2, we get that the following inequality

dV (e)
dt |

1
< —Ze3L'OV(e), (26)

holds for e € R™ \ Q.

Part II:

When € € Q, let e(t,tg,e09) denote a non-trivial solution of system (12). In the following, we
will verify that there does not exist such to > t1 > to that e(t,tg, o) stays on £ in the interval
(t1,t2). We will prove it using a contradiction argument. Suppose there exists such interval that
e(t,to,€0) can stay on Q. From the first equation of system (12), we can derive e2 = 0 on (1, t2).
Then, from the second equation, we can obtain €3 = 0 on (t1,t2). Then following the same steps,
we have ¢; =0 (2 < i < n) on (t1,t2), which is a contradiction. Thus, e(t,tp,£9) can only pass
through Q. Let ¢ denote the time when £(t, tp, c0) passes through Q. From (26), we have

dV (e)
dt

1 1
V()™ < —503L1*U < —5(;3@;-0. (27)

(12)

Integrate both sides of (27), we have

n trit 1 1 trt1
Vie)7dV(e) < —03902_"/ dt,
t 3 t
k=1"tx Kk
ie.,
et ) € V()T Lol (tgs — 1) (28)
1 n+1 =15 1 363%2 n+l — t1).

Here, we still use the contradiction argument to prove that {¢;} is a finite sequence. If {t}
is not a finite sequence, then we have t, — +o0o as n — +oo. And we can get that the
left side of (28) approaches to zero while the right side of (28) approaches to —oo, which is a
contradiction. Thus, {¢;} is a finite sequence. Therefore, there exists a 77 such that (26) holds
for all e € R™ (t > T7).

Thus, from Theorem 4.2 in (Bhat and Bernstein 2000) and by combining part I and part

I, we get the global finite-time convergence of the observation error ¢; (i = 1,...,n). The
settling time T'(e%) is T(e¥) < WV@O)I_W + T4, where t( is the initial time, ¥ =
(e(l), %, . szi;?q“)T is the initial state. Then from Lemma 3.2, we get 1% < 75 = & =

0 when t > T(e?)+Ty (1 <i < n), i.e., the system (4) with update gain (9) is a global finite-time
observer for system (2) with condition (3).
This completes the proof. O



4 EXAMPLE

Example 1 Consider the same nonlinear system as in (Li et al. 2011)

i‘l = X2,

L 1.4

To = —1.5x2 — 5" — 71,
Yy =x,

where the following nonlinear condition holds: |(—1.5z3 — z34 — 1) — (=1.532 — 23* — 21)| <
(1.541.4|22|%%) |29 — Z2| + |12 — #2|'*. Following the results in (Li et al. 2011), a global finite-time
observer is designed as

11 = @9+ 4Ly — &1]® + 4L BNy 518
By = 3L [y — a2 4+ 3LP2O NI [y — gy [P0 — 15y — 3t —y, (29)
L = —L[SOl(Ll—U — <,02) — ¢3(1.5 4 1.4|£2|0.4)]’

while the global finite-time observer designed in this paper is as follows

Iy = &9 +AL[y — 21]°,

To = 3L2[y — &1 )21 — 1.549 — &34 — g,

L = —L[(pl(Llfa — @2) — @3(1.5 + 1.4‘@'2’0‘4) — (,04[11720‘1'1 — I 2
—@5(1.5 + 1.4|@2‘0'4)’x1 - f)l‘z].

(30)

In order to illustrate the performance of systems (29) and (30) more clearly, several figures
are given under the following three different initial conditions and parameters.

Condition I

Parameters: o = 0.95, 3 = 10°, ¢ = 0.01, n =0.01, o1 =01, p2 =12, 3 =0.2, @4 =
500, 5 = 400. The initial values: z1(0) = 0.2, z2(0) = 0.3, £1(0) = 0.1, Z2(0) = 0.4, L(0) = 1.5.

Condition II

Parameters: o = 0.8, 3 = 10%, 0 = 0.001, n = 0.1, ;1 = 0.01, o =1, 3 =1, g = 20, 5 =
30. The initial values: z1(0) =2, 22(0) =5, 21(0) =3, #2(0) =1, L(0) = 1.5.

Condition ITII

Parameters: o = 0.8, 8 =10%, 0 = 0.001, n =0.1, ;1 = 0.01, o =1, Y3 =1, @4 = 20, Y5 =
30. The initial values: z1(0) =2, 22(0) =5, 21(0) =3, #2(0) =1, L(0) = 10.

From the simulations (with uniform random number noise added to the observers) as shown
in Figure 1, we can see that the change of different parameters as well as the initial values of
the states and the high gain L do have some effect on the convergence of the observation error
system. However, it is very clear that no matter under which case, the new global finite-time
observer (30) proposed by this paper can render the error systems converge more quickly while
it is a bit more noise-sensitive than the one (29) designed previously.

5 CONCLUSION

A global finite-time observer was designed for a class of nonlinear systems with rational pow-
ers imposed on the incremental nonlinear terms. Compared with the previous global finite-time
results, the observer was given with a new gain update law where the term |y — #1|™ is intro-
duced. Through an example, we showed that the observer proposed in this paper can reduce the
convergence time of the observation error.
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Appendix A: Proofs of Lemma 3.1 and Lemma 3.3

A.1 Proof of Lemma 3.1

Proof
To prove o — 1 — aj_13;; + a;—1 < 0 is equivalent to prove §;; >
o ta—(i—1)

aj—1 — (-Da—(i-2)

- for 2 < j<i <.

j—1

which is strictly increasing with respect to a.

Forl—%<a<1,wehave

Because a < 1, §;; > ﬁ, there exists a € > 0 such that a < ”771“ and 3;; > #:[ﬁ_e
cn—T1+e .
o 7‘T7(Z71) _ n—itie .
Then we get a5 < D= —(j-9) — nojTldjee < Bij.
Thus, the proof is completed. O
A.2 Proof of Lemma 3.3
Proof
: A . _ B _A.._T A T
First,form >0, 0 <o < 1,define Fr = {e:|ey| =7}, Bir={e:e'e <7}, Bir={e:e'e<
- A A - A
7T}, BQJF = {(61,62, .. ,e’:‘n)T : Z?:Z 812 < 7('2}, BQ,ﬂ— = {(81,82, . ,En)T : Z?:Q EZZ < 7T2}, B3,7r,i =
{(e1, L7"0%gy, ... L7001 )T . Z?:Qef < 7%}, Bsri = {(e1, L70%gy, ... L7l0n-1g )T .

et < w2}, Pa = {e:|e1| < 7}, Pr 2 {e:|e1]| <7} and S; £ {e:eTe =7},

The proofs of (i) and (ii) are quite easy. For (i), by change of integration, it can be verified that
V(e) is homogeneous of degree g with respect to the weights {«;}o<i<n—1. From condition (14),
it is also not difficult to derive the inequality (16) in (ii).
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The proof of (iii) is a bit complicated. We will see that the proof is divided into two parts.
The first part is to construct a compact set A (where A will be given later) encircling the origin
where some inequalities are obtained. The compact set is derived by combination of four sets. In

the second part, for any € € R™ \ {0}, the inequality (17) in (iii) is derived through establishing

the relationship between %&5) and % )( , €0 € A by use of the homogeneity theory.

(13) 13)
Part I:

This part is divided into six parts. In the first four parts, we will show that d‘;—f)

satisfies

some inequalities on the following sets Sy N Pr--, (ﬁ(Hm)Lw \73(1_7“)],0) N B3, 2, Fr-ne N
(B11\ B3z, 2) and (Pr-« \ Pr-ne) N (Bsx 2 \ Bs.m 2), separately, where 71 > 0, h > 2 will be
given later. Then in the fifth part, V(&) admits some inequalities for £ belonging to each of these
four sets. Finally, in the sixth part, the compact set A is derived from the combination of these
four sets.

(1) Let Iy be the largest [ > 0 such that maxg,<; MaxX( B, ,\B, } V(vey,...,v%1g,) < 1.

Let I be the smallest [ > 0 such that ming,>; ming .z \5 ,} V(vey,...,v*=1e,) > 2. Then

we have V(e) = llf St (x o V(vey,...,v¥1g,))dv + é, e€Bia\ B, 1. And

dV(E) lo X,(V(’L)El, o 71]04,”,16”)) B
dt ) —QL/Z1 pita K(U,é?l,...,é‘n)d’u, € € 8172\817%, (Al)
where
T T
0 /Ualg ve -
v¥ey : i 01 v¥ey — ar LD [yeq |0
K(U,€1,...,6n): . P a, + . P
N v n—lg : -
VOn-1g, 0 " 0 —anL(O‘" 1o [U61Ja"
0 T
vMey —ay L= Do [yey |

+ ) P : : (A.2)
v¥n-ig, —ap L7 [y |
When ¢ € S N Pr-, from (A.1) and (A.2), there exists L1 > 2 such that when L > L;,

av ! . = =
we have dEE) <-£ iIn LS g2y (V(vey, . .., v 1ey))dv, € € St NPp-«, where

(13)
a* = max(j<i<n} i p= maX{léi, j<n} ’PZ]’7 B
And clearly, we have (S; NPy) C (St NPr--) C (81 NPa-+). Let I3 be the largest I > 0

such that max(, <y max, s 5, V(ve,...,v%1g,) < 1. Let Iy be the smallest [ > 0 such that

ming, > min{aeslmfo} Vve,...,v%1g,) > 2. It is not difficult to get I3 > Iy, Iy < ls. Then we
have
dv _
O g, cesinp, ., (A.3)
where di = %min{aeslmﬁrg} fll: vqﬂa Py v2°"'*15§x’(f/(v51, co v e ))dv.

(2) Because a1 P;; > 0, from (A.1) and (A.2), there exist m; € (0,1) such that for ¢ €
(Pitm, \ Pi—r,) N B3 x, 1, we have d‘;(f)‘ < —L'=° fllf %X'(V(iv, 0,...,0))dv.

(13)
d‘;(f) 3 is homogeneous of degree ¢+« — 1 with respect to the weights {a; }o<i<n—1,

Because




< —dngf(qua)U, €€ (f(ler)L*” \,P(lfm)L*”) N E&th, (A.4)
(13)

where dy = fll"’ aPuv T (T (40,0, ,0))dv. )
(3) Let I5 be the largest [ > 0 such that max,<y MAX( B (B \Bsr o)} V(vey,... 0% 1

en) < 1. And let lg be the smallest such [ > 0 such that ming,>p; min{aef(1+ oo N(Br \Bs 1, 2)}

V(ver,...,v*e,) > 2. Then, for & € Ppuimyr-+ N (Bi1 \ Bynr2), we

have V(e) = ll: vq%(X o V(ver,...,v% tep))dv + ﬁ and d\gge) (13) B

2L fll6 vqlm X' (V(ver,...,v%1e,))K(v,e1,...,6n)dv.

~Anfi for any ¢ € f(1+7r1)L_g N (Bi1 \ Bsax,2), there exists L > 1 such that ¢ =
(Lo(LoL=9e)), Lo [2mogy, . fonmo 200 VT o) <147y, 37,62 = 2.

Then, for any ¢ € }"L ho (8171 \Bgm—h ), there exists h1 > 2 such that when h > hq, we have

B

Moreover, for any & € Fp-n N (Bi1 \ B3 2), let lz(e) and Is(e) be such that 2 <
V(ver,...,v%1g,) < I when I7(c) < I < lg(e) (without loss of generality, it is as-
sumed that 0 < l7(e) < Ig(e)). Note that from the definition of x(s), 1 < x/(s) < 2 for
% < 5 < Z. Then, there exists ho > 2 such that when h > hs we can get d‘ih(f) a3

ls(e) X0, L2ei—10 [—di1og200 12 5L Is(e)a+ea—1—[,(g)a+a—1 s
£ l78(5) prEas d'U < _165\(114-04—1) l7(€)q+a71ls(€)q+a71 5 Where )\ == )\maX(P)
It is clear that {z : TPz = 2} n{z : TPz = I} = 0, thus, we can de-

q+a—1 qgta—1
rive My < Y0 (z} v — 22 -1)% where M; > 0 is a positive real number, 2! =
(z%,...,zn)T € {z : 2Pz = I} and 2? = (z%,...,zn)T € {z : 2Pz = 2}. Because

(Is(e) Lo (L7 L=hey), Ig(e) Lo L2010y . Ig(e)n-1 [on-10 [ 2010 VT € {3 : ;TPz =
1Y and (I7(e) L (L0 L™"7¢y), Iz (€)™ Lo [=201%g, . I7(g)on1 [on10 [“2ana0e YT ¢ {5

2Pz =2}, we can get My < LAa+a—Dop—dlata—l)o(j(g)ataml [ (g)ara—ly2(3°0 o @0 4

2 2
1), Z?:QQ =Ty
Because {z : 1 < 2z'Pz < 2} is a bounded compact set, then, there exist
2(g+a—1)

My, Mz > 0 such that My < Y7,z "' < M, z € {z : 1 < 2Pz < 2},
And it is not difficult to see that there exist & € Py~ N (Bi1 \ Bsnr,2) such
that (I;(e)L7(L7L™"e)), 1;(e) Lo L209¢g) . Li(e)*n—1 Lon10 [~20m10)T e (5 1] <
TPy < 2},‘2 j = 7,8 And My > LAate-lop—4ata—lop (o)2Aata-l)§mn sﬂ%) j =
7,8, Yyl =ni.
Then we can get Ig(e)7* ! = I7(e)7* 1 > mingoyon 2o r2y \/ LAt DM and
LaGate-no(Tn e, 70 +1)

2(gt+a—1)

. [2(@tra—1o S n o Y-l )

lj(g)q% >ming.yn c2op2) \/ L4(q+ai§2f](43 , j = 17,8. Therefore, we have
dv (e - .
d( )| - —pt2ateoplate=og, o e Fr oo 0 (B \ Bar, o), (A.5)
t s
M
5\/72L 2 1 tit

where dg = mingeyy | c2—nz) TRy

16X\ (g+a—1)M. \/E " e Tt
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(4) Fourthly, when e € (Pr-o \ Pr-n) N (B3, 2 \ Bsr2), because for any &' =
(e1:€bs--sen)t € (Pr-o \ Pp-ne) N (Bam 2 \ Bar,2) and any & = (£L7%,e3,...,6,)" €
Fr-- N Bz 2\ B3nr 2), we have et — 2|3 < 4L7%.

Because of the continuity of d‘;(f) 3 on € € R™, we derive

VE)|

7t 5 L1 (ata)o <0, g€ (fL—a \PL*ha) N (3377&,2 \83’771,2). (Aﬁ)
(13)

(5) From (A.3), we can select L > maxyj<;<o1{2, L;} such that
V() >d,”, e€e SiNPL-y, (A.7)
where dy = maxyn 2y V(e).

When ¢ € Frp-- N Bgm,g, we can have V(£L77,L 2%, . .  L[72%-19g)) =
L7V (£1, L™ %y,..., L7 %¢,) < d5L797, where d5 = maxyn 2cq2 V(£ e2,...,6p).
Then, we get

V(e)™ >dy LY e e Froo N Bag, o (A.8)

When ¢ € Fpno N (By1\ B3, 2), by use of homogeneity property, we have V(+L?L~7L~"7,
Lmop-2mog,  [anio[2emn0gy = [0~V (+[ L0207 ¢ o) < dgL97L%0,

where dg = max.,|<1, 27 c2<q2 V(€1,€2,...,6,). Then the following inequality holds:
V(e)™ > dg rolate-olatea=l) "o e 7/ o 0 (Bra \ Bam2)- (A.9)
When ¢ € (Pr-« \ Pr-n) N (Bsmz \ Bsm2), we can get

V(£ L~ (Hh=1)s)o [ =20m0g, [ 720maa0g ) = [700) (£ [~(h-Dso [monog, [manog ) <
deL—9, where 0 < s < 1. Therefore, we get

V(é)_v > dg'YL((’H—a_l)a, €€ (foa \PL*ha) N (Eg,ﬂ-l,z \ 83,7,172). (A.lO)

(6) Thus, from the above inequalities (A.3), (A.7); (A.4), (A.8); (A.5), (A.9)
and (A.6), (A.10), we can obtain a compact set which encircles the origin and is shown in
the following

A é (81 ﬂfL—ho) U (}-L—" ﬂgg,mg) U (FL*ho N (Bl,l \83’“,2)) U ((fL—a \’Ptha)
(B3 .2 \ B3, 2));

and

dV (e)
dt

V()" < —c3L'77, e € A, (A.11)
(13)

where ¢z = min{did, ", dad; ", dsdg ", dﬂéﬁﬂ} > 0.

Part II: Because V(g) and d‘ih(f)

3 are homogeneous of degrees ¢ and ¢+ « — 1 with respect

to the weights {a;}o<i<n—1, for any ¢ € R"™ \ {0}, there exist vg > 0 and €° € A such that

n d —1d 0
)T = (vl ..., 5" el VO = qgtert V) ang
(13) (13)

e=(e1,...,6n )T Moreover, we have
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V(e) = vV (£%). Then, from (A.11), we derive

V(ED)™TT <~V (e)TY, e e RM\ {0}.  (A.12)

This completes the proof.
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