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ABSTRACT

This paper is devoted to the robust 7%, and guaranteed cost control problems for continuous-time
switched linear systems with polytopic uncertainties, considering an output-dependent switching law
and a switched static output feedback controller. The proposed method offers new sufficient conditions
based on Linear Matrix Inequalities (LMIs) for designing the switching strategy. In order to provide extra
free dimensions in the solution space, some conditions become a special class of Bilinear Matrix Inequali-
ties (BMIs). Therefore, the hybrid algorithm Differential Evolution-Linear Matrix Inequality is proposed for
obtaining feasible solutions of this NP-hard problem. Theoretical analyses and numerical examples show
that these new procedures reduce the design conservatism of two recent known methods for solving the
presented control problems. Besides, a practical application of the method in the design and simulation of
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a robust switched controller of a switched semi-active suspension is performed.

1. Introduction

Recently, the designing of control laws for switched systems
have received lots of attention (Yu & Wu, 2015; Zhang, Zhuang,
& Braatz, 2016). Switched systems are a particular case of hybrid
systems which are composed of a family of subsystems where a
switching rule or strategy defines the active subsystem at each
instant of time (Liberzon, 2003). The growing interest in this
topic is mainly due their widespread practical applications, such
as power electronics (Cardim, Teixeira, Assuncdo, & Covacic,
2009; Deaecto, Geromel, Garcia, & Pomilio, 2010), embedded
systems (Zhang & Hu, 2008), road traffic control strategies
(Papageorgiou, Diakaki, Dinopoulou, Kotsialos, & Wang, 2003),
among others. A significant result concerning the stability of
switched linear systems was presented in Wicks, Peleties, and
DeCarlo (1994): it was demonstrated that if there exists a Hur-
witz convex combination of the subsystems matrices, then there
exists a state switching rule that stabilises the switched linear
system. Regarding the concepts of robust stabilisation, Zhai, Lin,
and Antsaklis (2003) proposed a quadratic stabilisation rule for
uncertain switched linear systems based on LMIs. In Lin and
Antsaklis (2007) were developed two necessary and sufficient
conditions for providing global stability for a class of switched
linear systems with time-variant parametric uncertainties. Con-
cerning stability and stabilisability of switched linear systems,
in Lin and Antsaklis (2009) can be found a survey of available
results and a proposed necessary and sufficient condition for
asymptotic stabilisability.

Additionally, in Daafouz, Riedinger, and Tung (2002) the
authors proposed two different LMI-based conditions. In the
first one, it is presented a classical method while the sec-
ond incorporates slack variables in order to relax the condi-
tions. Moreover, in Ding and Yang (2009) the authors describe
more relaxed conditions through Finsler’s Lemma and piece-
wise quadratic Lyapunov functions for Static Output Feedback
(SOF) control. For robust stabilisation of switched linear sys-
tems, when all subsystems matrices are not Hurwitz, in Yu
and Wu (2015) are presented sufficient conditions, under some
assumptions, for stability using the invariant subspace theory
and average dwell time method. Considering some hypothe-
ses, the authors in Yu and Zhao (2016) developed a necessary
condition of stability for discrete-time switched linear systems.
Concerning the output feedback control design problem for
uncertain switched linear systems, its solution is among one
of the most challenging problems in literature, due to their
non-convex characteristic (Sadabadi & Peaucelle, 2016; Syr-
mos, Abdallah, Dorato, & Grigoriadis, 1997). Nevertheless, in
recent years, the design of SOF controllers has been scru-
tinised by several authors, mainly due to the use of output
tfeedback techniques results in simpler implementation rou-
tines for practical applications. In Peaucelle and Arzelier (2005),
the authors proposed a two-step iterative algorithm focused
on H,optimisation. In doing so, Agulhari, Oliveira, and Peres
(2010) presented an extension of previous method considering
polynomial Lyapunov functions.

CONTACT Leonardo Ataide Carniato @ leonardo@ifsp.edu.br @ School of Natural Sciences and Engineering, Séo Paulo State University (UNESP), Ilha Solteira, Av.

José Carlos Rossi 1370, Ilha Solteira 15385-000, SP, Brazil

© 2018 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com
http://crossmark.crossref.org/dialog/?doi=10.1080/00207179.2018.1495341&domain=pdf
http://orcid.org/0000-0003-3481-3694
http://orcid.org/0000-0001-7009-6624
http://orcid.org/0000-0002-2996-2831
http://orcid.org/0000-0002-1072-3814
http://orcid.org/0000-0002-8526-5643
http://orcid.org/0000-0002-4439-8570
mailto:leonardo@ifsp.edu.br

2 L. A. CARNIATO ET AL.

Concerning a performance criterion, in this case, the %%,
cost, several authors have proposed conditions LMI-based con-
sidering an output feedback strategy. Crusius and Trofino (1999)
presented sufficient conditions for SOF controllers adopting lin-
ear matrices equalities. Aiming to avoid the equality constraints,
Dong and Yang (2013) presented new LMI conditions, for cases
where the output matrix is not required to be of full row rank.
In sequence, the authors in Chang, Park, and Zhou (2015) have
extended the flexibility of conditions for robust SOF .74%, con-
troller design. More specifically, the developed method is appli-
cable for uncertain systems relaxing the constraint in system
matrices. Furthermore, in Shi, Wang, Ren, and Fei (2017), the
authors investigated the dynamic output feedback 7%, control
for a class of switched systems with mode-dependent average
dwell time switching. In Wu, Gao, Liu, and Li (2017), it was pro-
posed a sliding mode control (SMC) for stochastic systems via
output feedback considering among others, the exogenous dis-
turbance constraint in SMC design. An extended state observer
was used in order to reject external disturbance considering
SMC for power converters (Liu, Vazquez, Wu, Marquez, Gao,
& Franquelo, 2017). Additionally, in Ban, Kwon, Won, and Kim
(2018), it was designed a technique for robust 7%, finite-time
control for discrete-time polytopic uncertain switched linear
systems.

In practical applications, the state vector may not be com-
pletely available. In this situation, it is important to aim at
strategies for switching based on the measured output of the
plant. Nowadays, to the best of the author’s knowledge, there are
not available in the literature papers which consider switched
SOF 7, controllers design for uncertain switched linear sys-
tems with output-depending switching. Regarding the afore-
mentioned researches, usually, papers on this subject consider
full or reduced order output feedback controllers through of
estimated state-dependent switching or state feedback.

The major contribution proposed in this paper is an exclu-
sively output-dependent switching strategy jointly with the
design of switched SOF J#%, controllers. It is important to high-
light that the proposed methodology also provides conditions to
design switched output feedback .77%, controllers for plants with
only one dynamic subsystem. These two different situations are
detailed in numerical examples.

Two different strategies to design output feedback controllers
considering output dependent switching strategy for uncer-
tain switched linear systems are presented. Firstly, it is consid-
ered that not exist exogenous input neither control input. In
sequence, the results presented in Mainardi Jinior et al. (2015)
are relaxed and the inclusion of guaranteed cost performance
and decay rate criterion is approached. Following, novel con-
ditions are proposed based on less conservative results available
in Liu and Zhang (2003), Teixeira, Assun¢éo, and Avellar (2003)
and Mozelli and Palhares (2011).

Besides that, novel and less conservative conditions for
switching SOF 7, control of continuous time switched lin-
ear systems are proposed. The results presented in Chang et al.
(2015) are relaxed considering the inclusion of switched output
feedback 7%, controllers jointly with an output-dependent
switching strategy.

In doing so, some bilinear terms appear in conditions of the
proposed theorems. The conditions of the proposed methods

are a special class of BMIs (Bilinear Matrix Inequalities), which
contain some bilinear terms as the product of a matrix and
a scalar, related to a suitable convex combination and two
scalar parameters to provide extra free dimensions in the solu-
tion space. Currently, to the best of the authors’ knowledge,
there are not available solvers (deterministic methods) able to
find the optimum solution for non-convex problems. Thus, the
proposed design method of the output gains in order to sta-
bilise an uncertain switched linear system is an NP-hard prob-
lem (Lin & Antsaklis, 2009). Therefore, it is proposed the use
of a hybrid metaheuristic technique, called DE-LMI (Differ-
ential Evolution - Linear Matrix Inequality) (Storn & Price,
1997) for finding quasi-optimum values for SOF gains (San-
dou, 2013) and/or a suitable convex combination. The pro-
posed procedure can also be used for designing robust con-
trollers for uncertain plants subject to structural failures, con-
sidering the plant uncertainties and the structural failures as
polytopic uncertainties (Silva, Assuncédo, Teixeira, & Cardim,
2013). An example illustrates a practical application of the
method in the design and simulation of a robust controller of
a semi-active suspension addressed in Cardim et al. (2016) and
Geromel, Colaneri, and Bolzern (2008). The paper is organised
as follows.

Section 2 presents a general definition of polytopic uncertain
switched linear systems.

Following, in Section 3 the problem statement is given and
relaxation results for robust SOF control design for uncer-
tain switched linear systems with an output dependent switch-
ing law introduced in Mainardi Junior et al. (2015) jointly
with a performance criterion. Based on the relaxation con-
cepts available in Liu and Zhang (2003), Teixeira et al. (2003)
and Mozelli and Palhares (2011) are proposed novel condi-
tions for stability of uncertain switched linear systems. A the-
oretical analysis shows that these conditions hold when the
conditions presented in Mainardi Junior et al. (2015) hold.
A numerical example illustrates the flexibility obtained through
of these less conservative conditions comparing feasible area
and guaranteed cost obtained in the theorems proposed in this
section.

In Section 4, it is presented the results for robust SOF 7%,
control (Chang et al,, 2015). In the sequence, the problem state-
ment is given and it is developed novel and less conservative
conditions for robust switching SOF .73, control of continuous
time switched linear systems. Furthermore, the results avail-
able in Chang et al. (2015) are generalised through a switched
output 7%, controller. A theoretical analysis shows that these
new conditions hold when the conditions presented in Chang
et al. (2015) hold. Finishing the contributions of this section,
it is showed that the proposed methodology to develop robust
SOF 7%, switched controllers can be directly applied to non-
switched linear systems.

In Section 5, it is briefly described how the differential evo-
lution (DE) is applied in order to solve the proposed control
problem.

Three examples in Section 6 illustrate the effectiveness of the
proposed methods, including the design and simulation results
of arobust controller of a semi-active suspension (Cardim et al.,
2016) and showing that there exist cases where the proposed
conditions hold and the conditions from Mainardi Junior et al.



(2015) do not hold. Another example shows that the obtained
Ao guaranteed cost from conditions proposed in this paper is
less when compared to the cost achieved in Chang et al. (2015).

Finally, in Section 7, conclusions are presented and future
works extensions are discussed.

The notation used in this paper are described as follows. For
real matrices or vectors (') indicates transpose. The set com-
posed by the first N positive integers {1,..., N} is represented
by Ky. The set of all vectors A = [A; ... An]’ such that &; > 0,
ie Kyand A + Xy + -+ - + Ay = 1 is designated by Ay. The
convex combination of a set of matrices (A1, ..., Ay) is denoted
by A, = Zfil MiA;, where A € Ay. In addition, an asterisk (%)
will be used in matrix expressions to express the transpose of
the symmetric element. Moreover, for in-line expressions, the
symbol (x) represents the transpose of the left side term. The
notation He(M) refers to M + M’. The set of all finite ¢ (¢) tra-
jectories, such that f ;00 ¢(1)'¢(t) dt < oo is denoted by £,. For
simplicity of notation, o (t) = 0.

2. Polytopic uncertain switched systems

Consider the continuous-time uncertain switched linear system
defined by the following state-space realisation:

x(t) = A(o,a)x(t) + B(o,a)u(t) + E(o,ax)w(t), x(0) = xo,
z(t) = Ci(o,a)x(t) + D(o,a)u(t) + F(o,a)w(t),
(1) = Cr(a)x(t) + H(e)w(?),

(1)

where x(¢) € R™ is the state vector, y(t) € R"™ is the mea-
sured output, z(t) € R™ is the controlled output, u(t) €R"™
is the control input, w(f) €R™ is an exogenous distur-
bance input with w(t) € £,[0,00) and xp is the initial con-
dition. The constant vector & = [o; @2 ... ] represents
the polytopic uncertainties of the plant or structural failures
(Silva et al., 2013) and (Cardim et al., 2016). Consider that
o(t) € Ky is the switching strategy which selects at each
instant of time an available subsystem i € Ky. The matrices
A(o,a), B(o,a), E(o,a), Ci(o,a), D(o,a), F(o,a), Cy(a)
and H (o) are constant matrices of appropriate dimensions and
can be described by convex combinations of their vertices,
as below:

[A(o,a), B(o,a), E(o,a), Ci(o,a), D(o,a),

Flo,a), G(), H(x)]

r
= Z‘Xj [Asj> Bojs Eojs Ciojs Dojs Fojs Cojs Hj| t = A,
=1

.
Otjz(), Z(X]‘ZL jekK, oeKy,
j=1

(2)

where 7 is the number of vertices of the polytope and N is the
number os subsystems.
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3. Robust control of polytopic uncertain switched
linear systems based on output-dependent switching

In practical applications, the state vector may not be completely
available. In these cases, it is important to propose switching
strategies based on the measured output of the plant. There-
fore, this section is devoted to present results concerning the
output-dependent switching control.

In this section, the plant equations are given by the switched
linear system (1) and (2), but without control input (u(t) = 0,
t > 0), without exogenous disturbance (w(t) =0,t > 0) and
assuming constant output matrices Cp; = C, for all j € K, as
in Mainardi Junior et al. (2015).

Assume that the state vector x(t) € R"™ is not completely
available, but y(¢) € R is accessible for feedback.

Problem 3.1: Determine a switching strategy o(-):RP —
{1,2,...,N} such that:

o(t) =f(y(t)), forallt>0, (3)
which makes the origin (x =0) of the polytopic uncertain
switched linear system (1) and (2), supposing that u(t) = 0 and
w(t) = 0 fort > 0, and assuming constant output matrices Cyj =
C, for all j € K,, a globally asymptotically stable equilibrium
point.

Mainardi Junior et al. (2015) presented less conservative
conditions for Problem 3.1, described in Theorem 3.1, than
conditions available in the literature.

Theorem 3.1 (Mainardi Junior et al., 2015): If there exist 1 €
AN, matrices Xy, € R™*", X, e R™*"x symmetric matri-
ces Qojx € R™", Q; € R™™™ and symmetric positive definite
matrices Py € R™>", such that
Xiy A + AGXG L+ XogAi + ApX],
Py — X3, + X0, Ajj + Py — X/lg + X2, Aik

Pi — X1 + A, + Py — X, + ApXS,
/ /
_Xzik - X2,~k - Xzij - XZ,'J'

- |:Q0jk + Qo +2C'QiC 0] , (4)
0 0
Qojk + C'Qi.C <0, (5)

foralli e Ky, j € K, and k € K,, then the switching strategy

o (y) = arg min (' Q;y) (6)
IEKN

makes the origin x=0 of the uncertain switched linear system
(1) and (2), supposing that u(t) =0 and w(t) =0 for t > 0,
and assuming constant output matrices Cy; = C, for all j € K,
a globally asymptotically stable equilibrium point.

Proof: See Appendix. |
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In order to establish a performance criterion for the switched
linear system (1) and (2), the following control problem intro-
duces the guaranteed cost performance (Deaecto et al., 2010),
as an extension of Problem 3.1.

Problem 3.2: Determine a switching strategy (3) which makes
the origin x = 0 of the controlled polytopic uncertain switched lin-
ear system (1) and (2), supposing that u(t) = 0 and w(t) = 0 for
t > 0, and assuming constant output matrices G =G, for all
j € K, a globally asymptotically stable equilibrium point and the
guaranteed cost

J= /ooz(t)’z(t) dt
0

= /Oox(t)’Cl (0,a)' Ci(o,0)x(t) dt < puxyluxg  (7)
0

holds for a given scalar p > 0 and all initial conditions, xo =

x(0) # 0.

A solution of Problem 3.2, that is an extension of the results
presented in Mainardi Jinior et al. (2015) for cases where is
required a guaranteed cost performance given in (7) and related
to the controlled output z(t) = C; (0, a)x(t) defined in (1), is
proposed in Theorem 3.2. Furthermore, a specification of the
decay rate is also considered in the problem. The decay rate is
shown in Boyd, El Ghaoui, Feron, and Balakrishnan (1994) as
the largest positive real constant (x ), such that:

lim X! ||x(1)] = 0. (8)
t—00

Moreover, if P(a) = P(e)’ > 0 is a constant matrix and
V(x(t)) = x(¢)'P(a)x(t) is a Lyapunov function for a given sys-
tem, then the condition V(x(t)) < —2x V(x(t)) assures that the
decay rate is greater than or equal to .

Theorem 3.2: Consider that there exist . € AN, a scalar p >
0, matrices X1, € R™*™, X, e R™*", symmetric matrices
Qojx € R™*™, Q; € RW™™ and symmetric positive definite
matrices Py € R™*"™, such that

Py — ul, < 0, 9)
X1, A5 + A%Xiik + X1, Aik + A;kxgi]_ + 2C/1,jC1ik
+2x (Pjk + Pij) Pix — X1, + X2, Aij + Pij — Xiij + X2, Aik

Pj — Xu + AYX, + Py — X + ApXS,
/ /
X2y — Xp, — X2y — XZij

_ [onk + Q0k6+ 20°Q;C gj| ’ (10)
Qo +C'Q.C <0. (11)

Then, the switching strategy (6) makes the origin x=0 of the
uncertain switched linear system (1) and (2), supposing that
u(t) = 0 and w(t) = 0 for t > 0, and assuming constant output
matrices Cyj = C, for all j € K, a globally asymptotically stable

equilibrium point, the decay rate is greater than or equal to x
and the guaranteed cost (7) holds for all initial conditions,xy =

x(0) % 0.

Proof: Considering that C/li»Cl,-j >0 and 2x (Pj + Pyj) > 0,
then if (10) and (11) hold, tflen (4) and (5) also hold. There-
fore, from Theorem 3.1, the conditions (10) and (11) assure
that the equilibrium point x =0 of the controlled system (1),
(2), is globally asymptotically stable. The proof of the Theorem
3.1 was performed considering a Lyapunov function V(x(t)) =
x(t)'P(a)x(t), where P(a) =i | > i, ajoxPj and Py =
P]’,k > 0, for all j, k € K,. Now, following the same steps used in
the proof of Theorem 3.1 (Appendix), applied to the conditions
(10) and (5), supposing that Cy;; # 0, from (1), one obtains for
x(t) # 0:

L, 7V Ci(o,a) Ci(0,a) +2xP(x) P(a)
A(o,a) P(a) 0

XLuiaJx“%
0> V(x() 4+ 2x V(x(1) + z(t) z(1),

0> x(t) |:

(12)

where V(x(t)) = x(t)'P(a)x(t) was defined above. Therefore,
from (12), V(x(t)) < —2xV(x(t)). Thus, the decay rate is
greater than or equal to x. From (2), note that V(x(t)) > 0
for x(t) # 0. Observe that, from (1) and (12), V(x(¢)) < 0 for
x(t) # 0 and thus x(co) = 0. Now, integrating (12) from zero to
infinity, considering xop = x(0) # 0, knowing that V(x(c0)) =
0, from (9) and remembering that from (2) (a; + a2 + -+
oy)? = 1, it follows that:

o
J = / z()'z(t) dt < xuP(a)xg < puxplyxo. (13)
0

The proof is concluded. |

Now, in order to relax the feasibility of the LMIs from
Theorem 3.2, based on the results presented in Liu and Zhang
(2003), Teixeira et al. (2003), Souza, Teixeira, Cardim, and
Assuncio (2014), Deaecto, Geromel, and Daafouz (2011) and
inspired on the Finsler’s lemma (Mozelli & Palhares, 2011; Qiu,
Feng, & Yang, 2008), less conservative conditions are proposed
in Theorem 3.3.

Theorem 3.3: Consider that there exist . € AN, a scalar . > 0,
symmetric matrices onk e R™*" - Q; € RY™™ and matrices

Eijk = &j; € R2X 2 gy = P € R, wijp = wj, € R,
Py = P;(j € R, Xy, € R, X5 € R™*", such that

Vikk — Vikk < Sikk> (14)

ik — Vijk + (x) < ik + Slgk, k # j, (15)
Ok < Pkks (16)

Ok + O < i+ bjo k# . (17)



Pre > wig (18)
P — puly <0, (20)
1 : .
W* > 0, (22)
®* <0, (23)
E7 <0, (24)
foralli e Ky, j, k € K,, where,

w11 Wiy
wo=| , (25)

Wr1 Wrr

P11 b1r |
O = 1 ., (26)

_¢r1 d)rr_

[ & Einr |
Er=| t .. |, (27)

_éirl girr_

v,'jk ﬁijk
o — , 2
Vijk [(*) —X, — Xéik — X — Xgiji| (28)
. +2C'Q,C 0

Vik = |:Q0]k + Q0k6+ Qi O:| ) (29)
Ok = Qo + C'QC, (30)

vijk = Xl,-kAij + A;inik + Xl,'ink + A;kXiij + 2C’1ijClik + 2)(
(Pjt + Py), Dk = P — Xoy, + ApXy, + Py — Xy + ApXo
Q. =MQ +2Q + - +AnvQn, A=[A1  A2...AN]
Zil Ai = l,and X; > Oforalli € Ky. Then, the switching strat-
egy (6) makes the origin x =0 of the uncertain switched linear
system (1) and (2), supposing that u(t) = 0 and w(t) = 0 for t >
0, and assuming constant output matrices Cy; = C, for all j € K,
a globally asymptotically stable equilibrium point, the decay rate
is greater than or equal to x and the guaranteed cost (7) holds for
all initial conditions, xy = x(0) # 0.

INTERNATIONAL JOURNAL OF CONTROL 5

Proof: Take into account the following definitions:
_ X 1 (0 > Ol) _ I n
X= [Xz(o,a)] 1= [A(a,oo] :

Z = Xr:‘xjioﬁo Alo,0) = [T T’
=1 k=1

oe,T’]/.

(31)

Afterwards, consider that (14)-(24) are feasible. Then, from
(14), (15), (26)—-(31), it follows that, for x = x(t) # 0:

0> XA, ) A0, a)x = x Y T Tx

> x Z T (Vi — vijk) Tx. (32)
From (28)-(30), note that (32) can be rewritten as:
/ /(| Viik Dijk
0>x Z T <[l91;k _Xzik — X/zik — XZU — Xé]]
70

Observe that, > (X1, Aj+ Xi;Au) =23 X1, Ay > (P +
Pk]) =2 ijk’ Z(Xl,‘k + Xlij) =2 ZXI,-k and Z(onk + Qij)
=2 Qoy- Therefore, verify that (33) can also be described as
follows:

0> 25 Z o ([Xudi + G0+ C1iiCuik + 2x Pik
ij — Xiik + XzikAij

(%) Qo +CQC 0
—X2y _XQJ - [ "o 0]) e

Then, define X;(o,a) = a1Xy,, + Xy, +-- -+, X1,,»
Xa(0,a) =1 Xp, +o2Xp,, + -+, Xp,,,  Qol(a) =y
Qoy; + a122Qo;, + 201 Qoyy + -+ + @, Qy,,, Qi) =y
Qi +@102Qiy, + 201 Qiyy + -+ - + 2, Q;,, Ci(o, @) =0
Cio1 + 2Cio2 + ... +a;Cioy and P(a) = aja1Pry +ajon
Py + apa1 Py + - - - + P, Hence, from (2) and (34), con-
sidering (31) and i = o one obtains:

Xi(o,a)A(o, @) + (%) + Cl(O',Ol)/Cl(O',Ol)

(34)

0> x'T +2x P(a)
P(a) — Xj(0,@) + Xz(0,0)A(0, )
(%) | Qo(@) +C'Q,C 0 Tx
—X3(0,a) — X5(0, ) 0 0
e <{ |:C1 (0,a)Ci(0,a) + 2xP(ar) P(a)]
o P(a) 0
A,a)]  [Ao,a)] o
R R A
Qo(@) +C'QsC 0
[ )
— T Ci(0,a)'Ci(0,a) +2xP(a) P(a)
o P(a) 0
Qo(@) +C'QsC 0
- |: 0 0i|> Tx. (35)

Now, considering that the minimum of a set of real numbers
is less than or equal to an arbitrary convex combination of these
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numbers, observe that, from (1), (2), (6), (30), (31) and defining
V(x(t)) = x' (t)P(a)x(t), (35) becomes:

0> V(x) +2x V(x) + 2z — ' (Qo(@) x — min 'Qy)
> V(x) +2xV(x) +2z—% Z Qo + C'QuCx
=V(x) +2xV(x) + 2z —x Z Ojkx. (36)
Consequently, considering a Lyapunov function candidate

V(x(t)) = x(t)'P(a)x(t), where P(«) was defined above, from
(16), (17), (30), note that (36) can be represented as:

r r
0> V() +2xVx)+ 7z — Z o Z X Oex,
r r
> V) +2xVx)+ 72z — Z o Z arX pjkx. (37)
=1 k=1
Now, from (23) and (26), it follows that:
r r
V(x)+2xV(x) +7z < Zaj Z a Diks
=1 k=1
ol ' ol
V(x) +2xV(x) + 2z < ol | gl el| _ 0. (38)
ol ol

Moreover, from (2), (18), (19), (22) and (25), observe that for
x(t) # 0:

[y I'] [Py Py, ol
Vi) = x| *] | [ xo),
Keza | Pr1 Py a‘,i
(oI Cwiy wi, | | ol
o x(t) ozl . ol x(b),
|l | LW Wrr o1
r r
=x(t) Y ;> agWrx(t) > 0. (39)
=1 k=1
Furthermore, from (39), note that V(x(t)) > 0, for

x(t) # 0. Now, considering that Py = P;g., from (2), (20) and
(21) it follows that P(ar) — I, < 0. Now, from (38), z(¢t)'z(t) <
—V(x(t)), and integrating both sides from zero to infinity, con-
sidering xyp = x(0) # 0, knowing that, from (38) and (39), the
equilibrium point (x = 0) of the uncertain switched system (1),
(2), and (6) is globally asymptotically stable, then V(x(c0)) = 0
and one obtains (7). Therefore, the proof is concluded. [ |

Theorem 3.4: If the conditions given in Theorem 3.2 hold, then
the conditions given in Theorem 3.3 also hold.

Proof: Considering the definitions (28), (29) and the above
conditions, ;i = wi/jk’ Yilk = Vi;‘k’ then the (10) is equiva-
lent to ¥k — yik < 0, for all i € Ky and k,j € K,. If (10)

holds, then, there exist &xx = Vikk — Vikk + €1, where ¢ > 0,
is sufficiently small such that, & < 0, for all i € Ky and k €
Ky, and & = 0 for k # j, i € Ky, j, k € K,, such that, (14)
and (15) hold. Furthermore, in this case, the condition (24)
also holds, because it can be rewritten as showed in (27).
Note that in Theorem 3.2, Py = P]/.k > 0, but it is not neces-

sary that Py = chj, for j # k. However, observe that one can

also rewrite P(«) as P(a) = Z;:l a]-szj + % Z;?Ek ajor (P +
2 1

Py) = Z}Zl i Pj + Zj;ék ajotiPyy, where Py, = P}\ij =5 X
(Pjk + Pgj), because from Theorem 3.2 Py = P]’.k for all j, k €
K,. Furthermore, in the LMI (10) given in Theorem 3.2, note
that Pj; appears added to Py and then, Pj; + Py; = PNy + Py,
From Theorem 3.2 it also follows that P > 0 for all j, k € K.
Then, note that, without loss of generality, one can consider in
Theorem 3.2 that Py, = P;q.. Therefore, there exist wix = Py —
eI, where e > 0is sufficiently small such that, wy, > 0forallk €
K, and wjx = 0 for j # k, such that the conditions (18) and (19)
hold. In this situation, the condition (22) also holds, because it
can be rewritten as described (25). Now, from definition (30),
the condition (11) is equivalent to 0 < 0, j, k € K;. Hence,
when (11) holds, observe that (16) and (17) also hold for ¢y =
Ok + €I, where ¢ > 0 is sufficiently small such that, ¢y < 0,
for all k € K;, and ¢jx = 0, for j # k and k,j € K. In this case,
the condition (23) also holds, because it can be rewritten as
presented in (26). Finally, when (9) holds for some p > 0, the
conditions (20) and (21) also hold. The proof is concluded. W

Remark 3.1: Note that the terms Q; = Zfi 1 2iQ; presented in
the conditions (5), (11) and (30) of the previous theorems can be
seen as BMIs since Q; and A; are variables to be found. However,
if the parameters A; are set to be known, those conditions are
LMIs that can be solved. Further, an example will exploit the
optimisation of the parameters A; in order to achieve suboptimal
values for the guaranteed cost.

3.1 Examplel

In order to compare the potentiality of the proposed theorems,
is presented in this section a numerical simulation. The exam-
ple shows a comparison between the feasible region obtained
through the conditions of Theorems 3.2 and 3.3. Furthermore,
it is presented a comparative study regarding the guaranteed
cost (7).

This example was borrowed from Mainardi Junior et al.
(2015). Consider the uncertain system (1) and (2), supposing
that u(f) = 0 and w(t) = 0 for ¢ > 0, and assuming constant
output matrices Cyj = C, for all j € K,, with r=2, N=3, i €
{1,2,3},j € {1, 2} and the following matrices given below:

2 1 0 hh 1 0
An=13 =5 0|, Ap=|3 -2 o[,
2 0 -2 2 0 -2
-5 -3 1 -5 —6 1
Ay=1|-3 =2 0|, Apn=|-3 h 0],
0 2 -2 0 2 -2



0 1 0 0 1 -3
An=|1 =2 0o, An=|1 —2 o |,
3 0 -3 3 hy =3
0 1 0
Cu=Cpn= |:0 0 1] . (40)

A comparative study on feasibility analysis and guaranteed
cost for some pairs of h; and h;, where h; € [—10, 0], h; €
[—50, 0] and h3 = —(h1 + h2)/3 is performed in this exam-
ple. It was considered increments of 0.5 and 2 regarding the
variables h; and hy, respectively. Note that the matrices Az,
Ay and A3, depend on the parameters hy, hy, and hs, respec-
tively. Observe that the matrix A, is Hurwitz (i.e. it has all
eigenvalues with negative real parts) for all h; € [—10, — 2]
and it is not Hurwitz for all &y € [—1.5, 0]. The matrix Ay, is
Hurwitz for all h, € [—50, — 4] and it is not Hurwitz for all
hy € [—2, 0]. Moreover, verify that the matrix A3, is Hurwitz
for all h; € [0, 18] and it is not Hurwitz for all h, € [18.5, 20].
Furthermore, note that the matrices A;; and A3, are not Hur-
witz and the matrix A,; is Hurwitz. It was considered A1 = 0.4,
Az = 0.3, and A3 = 0.3. In this example the condition regard-
ing the guaranteed cost (7) is removed, adopting C11; = Cy12 =
Ci21 = Ci22 = Ci31 = Cy32 = 0. Thus, note that the conditions
from Theorem 3.2 are equivalent to the conditions presented
on Theorem 5 (Mainardi Junior et al., 2015). Figure 1 shows a
comparison between the feasible regions obtained through the
conditions of Theorems 3.2 and 3.3. Note that, the proposed
methodology (Theorem 3.3) presents a greater feasible region
than that obtained with the conditions given in (Theorem 5)
(Mainardi Junior et al., 2015). This fact and the result presented
in Theorem 3.4 show that the conditions proposed in Theorem
3.3 are less conservative than that presented in Mainardi Junior
etal. (2015).

Furthermore the potentiality of proposed theorems are com-
pared establishing the guaranteed cost as performance criterion,
considering xo = x(0) = [—0,25 0,5 — 0,75), Ci1; = C112 =
Ci21 = Ciz2 = Cy31 = Ci32 = Cy1 = Cpp, for by € [-10, —7]

o
1

|
(6]
T

-10

-15

XXX XXXXXX

a —20

-25

00000000 O X X XXXXXXX
00000 BOO XX XXXXXXXX
Q00000 BOO® X X XXXXXXXX
Q000000 O® XX XXXXXXXX
Q00000 OO® X X XXXXXXXX

0000000000 X XXXXXXXX
000000 OOO®O® X XXXXXXXX
0000000000 X XXXXXXXX

o000 00000
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and hy € [—30, —12]. Observe that, from Figure 2, the less
conservative conditions proposed in Theorem 3.3 reduce the
guaranteed cost when compared to the conditions of Theorem
3.2. Additionally, note that, when h, < —17, the conditions of
Theorem 3.2 are unfeasible.

4. Robust switching SOF 7, control of continuous
time switched linear systems

This section is devoted to coping with the problem of designing
robust SOF 7%, switching controllers for switched linear uncer-
tain systems. The output feedback controller for the uncertain
switched system (1) and (2) is given by

u(t) = Ky(t). (41)
Consequently, the closed-loop system results in
x(t) = Ao, )x(t) + E(o,0)w(t), x(0) = xo
2(t) = Ci(o, )x(t) + F(o, a)yw(t), (42)
y(t) = Ca(a)x(t) + H()w(t),
where,
A(o,a) = A(o, @) + B(o,a0)KCy(a),
E(o,a) = E(o,a) + B(o,a)KH(a),
Ci(o,a) = Ci(0,a) + D(o,0)KCa (e,
F(o,a) = F(o,a) + D(o,a) CH(a). (43)

Initially, the approach presented in Chang et al. (2015) is
introduced. These results are important to develop the contri-
bution of this section. The following lemma was presented in
Chang et al. (2015) and employed to establish the main result of
the paper.

Lemma 4.1 (Chang et al., 2015): For matrices 7, P, U and
A with appropriate dimension and a scalar B, the following
statements are equivalent:

0000 OO® X XXXXXXXXX
0000 BO® XX XXXXXXXX
Q00O O® X XXXXXXXXX
Q0000 O® X X XXXXXXX
Q0000 O® X XX XXXXXX
Q0O O® X XXXXXXXX

@O X XXXXXXXX

@ X XXX XXXX

X XX X XXX

X X X X X

X X X

|
=
o
|
[<e]
|
o -
|
~

Figure 1. Feasible regions obtained with Theorems 3.2 and 3.3 without the guaranteed cost specification, where the region obtained with Theorem 3.2 is illustrated by

(x) and the region obtained for Theorem 3.3 is illustrated by (x) and (e).
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4000
3500
3000

2500

Guaranteed Cost

2000

1500
-30

-10 -7

Figure 2. Guaranteed cost obtained from conditions of Theorems 3.2 (gray) and 3.3 (black).

. T *
(0): [,sP’+uA —ﬁL{—ﬁL{’] <0
(i) 7 <0, T+ AP + AP <.

Theorem 4.2 provides LMI-based conditions for designing a
SOF 7%, controller.

Theorem 4.2 (Chang et al., 2015): Given a scalar y > 0, for
known scalar parameters B and p, if there exist matrices V &

R™>%, U e RY*™, and X; > 0 € R™*"™, j=1,2,...,r sat-
isfying the following LMIs:
ij <0, (44)
ij + ij <0, j<k (45)
forallj, k € K,, with:
He(AjXy + BjVF¥) *
E + H,V'B —y?I
Qe = CijXx + pFyV'B; + DiVF*  F; + DjVHy
BV'Bj + CyXy — UF* Hj — UHg
* *
* * 16
—I + He(pD;VFo) * (46)
ﬁV’D]’.—pU]:O —BU — BU’
(CZC’Z)’ICZ, Cy(a) isfixed, Cy(x) =C, and
C, is of full rank,
Fr=10c, Cy(a) is fixed, Cy(a) =C;, and
C, is of non — full rank,
Cors Cy() isnon — fixed,
(47)

In),) Ny = Ng,
I 0 —_an ) ny < ny,
-7:0 _ [ ny nyx(ng n),)] y z (48)
I,
0 ny > ng,
(ny—nz) xn;

then the system (1) and (2) is asymptotically stable with the 7
performance y and the controller gain matrix (41) is given by

K=K=vUu . (49)

Proof: See Chang et al. (2015). |

Remark 4.1: In Theorem 4.2 if p and B are set to be known
the conditions became LMI which, when feasible, can be easily
solved. As mentioned in Chang et al. (2015), these parameters
are not necessary but they provide extra free dimensions for the
design problem. Therefore it is possible to use numerical opti-
misation to search suboptimal values for 8 and p to reduce the
H%o bound. In Chang et al. (2015) the function fminsearch of
the Matlab optimisation toolbox (Gahinet, Nemirovskii, Laub,
& Chilali, 1994) was used to obtain a locally convergent solution.

In order to extend the conditions of Theorem 4.2 for a class of
switched systems and also aiming to design SOF JZ, switching
controllers for linear uncertain systems, the following problem
is stated.

Problem 4.1: Find a function f(-):R"™ — [{1,2,...,N},
{1,2,...,r}] and gains K;; € R™*P, i € Ky, s € K,, such that
the switching strategy

o) =fy®) =[c() n@)], foralt=>0, (50)
and the control input (41), with K = K, make the origin x =0 of
the controlled polytopic uncertain switched linear system (1) and



(2) a globally asymptotically stable equilibrium point such that the
controlled system satisfies,

/ - z2(t) z(t) dt < y? / - w(t) w(t) dt. (51)
0 0

Therefore, the 7%, norm of the aforementioned system is less than
y (Dong & Yang, 2013) for x(0) = 0 and w(t) € L]0, c0].

To deal with Problem 4.1, Theorem 4.3 provides conditions
for designing static output %%, switching controllers for the
switched linear uncertain system (1)-(2), based on the results
presented in Mainardi Junior etal. (2015) (Theorem 3.1), Chang
et al. (2015) (Theorem 4.2) and Souza et al. (2014).

Theorem 4.3: Consider that for known scalar parameters 8
and p there exist A € A, a scalar y > 0, matrices V;; € R™>",
Uis € R, Qoj € R™X™x, Qij € R™X ™, Qyj € R™>*™, and
symmetric matrices X; > 0 € R"™>", Z;c € R"*™, such that

Wi < 0, (52)

Wijks + Wikis < 0, j <k (53)
Oyjjj < 0, (54)

Oyjik + Osjkj + Ougjj < 0, j#k (55)

Ojkg + Onjgk + Oikjg + Oikgi + Osgik + Ongkj < 0,

j<k k<gq (56)
foralli e Ky, j,s,k, q € K,, where
He(AjXk + BjVisF*) — Quj — Cy; ZisCax
/ /Y71 ! / >
W = Ej+ HLViB — Q)= HjZ”Cik
i CiiXk + pFyVi,Bj + D;ViF
BViBj; + CojXy — UisF*
* *
—y?1 — Qyj — H; ZisHy *
Fij + Dj;VisHg —I + He(pD;jVisFo)
H; — UjsHy BViDj; — pUisFo
*
*
N (57)
Ok = Q}J + C/ZZZM(CZQ Qi + C/Z/]»Z)\qu )
7 1j + HjZAkCZq Q2j + I_IjZAqu
N r
Zi) =) ) ohiZic (58)

i=1 k=1

with F* and Fy are given in (47) and (48), respectively.
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Thus the switching strategy,

¢ =[o n]=argmin(y Ziy) (59)
IEKN

sekK,

and the control input (41), with K = Ky = Ko, where the con-
troller gains are given by

Kis = ViU !

s> 1eKy,sek, (60)

make the closed-loop system (1), (2), (41), (59) and (60) asymp-
totically stable with the 7%, performance y.

Proof: From (2), (52), (53), (57) and considering i = o, s =
one obtains:

D2 iecWojin = Do Wojin + D > otk Wogiy + Wokin)
=1 k=1 j=1 j=1 j<k
He (A(0, @)X (a) 4+ B(0,0) Vo F(@)) — Qo(@) — Cr(@) Z5Ca()
E(o,a) + H(@)'V;,B(0,0) — Q@) — H(@) 25, Ca ()
Ci(o,0)X(a) + pF V(’mB(o,oz)’ + D(0,0) Vg F(ax)
BV, B(o,0) + Cr()X(e) — Uy F ()

* *

_}’ZI — Q) — H(O‘)/ZonH(a) *
F(o,a) + D(o,a) Vy,H(a) —I+ He(pD(o,a) Vs, Fo)
H(a) — UsyH(@) ﬂV[mD(J,oe)’ — pUspFo

*
*
*

—BUsyy — BU,,

< 0. (61)

Since the inequalities (52) and (53) are feasible, it implies from
(57) that Ujs are no singular, for all i € Ky and r € K,. From
Lemma 4.1 with A = U,/ [Co(@0)X () — UpyF(a) H(a) —
UsnH(e) — pUsyFol, P’ = [V,,B(o,@)' 0V, D(co, )] and

E(o,a) + H(a)’V{,,]B((T,o:)/ — Qi(@) — H(a) Z5,Cy ()

|: He (A(o, @)X () + B(o, @) Vo F(@)) — Qo(@) — Ca(@) Z4Cale)
T =
Ci(o,)X(a) + pFyV,,Blo,@) + D(o,a) Vo F(a)

* *
—y*I = Qa(@) — H(@)' Z4,H(@) * ,

F(o,a) + D(o,a) Vs H(a) —I + He(pD(0, @) VyyFo)
(62)

the inequality (61) results in

E(o,) + H(@)'V,,B(o, @) — Qi(a) — H(@)' 26, C6

He (A(o, @)X (a0) + B(6, ) Vo F(@)) — Qo(ar) — Ca(@) Z5yCa(et)
Ci(o,)X(@) + pFyV,,Blo,a) + D(o,a) Vo F(a)

*k *
=21 — Q) — H(a) Z,yH(a) *
F(o,a) + D(o,a) Ve, H(a) —I+He(pD(o, ) VyyFo)

B(O‘,Ol)vmy X(Q)CZ(O[)/ - f(a)/UL/TU '
+ He 0 U, | H@ -H'U,, <0. (63)
D(o,a) Ve, —pF Uy
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Rewriting (63), Observe that,

x(t)] [Ca@) 25y Cal) x x(t)
[He(@((o,a)){c(a)) *21 *} w(t) | | H@) ZeyCa(a) H(a) ZonH(@) | | w(t)
o,o -y *

Ci(o, )X (a) Flo,a) —I Cy(a) x(t
10, )X (e o, / = [x(t)/ w(t)’] |:HZ((O[))/] Zon [Cz(a) H(Ol)] I:W((t))i|
B(o,) Vo ]-‘(a)’Ué,7
—1 1Tl
+ He o ‘;)V Usn Ii(j‘":?gnn = (x(t)’Cz(a)’ + w(t)'H(a)') Zon (Co(a)x(t) + H(a)w(t))
> oan 0~on
= y(t) Zoyy(t). (67)
B(o,a)Vyy X(a)Cy(a) — .7:(05)’U;,,7
+ He 0 U,y | H@ —H@'U,, From (65)-(67), and considering x(¢) # 0, note that
D(0,0)Voy —pFy U, ~
" 07 He (A(0, )X () + X ()
Qo() + Cr(e) 25y Ca () * * [W(t)] _ Gio,0)Ci(o, )X (@) N ok
—| Q@) +H@)Z:yCoo  Qa(@) + H(@) ZopH(a) = E(o,a) + F(o,2)Ci(0,0)X(«) F(o,a)F(o,a) —yI
0 0 0 Qo(a) * x(t) N Z ¢ 0 (68)
T o @@]) [we) 77O FO =0

E(o,a) i %

Ci(o,0)X(a) Flo,a) —I

He (A(o, 0)X(@)) * *
Now, from (54)-(56) one has

, r r r
B(o,a)Vy X(a)Cy ()
+ He ([ 0 n} U, [ H() } ) Z Z Z“J’“k“q@kjkq

D(o,0) Vo 0 =1 k=1 gq=1

Q@) + C2(@) Z5y Ca(a) * * r L
- { Q@) +H@) Z59Coo Q@) + H@)' Z5yH(@) *} =D @O+ ) ek (O + O + Oyik)
0 0 0 j=1 j=1 j#k
|:He (A(a,oz)X(a) + B(a,a)Km]Cz(a)X(a)) ror r
= E(,a)' + H@)'K;, B(o, )’ + ajorkotg(Onjkg + Orjgk + Ong
(C1(0,20) + D(@, oKy Ca(@)) X(e) J; ; % S ;
,:21 : + Oskgi + Osgik + Ongis) (69)
F(o,a) + D(o,a)KsyH(et) —I
Q@) + Co(@) 2y Co(a0) . _ | Q@ Qi@
— | Q@) + H@) Z,,Ca(@) Q@) + H(@) ZoyH(@) * | <0. Qi) Qa(a)
0 0 0

C(@) Z@H@)  Ca@) 2@ H@)
() [H(a)%(a)cz(a) H(Oé)’ZA(Ol)H(Ol)]<0' (70)

Using the Schur complement in (64) and considering (43), one  Pre and post-multiplying (70) in both sides by [x(t)’w(t)’] and

obtains its transpose result in
~ ~ P x0] ([Q@ Qi@ G () Z.()H(a)  Cy(a)' Zy(a)H ()
[He (A, 0X(@) + X@Cy(0,0) Cio,)X(@) ] [w(t)] ([Ql(a)’ Qz(a)] [H(a)’zm)cz(a) H(a)’Zx(a)H(a)D
E(o,a) + F(o,a) Ci(o,a)X(a) F(o,a) F(o,a) — y?I

x(t) x(t) | | Q@) Qile) || x(®)

Qe e e+ iy Zugtin] <> 69 o) =[] [ ae] o] oz <o
on on

(71)
Now, knowing that the minimum of a set of real numbers is less
than or equal to an arbitrary convex combination of these num-
bers it is possible to rewrite (68), considering the definition of

Pre and post-multiplying (65) in both sides by [x(¢)'w(¢)'] and
its transpose

Z () in (58):
) He (A(0, @) X(e0)) + X (@) '
["((?J Ci(0,@)Ci(0,0)X () x 0> — min(/ Ziy) + [j;((?)] <— [gf((j)), Q;(‘a)]
v E(o,) + Fo,0)'Ci(0,0)X(@) Flo,a)Fo,a) — y2I ks
Q@ + C@)2,,C@) * X [ He(A@,@)X(@) X0
Q@) +H@) 25y Co(@)  Qa@) + H(w) ZoyH(w) | ) [ w(®) | @GO 0 Clo,aXe [Wu)}
- E(o,a) + F(o,a)'Ci(o,0)X(@) F(o,a)F(o,a) — y2I
o7 He (A0, )X (@) + X (@) - .
= [W(t)} _ Gio,0)Ci(o, )X () 5 Uk > ) Z @) — | *O | [ Q@@ x| [x(®)
Eo,a) + Fo,0)Ci(o,0)X@) Flo,a)Flo,a) — y2I = =YD wn ] la@ Q@] [wo
B [Qo(a) * D [xa)]_[x(t)]’ N ’x(t)” He (A(0,0)X(@)) + X(@)Cy(0,@) Ci (0, )X (@)
Q@' Q)]) [wry]  [wt) Lw(t) Eo,@) +F(o,0)Ci(0,0)X(«)

Co(@) Z5yCa(e) * x(t) * NEQG)
x |:H(o¢)’ZU,77C2(a) H(a)’ZanH(a)j| |:w(t)i|' (66) F(o,a)F(o,a) — y*I | |:w(t):|' (72)



Therefore, from (72),
x() ]
w(t)

* )
Fo,0)Fio,0) — 21 | L

xO [Q@  * T[x0
wt) | | Q@) Q)| |w)|"

He (A(o a)X(a)) —i—X(oe)Cl (o,a) C1 (o,a)X(x)
E(o a) ~|—F(a a) Cl(o o)X (a)

<y Zx()y(t) + [

(73)
Considering (71) and (73)
He (A(a oz)X(a)) +X(ot)C1 (o,a) C1 (o,a)X(a)
E(o,a) +Fo,a) G (o, )X (ct)
*
Flo,0)F(o,a) — v ] <0 (74)

Considering a Lyapunov function candidate V(x(¢)) =
x(t)P(a)x(t), defining X(a) = P~!(a) and pre- and post-
multiplying both sides of (74) with diag{P(«), I} and its trans-
pose and then pre- and post-multiplying the result in both sides
with [x(t)’ w(t)'], one has

x(t)’'] [He (A(U «) P(Ol)) + Ci(o, a) Ci(o,a) *
w(t) E(o,a)P(a) + F(o,a) Ci (0, ) F(o,a)F(o,a) —

[x(f)} = V(&) +2()2() — y?w(®)w(t) <. (75)

w(t)

Integrating (75) from zero to infinity
/ - V() dt + / ” z2(t) z(t) dt — y? / - w(t)' w(t) dt
0 0 0
= V(00) — V(x(0)) + /00 z() z(t) dt
0

—y? /OO w(t) w(t)dt < 0. (76)
0

Considering x(0) =0, then V(x(0)) =0 and V(co) > 0.
Therefore, from (76) one has

/ - 2(t) z(t) dt < y? / - w(t) w(t) dt. (77)
0 0

Thus, (51) holds and the 7%, performance is fulfilled. Note
that from (75) if w(t) = 0 one obtains V(t) < 0 for all x(¢) # 0.
Hence, the proof is concluded. [ |

Remark 4.2: As mentioned in Remark 4.1, in Theorem 4.2 to
obtain LMI conditions the parameters 8 and p are set to be
known. In Theorem 4.3, besides 8 and p, the parameters ;,i €
Kn need to be known to have LMI conditions. It is important
to highlight that the parameters A;, unlike 8 and p, are neces-
sary for the conditions. Obviously, as mentioned in Remark 3.1,
the same discussion concerning A; can be drawn for Theorems
3.1- 3.3 since the convex combination of the parameters A; is
needed. With the purpose of optimising the .7#%, norm finding
the values of B, p and A;, i € Ky, the DE-LMI algorithm will be
introduced later.
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Theorem 4.4: If the conditions given in Theorem 4.2 hold, then
the conditions given in Theorem 4.3 also hold.

Proof: For Theorem 4.3 assume the particular case where N =1
and the controller gains are fixed (X = K) which yield fixed
values for Zj; = Z, Ujs = U, Vis = V, O3 = ©j and Wi =
Wik. Therefore, assuming Z = 0, it is possible to rewrite (57) as

He(A;jXx + B;VF¥) * * *
W — Ej+ H.V'B] -y * *
K= CyXe + pFy V'Bj + D}V F* F; + D;VHy —I + He(pD;V Fo) *

BV'B; + CyXi — UFF

7Q0j *
+ _erj _QZJ

Qj

H,—UH, pV'D,—pUF, —pU-pU

Ojk

}, (78)

QO] *

o=[Q) o)
Note that for this particular case the term wj, defined in (78) is
equal to Q2 given in (46) of Theorem 4.2. Considering that the
conditions of Theorem 4.2 hold, then from (44) and (45) one
has that wj; = j; < 0 and wjx + wij = QLjx + Ljx < 0 . Thus,
there exists suﬂiaent small parameters ¢ > 0 and T > 0 such
that wj; + eI < 0and wjx + wyj + 1 < 0. Therefore, from (78),
for the particular case where Qo = —¢I, Qzj = —¢l and Qj =
0, considering (57), then (52) and (53) hold. Hence (54), (55)
and (56) also hold, since Qyj = —¢I, Q;j = —¢l and Q;; = 0,
because ©,jx; = ©; and from (79), ®; = —¢I < 0. The proof is
concluded. |

(=]

(=]
S O % ¥
o % ¥ %

and (58) as

(79)

Corollary 4.5: Theorem 4.3 also suits for designing switched out-
put feedback 7%, controllers for continuous-time uncertain linear
systems. These systems can be considered a particular case of the
switched systems with N= 1.

5. Hybrid DE-LMI-based algorithm

Note that as mentioned in Remarks 3.1 and 4.2, terms Q;, lead
to BMIs conditions in Theorems 3.1- 3.3 and 4.3. As well as
stated in Remark 4.1, the parameters p and f in the Theorems
4.2 and 4.3 can be found through numerical optimisation in
order to reduce the .73, norm. Currently, to the best of the
author’s knowledge, there are not available solvers (determinis-
tic methods) in literature able to find the optimum solution for
non-convex problems (Sadabadi & Peaucelle, 2016). Thus, find-
ing the output gains in order to stabilise an uncertain switched
linear system is a NP-hard problem (Koumboulis & Tzamtzi,
2007; Lin & Antsaklis, 2009). Therefore, it is proposed the use of
an hybrid metaheuristic technique, DE-LMI (Differential Evo-
lution - Linear Matrix Inequality) (Storn & Price, 1997) for
finding quasi-optimum values for the parameters p, g and A;.

5.1 Differential evolution

Global optimisation is considered effective in different fields
of engineering, statistics, and finances models. Consequently,
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v

Initialise Population | Mutation

>

Crossover ) Selection

Figure 3. Main stages of DE algorithm (Das & Suganthan, 2011).

there are different techniques proposed in the literature to solve
these problems. DE is a stochastic method based on population
optimisation algorithm introduced by Storn and Price (1997).
This method belongs to the class of Evolutionary Algorithms
(EA), which also includes, Genetic Algorithms (GA), Evolution-
ary Strategies (ES) and Evolutionary Programming (EP) (Price,
Storn, & Lampinen, 2006). DE figured as one of the best among
the competing algorithms presented at Second International
Contest on Evolutionary Optimisation and over the the years
has attracted the attention of researchers from diverse fields of
knowledge. Hence, a plenty of variants of the basic DE algorithm
has emerged (Das & Suganthan, 2011). DE is a real parameter
algorithm and can be summarised in four stages, such as GA:
initialisation of the population/parameters, mutation, crossover,
and selection. Figure 3 depicts these stages.

The notation for representing a population consisting of NP
vectors that will be updated throughout the G generations was
adopted as following (80):

{%igli=0,1,2...NP—2,NP —1}. (80)

To initialise the population (G = 0), in order to cover the
suitable range with uniformly distributed random individuals,
one has to consider the knowledge about the problem. For
instance, if the parameters of the convex combination compose
the population, knowing that A; < 1, ; > 0 and Zfil ri=1,
the initial population should cover the range between 0 and 1,
considering the sum of the individuals equal to 1, with uni-
formly distributed random values.

The mutation stage involves adding the weighted difference
between two random individuals (xg,G and X, ) of the popula-
tion to a third one (% ), as shown in (81).

V= ;CI(,G + F(;Cﬂ,(; — ;CV,G)> (81)
where the real and constant F > 0 factor controls the amplifica-
tion of the differential variation and for each target vector x;g
a mutant vector is generated (Storn & Price, 1997). The vector
X, may be replaced by the best individual in the population at
generation G (Xpest,)- In order to do that, when initialising the
population the fitness function must be evaluated.

Aiming to increase the diversity, the crossover between the
mutant vector and the target vector is performed to yield the
trial vector (1). The last stage (selection) involves whether or not
the trial vector should replace the target vector. The trial vector
replaces the target vector if it yields a smaller fitness function.
Otherwise, the target vector is held.

5.2 DE-LMlI-based algorithm employed to the proposed
problem

As aforementioned the proposed DE-LMI-based algorithm
applies the SeDuMi algorithm (Sturm, 1999) or Matlab LMI

toolbox (Gahinet et al., 1994) for solving the LMI problems
in order to provide the parameters to evaluate each individual
of the population considered in the DE. Considering the DE
traditional algorithm described in Section 5.1 and in order to
illustrate the integration of DE and LMI solvers, Figure 4 depicts
the algorithm routine.

Our main goal is to find the convex combination parame-
ters (1), B and p when required. It is possible to consider that
the characteristics of the individuals are the convex combina-
tion parameters and those aforementioned parameters. Hence,
aiming to minimise the guaranteed cost for Theorems 3.2 and
3.3 and the J%, cost for Theorem 4.3, is possible to apply
the DE-LMI algorithm to deal with the problem, achieving
quasi-optimum values for 1;, 8 and p.

6. Examples

In this section, three examples are used to compare the poten-
tiality of the theorems proposed in this paper and complement
the results presented in Section 3.1. Example II illustrates the
case where all matrices of the subsystems are not Hurwitz. Com-
parisons regarding the guaranteed cost were performed consid-
ering a given set of A1, A, and A3 and the suboptimal A, A
and X3 obtained using the proposed hybrid algorithm DE-LMI.
Example II, consider that u(¢#) = 0 and w(t) = 0, and thus The-
orems 3.2 and3.3 are compared. With the aim to compare the
proposed technique with the results presented in Chang et al.
(2015) for continuous-time systems, the condition of Corollary
4.5 is used to cover the Example III. Finally, in Example IV
the conditions of Theorem 4.3 are used in order to find a fea-
sible solution for a practical application of the method in the
design of a switched robust controller for a semi-active suspen-
sion (Cardim et al., 2016) and (Geromel et al., 2008) aiming to
minimise the 72 cost (51). Concerning LMI solver, it was used
the SeDuMi or Matlab LMI toolbox interfaced by YALMIP in
MATLAB software.

6.1 Example Il - numerical simulation

Consider the uncertain switched linear systems represented by
(1) and (2), with r=2, N=3, i € {1,2,3}, j € {1,2} and the
following matrices given below:

a 1 0 -1 -2 0
Afl@g=1|1 =3 0|, AMb=|-2 b 01,
10 -1 0 1 -1
[—2 0 1]
1 0 0
A= | 0 -1 2|, Cu=Cnp=Cy= |:O 0 1i| .
| 0 I—

(82)

Since there neither control input (#(t) = 0) nor exogenous dis-
turbance (w(f) = 0) the matrices Bj; ,Ejj;, Djj, Fjj and H; are not
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Figure 5. Time response of the state variables and switching selection of the controlled system (1), (2), (6) and (82).

represented. Note that, ifa < — L h < —4, c < —2, the matrices
A1(a), A5 (b) and A3(c) are Hurwitz. Otherwise, ifa > —%, b>
—4, ¢ > —2, the matrices A;(a), A,(b) and Az(c) are not Hur-
witz. The vertices of polytope were obtained considering 0 <
a<l1,-3<b<-15,—-15 < ¢ < —1. Initially, consider that
A1 =03, Ay = 0.4, A3 = 0.3, xp = x(0) = [0.25 0.5 — 0.25]
and u(t) = 0. From conditions of both Theorems 3.2 and 3.3,
the obtained guaranteed cost (7) was 6.022. The next subsec-
tion is devoted to apply the concepts of DE-LMI algorithm in
order to reduce the guaranteed cost.

6.1.1 Finding the suboptimal parameters of convex
combination

Note that, the conditions (11), (16) and (17) are BMIs, con-
tain terms as the product of a scalar by a matrix. However, as
discussed earlier, the proposed hybrid metaheuristic DE-LMI
algorithm is able to find feasible solutions in order to reduce

the guaranteed cost (7), obtaining values of convex combination
parameters that yield suboptimal guaranteed cost value. In this
case, the DE-LMI algorithm searches the values of 1;, i € Ky,
such that, Zfil Ai=1land Q) =21 1Q1 +1Qy +--- + ANQN.
From the conditions of Theorem 3.3, the DE-LMI algorithm
stopped in the 17th generation due tolerance stop criterion,
yielding a value of 2.087 for the guaranteed cost with the solu-
tion A; = 0.2449;, A, = 0.3623;, and A3 = 0.3928;. The result
shows that the guaranteed cost was considerably reduced when
compared with the value obtained disregarding optimisation.
Figure 5 presents the trajectories of the state variables and the
selected subsystem over time, obtained through of conditions
proposed in Theorem 3.3. It is important to highlight that the
switching strategy (6) stabilises the system described in (82),
even when the state matrices are not Hurwitz. Furthermore,
note that when f > 4s, the time responses of the state
variables are close to zero. However, observe that the switching
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strategy continues selecting the best available subsystem
considering (6).

6.2 Example Ill - numerical simulation

This numerical example was introduced in Chang et al. (2015).
It is represented by (1) and (2), with =2, N =1 (Corollary 4.5)
and the following matrices:

[—0.9896 1741 96.15
Ay =| 02648 —08512 —11.39 |,

0 0 —30+6

—1.702 50.72 263.5 ]
A, = | 02201 —1418 —31.99 |,

|0 0 —30+6 |

—97.78 —85.09] 0
B = 0 , B = 0 , Ei=E =|1],

| 30 30 | 1
Ci1 = Ci2 = Inxs,

1 00

Di=D,=0, Fi=F=0, C21—[0 | 0i|,

1 00
Cu = [0 1 1}’
H, =H, =0. (83)

The parameter § was added in the matrices A; and A to
draw a comparison between Theorem 4.2 (Chang et al., 2015)
and Theorem 4.3 for the /7, performance, considering § incre-
ments.

Figure 6 shows that Theorem 4.3 achieves better 7%, perfor-
mance when compared with the Theorem 4.2. Furthermore, it

to highlight that for § > 4.9 the conditions of Theorem 4.2 are
unfeasible.

6.3 Example IV - practical application: semi-active
switched suspension

In order to evaluate the proposed technique presented in the
Theorem 4.3 in a practical application, consider the semi-active
switched suspension addressed in Geromel et al. (2008) and
Cardim et al. (2016). The problem consists in designing an
output feedback controller that jointly with the switching strat-
egy mitigates the passenger’s discomfort. Figure 7 depicts the
system. The mathematical model can be seen as the system
represented in (1) and (2) with the following matrices:

0 1 0 0
—k(@)  —cmin k() Cmin
A(a) = M(()Ol) M(()Ol) M(()Ot) Mia) i
k() Cmin —(k(et) + k1) —cmin
m m m m
Bod
y1(t) ‘ X/[y |
T
szing L4 Dg(rjn(%er C%rzgol
v2(t) ‘ Unsprung Mass ’
1 m
0 Ty

t

Figure 7. Active suspension system (quarter car).

70 T T T T T

- Theorem 4.3
60

s Theorem 4.2

I performance

Figure 6. 772, cost comparison between Theorems 4.2 and 4.3 for § increments.




0
1
Bi(@) = By(e) = | M()
-1
m
0 1 0 0
—k(o)  —Cmax k(a) Cmax
M@= | M@ Me M@ M@ |
0 0 0 1
@ Cmax —(k(a) + ki) —cmax
m m m m
0
0
Ei(@)=E(@)=1|0 |,
ke
m
Ci(a) = [M_k —Cmin k Cmin :| ,
() M(e) M) M)
Cia(@) = [ —k —Cmax k Cmax :| ’
M) M) M@ Mx)

D11 =Dy = D31 =Dy =0,
Fii=Fn=F)1=F;=0

1 0 -1 O

C21 = C22 = |:0 1 0 _1i| 5 H] = H2 = 0 (84)

where the state vector is x(t) = [8y1 8)1 8y2 8y2], 8y1 and 8y, are
the variations of y; and y, around an equilibrium point. Addi-
tionally y; (£), y2(t), ¢(¢) are the vertical position of the body,
the unsprung mass, and the road profile, respectively. The oth-
ers plant parameters are the quarter-car body mass (M), the
unsprung mass (m), the stiffness of the suspension spring (k),
the stiffness of the tire (k) and damping coeflicient of the passive
shock absorber (cy ). Furthermore, it is considered a switching
strategy such that the coefficient of the passive shock absorber
(co) can assume only two values, previously named, cpin and
Cmax. Moreover, it is important to stress that z(¢) corresponds to
the body acceleration, that is, y; (¢).

6.3.1 Case I: uncertain quarter-car body mass (Cardim et al.,
2016)

For the first simulation it is assumed that the quarter-car
body mass is uncertain and belongs to Mmin < M < Mmax.
Thus, for this case, the system is represented by (1), (2)
and (84) with r=2, N=2, i € {1,2}, j € {1,2}. The following
values were adopted: Mmin = 350kg, Mmax = 450kg, cmin =
3 x 10 (N.s)/m, cmax = 3.9 x 10°> (N.s)/m, m =50kg,k = 2 x
10* N/m, k; = 2.5 x 10° N/m. Due to practical implementation
issues, the output feedback gains must be bounded. In this sense,
through the DE-LMI it is possible to constraint the norm of vec-
tors gains. For this case the values were constrained according
to norm(Kis) < 10 x 103. The DE-LMI algorithm, considering
the solver LMIlab (Gahinet et al., 1994), was applied in order to
obtain the output feedback gains (Kjs) and the switching deci-
sion matrices (Z;s) for the conditions proposed in Theorem 4.3.
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The obtained values are the following:

B = 0.1709, p = 1.8066
1 R0, a1
Ky = [619.8018 —0.6575], Ky =1x10°[-7.5318 —1.0005],
Ky, = [635.0843 —0.0200], Ky =1 x 10°[-9.8440 —1.0180],
—0.5164 —1.7135 —0.5163 —1.7138
— 7 — 7
Zn=1x10 [—1,7135 0.0129 } Zrz=1x10 [—1.7138 0.0261 ]
—0.5164 —1.7135 —0.5164 —1.7135
— 7 — 7
Zn=1x10 [—1.7135 0.0126 } Zn=1x10 [—1.7135 0.0126 ]
(85)

The road profile is treated in this paper as the exogenous dis-
turbance, that is w(t) = ¢(#). It is important to highlight that
in Cardim et al. (2016) the guaranteed cost was selected as the
performance criterion and there is no 7%, approach involved.
For comparison purpose with the simulation results presented
in Cardim et al. (2016), the same road profile (w(t) = (),
a square wave with amplitude £4cm, was considered. Since
the quarter-car body mass is an uncertain parameter (M), the
simulation examines two different scenarios, for M = M, =
350kg (0 <t < 4s)and M = Mpyx = 450kg (t > 45). For the
open-loop simulation, it was used the maximum value of ¢,, in
this case cmax = 3.9 x 10% (N.s)/m. Figures 8,9 and 10 show the
simulation results. Figure 8 shows the comparison of the time
response of y;(t) and y,(t) for the conditions of Theorem 4.3,
the conditions introduced in Cardim et al. (2016) in Section
5.2, and the uncontrolled situation with cmax. It is possible to
observe that the proposed Theorem 4.3 presents the best per-
formance for y, (t), considering the reduction of the guaranteed
cost. This fact is linked with the reduction of fot z(t)'z(t) dt, as
depicted in Figure 9, since z(t) corresponds to the body accel-
eration 1 (). Theorem 4.3 provides about 20.4% and 7.11% of
reduction in the fot z(t)'z(t) dt final value, when compared to
the open-loop case and the response related to the conditions
proposed in Cardim et al. (2016), respectively. It is important
to stress that the proposed DE-LMI method do not ensure the
global optimisation, due to non-convex characteristics related
to BMIs. Therefore different values for the controllers can be
found, depending on the ED initialisation parameters values
(Storn & Price, 1997). Figure 10 shows the control input u(t)
time response. The switching selection was omitted in this
example, as in this case for Theorem 4.3 the switching function
returned 0 = 2 and n = 1 for the simulation time, that is, the
controller gain Ky; was kept. Concerning the dynamical out-
put feedback design proposed in Geromel et al. (2008), note
that it can not be directly applied in this example that presents
uncertainties since in the aforementioned paper the plant was
supposed known and without uncertain parameters.

6.3.2 Case ll: uncertain quarter-car body mass (M) and
suspension spring stiffness (k) variation

For this second case besides the quarter-car body mass the
stiffness of the suspension spring was treated as an uncertain
parameters, belonging to kmin < k < kmax. Now, the system is
represented by (1), (2) and (84) with r=4, N=2, i € {1,2},
j€1{1,2,3,4}. The following values were adopted: Mpi, =
300kg, Mmax = 500Kkg, cmin = 6 x 10? (N.s)/m, cpax = 9 X
10 (N.s)/m, m=50 kg, kmin =2 X 104 N/m, kpax = 12 X
10* N/m, k; = 2.5 x 10° N/m. It is important to highlight that
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Figure 10. Control signal u(t): M = Mmin = 350kg (0 < t < 4s)and M = Mmax = 450kg (t > 45).
the range of the quarter-car body mass was increased and the =1x10° [~7.1936 —0.7666],
suspension spring stiffness was treated as another uncertainty 3
parameter with the purpose of exploiting and to show the poten- Kz =1x10 [ 5.5566  —0.7633 ] ’
tial of Theorem 4.3. For this case, the norm of the vectors gains Kis=1x103 [ 50453 _0'7935] )
was also constrained according to norm(Kjs) < 10 x 10%. The s
DE-LMI algorithm, considering the solver LMIlab (Gahinet Kig =1x10°[-4.3620 —0.7681],
et al., 1994), was used for the conditions proposed in Theorem (304443292000 26631481.8465]
4.3. The obtained values for the parameters 1;, p, 8, for the con- Zn = 26631481.8465 5045455.02273
troller gains Kj; and the switching decision matrices Z;; are the - -
following: z 30444329.2000 26631481.8469
127 | 26631481.8469  5045455.01505 |
B = 0.2559, 2= 30444329.1998  26631481.8478 ]
37 | 26631481.8478  5045455.00590 |

A1 = 0.15020,
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For the open-loop simulation, it was used the maximum
value of ¢y, in this case cmax = 9 x 10? (N.s)/m. The simula-
tion examines four different scenarios: (1) M = Mpin = 300 kg
and k = kmin = 2 x 104 N/m (0 < t < 125), (2) M = Mpax =
500kg and k = kpin = 2 x 10* N/m (12 < t < 24s), 3) M =
Minin = 300kg and k = kpay = 12 x 104 N/m (24 < t < 365)
and (4) M = Muyay = 300kg and k = kpqay = 12 x 10*N/m
(t>36s) . Figure 11 shows the comparison of the time response
of y1(t) and y,(t) for the conditions of Theorem 4.3 and the
open-loop system. It is possible to observe that the oscillation
and peak values of y; (¢) and y; (¢) are significantly reduced when
considering the switching controllers. Finally, Figure 12 shows
the control input signal (u(t)) and the controllers/subsystems
switching.

7. Conclusions

Initially, this paper proposed in Theorem 3.3 a strategy to design
an exclusive output-dependent switching strategy for control-
ling linear time-invariant continuous-time uncertain switched
linear systems.

A proof in Theorem 3.4 shows that, if the known conditions
of Theorem 3.2 hold, then the conditions proposed in Theorem
3.3 also hold. Furthermore, from simulations results (Exam-
ples I and II), the conditions proposed in Theorem 3.3 present
a greater feasible region and reduce the guaranteed cost when
compared with the conditions of Theorem 3.2. Therefore, the
conditions proposed in Theorem 3.3 are less conservative than
that presented in Theorem 3.2. The second control problem
studied in this paper was the robust switching SOF J#%, con-
trol of continuous-time switched linear time-invariant systems.
For a particular case of switched systems with only one subsys-
tem, a proof in Theorem 4.4 shows that if the known conditions
of Theorem 4.2 hold, then the conditions proposed in Theorem
4.3 also hold.

Additionally, from simulations results (Example III), the
conditions proposed in Theorem 4.3 present a greater feasi-
ble region and reduce the %, cost when compared with the
conditions of Theorem 4.2. Therefore, the conditions proposed
in Theorem 4.3 are less conservative than that presented in
Theorem 4.2.

The conditions of the proposed methods are a special class
of BMIs, which contain some bilinear terms as the product of a
matrix and a scalar, related to a suitable convex combination and
two scalar parameters to provide extra free dimensions in the
solution space. The hybrid algorithm DE-LM]I, is proposed for
obtaining feasible solutions of this particular NP-hard problem.

Finally, in Example IV, it was presented a practical appli-
cation on a semi-active suspension system. It was possible
to observe a dynamic response improvement considering the
reduction of the guaranteed cost when compared with the
results obtained considering the procedure presented in Cardim
et al. (2016). The second study regarding this problem, con-
sidering an uncertain bounded mass and a fault in the spring,
confirms the effectiveness of the proposed approach. Future
research on this subject is to extend the proposed methodology
for designing switched dynamic output feedback controllers for
the same class of uncertain switched linear systems studied in
this paper.
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Appendix. Proof of Theorem 3.1

Consider that (4) and (5) are feasible. It is known that the minimum of a set
of real numbers is less than or equal to an arbitrary convex combination of
these numbers. Then, from (5) and (6), for x # 0 it follows that:

0 > x'(Qojk + C'Q.O)x = ¥’ Qujrx + gﬂi(n()’/Qi)’) = x'(Qujt + C' Qs O),
N

(A1)
where A = [A1 Ay ... AN], Zf\il Ai=1landX; > 0,foralli € Ky.Observe
that (A1) can be rewritten as:

% (Qojk + C' Qs O)x

"TQojk + CQsC 0 I,
0 0 A(o,a)

]x<0.

(A2)

i In
* A(o,a)

Thus, multiplying (A2) by & x a, and taking the sum from j=1to j=r
and k=1 to k =, respectively, from (4), note that:

r r !/
[ I
0>Zak l(x]x [A(a,a)

k=1 j=

o | Qoik + Qoij +2C'QC 0 I .
0 0 A(o,a)

r r , In ’
> Zak Zajx [A(a,a) i|

k=1 j=1
o Xlakf}of + AL Xkt XlajAak, + AL X o)
Pik = X ok + XookAoj + Prj — X4 + Xa0jAsj

Pje = Xiok + AgjXog 1+ Pig = X1 + A1 X, } [ I } .

—Xook — Xégk - XZaj - Xégj A(o,a)

r r /

— -y In

_Zgak;%x [A(a,a) ]
= j=

|: XIOkAGj + AZTinak
!
Pk = X + X2okAoj

Iy
X Ao, ) X.

Now, define P(a) = (@101 P1y + a1oaPio + ... + v Pry), Xi(0,0) =
(@1X151 + 02 X162 + - - + 0 X164), X2 (0, ) = (1 X251 +02 X262 + ... +

—Xook — X,

Pit — Xigk + A5 X0 }
20k

(A3)
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o X25+). Then, from (2) and (A3), one has:

0o | In "Xi(0,0)A(0, @) + A (0, 0)X] (0, )
"X AG,) | | P@) —X|(0,) + Xa2(0,@)A(0, )

P(a) — Xy (0, ) + A'(0,0)X} (0, ) I,
—Xa(0, ) — X} (0, @) A,a) |F

_o o T o P@] [ X
=x [Af(a,a) ] {|:p(a) 0 i| +|: Xy (o) ][A(o,a) —I,]

Ao, ’ > ,
+[ e ][Xlw,a) X2("’°‘)]}[ A@,2) ]x

/ / 0 P In
= x [In A (G’,O[)] |:P(oe) (Oa)] |: AGa) ]x.

Considering a Lyapunov function candidate V(x) = x'P(«)x, note that
from (2), V(x) > 0 for x # 0 and from (1), supposing that u(t) = 0 and
w(t) = 0 for t > 0, and assuming constant output matrices Cy; = C, for all
j € K,, and (A4) it follows that V(x) = x(t)'P(a)x(t) + x(t)' P(a)x(t) < 0
for x # 0. The proof is concluded.

(A4)
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