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We present a novel method to compute componentwise ultimate bounds and invariant regions for a class of switching
discrete-time linear systems with perturbation bounds that may depend nonlinearly on a delayed state. The method has the
important advantage that it allows each component of the perturbation vector to have‘an independent bound and that the
bounds and sets obtained are also given componentwise. This componentwise method does not employ a standard norm for
bounding either the perturbation or state vectors, and thus may avoid conservativeness due to different perturbation or state
vector components having substantially different bounds. We also establish the relationship between the class of switching
linear systems to which the proposed method can be applied and thosethat admit.a common quadratic Lyapunov function.
We illustrate the application of our method via numerical examples; including the fault tolerance analysis of the feedback

control of a winding machine.

Keywords: switching systems; ultimate bounds; invariant sets; componentwise methods; practical stability; fault tolerant

control

1. Introduction

Switched systems are systems whose dynamics change be-
tween a finite number of individual dynamics according
to a switching rule. The stability of switched systems.is.a
topic of current research interest (see, e.g. Liberzon, 2003;
Lin & Antsaklis, 2009; Margaliot, 2006). A particular type
of problem is that of stability under ‘arbitrary switching’,
which refers to problems where the stability.properties,of
interest hold for every possible switching signal. Switched
systems undergoing arbitrary switching are referred to as
switching systems. In the present paper, we will focus on
a specific class of switching systems, and we consider the
‘practical stability’ problem of analysing the existence and
computation of invariant sets'and ultimate bounds for the
system-state trajectories. This type of stability is important
in every practical setting where non-vanishing perturba-
tions may act on the system'(Khalil, 2002, Chapter 9). The
class of discrete-time switching systems considered is that
having a switching linear nominal (unperturbed) system for
which a matrix constructed fromrthe subsystems’ 4 matri-
ces is Schur stable, affected by perturbations that may be
non-vanishing and depend nonlinearly on a delayed state.
Standard methods for the computation of bounds and in-
variant sets make use of Lyapunov functions (Khalil, 2002).
Lyapunov function-based methods are very powerful and
widely applicable, although finding a suitable Lyapunov
function is a difficult problem in general. When the nomi-
nal system is linear, however, a quadratic Lyapunov function

can easily be computed as the solution to a Lyapunov
equation. Likewise, for switching systems with a switching
linear nominal system, a quadratic Lyapunov function com-
mon to all linear subsystems can be computed via linear
matrix inequalities (LMlIs) in case one exists (see, e.g. Lin
& Antsaklis, 2009, and the references therein). State bounds
computed by means of a quadratic Lyapunov function are
given as a bound on the norm, typically the 2-norm, of the
state vector and usually require a bound on the norm of the
perturbation vector. Substantial conservativeness may thus
be introduced since the information on the different bounds
for each component of the perturbation vector is lost when
taking its norm; in addition, the bounds corresponding to
different components of the state vector may be largely
dissimilar and hence its 2-norm will not yield tight bounds.

In this paper, we propose a methodology based on
componentwise analysis which differs from the one just
described in that the use of either a norm of the state or a
Lyapunov function can be avoided. Moreover, this com-
ponentwise methodology can be easily combined with
Lyapunov analysis, and/or other methods, such as those
based on set-theoretic tools (Ghaemi, Kolmanovsky, &
Sun, 2011; Olaru, De Dond, Seron, & Stoican, 2010), in
order to possibly improve on the results of either method
applied individually. The current paper builds upon and
extends to discrete-time switching systems with delayed
state-dependent perturbations previous results of Kofman,
Haimovich, and Seron (2007); Kofman, Seron, and
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Haimovich (2008); Haimovich and Seron (2009, 2010),
and it contains the discrete-time counterpart to Haimovich
and Seron (2013). In our initial work (Kofman et al., 2007),
a method to compute componentwise ultimate bounds
for perturbed (non-switching) linear systems is given for
perturbation bounds that may depend nonlinearly on the
system state. The case of perturbation bounds that have
affine dependence on a delayed system state is treated in
Section 3 of Kofman et al. (2008), where a sufficient con-
dition for practical stability is also provided. In Haimovich
and Seron (2009, 2010), a method to derive componentwise
transient and ultimate bounds was proposed for a class
of switching linear systems with constant perturbation
bounds. It was shown in Haimovich and Seron (2009,
2010) that the proposed method can be applied when the
switching linear system is close to being simultaneously
triangularisable (see Definition 2.4 in Section 2.3 for the
definition of simultaneous triangularisation). In such a
case, a common quadratic Lyapunov function (CQLF)
exists for the switching system. However, the precise
relationship between the class of switching linear systems
to which the proposed method can be applied and those
that admit a CQLF was left as an open question.

The present paper derives results analogous to those of
Haimovich and Seron (2013) but for discrete-time systems,
and hence its main contribution is to extend the aforemen=
tioned previous results (Haimovich & Seron, 2009, 2010;
Kofman et al., 2007, 2008) by providing ultimate bounds
and invariant regions based on componentwise analysis for
a class of discrete-time switching linear systems with per-
turbation bounds that may depend nonlinearly on a de-
layed state. This kind of setting can describe, for exam-
ple, switching linear systems with uncertainty inithe state
evolution matrix, switching linear systems with an uncer-
tain time delay and, more generally, switching nonlinear
systems expressed as their switching linear.approximation
perturbed by an additive disturbanee with a bound depend-
ing nonlinearly on the system state. Avsecond contribution
of the current papers to show: that the class of discrete-
time switching linear systems to which our componentwise
bound and invariant,set method can be applied is strictly
contained in the class of switching linear systems that ad-
mit a CQLF, although the switching linear system need not
be close to simultaneously triangularisable. This relation-
ship between the class of systems considered and those that
admit a CQLF was actually reported in Mori, Mori, and
Kuroe (2001) but the proof was not given. Moreover, our
method yields one admissible CQLF. In addition, both the
componentwise method and the Lyapunov technique can be
combined to obtain tighter bounds than could be obtained
by either methodology applied individually. Some of the re-
sults in the current paper have been presented in Haimovich
and Seron (2011a, 2011b).

The remainder of the paper proceeds as follows. We
conclude this introductory section with a notation summary.

Section 2 motivates and presents the problem formulation,
together with some preliminary definitions and properties.
Section 3 contains the main results of the paper, and is or-
ganised into three subsections presenting, respectively, the
new results for the case of nonlinear perturbation bounds,
the connection between the latter results and the existence
of'a CQLF and the new results for the special case of affine
perturbation bounds, including the connection with CQLF
when no delay is present. Section 4dllustrates the results by
means of academic numerical examples. Application of our
results to the analysis of fault tolerance of a real winding
machine control systemnis provided.in Section 5. Conclu-
sions and directions for future work are given in Section 6.
To ease readability, some of the,proofs are provided in the
Appendix.

Notation. Z, Rand C denote the sets of integer, real and
complex_numbers, respectively, and 0 denotes the zero
scalar, vector ormatrix, depending on the context. R and
R4 denote the positive and non-negative real numbers, re-
spectively, and similarly for Z, and Z. If M is a matrix,
then M’ denotes its transpose, M* its conjugate transpose
and |M)] is the matrix whose entries are the magnitude of
the corresponding entries in M. If P is a square matrix, then
p(P) denotes its spectral radius, and P > 0 (P < 0) means
that P is positive (negative) definite. If x(¢) is a vector-valued
function, then lim sup,_, .o x(f) denotes the vector obtained
by taking lim sup;_, o, of each component of x(). Similarly,
‘lim’ and ‘max’ denote componentwise operations on a
vector or a matrix. The expression x < y (x < y) denotes the
set of componentwise inequalities x; < y; (x; < y;) between
the elements of the real vectors x and y, and similarly for
X >y (x > y) and in the case when x and y are matrices. If
T:Ri,—> R, thenT * denotes the iteration of 7, that is
the maps defined by 7" (x) = T(x) and T** (x) = T(T *(x)).
The index set {1, 2,..., N} is denoted N and i denotes
/—1. Employing this notation, note that P > 0 means that
every entry of P is positive and P > 0 that P is positive
definite.

2. Problem formulation

In this section, we formulate the problem to be addressed.
We begin by motivating the setting considered with an ex-
ample of a real system. The example also illustrates the
applicability of ultimate bounds and invariant sets in fault
detection and fault tolerant control; see also Stoican, Olaru,
Seron, and De Dona (2010), Olaru et al. (2010) and Seron
and De Dona (2010).

2.1 Motivating example

Consider the winding machine application presented
in Noura, Theilliol, Ponsart, and Chamseddine (2009,
Chapter 3), consisting of three reels driven by direct cur-
rent motors: the unwinding reel motor A, the traction reel
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motor M, and the rewinding reel motor M3. The state x £
(', ¥%, x*) = (T}, Q,, T3) of the system consists of the
strip tensions between the reels (77 and 73) and the angular
velocity €2, of motor M. The control input u = (11, Us, I3)
consists of the current set points (/; and /3) of local torque
controllers used for motors M| and M3 and the input volt-
age U, of motor M,. The nominal linearised (incremental)
model around the operating point x, ug, discretised with a
sampling period ¢, has the form (Noura et al., 2009)

x(t + 1) = Agx(t) + Bou(t), (1)

where x() € R® and u(t) € R®. Suppose that a state-
feedback controller u(f) = Kyx(f) has been designed for
the above system (e.g. to achieve some desired closed-loop
performance specifications), but the states are measured via
sensors that can be prone to errors. Hence, the actual control
applied to the system has the form,

u(t) = Ko(x(1) + w(r)), 2)

where w(t) € R* models sensor measurement errors. In
addition to sensor measurement errors, we consider the
possible occurrence, at arbitrary times, of outages of any
one of the actuators, so that the system models (1) and(2)
are modified as

x(t 4+ 1) = Aox(t) + By u(t)
= (A¢ + Bo(nKo)x(t) + Bo(n Kow(t) (3)

= Asyx(t) + Ho(yw(2), “4)

where o(f) € {1, 2, 3, 4}, B4 = By is the ‘fault-free’ input
matrix, and each B;, i = 1, 2, 3, models the outage of'the ith
actuator and is obtained from By, by setting to.zero its ith
column. Considering, for example, that the measurement
of x! is affected by drift, that of x> by bounded noise and
that of x> by an uncompensated sinusoidal nonlinearity, the
sensor measurement error vector w(¢) is assumed to have
the componentwise bound,

alx' (1)l
lw(®)| < v , %)
Bl sinx?(1)|

where «, § and v are some positive real numbers. Note that
Equations (4) and (5) constitute a discrete-time switching
linear system with a perturbation having a componentwise
bound that depends nonlinearly on the system state. The
setting that we consider in the current paper corresponds to
a slight extension of that motivated by this example. This
example will be revisited in Section 5, where we will apply
the tools developed in the current paper to the analysis of

the tolerance of the winding machine control to faults in
the actuators.

2.2 Problem statement

We consider switching discrete-time perturbed systems of
the form,

xt+1) = Aa(l)x(t) + Ho‘([)wg([)(t), (6)

where x(t) e R" is the system state, o(t)e N £
{1,2,..., N} is the switching function, A; € R"*", H; €
R™ki for i € N and the perturbation vectors w;(t) € R
satisfy the componentwise bound,

|w;(¢)] < 8i(6(¢)) forallr >0, fori € N, (7)

with continuous bounding functions §; : R ;) — Rlio and
0(1) € R, defined as

o) = (max_|x(7)], ®)

where 70> 0 and the maximum is taken componentwise.
Note that for each i € N, Equation (7) expresses a bound
for each one of the k; components of the perturbation vector
w;(?), and that the maximum in Equation (8) denotes a
componentwise operation.

The settings (6)—(8) extend the setting motivated by
Equations (4) and (5) in the following two directions: (1)
it allows the dimension of the perturbation vector to be
different for every switching mode of the system (hence
this vector is denoted w((f) and not just w(?)) and (2) it
allows the perturbation bound to depend on previous values
of'the state. These two extensions are included because they
require only minor variations in our derivations. In addition,
the settings (6)—(8) can describe, inter alia, the following
situations.

e Uncertainty in the system evolution matrix, where
x(t + 1) = (Ao + Ado(@O)x(?), and [AA;(1)] =
AA;, forallt>0andi € N;; in this case, we can take
H; =1in Equation (6), §;(9) = A A6 in Equation (7),
and T = 0 in Equation (8).

e Uncertain time delays, where w;(f) = Fix(t — t;), and
0 < 7; < Tmax; in this case, we can take §;(0) = |F}|0
in Equation (7), and T = tj, in Equation (8).

e Disturbances with constant bounds: §;(f) = w; in
Equation (7).

e Switching nonlinear systems where x(t+1) =
Jo@((?)); in this case, we may take A; = %(xg),
Hi=1,7=0,0;(0) =max .y <l fi(x) — Aix|.

The problem of interest is to derive transient bounds,
ultimate bounds and invariant sets for switching systems of
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the form (6) with perturbations bounded as in Equations

(7) and (8). This will be addressed in Section 3. In the

next subsection, we give some definitions and preliminary
260 results.

2.3 Definitions and properties

Definition 2.1: A non-negative vector function f : R}, —
RY, is said to be componentwise non-increasing (CNI) if,
whenever x, x; € R}, and x| < x,, then flx1) < flxz).

265 Remark 1: Every continuous function f (R, — RY,
can be overbounded by a continuous CNI function. In par-
ticular, the tightest continuous CNI overbound of f is the
function f : R, — R%, given by

f@x)= max f(y). )

The following two lemmas provide properties of CNI

270 functions that are required throughout the paper. These
results and their proofs appear in Haimovich and Seron
(2013). For the sake of completeness, we include the corre-
sponding proofs in the Appendix at the end of the current

paper.

275 Lemma 2.2: Let f: R, — R, be a continuous CNIL
Junction and suppose that there exists B € R, satisfying

f(B) < B. Then,
(i) for everyk € Zy, f**1(B) = f¥(B) and
Jim ¥ B)y=0b=0. (10)

(i) For every € € R", there exist k = k(¢) € Zy and
280 y = y(€) € R, such that f}f‘(ﬂ) < b+ €, where b
is as in Equation (10) and f, (x) £ )+, Vx €
Rn
+0°

Lemma 2.3: Consider the affine function ¥(x) = Rx +r,
where r € R and R e RIG" is such that p(R) < 1.
285 Then,

(i) The function £ : Ry = R, is CNL
(ii) Forall B € R, limy_. s €(B) = b = £(b), where

b=I—-R)'r (11)
(iii) Foreveryv € RY, there exists B € R, satisfying
LB)+v < B. (12)
(iv) Let f:RY, — R, be a continuous CNI func-

290 tion satisfying f(x) < £(x) for all x € RY,. Let
B € R, be such that Equation (12) holds for some

v e R, and let b be as in Equation (11). Then,
Equation (10) holds and, in addition,

b= lim f5b) < b. (13)

For completeness, we include the following definition.

Definition 2.4: A set of square matrices {4; € C"" : i =
1,2,..., N} is said to be simultaneously triangularisable
if an invertible V € C"*" exists such that V~' 4,V is upper
triangular for all i = 152, .. .4'NV.

3. Bounds and invariant sets

In this section, we present the main results of the paper.
We provide novel transient bounds, ultimate bounds and
invariant sets for a class of discrete-time switching linear
systems with perturbations bounded by a possibly nonlin-
ear function of a delayed state. We also establish the link
between the applicability of the proposed results and that
of the CQLF.

3.1 Delayed state-dependent perturbation bounds

In this section, we consider system (6) with perturbation
bound of the forms (7) and (8), where the bounding func-
tions §; are CNI satisfying some mild properties. Theo-
rem 3.1 below gives invariant sets, transient and ultimate
bounds. The proofis given in Section A.2 in the Appendix.

Theorem 3.1: Consider the system (6) with perturbation
bound given by Equations (7) and (8), where the bound-
ing functions §; are CNI. Let V € C"*" be invertible and
consider

Aérl%a}va,-, M; 2 |A;l, A E2VTIAV. (14)

Let ¢ : R, — R, be defined by Equation (15), let
§: Ry — RY, be continuous, CNI and satisfy Equa-
tion (16), and consider the transformation T : R, — R
given by Equation (17).

_ 1y
v = v [w:|w?<lsa,»)<(|V|x> v H’w'} ’ (1)
8(x) = Y (x), (16)
T(x) = Ax + 8(x). (17)

Suppose that there exists B € R, such that T(B) < B.
Then,

(@) TH1(B) < T*(B) for all k > 0 and lim; _, T *(B)
=b>0.
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(b) Invariance. For every k> 0 and for allt > —7, the
state is bounded as

IV='x(@)] < THB), (18)
provided |V='xt)| < T*(B) for all =t <t < 0.
(c) Transient bounds. For every k > 0,

Vx| = TXB), forallt = (k —1D)E +1)+ 1.
provided |V-'x@)| < B for all =T <t < 0.

(d) Ultimate bounds. The state is ultimately bounded
as

lim sup |V’lx(t)| < b,

—>00

(19)

whenever |V’1x(t)| < Bforall -t <t <0.

Theorem 3.1 requires a non-negative vector § satisfying
T(B) =< B. It is thus sufficient to find 8 such that 7(8) = 8.
If such a vector exists, then it can be computed by iterating
T starting from 0, as shown in Theorem 5 of Kofman et al.
(2007). Alternatively, we may seek B satisfying 7(8) < B
by means of Algorithm 1 and Theorem 3 of Kofman et al.
(2007). Also, note that a non-negative vector S satisfying
T(B) < B but so that 7(B) # B and T(B) £ B may also
exist.

Theorem 3.1(a) establishes that the iteration<of the
map 7T on the vector B constitutes a componentwise
non-increasing sequence and converges to a non-negative
vector b. Theorem 3.1(b) establishes that any iteration 7'
k(B), for k > 0, defines a set with bounds given by Equation
(18) and having the invariance property that, if the state
has remained in the set for the previous T + 1 time steps,
then it will remain in the set thereafter. Theorem' 3.1(c)
gives state bounds that are valid‘at every time instant. In
addition, Theorem 3.1(d) provides local ultimate bounds,
i.e. ultimate bounds that are valid only when the state has
remained in a specific region during T + 1'steps.

The current®discrete-time results of Theorem 3.1,
though analogous to the €ontinuous-time case addressed
in Theorem 4 of Haimovich and Seron (2013), have three
main differences with respect to.it. In the continuous-time
case, the matrix A is also constructed from the transforma-
tion V and the subsystems’ matrices 4;, but the elementwise
magnitude on A; in Equation (14) is replaced by another ele-
mentwise operation (cf. Equations (4) and (7) of Haimovich
and Seron (2013)). Then, the first main difference is that
in the continuous-time case the matrix A is required to be
(Hurwitz) stable but in the current discrete-time case the
matrix A need not be (Schur) stable. The second differ-
ence is that the vector 8 required by Theorem 3.1 needs
only satisfy 7(8) < B, whereas in Theorem 4 of Haimovich
and Seron (2013) such a vector needs to satisfy the more

stringent condition 7(8) < B. The third main difference is
that for discrete time the ultimate bounds corresponding to
constant perturbation bounds can be derived as a special
case of application of Theorem 3.1, whereas in continuous
time the results for constant perturbation bounds are needed
in order to derive those for the more general perturbation
bounds.

The ultimate bounds corresponding to constant pertur-
bation bounds are derived in the following corollary. Note
that this corollary does require the matrix A to be (Schur)
stable and that the given ultimate bounds are global, i.e.
valid for every initial‘conditions.

Corollary 3.2: Consider the system (6) with component-
wise constant perturbation bounds.

lwi (D =.wi, (20)
and wW; € ]R]jfo. Let V. &€ C" " be invertible, and consider

the matrix A as in Equation (14). Suppose that p(A) < 1
and define

zémax[ max |V_1Hiw|] (21)
ieN | wiw|=w;
ba(I-A) "z (22)

Then,

(i) Transient bounds. There exists n € R satisfying
|V=1x(0)| < b + 5 and An < n. For every such n
and for all t > 0,

V(@) < b+ A'n. (23)
(ii) Global ultimate bounds.
limsup |V ~'x(r)| < b, (24)

1—>00

Proof: Defining §; : R, — R’ by 5;(x) = w; forallx €
RZ,, then Equation (7) is satisfied and we may arbitrarily
select T = 0 in Equation (8). The function i as defined in
Equation (15) then satisfies y(x) = z forall x € R, with
z as in Equation (21). Consider 8(x) £ v (x) and T(x) as
defined in Equation (17). Note that § is CNI, Equation (16)
is satisfied, and 7'(x) = Ax + z.

(1) We first show that 5 as required exists. Apply Lemma
2.3(iii) with £ = T and v = [V ~'x(0)], to obtain B € R”.
satisfying 7(8) + v < B, which implies that 7(8) < B
and |V ~'x(0)| < B. By Theorem 3.1(a) and Lemma 2.3(ii),
we have b = limy_, oo T¥(B) = (I — A)~'z < B. Write 8 =
b+ n with n > 0. We have |V ~'x(0)] < 8 = b+ 1. Since
T(b)=b,itfollowsthat T(B)=T(b + n)=b + An< B =
b + n. This implies that An < n. We have thus established
that n exists as required.
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Next, let n € R satisfy [V ~'x(0)] < b+n and An <
n. Let B = b+ n and note that 7(8) = b+ An < B. The
application of Theorem 3.1(c) yields |V ~'x(¢)| < T*(B) for
all ¢ > k, for every k > 0. In particular, we have |V ~'x(¢)|
=< T'(B) for all ¢ > 0. By direct computation, it follows that
T'b+n)=b+ A'n.

(i1) This follows by taking lim sup,_, ., on Equation (23)
and using p(A) < 1. O

Remark 2: The computation of the maximum be-
tween square brackets in Equation (21) requires, for
each i=1,..., N, solving the n optimisation problems
MaXy:jw|<w; | V~'H;w| (one optimisation problem per com-
ponent). The solution to these problems can be easily ob-
tained (see Haimovich and Seron (2009) and Haimovich,
Kofman, & Seron (2008) for details).

Remark 3: A region of the form {x e R" : |V~ x| < 7},
with z > 0 as given by Equation (18), (19), (23) or (24) has
polyhedral shape if the entries of V are real, and a com-
bined ellipsoidal/polyhedral shape if V has some complex
entries (see Haimovich et al., 2008, for more details). Every
(componentwise) bound |V ~'x| < 7 yields a correspond-
ing componentwise bound |x| < |V|z, since

x| = [VV x| < VIV x| < |V]Z.

3.2 Relationship to COLF

The following theorem uses properties of nonsnegative
Schur matrices to establish that the class of switching sys-
tems for which Corollary 3.2 can be applied, that is\those
for which the matrix V satisfying Equation(14)is.such that
p(A) < 1, admit a common quadratic Lyapunov function.
This relationship was reported in Mori etal. (2001), but the
proof was not given. Here, we proyide a proof and,'in ad-
dition, extend it so that it becomes useful for the-obtention
of a CQLF for the case of.affine perturbation bounds in the
next subsection.

Theorem 3.3: Lef A, A € RE" and suppose that A = A
and p(A) < 1. Then,

(a) There exists a diagonal and positive definite matrix

D > 0 satisfying
A'DA — D < 0. (25)

(b) p(A) < 1.

(¢) If A satisfies Equation (14) for some invertible V €
C™" and A; € R"™", then for each D as in (a)
above, the corresponding symmetric and positive
definite matrix P = Re{(V~")*DV ™!} satisfies

AlPA; — P <0. (26)

Proof: (a) Since A has non-negative entries and satisfies
p(A) < 1, then a diagonal (discrete-time) Lyapunov func-
tion exists.
(b) We have 0 < A < A. Therefore, p(A) < p(A) < 1
(see, e.g. Theorem 8.1.18 of Horn and Johnson (1985)).
(c) By Equation (14) and the assumptions, we have

0=<M; < A=A, 27)
forall i € N. Consequently,
|zI'M; DMjlz| < Iz/'A'DAz|, (28)

for all z € C" and all i.€ N. Moreover,
Z*A7 DAz < JZF||A]I D |AGliz| = |zI'M{DM;z|, (29)

wheré the inequality iny»Equation (29) follows from the
application and properties of componentwise absolute value
and the equality follows from Equation (14). Combining
Equations (28) and/(29), it follows that
ZA; DAz < |z A'DAlz], (30)
for all z € C" and all i € N. Since D is diagonal, then
z*Dz = |z|'Dlz| for all z € C". Subtracting z*Dz = |z|'D|z|
from each side of the inequality, Equation (30) yields
Z(AfDA; — D)z < |z|'(A'DA — D)lz|. ~ (31)
Recalling Equation (25), then Equation (31) implies that
AYDA; — D < 0. Using the definition for A; in Equation
(14), left multiplying by (V~')* and right multiplying by
V=1 then

Av=ypv'a, — (v y'DvTt <0,  (32)

whence Equation (26) follows by taking real parts. (|

3.3 Affine perturbation bounds

As in the continuous-time case (Haimovich & Seron, 2013),
global ultimate bounds can also be obtained under a simple
sufficient condition when the bounding function § in Equa-
tion (16) is of affine form. Theorem 3.4 below derives such
bounds and associated invariant sets, and further relates the
results with the existence of a quadratic function so that
ultimate bounds can be obtained via standard Lyapunov
techniques in the case when no delay is present. The proof
is given in Section A.3 in the Appendix.

Theorem 3.4: Consider the system (6) with perturbation
bound given by Equations (7) and (8). Let V € C"" be
invertible and consider the matrix A as defined in Equation
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(14). Let ¢ : R, — R be defined by Equation (15) and
suppose that there exists

S(x) 2 Fx+w (33)
for some F € RYG" and w € R, satisfying 5(x) = ¥(x)
Jor all x € R ; and such that p(R) < 1, where

(34

Define
(35)
Then,

(a) Invariance. If~|V’1x(t)| <bfor =T <t <0, then
|V’1x(t)| <bforallt > —1.

(b) Global ultimate bounds. limsup,_, |V ~'x(¢)| <
b.

(c) Tighter global ultimate bounds. Suppose that there
exists a continuous and CNI § : R, ; — R’ satis-

Jying

V(x) < 8(x) < 8(x), forallx e R%,.  (36)
Consider the map T :R},— R, given by
Equation (17). Then, limsup,_ .|V~ 'x@ph=
limy_ o0 T5(B) < b.

(d) Existence of Lyapunov function. There| exists D
diagonal and positive definite such that

(A+ F)YD(A+ F)—+D < 0. (37)

(e) Ultimate bounds via standard Lyapunoyv tech-
niques. If, in addition, T+= 0 (no delay), then for
each D as in (d) above, the increment AL(t, x) of the
function L(x)/& x'Px with P =Re{(V~')*DV~}
along any( trajectory of Equation (6) satisfies
ALt x)4< 0 for all t and all x such that |x|| is
big enough.

Theorem 3.4 gives an invariant region and global ulti-
mate bounds for the case when the perturbation bound §
has affine form (see Equation (33)). The main additional
assumption required by this theorem is that the matrix R
constructed as the sum of the system matrix A and the
perturbation bound matrix F (see Equation (34) has spec-
tral radius less than 1. The advantages of the affine form
of the perturbation bound are analogous to those for the
continuous-time case, namely that the search for a vector 8
satisfying a componentwise inequality is not required.

Since 0 < |[V7'4;V| < A foralli e N, and F > 0,
then p(A;) = p(V'A;V) < p(A) < p(A + F) = p(R)

(see, e.g. Theorem 8.1.18 of Horn & Johnson, 1985). There-
fore, the condition p(R) < 1 required by Theorem 3.4 im-
plies that p(A) < 1, and the latter condition implies that
p(A;) < 1foralli € N. Consequently, a necessary condi-
tion for the hypotheses of Theorem 3.4 or Corollary 3.2 to
hold is that every subsystem matrix 4; be stable. By con-
trast, note that Theorem 3.1 does not require the matrix A to
satisfy p(A) < 1. However, the existence of a non-zero and
non-negative vector 8 such that 7(8) < B implies that at
least one of the eigenvalues of A has'magnitude not greater
than 1. We illustrate some of these facts in Section 4.

Remark 4: Note that in both Theorems:3.1 and 3.4, every
invertible matrix V € C"*"™for.which the hypotheses of the
corresponding theorem-hold may be used. In particular, in
the affine perturbation bound case in Theorem 3.4, every
invertible V e C2*" for which jp(A + F) < 1 can be used.
However, such a matrix does notalways exist. Numerically,
we may seek the matrix,\V by means of the following opti-
misation problem:

minimise p(A + F)over V € C"™" invertible.

Note that it isnot necessary to find the global optimum
of this possibly non-convex optimisation problem; it suf-
fices to find an invertible V for which p(A + F) < 1. We
illustrate this procedure by means of a numerical example
in Section 4.

4. Examples

In this section, we illustrate the results of the previous sec-
tions by means of numerical examples. The first example,
presented in Section 4.1, illustrates the fact that the matrix
A considered in Theorem 3.1 is not required to be (Schur)
stable, in contrast with the analogous results for continuous-
time switching systems. The second example, presented in
Section 4.2, illustrates the fact that the class of switching
systems for which Corollary 3.2 can be applied is strictly
contained in the class of switching linear systems that admit
a CQLE, although the switching linear system need not be
close to simultaneously triangularisable. To complete the
picture of the relationship with CQLF, Section 4.3 gives
an instance where a CQLF exists for the switching system
but the transformation V required by our method cannot
be found. Finally, Section 4.4 demonstrates the application
of Theorem 3.4 on an example with nonlinear perturbation
bounds with affine overbound. The example also shows that
it may be possible to obtain tighter bounds by combining
bounds computed via CQLF and the proposed component-
wise method, in the case when no delay is present.

4.1 A not stable

Consider system (6) with N = 2, n = 2, no perturbation and

with
-1.09 A, [ 036
0.91 27| —0.64

1.19

~0.86
A= [—0.81 }
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Taking V as in Equation (38) and computing A as in Equa-
tion (14) yield

11 20
V=[—0.75 1} A=[0.0075 0.5]' (38)

Note that p(A) = 2 and hence A is not (Schur) stable. Since
there is no perturbation, the map v (x) in Equation (15) is
identically zero. Taking § = v, the map T in Equation
(17) reduces to 7(x) = Ax. Every non-negative vector
of the form B8 = [0, a]’ with a > 0 satisfies 7(8) = AB
= [0, a/2] < B and hence Theorem 3.1 can still be ap-
plied, even though A is not stable. Note from this theorem
that the line segments defined by |V ~'x(¢)] < T %(B), for
k > 0, represent invariant sets inside which the switching
system trajectories ultimately converge to zero. Also note
that one of the eigenvalues of A has magnitude less than 1
(see comment above Remark 4).

4.2 Simultaneous triangularisation and COLF

Consider again system (6) with N = 2, n = 2, no perturba-
tion, but now with
—0.4a
-0.2

-02 —-04 -0.2

Ar= [ 0.4 —o.z}’ A= |:O.4/a
for some a > 0. For every value of a, the eigenvalues of 4,
are —0.2 & 0.4i, identical to those of 4;, and hencé both
Ay and A, are stable. The eigenvectors of 4; are [1, £i]
and those of A, are [1, £ai]. To be simultaneously tri-
angularisable, it is necessary that both 4; and A, have a
common eigenvector. Consequently, loosely speaking we
may say that this switching system is farther away from
simultaneous triangularisation as a is varied farther away
from 1. It can be shown via LMI§ that for a > 3/+ «/g,
the above switching system doesinot admit-a CQLF. For

a =3 + /8 — 1073, whichreorresponds to a switching sys-
tem with stable subsystems but so far frem simultaneous

4.3 CQLF exists but method not applicable

Consider again system (6) with N = 3, n = 2, no perturba-
tion, and with

A [ 0954 0121 A, — | 0960 0.122
"= 1 -0.726  0.920 271 -0.633 0.936
A, — | —0-0530.389
371 =2.161 0019

A CQLF for this switching linear. system can be computed
via LMIs. However, searching for V according to Remark 4
does not give a useful solution; even when the optimisation
is run over 1000 times.from arbitrary initial conditions.

4.4 Nonlinear perturbation bounds with affine
overbound

Consider a discrete-time switching system of the form (6)
withN=2,n=3,k =2,k =1and

[£0.46 0.75 —0.67
Ap="] —0.18 —0.99 0.2

| —0.56 —0.67 —0.19

[ 0.84 0.14 0.65
A, =| —0.16 1.09 —0.5

| —0.66 0.84 —0.83

(001 0 0
H =|—-02 0.0l |H,= 0

| 0 0 —0.03

The perturbation vectors w(t) € R? and w(z) € R are
componentwise bounded by |w;(f)] < §;(0(¢r)) with 6(f)
as defined in Equation (8), 7 = 10, §; : R3; — R, and
8 : R2 ) — Ry given by

0.01sin6, if6 <x/2  [0.02sin6, if6, < /2
oy < | 100 ifg, = /2 T10.02 i, > 7/2
1 =

0.0360e~2%  if6, < 1/2

{0.03/(2e) ifg, > 1,2 100265 +1

8,(0) = 0.02log[(1 + 6)*(1 + 63)] + 0.5,

triangularisation that it is at the verge of not admitting
a CQLE, searching for an arbitrary V by means of the
optimisation proposed in Remark 4, we are able to obtain
the feasible solution,

V= [—9.1808

—10.913 8.2018
3.3976

13.386 |,
—5.5452 3.8032

45207 |®

for which the corresponding A is stable.

where both 8 and §, are continuous and CNI. In turn, these
bounding functions have affine bounds

0.016; + 0.026,
%1(6) = [0.0392 +0.0205 + 1

8,(0) < 0.080; 4+ 0.020; + 0.5 = F>0 + s,

]:F10+1I}1,
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where Note that the bounds obtained are valid for every non-
negative value of the maximum delay 7, provided the per-
B 0.01 0.02 0 B — 0 turbation satisfies Equations (7) and (8).
"7 0 003 0.02 T

F, =[0.08 0 0.02] 1w, =0.5.

4.4.1 Ultimate bounds via componentwise method
Since the perturbation bounds §; and §, admit affine
bounds, as shown above, then the function ¥ in Equation
(15) can actually be bounded by an affine CNI function &
for every V € C"*" invertible. To see this, note that

max |V Hyw| < [V H; 8,1V [x),

39
lw; [=8;(1V|x) @
for i = 1, 2 (note that the right-hand side of Equation (39)
may not be a tight bound on its left-hand side only when V
has complex components). We thus have

Y00 = max [V HIEIVI + @0 (40)
1eql,
< 8(x) & Fx 4w, with (41)
F £ max [V H|F|V|, (42)
ie{l,2}
wE max}lV_lHilwi. (48)

ie{l,2

To apply Theorem 3.4, an invertible matrix V € C"*" for
which p(A + F) < 1 should be found. We may seek such
a matrix by means of the optimisation problem outlined in
Remark 4. This yields

—4.335
1.773
5.274

—2221
+ | 0.908
2.703

1.317
2.369
1.477

2.546
4.693
2.985

0.222
—0.020
—0.010

~7.226
0.393 |[i.
—1.043

V =

Computation of the veetor b as in Equations (34) and (35)
gives

~ [0.0705 07562
b=|0.0322 Vb = | 0.3269
0.0444 0.5709

An ultimate bound tighter than the above can be computed
by the application of Theorem 3.4(c), which yields

0.0652 0.6982
b= 0.0309 |, [V|b =] 0.3081 (44)
0.0404 0.5314

4.4.2  Ultimate bound via quadratic Lyapunov function

If no delay is present, i.e. if T = 0 in Equation (8), we may
compute a CQLF according to Theorem 3.4(d). Solving the
LMIs, Equation (37) for D yields D = diag(17.73, 282.9,
504.4), which allows the computation of the CQLF given
by

6.227 —7.008 7.382
P =Re{(V)y"DV!}=| =7.008 24.41  —14.25
7.3820. —1425 11.38

The function I(x) = x'Px is a CQLF for the switching
linearnominal (unperturbed) part of the system. In addition,
according to Theorem 3.4(e), the increment of L(x) along
any possible trajectory of the (perturbed) system will be
negative for every x such that ||x|| is big enough. We have
AL(t,x) = x’(A;(t)PA(,(,) — P)x + 2x’A;(,)
+ Wiy Hy 1y P Ho(y Wo 1)

< max [x’(A;PAi ~ P)x
ieN

PH (1 Wor)(2)

+, max (x' APHw -+ w H{PH, w)]. (45)

The bound on AL(%, x) given by Equation (45) is tight, in
the sense that for every x, there exists a value of the switch-
ing function o (¢) and a possible value of the perturbation
We (1) for which AL(t, x) equals the right-hand side of
Equation (45). Also, note that for a given x, the maximum
over w in Equation (45) can easily be computed by eval-
uating its argument only on the vertices of the polyhedral
region {w € R% : |w| < &§;(|x])}.

A sufficient condition to be able to compute a global
ultimate bound by means of L(x) is that maxX, p,>x
AL(t,x) <0 for some k& > 0. Numerical search for
such a k yields £k = 0.3046, and it can be verified that
max, py—o304s AL(t, x) > 0. Consequently, the state tra-
jectory will satisfy lim sup,_, .ox(¢)' Px(f) < 0.3046. From
this latter bound, we may compute the componentwise ul-
timate bounds X; = max, py—o 3046 X; fori =1, 2, 3:

3 0.6693
5 | =103131 (46)
% 0.7848

Comparing the ultimate bounds (44) and (46) (recall Re-
mark 3) shows that the bounds for the second and third
components of the state obtained via our component-
wise method are better than those obtained via the CQLF.
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Moreover, we may combine the bounds (44) and (46) in
order to obtain a componentwise bound tighter than that
670 can be obtained by either method applied individually:

0.6693
limsup |x(¢)] < | 0.3081
=00 0.5314

5. Application to fault tolerant control

In this section, we utilise the ultimate bound and practical
stability results of this paper to investigate the fault toler-
ance properties of the winding machine control system of
675 Noura et al. (2009, Chapter 3), which was introduced in
Section 2.1. We thus consider the system of Equation (1),

with
[ 0.4126 0 —0.0196]
Ap = 0.0333 0.5207 —0.0413 |,
| —0.0101 0 0.2571 |
[(—1.7734  0.0696 0.07347]
By = | 0.0928 0.4658 0.1051
| —0.0424  —0.0930 2.0752 |

These values for 4y and By correspond to the nominal lin-

earised (incremental) model around the operating points

680 xop = [0.6, 0.5, 0.4] an uy = [—0.15, 0.55, 0.15]" of the

winding machine model, and discretised with a sampling

period t; = 0.1s. The state feedback control (2) was com-

Q3 puted, as an illustration, via LQR for (4, By) with identity
state and control weightings, yielding

0.1768  —0.0149 —0:0097
Ko = —0.0303 —-0.2423  0.0291
0.0040 —0.0152. —0.0992

685 The perturbation vector w(f) is{componentwise bounded
as in Equation (5), corrésponding to drift, bounded noise
and uncompensated monlinearity, as already mentioned in
Section 2.1. The values for o/ B and v are 0.1, 0.1 and 0.2,
respectively. Note that the perturbation bound (5) admits an

690 affine overbound, since

alx'(1)] o 00 0
v <{0 0O O ||x(O)+|v|. @7
B|sinx3(t)| 0 0 B 0
—_——
Foy wo

Proceeding as in Section4.4.1, forany V € C"*" invertible,
we bound the function ¥ in Equation (15) as
V(x) < Fx +w, with (48)

A max4] |V=IB,Ko| Fo| V|, 49)

W2 max |V_1B,~K0|w0. (50)
ie(l....4)

To apply Theorem 3.4, an invertible matrix V € C"*" for
which p(A + F) < 1 was computed by means of the opti-
misation problem outlined in Remark 4. Using such a V in
the evaluation of the vector b defined in Equations (34) and
(35), yields'

y 0.0054 y 0.0131
b= 0.0318 [V1b.= | 0.0507 |. ShH
0.0063 0:0118

Thus, we conclude that:the controller (2) is tolerant to the
considered actuator faults in,the presence of sensor mea-
surement errorssbounded as Equation (5). Moreover, the
componentwise ultimate bound vector |V |b can be used as
ameasure of the ‘degree” of fault tolerance, if one compares
it/with a similar ultimate bound obtained for the system
without actuator faults, that is for B,y = By in Equation
(3). Denoting the latter componentwise ultimate bound as
|Volbg, we obtainy proceeding as above with B; = By in
Equations. (48)<(50),

0.0037
0.0388 |. (52)
0.0033

|Volby =

Note that the ultimate bound (51) is componentwise larger
than Equation (52), as expected, but the deterioration in per-
formance is not dramatic. Keeping a fixed gain K| for all
possible actuator fault modes and ensuring that the closed-
loop system remains stable under fault is a passive fault
tolerant control approach. An active fault tolerant control
strategy, on the other hand, would reconfigure the controller
by employing a suitable gain K; to match the detected fault
mode B; (assuming a fault detection and isolation mecha-
nism accurately provides this information). We can use the
ultimate bound tools to evaluate the performance of such a
strategy by computing suitable gains K; (e.g. via LQR for
(4o, B;) with identity weightings), replacing Ky by K; in
Equations (48)—(50) and evaluating the associated compo-
nentwise ultimate bound vector, denoted as |Vg|bg. This
yields

0.0093
0.0500 |. (53)
0.0092

|Vrlbg =

Note that the bound (53) resulting from reconfiguring
the controller gain is also componentwise larger than
the ‘healthy’ bound (52), but it improves the bound (51)
achieved by the passive approach. Other strategies can be
analysed and contrasted in a similar way. The method can
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also be embellished by expanding the optimisation problem
outlined in Remark 4 to include the design of the fixed gain
or the reconfiguration gains. One could hence use these
results to rank different reconfiguration strategies and eval-
uate whether they are worth implementing and/or to design
strategies that may improve the achieved bounds.

6. Conclusions

We have derived novel componentwise bounds and invariant
sets for switching discrete-time systems with perturbation
bounds that may depend nonlinearly on a delayed state. The
method allows every component of the perturbation vec-
tor to have a different bound and provides componentwise
bounds on the system state. By means of the use of com-
ponentwise bounds, the need for bounding the norm of the
system state is avoided, thus reducing conservativeness due
to different perturbation components having substantially
different bounds. Another contribution of the paper was to
establish that the class of switching linear systems to which
our componentwise bound and invariant set method can be
applied is strictly contained in the class of switching linear
systems that admit a CQLF. We have shown the usefulness
of our method by applying the method to the analysis of
fault tolerance of a winding machine control system. Fu-
ture work may focus on switched systems where either the
switching signal or a control input can be designed in order
to ensure a given ultimate bound (cf. Kofman et al., 2008)
and on the extension and application of the current results
to networked control systems (cf. Haimovich, Kofman, &
Seron, 2007).
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Note

1. Note that tighterailtimate bounds can be obtained by the appli-
cation of Theorem3.4(c), as was illustrated in Section 4.4.1.
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Appendix
A.1 Proofs of properties of CNI functions

A.1.1 Proof of Lemma 2.2

(1) Applying the CNI property to the inequality ) < B and
iterating the process, it follows that /% 1(8) < f*(8) forallk € Z,..
Also, since f maps non-negative vectors to non-negative vectors,
then f*(8) > 0 for all k € Z,. It follows that the vectors f*(8)
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form a componentwise non-increasing sequence which is lower
bounded by 0. Hence, each component must converge to some
non-negative real number and thus Equation (10) holds.

(ii) Note that | f£(8) — bl < | £(B) — f*(B)] + | f*(B) — bl.
From Equation (10), given € € R, we can select k = k(€), such
that |f*(8) — b| < €/2. From the definition of f,, and the continuity
of £, it follows that for the selected value of &, we may select y =
y(€) € R% small enough so that | f;(8) — f*(B)| < €/2. Then,

| f5(B) — b| < €, whence fX(B) < b +e.

A.1.2  Proof of Lemma 2.3

By assumption we have R > 0 and p(R) < 1. Let R, be a slight
perturbation of R so that R, > R and p(R.) < 1. Then, R, > 0
and by the Perron—Frobenius theorem (see, e.g. Theorem 8.2.2 of
Horn and Johnson (1985)) p(R.) > 0, and there exists x > 0 such
that R.x = p(R.)x. It follows that
Rx < Rex = p(R)x < x. (A1)

(1) Immediate from the fact that R > 0.

(i1) Immediate from the assumption p(R) < 1.

(iii) From Equation (A1), y £ (I — R)x > 0. Define z £ r+ v,
and let y; and z; denote the ith components of y and z, respectively.
Select & > 0 so that

o > max {ﬁ}, (A2)
ie{liny | y;

and define 8 £ ax. Note that 8 > 0. Then, ay = (1 — R)B > r +
v. Operating on the latter inequality yields R + r + v = £(B)
+ v < B, and the result follows.

(iv) Note that Equation (12) with v > 0 implies £(8).< B. We
then have f(8) < £(B8) < B. Also, by Lemma 2.2(i), then Equation
(10) holds. Since both f'and ¢ are CNI and f{x) < ¢(x) for all
x € R, then f*(B) < £5(B) < B forall k € Z, whence applying
limits yields b < b < . Applying the CNI property of /to the lat-
ter inequalities, and iterating, yields b = f*(b) < f¥(b) <. f*(B),
whence b < lim;_, o, f k(l;) =< b. We have thus established Equa-
tion (13).

A.2  Proof of Theorem3:1

(a) Since § is CNI by assumption and A > 0, it follows that 7" in
Equation (17) is CNIK Part (a) then follows by applying Lemma
2.2(1) with f=T.

(b) Let x(t) = Vz(¢) and rewrite Equation (6) as

2t + 1) =V AVa@) + V' Ho o (1)

Taking componentwise magnitudes in the above equation and
operating yields

|2t + DI < [V Ag VIIZO] + [V Hoywo (1)l (A3)
Note from Equation (14) that, for all ¢,
IV Ay VI < A, (A4)
and from Equation (7), foralli € N and all ¢,
[V 'Hwi () < max |V 'Huw|. (A5)

wi|w|=8; (0(1))

The proof proceeds by induction on ¢ > 0. Note that, for any k£ >
0,

[V ix(v)] = |z(v)| < TX(B), forall —T <t <t (A6)
is valid at # = 0 by assumption. Next, suppose that Equation (A6)
holds at some arbitrary ¢ > 0. Then, 6(¢) in Equation (8) can be
bounded using Equation (A6) as

0(r) = max_|VV~lx(r)

IA

VI max V@I SWVITHA). (A7)

Employing Equations (A4)—(A6), and recalling the fact that the §;
is CNI, it follows that Equation (A3) can be further bounded as

max
wilw| =<3 (IVITX(8))

lz(t + 1| = ATk(ﬂ)+rgaNx[

|V’1Hiw|] . (A8)
From Equation (15), the second term on the right-hand side of
Equation (A8)'is.equal to (7 “(8)). Then, using Equations (16)
and'(17), we have

|2(t + DI 2 AT*(B) + ¥ (T*(B))

2 ATHB) + (T (B) =T (). (A9)
Recalling, that #(f) = V~!x(#), we have established that
[V~ Ix(t+ D = T+ 1(B) < T*B), where the last inequality fol-
lows from part (a). Hence, Equation (A6) holds at # 4+ 1, and the
proof by induction is thus complete.

(c) By assumption, |V ~'x(f)| < B for all =T <t < 0 and by
part (b), we know that this bound holds for all + > —7. Then,
starting from ¢ = 0 and recursively repeating the argument that
leads to Equation (A9) above, we can show that the vector 7(8)
bounds |V~'x(f)| fort = 1, ..., T + 1. Thus, using the invariance
result of part (b), it follows that

[V7ix(t)| < T(B), forallr > 1. (A10)

In a similar way, we can show that 72(8) bounds |V ~'x(¢)| for

t=(F+1)+1,...,2(f + 1)+ 1 and, by invariance, for all r >
(T + 1)+ 1. Thus, for all £ > 0,

[V7lx(t) < TXB), forallt > (k— )7+ 1)+ 1.

(d) By part (a), we have lim; _, T “(8) = b. The result then
follows from part (c) by taking the latter limit into consideration.

A.3  Proof of Theorem 3.4

Consider the map 7" : R%, — R, defined as

T(x) = Ax +5(x). (Al1)

Then, T(x) = Rx + w, with R as in Equation (34). Since p(R) <
1, then lim;_, o, T¥(x) = b for everyx € R, withb asin Equation
(35). Note that T(b) = b < b. N

(a) The result follows by applying Theorem 3.1(b) with 8 = b.

(b) By Equations (14) and (34), we have R > 0 and by as-
sumption p(R) < 1. Let v > 0 be such that |V ~!x(#)| < v for all
—1 <t < 0. For such v Lemma 2.3(iii) shows that we can find 8
> 0 such that T(8) + v < B8, which implies T(8) < B and v < B.
Then, (b) directly follows from Theorem 3.1(d).
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_ (¢) By Equations (36), (All) and (17), we have T(x) =<
T(x) forall x € RY,. As in (b) above, take 8 € R, such that
T(B) < T(B) < B and |V-x(r)) < B for all =7 < < 0. Then,
by Theorem 3.1, it follows that |V“x(t)| < b for all t > —1,
with b £ lim, _, ool k(,@). Further, applying Lemma 2.3(iv) yields
b = lim_ o T*(b) < b. _ _

(d) By Equation (14) and since F > 0,then R = A + F > 0.
The application of Theorem 3.3(a) with A = R establishes the
required result.

(e) For every i € N, define p;(r) & V'Hyw(f). Let x = Vz
and rewrite Equation (6) as

Z(f + 1) = Aa(z)Z(t) + pa(;)(t). (A12)
Using Equations (7) and (8) with T = 0, it follows that, for all
i €N,

|pi(1)] < max [|w-<‘??§z<t>|> |V—‘H,»wl-|} (A13)
< ¥(120)) =2 820D = Flz(0)l + @, (Al4)

where the first inequality in Equation (A14) follows from |Vz| <
|V||z| and §; CNI. Consider the function L.(z) = z*Dz. We have

AL(t,z(t)) = L (z(t + 1)) — L.(z(1))
= Z(t)*(Af;(,)DAg(;) — D)z(t)
+ 2Re{z(t)* A5y DPor) ()} + Py DPo)

< 12() (ML) D Moy — D)|z(0)
+202(0))' M, D1 poy] + |oo] Dl poc|

(A15)
< [z (A'DA — D)|z(1)]
+2|z(O)I' A" DI po| + 1Po)| DIpsny|  (A16)
< |2(O)I'[(A + FY D(A +E) — D]|z(1)|
+2|z(t)|(A + F) Dw + @' Dw, (A17)

where we have used Equation'(14) in Equations (A15) and (A16),
and Equation (A14) in Equation\(A17). By Equations (37) and
(A17), it follows that AL.(¢, z) <0, whenever |z|| is big enough.
Next, taking x € R”", we have

AL.(t, V7x(1))
= X(0) [AL, (VDY Ay — (VY DV Ix(0)
+ ZRe{x(I)/A;(t)(V_I)* Dpsi} + P::(t)DPa(z)
= x(l),(A:r(t)PAU(f) — P)x(1) + 2x(t)’A£,(,)PHU(,)wU(,)(l)
+ Wo)(t) Hyy P Ho oy Wo (1) = AL(2, x(1)).

Consequently, we conclude that AL(#, x(1)) < 0, whenever ||x|| is
big enough.
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