arXiv:1901.02600v2 [math.OC] 15 Aug 2019

A Distributed Control Approach for Heterogeneous
Linear Multiagent Systems™

Selahattin Burak Sarsilmaz and Tansel Yucelen'
Department of Mechanical Engineering
University of South Florida

Abstract — This paper considers an internal model based distributed control approach to the
cooperative output regulation problem of heterogeneous linear time-invariant multiagent sys-
tems over fixed directed communication graph topologies. First, a new definition of the linear
cooperative output regulation problem is introduced in order to allow a broad class of functions
to be tracked and rejected by a network of agents. Second, the solvability of this problem with
three distributed control laws, namely dynamic state feedback, dynamic output feedback with
local measurement, and dynamic output feedback, is investigated by first considering a global
condition and then providing an agent-wise local sufficient condition under standard assump-
tions. Finally, two numerical examples are provided to illustrate the selected contributions of
this paper.

Keywords — Heterogeneous multiagent systems; distributed control; cooperative output
regulation; internal model

* This research was supported by the Dynamics, Control, and Systems Diagnostics Program of the National Sci-
ence Foundation under Grant CMMI-1657637.

+ Corresponding Author: Engineering Building C 2209, 4202 East Fowler Avenue, Tampa, Florida 33620, United
States of America (Address); +1 813 974 5656 (Phone); yucelen@usf.edu (Email).


http://arxiv.org/abs/1901.02600v2

1. Introduction

Heterogeneous multiagent systems formed by networks of agents having different dynamics
and dimensions present a significantly broader class of multiagent systems than their hetero-
geneous and homogeneous counterparts that consist of networks of agents having different
dynamics with the same dimension and identical dynamics, respectively. Therefore, analysis
and synthesis of distributed control approaches for this class of multiagent systems that rely
on local information exchange has been an attractive research topic in the systems and control
field over the last decade.

In particular, the cooperative output regulation problem of heterogeneous (in dynamics and
dimension) linear time-invariant multiagent systems, where the output of all agents synchro-
nize to the output of the leader, over general fixed directed communication graph topologies
have been recently investigated in [1} 2, [3, [4, 5} [6} [7]. This problem can be regarded as the
generalization of the linear output regulation problem given in, for example, [8] to multiagent
systems. As a consequence, distributed control approaches to this regulation problem can be

classified into two categories:

 The first category is predicated on feedforward design methodology, where the authors of
(1}, 2, [4, [6, [7] present contributions. In the presence of plant uncertainties, however, this
methodology is known to be not robust since the feedforward gain of each agent relies on

the solution of the regulator equations.

* The second category is predicated on internal model principle, where the authors of [3} 5]
present contributions. While this methodology is robust with respect to small variations
of the plant parameters as compared to feedforward design methodology, it cannot be

applied when the transmission zero condition does not hold.

The common denominator of these papers is that an exosystem, which has an unforced linear
time-invariant dynamics, generates both a reference trajectory and external disturbances to be
tracked and rejected by networks of agents. Specifically, the system matrix of the exosystem is
explicitly used by controllers of all agents in [I} 2} 4} [7] and a proper subset of agents in [6]; or

each agent incorporates a p-copy internal model of this matrix in its controller [3} 5].



1.1. Contributions

Considering applications of the distributed control approaches in [1} 2,3} 4, 5, 6, [7], it can be
a challenge to precisely know the system matrix of the exosystem, even the dynamical structure
of the exosystem; especially, when an external leader interacts with the network of agents or
a control designer simply injects optimized trajectory commands to the network based on, for
example, an online path planning algorithm. In order to guarantee ultimately bounded tracking
error in such cases, a new, generalized definition for the cooperative output regulation problem
is needed.

This paper focuses on heterogeneous (in dynamics and dimension) linear time-invariant
multiagent systems over general fixed directed communication graph topologies. First, we
present the generalized definition for the linear cooperative output regulation problem. Sec-
ond, we investigate the solvability of this problem for internal model based distributed dynamic
state feedback, output feedback with local measurement, and output feedback control laws. To
this end, we not only consider global conditions but also provide agent-wise local sufficient
conditions under standard assumptions. Considering large-scale applications of multiagent
systems, the agent-wise local sufficient conditions are primarily important for independent
controller design of each agent (i.e., without depending on the dynamics of other agents ).

The system-theoretical approach presented in this papeIH is relevant to the studies in [3} 5],
where they also focus on the linear cooperative output regulation problem with an internal
model based distributed dynamic state feedback control law. Specifically, [5] extends the ap-
proach in [3] to an output feedback control under an output feedback stabilizability condition.
In addition to the generalized definition of the linear cooperative output regulation problem,

the contribution of this paper differs from the studies in [3,[5] based on the following points:

* First, we note that the theoretical contribution of this paper covers not only the dynamic
state feedback problem but also the dynamic output feedback problem with local mea-
surement as well as the dynamic output feedback problem. Unlike the results presented
in [5], this paper does not assume the output feedback stabilizability for the dynamic
output feedback problem with local measurement. With regard to the dynamic output

feedback problem, the results of this paper does not require agents to access their own

1 Although they are not completely related, [9,[I0] may be regarded as preliminary works of this paper.



states or outputs.

 To prove the existence of a unique solution to the matrix equations that are crucial for the
solvability of the problem, Section III in [3] (Theorem 4 in [5]) decomposes these matrix
equations, which consist of the overall dynamics of the multiagent system, into matrix
equations, which deal with the dynamics of each agent separately. In contrast, we do
not decompose these matrix equations; see the sixth paragraph of Appendix A for the
advantage. In particular, Lemma [3 of this paper, which is also applicable to dynamic
output feedback cases, guarantees that these matrix equations have a unique solution

without requiring their decompositions.

* A considerable number of gaps in the related results of [3} 5] is illustrated by counterex-

amples in Appendices and fixed in Appendices as well as in Section[4.11

1.2. Organization

The rest of the paper is organized as follows. Section 2l presents the notation and the essen-
tial mathematical preliminaries. Section 3l formulates the linear cooperative output regulation
problem considered in this paper. The solvability of this problem is investigated in Section [4]
and two illustrative numerical examples are presented in Section[5l Finally, Sectionf@lconcludes

the paper.

2. Mathematical Preliminaries

A standard notation is used in this paper. Specifically, R, R”, and R"*" respectively denote
the sets of all real numbers, n x 1 real column vectors, and n x m real matricesd; 1,, and I,,
respectively denote the n x 1 vector of all ones and the n x n identity matrix; and “=” denotes
equality by definition. We write ()T for the transpose and | - [|> for the induced two norm of
a matrix; o(-) for the spectrun'H and p(-) for the spectral radius of a square matrix; ()~ for
the inverse of a nonsingular matrix; and ® for the Kronecker product. We also write A < B for
AeR™™, BeR"™™M if entries a;; < b;; for all ordered pairs (i, j). Finally, diag(A;,...,A;,) is a

block-diagonal matrix with matrix entries Ay, ..., A, on its diagonal.

2 In this paper, all real matrices are defined over the field of complex numbers.
3 We follow Definition 4.4.4 in [IT].



We now concisely state the graph theoretical notation used in this paper, which is based
on [12]. In particular, consider a fixed (i.e., time-invariant) directed graph G = (V,£), where
V= {vl,..., UN} is a nonempty finite set of N nodes and £ c V xV is a set of edges. Each
node in V corresponds to a follower agent. There is an edge rooted at node v; and ended at
v; (e, (vj,v;) € £) if and only if v; receives information from v;. A = [a;;] € RN*N denotes
the adjacency matrix, which describes the graph structure; that is, a;; > 0 < (vj,v;) € & and
a;j = 0 otherwise. Repeated edges and self loops are not allowed; thatis, a;; =0, Vi € N with
N ={1,...,N}. The set of neighbors of node v; is denoted as N; = {j | (v;,v;) € £}. In-degree
matrix is defined by D = diag(d,...,dn) with d; = }_jen;, a;j. A directed path from node v; to
node v; is a sequence of successive edges in the form {(vi, Up), (Up, Vg),..., (Vr, vj)}. If v;i = vy,
then the directed path is called a loop. A directed graph is said to have a spanning tree if there
is aroot node such that it has directed paths to all other nodes in the graph. A fixed augmented
directed graph is defined as G = (V,&), where V = {vg, v1,..., vn} is the set of N + 1 nodes, in-
cluding leader node vy and allnodes in V, and € = £ U&' is the set of edges with £’ consisting of
some edges in the form of (v, v;), i € V.

The concept of internal model introduced next slightly modifies Definition 1.22 and Remark

1.24 in [8].

Definition 1. Given any square matrix Ay, a triple of matrices (M;, M», M3) is said to incor-

porate a p-copy internal model of the matrix Ay if

I I VY R S
M =T 0 G T ,MZ—T[GZI,Mg—T[O], (D
or
M, = Gy, My =G, M3 =0, (2)

where S;, 1 =1,2,3,4, is any matrix with an appropriate dimension, 7T is any nonsingular matrix

with an appropriate dimension, the zero matrix in M3 has as many rows as those of G;, and
G1:diag(,61,...,ﬁp), ngdiag(al,...,ap),

where for [ =1,..., p, B; € R®*% and 0; € R satisfy the following conditions:
a) The pair (8;,0;) is controllable.

b) The minimal polynomial of Ay is equal to the characteristic polynomial of §;.



3. Problem Formulation

Consider a system of N (follower) agents with heterogeneous linear time-invariant dynamics
subject to external disturbances over a fixed directed communication graph topology G. The

dynamics of agent i € \V is given by

Xi(t) = Aixi(O)+Biu; () +6;(t), x;(0)=x;0, t=0,

Cix;i(t)+Djiu;(1),

yi(1)

with state x;(f) € R, input u;(t) € R™, output y;(t) € R”, and external disturbance 6;(t) =
Es,6(1) e R"™, where 6(1) € R% is a solution to the unknown disturbance dynamics with an initial
condition. In addition, the reference trajectory to be tracked is denoted by y,(t) = Ry (t) € RP,
where r((f) € R% is a solution to the unknown leader dynamics with an initial condition.

Let w(f) = [r] (1,8 ()]" € RY be the solution of the unknown exosystem, where g = g; + 5.
Instead of assuming that the exosystem has an unforced linear time-invariant dynamics with
a known system matrix (e.g., see [I} 13} [5]), we consider that the exosystem has an unknown
dynamics. From this perspective, the exosystem can represent any (e.g., linear or nonlinear)
dynamics provided that its solution is unique and satisfies the conditions given later in Assump-
tions[Iland

Define E; £ [0 E5,] and R £ [R; 0]. Furthermore, let e; (1) £ y;(f) — yo(t) be the tracking error.

We can then write the dynamics of each agent and its tracking error as

X () = Ajxi(t) +Bju;(t) + Eijw(t), x;(0)=x;0, =0, (3)

e;j(t) = Cix;(t)+D;u;(t) — Ro(1). 4)

In this paper, the tracking error e;(f) is available to a nonempty proper subset of agentﬂ. In
particular, if node v; observes the leader node vy, then there exists an edge (v, v;) with weight-
ing gain k; > 0; otherwise k; = 0. Each agent has also access to the relative output error; that is,

yi(£) = yj(¢) for all j € N;. Similar to [5], the local virtual tracking error can be defined as

1
[Z “ij(J’i(t)—J’j(t))+ki(yl'(t)—yo(t))]. )

A
evi(t) -
di + ki jEN;

4 If all agents observe the leader, decentralized controllers can be designed for each agent even though the dis-
tributed controllers proposed here are still applicable.



Now, we define three classes of distributed control laws based on additional available infor-
mation to each agent:
1) Dynamic State Feedback. If each agent has full access to its own state x; (), then the dy-

namic state feedback control law is given by

ui(t) = Ky;x;(t) + Ky;z; (1), (6)

zi(t) = G1;zi(1) + Gojeyi(1), zi(0) =2z, =0, (7)

where z;(t) € R"1i is the controller state and the quadruple (Ki;, K»;, G1;, G;) is specified in
Section[4.1]
2) Dynamic Output Feedback with Local Measurement. If each agent has local measure-

ment output yp; () € R” of the form
Ymi(1) = Cmixi(t) + Dm;u;(1), (8)

then the dynamic output feedback control law with local measurement is given by
ui(t) = Kizi(0), 9)

zi(t) = Myizi(t) + Mzjey;(t) + M3;ymi(t), z;(0)=2z, (=0, (10)

where z; (1) € R"i is the controller state and the quadruple (K;, M;;, M»;, M3;) is specified in
Section[4.2]

3) Dynamic Output Feedback. If each agent does not have additional information; that is,
the local virtual tracking error ey;(t) is the only available information to it, then the dynamic

output feedback control law is given by

ui(t) = K;zi(1), (11)

zi(t) = Myjz;i(1) + Mpjeyi(t), z;(0) =2z, (=0, (12)

where z; () € R"=i is the controller state and the triple (K;, M;;, My;) is specified in Section 4.3l

We now introduce the first and the second assumptions before defining the problem.

Assumption 1. A € R7*9 has no eigenvalues with negative real parts.

Assumption 2. There exists ¥ > 0 such that

|Apw(t) —w (D)l =k <oco, V=0,



where w(?) is a piecewise continuous functiorH of t.

Assumption[Ilis standard in linear output regulation theory (e.g., see Remark 1.3 in [8]). As-
sumption[2is required to show the ultimate boundedness of the tracking error and it automat-
ically holds if the exosystem has an unforced linear time-invariant dynamics with the system
matrix Ap. Note that these assumptions do not imply the exact knowledge of the exosystem. We
refer to Remarks[2] and Bl for further discussions and Section [ for illustrative examples on this
point.

Based on the definition of the linear cooperative output regulation problem in [1,[3], the prob-

lem considered in this paper is defined as follows.

Definition 2. Given the system in (3) and () together with the exosystem, which satisfies
Assumptions[Iland[Z] and the fixed augmented directed graph G, find a distributed control law
of the form (@) and (7), or (9 and (I0), or (II) and such that:

a) The resulting closed-loop system matrix is Hurwitz.

b) The tracking error e;(¢) is ultimately bounded with ultimate bound b for all initial condi-
tions of the closed-loop system and for all i € NV; that is, there exists b > 0 and for each initial
condition of the closed-loop system, thereis T =0 such that ||e; ()|, < b, V=T, Vie N.

¢) Iflim;_. Apw(t) — w(¢) = 0, then for all initial conditions of the closed-loop system
lim; . e;(t) =0, VieN.

This paper makes the following additional assumptions to solve this problem.

Assumption 3. The fixed augmented directed graph G has a spanning tree with the root node

being the leader node.
Assumption 4. The pair (A;, B;) is stabilizable for all i € V.
Assumption 5. Forall 1 € o(Ay),

Ai—Al,, B

C. D, =n;j+p, VieN.

rank

Assumption 6. Asin (), the triple (G;;, G»;,0) incorporates a p-copy internal model of Ay for
allie V.

Assumption 7. The pair (A;, Cny;) is detectable for all i € V.
5 We follow the definition given in page 650 of [13].




Assumption 8. The pair (A;, C;) is detectable for all i € \V.

Assumption 3l is natural to solve the stated problem (e.g., see Remark 3.2 in [12]). Similar
to Assumption [Ij Assumptions are standard in linear output regulation theory (e.g., see
Chapter 1 of [8]). We use Assumptions[IH6lfor dynamic state feedback. To utilize some results
from dynamic state feedback in the absence of full state information, each agent requires the
estimation of its own state. For this purpose, Assumption[7land Assumption[8 are included for

dynamic output feedback with local measurement and dynamic output feedback, respectively.

4. Solvability of the Problem

For the three different distributed control laws introduced in Section 3] this section inves-
tigates the solvability of the problem given in Definition[2l Specifically, the approach in this
section is twofold. First, the property a) of Definition2is assumed and it is shown, under mild
conditions, that the properties b) and c) of Definition 2 are satisfied. Second, an agent-wise lo-
cal sufficient condition (i.e., distributed criterion) is provided for the property a) of Definition
(i.e., the stability of the closed-loop system matrix) under standard assumptions.

Before studying the solvability of the problem for each distributed control law, we now present
some definitions that are used throughout this section to express the closed-loop systems in
compact forms, some results related to the communication graph topology, and a key lemma
about the solvability of matrix equations, which play a crucial role on the solvability of the prob-
lem.

Define the following matrices:
® £ diag(®y,...,Py), ® = A,B,C, D, E; ®, £ diag(@pmy, ..., Pmn), ©=C,D;

K; 2 diag(Kp1,...,Kin), 1=1,2; Aga 2 In® Ag, and R, 2 Iy ® R.
Further, let x(1) £ [x] (1),..., x,(0)]" € R", where n = ¥V n;; e(r) £ [e] (1),...,ep (0] € RNP,
ev(t) = e}, (1), ..., el (D" € RVP, and w, (1) £ 1y @ w(1) e RV,

Observing y;(£)—y;(t) = e; (1) —e; (1) and recalling d; =} jen; aij, ) can be equivalently writ-

ten as
evil) = ei() = ———- Y. aije;j(t). (13)
i i jeN;
Let F £ diag(dlikl,..., dNikN) and W £ (Iy — F.A) ® I,,. Here, it should be noted that d; + k; >



0, Vi € N by Assumption[3} hence, F is well-defined. From (I3), we have
ev(t) = Wel(r). (14)

Similar to Lemma 3.3 in [12], we next present the following lemma for Iy — F.A.

Lemma 1. Under Assumption[3] Iy — F.A is nonsingular. In addition, all its eigenvalues have
positive real parts.

Proof. Under Assumption[3] Iy — F A satisfies the conditions of the theorem in [I4]. Thus, it
is nonsingular. Since the singularity is eliminated, all the eigenvalues of I — F.4 have positive

real parts by the Gershgorin circle theorem (e.g., see Fact 4.10.17 in [L1]). |

Remark 1. Since Iy —F Aisnonsingular under Assumption[3 so is VV by Proposition 7.1.7 in
[11]. Then, it is clear from (I4) that e;(¢) is bounded for all i € N if and only if ey;(#) is bounded
foralli e V;lim;_. e;(t) =0, Vi e NV if and only if lim;_, ey; (£) =0, Vi e N.

We now investigate the spectral radius of F.A.

Lemma 2. Under Assumption[3] p(F.A) < 1.

Proof. By Lemmall] all the eigenvalues of Iy — F .4 have positive real parts under Assumption
Bl This directly implies from Fact 6.2.1.4 in that the leading principal minors of Iy — F.A
are all positive as Iy — F.A is a square matrix whose off-diagonal elements are all nonpositive.
Since F A is a nonnegative square matrix and the leading principal minors of Iy — F.A are all
positive, p(F.A) <1 from Lemma 6.2.1.8 in [15]. |

Finally, we introduce the key lemma that extends the field of application of Lemma 1.27 in
to heterogeneous (in dynamics and dimension) linear time-invariant multiagent systems over

general fixed directed communication graph topologies.

Lemma3H Let Assumptions[Il and B hold. Suppose the triple (M;, M, M3) incorporates an
Np-copy internal model of Ag,. If

A A

A B

é A A A
A = M2WC + M3Cpy M + MZWD + Ms3Dy,

6 To investigate the solvability of a matrix equation that is obtained for a different problem setting with the dis-
tributed dynamic state feedback control law, the authors of utilized the same logic in the proof of Lemma
[Bl(see Section 3.1 in [16]).



is Hurwitz, where A, B, C, Cm, D, and Dm are any matrices with appropriate dimensions, then

the matrix equations

XApa = AX+BZ+E, (15)

ZAoa = MiZ+MW(CX+DZ+F)+ Ms(Cn X + D 2), (16)

have unique solutions X and Z for any matrices E and F of appropriate dimensions. Further-

more, X and Z satisfy
0=CX+DZ+F. a7
In other words, the conclusion is that the matrix equations

XcApa = AcXc+ B, (18)

0 = C.X.+ D, (19)

have a unique solution X, where

X
Z

e

],ccz[é D], D. =

E
XC: [ ’BC:[MZWPA‘

Proof. Note that and (respectively, (I7)) can be equivalently written as (respec-
tively, (I9)). Note also that 0 (Apa) = 0(Ap). Since Assumption [l holds and A. is Hurwitz, Ag,
and A; have no eigenvalues in common. Thus, the Sylvester equation in has a unique so-
lution X, = [X" Z"]T by the first part of Proposition A.2 in [8]. In addition, we show that X and
Z also satisfy (I7). To this end, let y 2 CX+DZ +F. Since the triple (M, M, M3) incorporates
an Np-copy internal model of Ay,, it has the form given by (I) or (). If it takes the form (IJ),
let [0T 67T £ T-1Z, where 0 has as many rows as those of G;. Premultiplying (I6) by T~! and

using the foregoing definitions, we obtain
0Apa = G160+ GoWV7. (20)

Note that if the triple (M;, M>, M3) takes the form (2)), already satisfies (20), where 0=7.
Let y £ Wy; then, is in the form of (1.74) in [8]. Hence, y = 0 by the proof of Lemma 1.27
in [8]. We know from Remark[Ilthat )V is nonsingular under Assumption[3l As a consequence,

Y = 0 implies ¥ = 0. This completes the proof of this lemma. |

10



4.1. Dynamic State Feedback

Let z(1) £ [z] (1),..., 25 (0]" € R™1, where i, =YY | n,, and G; = diag(Gps, ..., Gin), 1 =1,2.

Inserting (6) into (3) and (), and using the above definitions, (), (7), and () can be compactly

written as
x(t) = (A+BKy)x(t) + BKyz(t) + Ew,(t), x(0)=x9, t=0, 21
z(t) = Grz(t) + Grey(D), z(0) =29, =0, (22)
e(t) = (C+DKy)x(t) + DKy z(t) — Raw,(1). 23)

Next, insert (23) into (I4) and replace the obtained expression with the one in (22). Define

xg(1) = [x7 (1), 2T (1)]T € R"*"=1. Then, the closed-loop system of (@)-(7) becomes

e(t) = Cgxg(t) + Dgwa(1), (25)
where
A = A+ BK; BK, B — E
87 |GW(C+DKy) G +GWDK,|” "8 |=GoWR,|’
Cg = [C+DK1 DKZ], Dg = —R,.

Theorem 1. Let Assumptions[IH3land @ hold. If A, is Hurwitz, then the distributed dynamic
state feedback control given by () and (7) solves the problem in Definition 2l

Proof. By the definition of Agp,, the minimal polynomials for Ag, and A are the same. Thus,
the triple (Gy, G2,0) incorporates an N p-copy internal model of Ay, under Assumption[6l Let
(My, M3, M3) £ (G1,Gs,0). Letalso A= A+ BK;, B2 BK,, C2C+DKy,Cn 20, D2 DKy, Dy £
0, E£ E, and F £ —R,. Then, the quadruple (Ag, Bg, Cg, D) takes the form of (A, B, Ce, D)
in Lemma[l In addition, Ag is Hurwitz and Assumptions [Il and B hold. Hence, Lemma [3]is

applicable and it implies that the matrix equations

0

CeXg+ Dy, (27)

have a unique solution X;. We also refer to Appendix A for additional discussions on the solv-

ability of and 27).

11



Under Assumption | Apawa (1) —@a(9ll2 < VNk, V1 = 0 since || Apawa (1) —@a (D) 15 = Nl Agw (1)
103 |I§. Let Xg(1) £ Xg (1) — Xgw, (7). Then, using the definition of Xg(#) and and (27), we
can rewrite (24) and as

(1) = AgTg(t) + Xg(Agawa(t) — a(D)), %g(0) = Kgo, 120, (28)

e(r)

CaZg(t). (29)
Now, the solution of can be written as

t
Xg(1) = e Xg0 + f e Xo (Agawa(T) — @,(1))dT.
0

Agt”

Since Ag is Hurwitz, there exist ¢ > 0 and « > 0 such that | e 2 <ce % Vr=0/(eg.,seeLecture

8.3 in [17]). Owing to this bound and the bound on || Agaw, (1) — ®4(1) |2, we have the following
inequality
cll Xgll2

-at

[ Xg(Dll2 < ce VNk, VYt=0.

[ %goll2 +

Using the fact |le;(1)[l2 < lle(?)ll2, Vi € N and observing |le(1)| < Cgll2ll Xg(D)]l2 from @29), we

arrive
IIei(t)Ilzsce—“tIICgllzllfcgollz+b', Vi=0, VielN,

where b’ = ¢|| Cg”Z”XgHZ\/NKQC_l. For a given € > 0, we have either ¢ Cgll2[ Xgoll2 > € or
cllCgll2llXgoll2 < €. In the former case, it can be readily shown that ce ¥ CelallXgollz <€, VE=T
with T = a‘lln(w) > 0. In the latter case, the foregoing inequality trivially holds for all
t = 0. Thus, e;(¢) is ultimately bounded with the ultimate bound b £ b +¢for all Xgo, which is
also true for all xg, and for all i € N.

If lim; .o A () — () = 0, then lim; o, Agawa(f) — W, (£) = 0. Since Ag is Hurwitz and the
system in islinear time-invariant when Agaw, () — @4 () is viewed as an input to the system,
is input-to-state stable with respect to this piecewise continuous input (e.g., see Chapter 4.9
in [13]). Thus, lim; .o, Agawa () — @, (£) = 0 implies lim;_.., Xg(#) = 0 for all Xy (e.g., see Exercise
4.58 in [13]). Finally, it follows from that for all xgo lim;—, e; () =0, Vi € N. [ |

Remark 2. The ultimate bound b of the tracking error for each agent is associated with the
bound « in Assumption2l Specifically, as x decreases (respectively, increases), b decreases (re-
spectively, increases). To elucidate the role of Assumptions[Iland[Zin practice, we consider the

following possible scenarios:

12



a) When the piecewise continuity and boundedness of w() are the only information that
is available to a control designer, the triple (0, I;,0) incorporating a p-copy internal model of
Ap = 0 is quite natural; hence, (7) becomes a distributed integrator. Moreover, X, in b can be
explicitly expressed in terms of Ag and By; thatis, Xg = —A, 1Bg by @28).

b) When the piecewise continuity and boundedness of w(#), the boundedness of w(f), and
some frequencies in w(?) are available to a control designer, the triple (Gy;, G2;,0) incorporating
a p-copy internal model of Aj, which includes these frequencies and zero eigenvalues, is an

alternative to the pure distributed integrator.

Remark 3. As it is shown in Theorem([I] asymptotic synchronization is achieved when
lim;_ o Agw(t) — w(t) = 0. We now provide sufficient conditions to check this condition as fol-
lowsH. If one of the following conditions holds

a) w(t) = Apw(t), w0)=wy, =0

b) lim;_.o. e’ wo—w(t) = 0, where wy = w(0), and Age?o?

wo—(t) is uniformly continuous on
[0,00),

then lim;_.., Apw(#) — w(f) = 0. Note that a) clearly implies b). From Barbalat’s lemma given by
Lemma 8.2 in [18], b) implies that lim;_., Ape oo —@(t) = 0. Thus, lim;—.o Agw(t) — @ (t) =

Aplim;_ o (1) — 2% g + lim—_o, Age 0!

wo —w(r) = 0. In general, asymptotic synchronization
results in the literature (e.g., see [1,[3,/5]) are obtained under the condition a). It is clear that this
paper covers all class of functions generated under the condition a).

To obtain an agent-wise local sufficient condition assuring the property a) of Definition2lun-

der some standard assumptions, let &;(¢) = [xl.T(t), zl.T(t)]T € R™* a1, ; (1) £ ﬁ Y jen; aijej(t),

Cal
-Goi |’

and C; £ [C; 0]. Furthermore, consider @), (), (I3), and @) when w(z) = 0. We now have

B;
G2iD;

Al‘é

i =

G2iC; Gy’

],Bfié

Ei(D) = A& (O +Biui (1) + B (), &:(0) =&, 20, (30)

e; (1)

Ci&i(t)+ Dju;(1). (31

7 If Ap = 0, one should read lim; .o, @(#) = 0 in place of lim; .o Agw(£) — @ (#) = 0; hence, w(t) = w* (w* is finite)
in place of a), and lim;_, w(f) = w* and @(¢) is uniformly continuous on [0,00) in place of b).
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Next, define the matrices

Ag 2 A+ BiKy; B;K>;
' G2i(Ci+D;K1i) Gij+ GoiDiKy; |’
Ci = [Ci+D;Kii DiKy].

Using (@), and (3I) can be written as

(D)

ei(t) = Cigi(1). (33)

Agi&i(0) + B (1), &i(0)=¢i0, 120, (32)

Let, in addition, ¥s = diag(¥s, ..., Pin), ¥ = A,B,C and £(1) = [€] (1),..., & (0], Then,
and can be put into the compact form given by
E) = A + B FA®L)w(1), &0)=&, =0, (34)

Z(1)

Ceé (1), (35)

where e(t) = w(t) = z(t). Observe that the system in (34) and takes the form of (12) in [3].
Therefore, one may think of resorting Theorem 2 in [3] at first sight. However, the statement of
Theorem 2 in [3] is not correct as it is written; we refer to Appendix B for a counterexample.
This paragraph uses the notation and the terminology from [3]. Readers are referred to (12),
Theorem 1, Theorem 2, and Lemma 8 in [3]. It should be noted that Theorem 2 relies on Theo-
rem 1 and this theorem is derived by means of Theorem 11.8 and Lemma 11.2 in [19]. According
to the mentioned results and Chapter 5.3, which is devoted to the notion of internal stability for
the system of interest, in [19], it is clear that the following condition should be added to the
hypotheses of Theorem 1: Let the realization of T (s) given by (12) be stabilizable and detectable.
With this modification, not only the theoretical gap in Theorem 1 but also the one in Theorem 2
is filled. However, a simple point in the proof of Theorem 2 still needs to be clarified. The spec-
tral radius of T (jw) in the proof of Theorem 2 is upper bounded by applying Lemma 8. Since
Lemma 8 is applied, we infer that diag(|| 71 (jw)|l,..., | Tn (jw)l) is regarded as a positive definite
diagonal matrix, but its proof is not given. The foregoing diagonal matrix is necessarily positive
semidefinite; hence, we only questior‘H whether T;(s) = 0 for some i. Instead of investigating
the corresponding realizations, we extend Lemma 8 to positive semidefinite diagonal matrices

as follows.

8 Considering Kalman decomposition (e.g., see Theorem 16.3 in [I7]), one can easily construct a linear time-
invariant system with Hurwitz system matrix, nonzero input and output matrices, and zero direct feed-
feedthrough matrix such that its transfer matrix is zero.
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Lemma 4. Let Q € R™”*" be a nonnegative matrix. If A € R"*" is a positive semidefinite diag-
onal matrix, then p(AQ) < p(A)p(Q).

Proof. Let A £ diag(1,,...,4,) be positive semidefinite. If A = 0, the inequality holds triv-
ially. We therefore assume that there exists a A; > 0 for some i; hence, p(A) > 0. Let A =
diag(11,...,A,), where A; = p(A) if 1; = 0, A; = A; otherwise. By construction, A < A, p(A) =
p(A), and A is a positive definite diagonal matrix. Since A < A and Q is nonnegative, AQ < AQ.
By the corollary in page 27 of [20], p(AQ) < p(AQ). Applying Lemma 8 in [3] to AQ, we also have
p(AQ) < p(A)p(Q). Since p(A) = p(A), we establish the desired inequality. [ |

It is well known that the system in ([34) and is stabilizable and detectable if Afis Hurwitz.

Thus, the new condition is satisfied if As; is Hurwitz for all i € V.

Remark 4. Assumptions ensure the stabilizability of the pair (A;,B;) for all i € N by
Lemma 1.26 in [8]. Therefore, K;; and K»; can always be chosen such that Ay; is Hurwitz for
allie V.

Let gf;(s) £ Cyi(sI— Ag) "' By;. We now state the following theorem for the dynamic state feed-

back case.

Theorem 2. Let AssumptionBlhold and As; be Hurwitz for all i € NV If
Igilloop(FA) <1, VieN, (36)

where || g; |l is the Ho, norm of gg; (s), then Ag is Hurwitz.

Proof. 1t follows from Theorem 2 in [3] and the above discussion. |

Remark 5. The inequality given by is an agent-wise local sufficient condition; that is, it
paves the way for independent controller design for each agent. For the connection between
this condition and an algebraic Riccati equation (respectively, linear matrix inequality), we refer
to Lemma 9 in (respectively, Theorem 6 in [5]). Moreover, we know from Lemma [Z that
p(FA) <1 under Assumption3l Therefore, we can restate Theorem [2] by replacing with
lgfillo <1, Vi € N. In this statement, although the condition becomes more conservative, it
is not only agent-wise local but also graph-wise local except Assumption3l Finally, it should
be noted that if the graph G considered in Theorem 2] contains no loop (i.e., acyclic), then the
nodes in G can be relabelled such that i > j when (v Vi) € E. Thus, A is similar to a lower

triangular matrix with zero diagonal entries, so is F.4. This implies that p(F.4) = 0; hence,
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Theorem[Zldoes not require the condition given by anymore. In terms of being agent-wise

and graph-wise local, this special case is consistent with the result in [21].

4.2. Dynamic Output Feedback with Local Measurement

Let z; (1) £ [%] (1), z] ()" € R"2i, where £;(¢) is the estimate of the state x; (1), K; = [Ky; Kail,

and (@) have the form given by
ui(t) = K% (1) + Kz Z; (1). 37)
To estimate the state x;(¢), the following local Luenberger observer is employed
%i(0) = Ai2i(0) + Biui(8) + Hi(Ymi (1) = Cmi i (1) = Dmjui (1)), %i(0) =%, t=0, (38)
where H; is the observer gain matrix. Using (37), we can write as
%i(t) = (Ai +BiKyi — Hi(Cmi + Dni K17)) i (1) + H; ymi (1) + (Bi — H; Dini) K2 2 (1),
Xi(0)=ZXj, t=0. (39)
Let also z; () evolve according to the dynamics given by
zi(t) = Guizi(t) + Gaievi(t),  Zi(0)=Zj, t=0. (40)

By and (0), one can define the triple (M};, M»;, M3;) in as
Aj+BiKyj — Hi(Cmj + DmiKyi)  (Bi — HiDmi) Ky

N
Mll — 0 Gli )
a |0 o |Hi
My; = Goi |7 Ms; = 0 ] . 41

Using (8) and (37), (38) can be rewritten as
%i(f) = HiCpmixi(1) + (Aj + BiKyj — HiCin) % (1) + BiK2;Z; (1), %;(0) = %j0, =0. (42)

Next, define £(2) £ [£] (0),..., 25, (D17, 2(6) £ [2] (1), ..., 25 (0], and H £ diag(H, ..., Hy). In-
serting (37) into (3) and (), using (42), (0), and the above definitions, @), (I0), and (@) can be

compactly written as

i(f) = Ax(t) + BK1 (1) + BK2Z(t) + Ew, (1), x(0)=x9, t=0, (43)
%#(f) = HCpx(t)+ (A+BKy — HCpy)X(t) + BK2Z(£), X(0) =%y, =0, (44)
Z(1) = G1Z(1) + Gaey(D), zZ(0)=2%, (=0, (45)
e(t) = Cx(t) + DK1£(t) + DKy Z(1) — Rawa (1). (46)
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Now, insert into (I4) and replace the obtained expression with the one in @5). Let n(f) £
[xT(0), 2" (1), 2" ()]" € R"* ™2, where 7iz, = ¥\ | n,,. Then, the closed-loop system of @)-(5) and

(@)-(I0) can be represented as

N(6) = Am(0) + Bywa(r), n0)=no, =0, 47)
e(t) = Cyn(t) + Dpwa(D), 48)
where
A BK; BK,
Ay = | HCn A+BK,—HCp, BK, ,
GzWC GgWDKl G+ GZWDKZ
E
B, = o |,C,=[C DKi DK;], D,=-R..

For the following result, we define Ay; £ A; — H;Cp; and Ay £ A— HCy,. By Assumption[7]

H; can always be chosen such that Ay; is Hurwitz for all i € V.

Theorem 3. Let Assumptions[IH3landBhold. If Ag is Hurwitz and Ay; is Hurwitz for all i € V,
then the distributed dynamic output feedback control with local measurement given by (@) and
solves the problem in Definition 2}

Proof. Let K 2 [K; K3, A2 A B2BK,C2C,Cp 2 Cn, D2 DK, Dy, 2 DK, E 2 E,
ﬁé_Ra;

M A A+ BK; - H(Cy+ DypKy) (B—HDp)Ko>
1 — 0 G] ’
0 H
M, £ G, , My = 0]. (49)

Now, observe that the quadruple (A, By, C;, Dy) takes the form of (Ac, Bc, Cc, D) in Lemmal[3l
Recall from the proof of Theorem[I] that the triple (G;, G2, 0) incorporates an N p-copy internal
model of Ay, under Assumption[6l This clearly implies that the triple (M;, M>, M3) also incor-
porates an N p-copy internal model of A,. It is given that Assumptions[Iland[Blhold. In order to
apply Lemma[3} we need to show that A is Hurwitz under the conditions that Ag is Hurwitz and
Ay is Hurwitz for all i € \V. To this end, the following elementary row and column operations

are performed on Ay. First, subtract row 1 from row 2 and add column 2 to column 1. Second,
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interchange rows 2 and 3, and interchange columns 2 and 3. Thus, we obtain the matrix given

by
A+ BK, BK; BK,
Ap 2 |GOW(C+DKy) Gi+GWDK, G,WDK,
0 0 Ay

Considering the performed elementary row and column operations, one can verify that A,
is similar to A,,; hence, they have the same eigenvalues. Since A,, is upper block triangular,
O'(An) = 0(Ag) U (Ap). Note that Ay is Hurwitz as Ay; is Hurwitz for all i € N. Itis also given

that Ag is Hurwitz. Thus, A, is Hurwitz. Then, the matrix equations

0

Cy Xy + Dy,

have a unique solution X; by Lemma[3

Following similar steps to those in the proof of Theorem[I] it can be shown under Assumption
that e;(¢) is ultimately bounded with an ultimate bound for all n¢ and for all i € A/, If, in
addition, lim; .o, Agw(#) —@(f) =0, then for all g lim; .o e;(1) =0, Vie N. [ |

Remark 6. Since the condition on Ay; is both agent-wise and graph-wise local, obtaining an
agent-wise local sufficient condition that ensures the property a) of Definition[2/boils down to
finding an agent-wise local sufficient condition, under standard assumptions, for the stability

of Ag, which is already given in Theorem[2l

4.3. Dynamic Output Feedback

Define z;(t), K;, and u;(t) as in Section A2 that is, (IT) has the form (37). Since ey;(?) is
the only available information to each agent, the following distributed observer is considered

instead of to estimate the state x; ()

%i(t) = (A;+BiKy; — Li(Ci + Di K1) %;(8) + Liey; (£) + (B; — L; D;) K2 Z; (1),

xl’ (0) = xl‘()) r= 0) (50)

where L; is the observer gain matrix. Let z;(¢) satisfy the dynamics in (40). We can now define
the pair (M;;, My;) in by replacing the triple (H;, Cpi, Dim;) in M); (respectively, the zero
matrix in My;) given by @1) with (L;, C;, D;) (respectively, L;).
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Define x(t) and z(¢) as in the previous subsection and L £ diag(Ly,..., Ly). Inserting 37) into

and (4), using (50D, (40), and the above definitions, (3), (IZ), and () can be expressed by (43),
%(0) = (A+BK; - L(C+ DKY))%(8) + (B— LD)KzZ(1) + Ley(t), %(0)=%, t=0, (51)

(435), and (46). Next, insert into (14) and replace the obtained expression not only with the
one in but also with the one in (5I). In addition, define 7(#) as in Section[4.2l Then, the
closed-loop system of (3)- (), (IT), and can be expressed by (@7) and (38) if the second row

of Ay, is replaced with
[LWC  A+BK; - L(C+DK,-WDK;) (B-LD+LWD)K;]

and the second row of By, is replaced with —LVVR,.

Theorem 4. Let Assumptions [IH3] and [6 hold. If the resulting A; is Hurwitz, then the dis-
tributed dynamic output feedback control given by (I1) and solves the problem in Defini-
tion[2

Proof. Define K, A, B, C, D, E, and F as in the proof of Theorem[Bl Let Cy,, 20, D;y, 20, and
M5 £ 0. Define also the pair (M1, M>) by replacing the triple (H, C,, D) in M (respectively, the
zero matrix in M>) given by with (L, C, D) (respectively, L). Then, observe that the resulting
quadruple (A, By, Cy, Dy) takes the form of (A, B, C¢, D¢) in Lemma[3l By the same argument
in the proof of Theorem 3] the resulting triple (M;, M, M3) incorporates an N p-copy internal
model of Ag, under Assumptionl[6l Since, in addition, Assumptions[IH3hold and A;, is Hurwitz,
the rest of the proof can be completed by following the steps given in the proof of Theorem[Il l

Now, our goal is to obtain an agent-wise local sufficient condition that assures the property a)
of Definition 2Zlunder some standard assumptions. For this purpose, define u;(#) as in Section

EIandlet(; (1) = [x] (1), %] (1), Z] (DT € R™ "=,

. A; B;K;; BiK>;
Ap; = | L;C; A;+B;Ky;—L;C; BiK3; )
| G2; C; G2;iD; K G1i + G2 DiKy;
0
A A
Bg; = —L; |, Cg; = [Cl D;iKy; DiKZi]'
| —Go;

Furthermore, consider (3), (12), (I3), and (4) when w(t) = 0. By inserting (I1) into the considered
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equations, we have
i)

ei(t) = Cg;ii(1). (53)

Ap;iCi(t) + Bpipi(1), (;(0)=C0, t=0, (52)

Remark 7. Let A;; 2 A; — L;C;. By performing the elementary row and column operations
given in the proof of Theorem[3 on Ag;, one can show that o (Ag;) = 0(As;) U g (Ay;). Note that
by Assumption[8, L; can always be chosen such that Ay ; is Hurwitz for all i € /. In conjunction
with Remark[4] this shows that under Assumptions[H6l and Assumption[8] it is always possible
to find Kj;, K»;, and L; such that Ap; is Hurwitz for all i € \V.

Let gr;(s) £ Cpi(sI — Ag;) "' Bg;. For the dynamic output feedback case, we now state the fol-

lowing theorem.

Theorem 5. Let AssumptionBlhold and Ag; be Hurwitz for all i € NV If

Igriloop(FA) <1, VieN, (54)
then the resulting A is Hurwitz.
Proof. It follows from Section[4.I]by comparing and with and (33). |

5. Illustrative Numerical Examples

To illustrate some results from the previous section, we provide two numerical examples with
different exosystems. In particular, the first (respectively, second) example presents the dis-
tributed dynamic state (respectively, output) feedback control law. For both examples, we con-
sider five agents with the following system, input, output, and direct feedthrough matrices

-1 1 1

A =102 0 2

,Bi:[ ’Ci:[l 0]!Di:0-1vi:1!4’5!

[0
, Bi=1

[0
A; = |0
10

SN -
o = O

0
0|,Ci=[1 0 04],D;=0,i=2,3,
0 1

and the augmented graph G shown in Figure[Il With this setup, each agent satisfies Assump-
tions[@and[8l It is also clear from Figure[Il that AssumptionBlholds. In the simulations, we set
each nonzero a;; to 1 and k; = 1,i = 1,2. Moreover, initial conditions for the agents are given
by x10 = [1, 0.6]", x29 = [-0.5, 0, —0.2]", x30 = [-0.2, —0.3, 0], x40 = [0.6, 0], x50 = [0, 0.5]" and

the controller states of all agents are initialized at zero.
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Figure 1: Augmented directed graph G.

5.1. Examplel

In this example, the disturbance 6 () and the trajectory of the leader r(() satisfy the following

dynamics
0 001 O 0 0
65 =10 0 0 |6w+]| o |, 60=[-02|, =0,
0 0 -0.05 0.05 0
fo(t) = —r3(H) +up(t), 10(0)=0, t=0,

respectively, where
0.1¢, 0= t<100,
up(t) = { 0.1t —2sin(0.11)e %0119 - 100 < r < 200,
14 +sin(0.05(z — 200)), t=200.
By the solution of the disturbance dynamics with the given initial condition, () is bounded.
Since uy(t) is piecewise continuous and bounded, r((f) is bounded by Example 4.25 in [13];

hence, 7((t) is piecewise continuous and bounded. Clearly, @(¢) is piecewise continuous and

bounded. Furthermore, the exosystem affects the state of each agent and its tracking error

through matrices
0 1 0 01 0 0 0 0 0
Es, = 0 0 0] E54‘[0 0 —0.1]’E55‘[—0.1 -0.2 0]’
0 0 1 0 -05 0
Es, =0 0 0|,Es,=|0 0 -1|,R=1.
0 0 05 0 04 0

Suppose the piecewise continuity and boundedness of w(f) are the only information that we
know about the exosystem. As it is suggested in the part a) of Remark 2] we then let Ay = 0

and (Gy;, G2;) = (0,1) for all i € A/. Thus, Assumptions[I] 2] B} and B hold. With the following
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controller parameters

Kii

—[1.1960 0.9611], Ky; = —1.4142, i = 1,4,5,

K. - _[42328 53904 1.4038]  _ [12788] . _,
1= 7112604 1.4038 1.7115|’ "2~ " |1.3655|" "~ <

Ay; is Hurwitz for all i € N/ and the condition given by is satisfied. Thus, Ag is Hurwitz by

Theorem[2l As Theorem[Ilpromises, ultimately bounded tracking error is observed in Figure[2l

25+
2 |-
15F
S 1f
Zoomed view
1.5
osiff 1 == yo(t)
054 ¢ —y1(t)
——1a(t)
ol o
y3(t)
05 —u(t)
05 0o 10 20 30 1 —us(1)
0 50 100 150 200 250 300

t (sec)

Figure 2: Output responses of the agents in Example 1.

5.2. Example 2
The disturbance and the trajectory of the leader satisfy

5(r) = e %Y, §50)=1, t=0,

0 05 te Isin(?)
-05 0 2e7t

1

fo(2) ]I‘o(t)+

, To(0) = [‘1

, =0,

respectively. Moreover, Es, = [1 017, E5, =[010]%, Es, =[-1.500.3]%, E5, = [0 2",
Es,=[0.2 —0.2]Y, and R, = [1 0].
Suppose the unforced parts of the given dynamics are available to a control designer and the

forcing terms are known to be piecewise continuous and convergent to zero. Then, let

0 05 0
Ay = |-05 0 0],
0 0 0
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and

o o

1 0 0
G = 0 1|, Gy;=10]{, VlEN
—-0. 0 1

o

25

Hence, Assumptions[I] 5} and@hold. In addition, lim;_.o, Agw(f) —@(t) = 0. Note that Assump-
tion [2lautomatically holds since Apw(f) — @(t) is piecewise continuous and convergent. With

the following controller parameters

Ky = —[5.1794 0.7932], L;=[17 80.2]",
Ky = —[2 5.4458 10.3182], i=1,4,5,
6.1916 5.7686 1.7835 T
K _[3.9299 1.7835 2.4282]’L"[_187 756 60|,
0.4513 09173 3.3839] .
Koi = _[0.8924 22085 5.6377| 172

Ap; is Hurwitz for all i € A/ and the condition given by (54) is satisfied. Thus, A, is Hurwitz by
Theorem[Bl Furthermore, it is guaranteed by Theorem [ that lim;_., e;(#) =0, Vi € N and this

fact is demonstrated in Figure[3l

0 5 10 15 20 25
t (sec)

Figure 3: Output responses of the agents in Example 2.
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6. Conclusion

In this paper, we studied the cooperative output regulation problem of heterogeneous lin-
ear time-invariant multiagent systems over fixed directed communication graph topologies.
Specifically, we introduced a new definition of the linear cooperative output regulation prob-
lem (see Definition 2), which allows a broad class of functions to be tracked and rejected by a
network of agents, and focused on an internal model based distributed control approach. For
the three different distributed control laws (i.e., dynamic state feedback, dynamic output feed-
back with local measurement, and dynamic output feedback), we investigated the solvability
of this problem, which resulted in global and local sufficient conditions (see Theorems[IH5). In
addition, the provided two numerical examples illustrated the efficacy of our contributions. Fi-
nally, we reported and addressed a considerable number of gaps in the existing related literature

(see Appendices and Section[4.T).
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Appendices

Appendix A. Solvability of and (27)

Section III in [3] also studies the solvability of the matrix equations in and (27), which
correspond to the matrix equations given by (6) in [3], with an alternative approach. Specifi-
cally, the last paragraph of Section Il in [3] lists three sufficient conditions based on Remark 3.8
of [22] to guarantee that these matrix equations have a unique solution. However, it cannot be
guaranteed as it is claimed in [3]. This section aims to present the gaps between the conditions
and the existence of a unique solution to the matrix equations, propose appropriate modifica-
tions that fill these gaps, and explain the motivation behind our approach. For this purpose, we
first focus on Definition 3.7 and Remark 3.8 in to fix a problem in [22]. Then, we revisit the
conditions listed in [3] to point out the missing one. Finally, a motivational example is provided

and the difference between the approach in [3] and the one in this paper is highlighted.
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In this paragraph, the notation and the terminology in [22] are adopted and readers are re-
ferred to (3.5), (3.6), (3.8), Definition 3.7, and Remark 3.8 in [22]. The problem in is that
the conditions of Remark 3.8 do not ensure the stabilizability of the pair given by (3.8). More-
over, this problem is directly transferred to [3]. To illustrate this point, we consider the following
system, input, output, and direct feedthrough matrices of the plant; and system matrix of the
exosystem

1 2 2
ieft 3ol

,C=[0.5 -0.5], D=0, A, =0.

It can be easily checked that the plant and the exosystem above satisfy the first and the second
conditions of Remark 3.8. Note that m(s) = s is the minimal polynomial of A;. Then, choose the

pair (1,01) in (3.6) as follows

elp e[l

It is obvious that the pair (f;,01) is controllable and the minimal polynomial of A; divides the

characteristic polynomial of 1. Thus, the pair (G1, G2) £ (81,01) incorporates a 1-copy internal
model of A; according to Definition 3.7. Let us now investigate the stabilizability of the pair
in (3.8). This pair is not controllable by the controllability matrix test (e.g., see Theorem 12.1
in [17]) and the eigenvalues of the first matrix of this pair are —1, 0, 1, and 2. The eigenvector
test for stabilizability (e.g., see Theorem 14.1 in [17]) reveals that unstable eigenvalue 1 is the
uncontrollable mode; that is, the pair in (3.8) is not stabilizable. Hence, there do not exist Ky
and K> such that A, defined in (3.5) is Hurwitz. This counterexample to Remark 3.8 is obtained
due to the fact that the constructed G; violates Property 1.5 in [8]. In fact, J. Huang (personal
communication, June 9, 2018) recognizes the problem in Remark 3.8; hence, he adds Property
1.5 as a condition to Lemma 1.26 of [8].

In this paper, Definition [[l modifies the second property of Definition 1.22 given after (1.58)
in [8]. This modification guarantees that Property 1.5 in [8] automatically holds if Assumption
Glholds. Based on the foregoing discussions, it is clear that Remark[lis true.

The following two paragraphs adopt the notation and the terminology from [3]. Readers are

referred to (5), (6), (7), (8), (10), Definition 2, Lemma 2, Section II.B, and Section III in [3]. Tt is

9 We also note that the proof of Lemma 1.26 in [8] is still valid even if Assumption 1.1 in [8] is removed from the
hypotheses of Lemma 1.26.
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shown in Section III that if the matrix equations in (8) have solutions X;; and X»; fori =1,..., N,
then the ones in (7) have solutions X; = diag(Xjy,..., Xjn) and X = diag(Xy,..., Xon); that s,
the matrix equations in (6) have a solution X = [X{ X,]". Furthermore, it is claimed that if
the three condition listed in the last paragraph of Section III hold, then the matrix equations
in (8) have unique solutions X;; and X»; for i = 1,..., N. However, these conditions do not
guarantee the unique solutions. For, consider A; =0,B;=1,C;=1,D;=0,5=0,R=1, P, =1,
F; =0, and G; = 1. It can be easily checked that the listed conditions are satisfied and Property
1.5 in [8] is not violated. Choose K; = 0 and H; = 0. From the first matrix equation in (8), we get
1 =0, which is a contradiction. We now point out the problem in the claim. First, observe that
the matrix equations in (8) can be equivalently written as the matrix equations given by (1.70)
and (1.71) in [8]. Then, by Lemma 1.27 in [8], one can note that the following condition is missed
in the claim: A; given after (10) is Hurwit fori=1,...,N. It can be shown that this condition,
together with the assumption on S, ensures that zero matrices are the unique solutions to the
off-block-diagonal matrix equations in (7) by adding G.((C, + D:K;)X; + DcH.X> — R;) to the
left side of the second equation in (7) that gives an equivalent form of (7) and applying the first
part of Proposition A.2 in [8]. In conclusion, if the assumption on S holds, the third condition
in the list holds for i = 1,..., N, and A; is Hurwitz fori=1,...,N, then the matrix equations in
(6) have a unique solution X.

According to Lemma 2, the problem in Definition 2 is solved if the assumption on S holds, A;
given after (5) is Hurwitz, and the matrix equations in (6) have a unique solution X. Although
the approach utilized during the derivation of the listed conditions does not take into account
the assumption on A;, one may wonder the answer of the following question: Let the listed
conditions hold and A; be Hurwitz. Then, can we conclude that A; is Hurwitz fori = 1,...,N?
The answer is no. That is, the missing condition cannot be satisfied by assuming that the listed
conditions hold and A; is Hurwitz. To clarify this point, consider the system parameters of the

agents, the system matrix of the exosystem, and the adjacency matrix of G*

-1 1
1 0

1 05

A= 0 025

,Blz[ ],Clz[l -0.5], D1 =0,

10 11 Section I1.B, S is assumed to have no strictly stable modes.
11 After the suggested modification above, K; and H; can always be chosen such that A; is Hurwitz under the
listed conditions.
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0 1 0 0
A, =10 0 1|,B;=|(0]|,C,=[1 0 0], D=0,
0 0 0 1

A3 = 1,B3=-1,C3=1, D3=0, S=0,
(1 0 0 o
., |05 0 o0 05
=10 05 0 05
0 05 05 0

Choose (F;,G;) =(0,1), i = 1,2,3. It can be easily checked that the listed conditions are satisfied
and Property 1.5 in [8] is not violated. One can also obtain W, which is required to construct A;,

from Q*. Then, choose the remaining parameters of the controllers as follows

© | 26752 9.6624 _[-64
1= 12106752 -24.6624|" ' " | 64 |’
K, = —[104.56 57.936 14.828], H,=—80, K3=0.8, H3 = 1.

With this setup, it can be verified that A3 is not Hurwitz even though A; is Hurwitz.

Based on the previous example, the following question arises: Is the missing condition in [3]
necessary to ensure that the matrix equations given by (6) in [3] have a unique solution? In fact,
this question is the motivation behind the key lemma (i.e., Lemma[3) of this paper and the
answer is no. In contrast to Section III in [3], the approach in Lemma [3] does not decompose
matrix equations, which consist of the overall dynamics of the multiagent system, into matrix
equations, which deal with the dynamics of each agent separately; hence, the missing condi-
tion in [3] is not required in Lemma[3l Furthermore, not only dynamic state feedback but also
dynamic output feedback with local measurement and dynamic output feedback effectively
utilize Lemma[3]to solve the stated problem in Definition[2] (see Theorems[I} B] and[4).

Since the proof of Theorem 1 and the statement of Theorem 4 in [5] use the approach in
Section III of [3], we believe that the discussion in this section will also be helpful for the readers

of the results in [5].

Appendix B. On Theorem 2 in [3]

In this section, the notation and the terminology in [3] are adopted and readers are referred

to (5), (10), (15), and Theorem 2 in [3]. Now, consider the system parameters of the agent, the
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system matrix of the exosystem, and the adjacency matrix of G* given by

1 00

0
0 010

,Bl=13,C1=[

| Di=os=0.e =[] o

10
A =0 1
00 -1 Lo

Choose (F1,G1) = (0, I,) and

-2 0 0 -1 0
KK=|0o -2 o, ;=0 -1
0 0 2 0 0

Note that W = 1 from Q*; hence, A; given after (5) is nothing but A; given after (10). With this
setup, one can verify that T;(s) given before Theorem 2 is stable and the condition in (15) is
automatically satisfied, but A; is not Hurwitz. This counterexample is obtained because the
realization of T (s) is neither stabilizable nor detectable. In fact, a loss of one of them is enough
to find a counterexample.

The above setup also applies to Theorem 5 in [5] since it relies on Theorem 2 and its condi-
tions are satisfied. It should be noted that although Assumptions 1-4 in [5] and Property 1.5 in
[8] are not listed in the hypotheses of Theorem 5 in [5], this counterexample does not violate

them.
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