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Abstract

The paper provides conditions that guarantee existence and uniqueness of
classical solutions for a non-local conservation law on a ring-road with
possible nudging (or “look behind”) terms. The obtained conditions are
novel, as they are not covered by existing results in the literature. The
paper also provides results which indicate that nudging can increase the
flow in a ring-road and, if properly designed, can have a strong
stabilizing effect on traffic flow. More specifically, the paper gives
results which guarantee local exponential stability of the uniform
equilibrium profile in the L? state norm even for cases where the uniform
equilibrium profile in a ring-road without nudging is not asymptotically
stable and the model admits density waves. The efficiency of the use of
nudging terms is demonstrated by means of a numerical example.
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1. Introduction

Non-local traffic flow models with Partial Differential Equations (PDES) are based on extensions of
the well-known Lighthill-Whitham-Richards model (LWR model, see [19, 22]), where the speed is
given by a non-local term. These models fall into the class of non-local conservation laws (see [5])
and possess some different features compared to the LWR model. Arrhenius “look-ahead” terms
were considered in [24, 17, 18] as a result of stochastic microscopic dynamics, and it was shown
that such models can develop shocks (and shock waves) in finite time. On the other hand, the fact
that human drivers and automated vehicles adjust the vehicle speed based on a perception of
downstream density, rather than the local density, motivated some researchers to express the
perceived density by means of non-local (convolution) terms. Such models were studied in [2, 3, 4,
8, 14, 15], and it was shown that they may be producing smooth solutions.

In the era of automated vehicles, the real-time information fed to each vehicle on a road is
exploited for the appropriate adjustment of the speed of the vehicle. In contrast to manual driving,
this information may include upstream density data, in addition to downstream density data. Note
that human drivers base their driving decisions only on the perceived downstream traffic state,
something that leads to the celebrated anisotropy principle in traffic flow modeling [7]. The
possible beneficiary role of the use of upstream density data was pointed out in [21], where the
effect of the upstream density data on the speed adjustment was termed as “nudging”. Such an
effect was also studied in [17] (without reference to automated vehicles), where an Arrhenius “look-
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behind” non-local term was used for the mathematical expression of the use of upstream density
data.

The selection of the nudging term for automated vehicles can be considered as a feedback design
problem. Data are fed into the automated vehicles, based on which the vehicles adjust their speed.
In other words, the density profile of the road changes over time, and this change is fed back to each
automated vehicle. From a mathematically perspective, the use of upstream density data should not
be performed in an arbitrary way, but so as to satisfy conditions for existence and uniqueness of
solutions, together with further requirements for the closed-loop system (e.g., stability, optimality,
etc.). It should be noticed here that the feedback design problem for the expression of “nudging” or
“look-behind” effect can be considered as a special feedback design problem for non-local,
hyperbolic PDEs (see [6, 13, 16]). However, this specific feedback design problem is different from
other traffic control problems studied in the literature (see [11, 12, 25, 26, 27]).

The present paper answers these questions for a ring-road. We first present conditions which
guarantee existence and uniqueness of classical solutions for a non-local conservation law with
possible nudging terms (Theorem 2.3 and Theorem 2.4). The obtained results are novel, as they are
not covered by the results in [2, 3, 4, 8, 14, 15], where either the use of upstream density data is not
allowed or a ring-road is not studied. In addition, the present paper studies the effects of nudging
and it is shown that:

(i) nudging can increase the flow in a ring-road at any density value;

(ii) if properly designed, nudging can have a strong stabilizing effect on ring-road traffic.
Indeed, we present results (Theorem 3.2) which guarantee local exponential stability of the uniform
equilibrium profile in the L? state norm even for cases where the uniform equilibrium profile in a
ring-road without nudging is not asymptotically stable and the model admits density waves. The
existence of travelling waves for non-local conservation laws was studied in [23], where it is shown
that travelling waves may occur even in non-local conservation laws.

The structure of the paper is as follows. Section 2 of the paper is devoted to the presentation of
the non-local traffic flow models which are studied in the paper; moreover, the statements of the
existence and uniqueness results for non-local traffic flow models are also given in Section 2. The
effects of nudging on ring-road traffic are studied in Section 3. lllustrative numerical experiments
are presented in Section 4, where the strong stabilizing effect of nudging is demonstrated. All
proofs of the main results are provided in Section 5. Finally, concluding remarks are given in
Section 6, and the Appendix contains the proof of an auxiliary result.

Notation. Throughout this paper, we adopt the following notation.

* R, =[0,+0) . For a real number xe %R, [x] denotes the integer part of x, i.e., the greatest integer
which is less or equal to x.

two vectors x,y e R" we write x<y if and only if x, <y, for i=1,..,N . The vector 1,, e R" is the
vector 1y =(1,..,1)" eR". We also define y©@ =y=(y;,.y\)" €R", v =(y,, v, 11) " € RV
and y® for k>2 by means of the recursive formula y® = (y*)®

x Let ScR" be an open set and let AcR" be a set that satisfies S< Accl(S). By C%(A;Q), we
denote the class of continuous functions on 4, which take values in Q@ c ®™. By C*(A; Q), where
k>1 is an integer, we denote the class of functions on Ac®R", which takes values in Q< ®™ and
has continuous derivatives of order k. In other words, the functions of class c*(A;Q) are the
functions which have continuous derivatives of order k in S=int(A) that can be continued

continuously to all points in 6S~A. When Q=% then we write C°(A) or C¥(A).
* Let T e(0,+0) and p:[0,T]x1 —R be given, where | =R is an interval. We use the notation ot]

to denote the profile at certain t<[0,T1, i.e., (o[t])(X)=p(t,x) for all xel. L°(1) with p>1



denotes the equivalence class of measurable functions f:1—->9%R for which
Up
||f||p=£f|f(x)|pde <+o0. L*(1) denotes the equivalence class of measurable functions
|

f:1 %R for which |[f| =esssup(|f(x)|)<+w. We use the notation f'(x) for the derivative at
xel

x e | of a differentiable function f:1 ->R.

x W2~ ([04]) is the Sobolev space of c* functions on [01] with Lipschitz derivative.

+ Per(R) denotes the set of continuous, positive mappings o: %R — (0,+w) which are periodic with
period 1, i.e., p(x+1)=p(x) forall xeR.

+ Let (X,dy) be a compact metric space and let (Y,d,) be a given metric space. By C°(X;Y) we
denote the set of continuous mappings f: X —»Y.

2. Non-Local Traffic Flow Models

Many non-local PDE traffic flow models which have appeared in the literature (see [2, 3, 4, 8, 14,
15]) have the form

%—f(t,x)Jr%(p(t,x)v(t,x)):O, for t>0,xeR @.1)

X+n

v(t, X) = f( J' w(s—x)p(t,s)dsJ ,for t>0,xeR (2.2)

X

where p(t,x) denotes the traffic density, v(t,x) denotes the mean speed, t>0 is time, x is the spatial
variable, >0 is a constant (reflecting the visibility area), f:®R, > %R, and »:R, -> R, are non-

n
increasing functions with jw(x)dx =1. Model (2.1), (2.2) constitutes a generalization of the classical
0
LWR traffic flow model, where f:®, >R, is the function that relates density to speed
X+7
(fundamental diagram) and j o(s—X)p(t,s)ds is the downstream density perceived by the human
X
driver at spatial position x. Thus, the driver adapts the speed according to (2.2) on the basis of the
perceived downstream density.

As a farther generalization, when automated vehicles are present on a highway, there may be a
benefit by allowing the vehicle speed to depend on upstream density levels as well. Such an effect
has been termed in the literature as “nudging” (see [21]) or “look-behind” effect (see [17]). In this
case, the speed may be given by a relation of the form

X+7 X

v(t,X) = f[ _[ w(s—x)p(t,s)dng( J' a”)(x—s)p(t,s)dsJ, for t>0,xeR (2.3)
X X=¢

where ¢ >0 is aconstant, g: R, — R, isa non-decreasing, bounded function, and @: %R, »> R, isa

non-increasing function. Even more emphatically, in the era of automated vehicles, the functions

g:R, >R, and &:R, >R, may be designed so that the traffic flow behavior of system (2.1),

(2.3) has specific characteristics, e.g., so that the equilibrium point gives maximum flow of vehicles
and is globally asymptotically stable. It is clear that in such a case the design problem for
g:R, >R, and &: R, >R, is strongly reminiscent of the feedback design problem for control

systems. Therefore, there is an interest to understand traffic flow models of the form (2.1), (2.3).
The first thing that we need to understand is the set of properties that all the functions described
above must possess in order to have a well-defined system with solutions that have physical
meaning (e.g., p(t,x), v(t,x) have to be positive).



In this paper, we study traffic flow models on a ring-road; hence we impose the periodicity
condition
pt,x+1) = p(t,x), for t>0,xeNR. (2.4)

Moreover, we allow the density-speed relation to be of the form

v(t, X) = (K(o[tD)(x), for t>0,x R (2.5)

where K :Per(R) — CH(R) ~ Per(R) is a mapping of class K e C®(Per(R); Per(R)), for which there
exists a constant v,,, >0 such that the inequality 0<(K(p))(x) <V holds for all pePer(R). We
assume the existence of a non-decreasing function a:R, — R, such that for every p,p e Per(R)

the following inequalities hold:
1 1

[l = BRI (N) - (K (BN dx <a(|lp],, +]5], ) [l - B[ dx
0 0
(2.6)

1 1
[1p0) - ()| a—i((K(p))(x)—(K(ﬁ»(x)) dx<a(|el, +[], ) [loe - POOf dx
0 0

Inequalities (2.6) are technical conditions needed for uniqueness of solutions. It will be shown (in
the proof of Theorem 2.4 below) that inequalities (2.6) hold when (2.3) holds, i.e., when

(K(p))(x):f[ ]ﬂa)(s—x)p(s)dng( JX' cb(x—s)p(s)ds}, under mild assumptions for the functions
x-¢

X

f,o.
Given p, € Per(R) we consider the initial-value problem (2.1), (2.4), (2.5) with initial condition

pl0]= py (2.7)
For the statement of our first main result we need the following definition.

Definition 2.1: Suppose that K e C%(Per(%R);Per(R)) is a mapping for which there exists a constant
Vi >0 such that the inequality 0<(K(p))(X) <V, holds for all xe®, pePer(R). Moreover

suppose that there exists a parameterized family of mappings K, :R®" — %, with parameter the
integer N >2, constants L,c,C,S>0 and non-decreasing functions »,I’W:R, - %R, with the
following property:

(P) For each N >2 there exists a mapping Ky :R" >R, with K (p)<v,, for all pe®R", such
that the following inequalities hold for all N >2, 0< .0 < Paxs 1=0,...N—1 and p,peRY with

Prinln Spz(po!-"!pN—l)T < PmaxIn s Pminln <P = Praxy -

Ky (p)—Ky(P) <L|p-4|, (2.8)

[Kni (9) =Ky (pP) = Ky (B) + Ky (5™)] < (] o= A, +1? ) TPy (2.9)
~Ch( P — 20) < Ky () =Ky (0) <ch (105 = Prin ) (2.10)

[2Ky (6) Ky (0) = Ky (6®)] < 0 (7(Pa) +Cy1,,) (2.11)

3Ky (0P + Ky () = Ky () = 3Ky, (0P < ° (W (o +]Y],.) +Cle.. ) (2.12)



(K(Ruo)ih) =Ky (0] 1S Py (2.13)

where h=1/N, pO=(p, ..oy 1:P00mpiq) TOr i=L..N=1, y=(YgnYynq) =h (0" -p),
0=y pyq) =2 (PP =2pY + p) and P, p e Per(R) is the function defined by the equations:

(P )(X) =hp (i +)h—x) + p ;h(x—ih), forall xe[ih,(i+1)h) i=0,...,.N-2  (2.14)
(Py2)(X)=hpy 1 (1=%)+ poh ™ (x+h=1),(N =Dh < x<1, for all xe[(N-1)h,1] (2.15)

Then we say that the family K, smoothly approximates the mapping K e C°(Per(R); Per(R)).

The class of mappings K eC°(Per(®);Per(R)) which can be approximated smoothly by a
parameterized family K, is closed under multiplication and addition. More precisely, we have the
following lemma, which is proved in the Appendix.

Lemma 2.2: Suppose that the mappings K,G eC°(Per(%);Per(R)) can be approximated smoothly
by the parameterized families K, ,G, . Let 2>0 be any given real number. Then the mappings
(KG) e CO(Per(R); Per(R)), (K +G)eC’(Per(R);Per(R)), (AK)eC®(Per(R);Per(R)) defined by
(KG)(p))(x) = (K(oD(X)(G(p)(X) , (K+G)(p))(X) =(K(0)(X) +(G(p))(X), (AK)(0))(X) =A(K(0))(X)
for all xe®R, pePer(R), can be approximated smoothly by the parameterized families K\G,,
Ky +Gy, 4Ky , respectively.

Our first main result is an existence and uniqueness result for the initial-value problem (2.1), (2.4),
(2.5), (2.7).

Theorem 2.3: Suppose that K:Per(R)—CHR®)nPer(R) is a mapping of class

K e C%(Per(R);Per(R)) for which there exists a constant v,, >0 such that the inequality
0<(K(p))(X) v holds for all p e Per(R). Moreover, suppose that there exists a non-decreasing
function a:®, - R, such that (2.6) holds for every p,pePer(R). Finally, suppose that there

exists a parameterized family K, that smoothly approximates the mapping K e C°(Per(®); Per(fR)) .
Then for every p, eW?”(R)Per(R) the initial-value problem (2.1), (2.4), (2.5), (2.7) has a

unique solution peCY(R, xR) with p[t]eW?*(R) ~Per(R) for all t>0. Moreover, the following
inequality holds for all t>0,xeR:

Xrggg](po(x)) < p(t,x) < Xme[g?f](po(x)) (2.16)

Remarks: (i) Theorem 2.3 guarantees the existence of a classical solution for the initial-value
problem (2.1), (2.4), (2.5), (2.7). This feature differentiates Theorem 2.3 from other results in the
literature (e.g. the results in [3]). Theorem 2.3 shows that the state space for system (2.1), (2.4),
(2.5) is the space W2”(R) " Per(R), i.e., if p, eW?”(R) N Per(R) then p[t]eW?*(R) ~ Per(R) for
all t>0.

(if) The proof of Theorem 2.3 is based on the method of finite differences used in the book [10].
This feature differentiates Theorem 2.3 from other results in the literature where fixed-point
theorems are employed.

Theorem 2.3 can be used as a tool for the proof of existence and uniqueness of solutions for system
(2.1), (2.3), (2.4). This is achieved by the following theorem, which is the second main result of the

paper.



Theorem 2.4: Suppose that n,¢<(0,1], f,g eCS(iIL), f'(p)<0, g'(p)=0, f(p)=0, g(p)=1 for
all p>0. Moreover, suppose that there exists a constant M >0 such that
3 3
sup[z\ f <k>(p)\j+sup(z\g“’ (p)\j <M (217)
P20\ k=0 P20\ k=0
Finally, suppose that the restrictions of w,&:%, %, on [0,7], [0,¢], respectively, are C*
functions with @'(x)<0 for xe[0,7], @'(x)<0 for x<[0,£] and that o(x)=0 for x>n, @(x)=0
for x>¢. Then for every p, eW?*(R)Per(R) the initial-value problem (2.1), (2.4), (2.3), (2.7)

has a unique solution peC*(®R, xR) with p[t]eW?”(R)~Per(R) for all t>0. Moreover,
inequality (2.16) holds for all t>0,xeR.

Theorem 2.4 is proved in Section 4 by applying Theorem 2.3 to the case (2.3).

3. Controlling Non-Local Traffic Flow Models

The uniform equilibrium points p(x)=,p >0 of model (2.1), (2.2), (2.4) satisfy exactly the same
density-flow relation q=pf(p) of the classical LWR model (the so-called fundamental diagram).
This is not true for the uniform equilibrium points p(x) = >0 of model (2.1), (2.3), (2.4). For this
model, the density-flow relation is given by

q=pf(p)a(op) (3.1

¢

where o::jcb(s)ds. Since g(p)=>1, relation (3.1) shows that nudging can increase the flow.
0

Moreover, the critical density, i.e., the density for which the flow becomes maximum, changes. This

is demonstrated in Fig.1 for the case f(p)=exp(-p), g(s)=@1+ k)M, yo=1, k=1/2. It
Kk +exp(ys)

may be seen that the flow values are increased, and the critical density is increased as well. It should
be noted that Fig.1 is typical for many combinations of functions f,g with the characteristics

required by the physics of traffic flow, i.e., f'(p)<0, g'(p)=0, f(p)>0, g(p)>1, for all
p>0, lim (f(p))=0, lim (g(p))<+w.
p—>+0 p—>+0

Theorem 2.4 guarantees that the uniform equilibrium points p(x)= " >0 are neutrally stable in the

sup norm of the state. However, Theorem 2.4 says nothing about (local or global) asymptotic
stability and convergence to a uniform equilibrium point. Indeed, there are cases where the uniform

equilibrium point p(x)=p* >0 for model (2.1), (2.2), (2.4) is not locally asymptotically stable, no
matter what f is. The following proposition illustrates this point. Its proof is very simple (direct
substitution in the equations) and is omitted.

Proposition 3.1 (Lack of Local Asymptotic Stability for the Model Without Nudging):
Consider model (2.1), (2.2), (2.4) with o(x)=n" for xe[0,7] and w(x)=0 for x>z, where

n<(0,1] is a rational number with 77:3, p,q>0 integers and f eC*(®,) is any function with
q

f'(p)<0, f(p)=0 for all o>0. Moreover, suppose that there exists a constant M >0 such that
inequality (2.17) holds with g(s)=1. Then, for every p">0, be® with |b|<p” and for every



integer k>0 the functions p(t,x)zp*+bsin(2kq;z(x—f(p*)t)) for t>0,xe®R are solutions of
2.1), (2.4), (2.2).

0.35
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0
0 05 1 15 2 2.5 3 35 P 4

Fig. 1: The effect of nudging on the fundamental diagram.
The blue line is the fundamental diagram with nudging and
the red line is the fundamental diagram without nudging ( g(s) =1).

The reader should notice that, if convergence to the uniform equilibrium point p(x)= " >0 is to
be studied, then we should restrict our attention to initial conditions p, eW?* (%)~ Per(R) with

1
Ipo(x)dx=p*, since only for this set of functions we can obtain solutions which converge to the
0

1 1

uniform equilibrium point p(x)=p" >0 (notice that jp(t,x)dx=J'p0(x)dx for all t>0 for every
0 0

solution of (2.1), (2.4), (2.2), (2.7) or any solution of (2.1), (2.4), (2.3), (2.7)).

Proposition 3.1 shows that in the important case w(x)=7" for xe[0,7] and w(x)=0 for x>z
(case studied in [17]), where 7 e(0,1] is a rational number, there are initial conditions

1
Po €W 27 (R) N Per(R) with J'po(x)dx=p*, which are arbitrarily close to the uniform equilibrium
0

point p(x)=p" >0 (in any space L°(0,1) with s>1), for which the solution of (2.1), (2.4), (2.2),
(2.7) does not converge (in any space L°(0,1) with s>1) to the uniform equilibrium point
p(x)=p* >0. The solutions that fail to converge to the uniform equilibrium point p(x)=p" >0 are

high-frequency density waves which move with constant speed v(t,x)= f(p"). Since the set of

rational numbers is dense within the reals, it follows that we can never be sure about the existence
or not of such solutions (no matter how accurate is the measurement of » < (0,1]).

In such cases, if properly designed, nudging can improve the stability properties of the system.
This is shown by the following result.



Theorem 3.2 (Local Stabilization by Means of Nudging): Consider model (2.1), (2.3), (2.4) with
=1, o(x)=n" for xe[0,57] and w(x)=0 for x>7n, @(x)=1-x for xe[0,1], where n<(0,1] is a
constant and f,g eC3(*R+) are any functions with f’(p)<0, g'(p)>0, f(p)>0, g(p)=>1 for all
p>0. Moreover, suppose that there exists a constant M >0 such that inequality (2.17) holds. Let
Po €W 27 (R) N Per(R) with

I:max Omax — Fonin 9min < 2n fminGmin (32)
where
Froax = max{ |£(S)|: i <5 < min(n‘lp*,pmax) } (3.3)
Foin = Min { |£/(S)|: Prnin <S<MiN (n‘lp*,pmax) } (3.4)
Fonin = (min(n‘lp*,pmax)) (3.5)
Omax :zg(%min(zp* _pmin’pmax)j (3.6)
Omin =9 (% max(2p* ~ Prmax» Prmin )j (3.7)
Gmin = min{ g’(s) : max(Zp* ~ Prax » Prin ) <2s<min (2,0* ~ Pmin s Pmax )} (38)

1
ox :Ipo(s)ds , Puin = nE(i)r}](po(x)) and po, = n}%>l<](p0(x)). Then there exists a constant © >0 such
0 Xe|0, Xel0,

that the unique solution ,oeCl(iR+ xR) of the initial-value problem (2.1), (2.4), (2.3), (2.7) satisfies
the estimate:
1 1
j(,o(t, X) —p*)2 dx < pﬂexp(—ﬁ)j(po(x) -p )2 dx, for t>0 (3.9
0 i 0

pmm

Remarks: (i) When pin =p2mx =2  then (3.2) holds automatically (by virtue of the fact that
f'(p)<0, g'(p)>0, f(p)>0, dg(p)=1 for all p=>0). Due to continuity of
Fraxs Fin s fmins Omax» Omin» Cmin - WIth  respect t0  pins Pmax: 2+ fOr every  p* >0, there exist
Pmin <P < Pmax SUCh that (3.2) holds. This implies the existence of a neighborhood of the uniform
equilibrium point p(x)=p* >0 in Per(R) for which the L2(0,1) norm of the deviation of the
solution from the equilibrium point converges exponentially to zero.
(ii) Condition (3.2) is a condition on the maximum deviation Hpo -p

*

of the initial condition from

the desired uniform equilibrium point p(x) = p* > 0. To see this, notice that condition (3.2) takes the
following form when f"(p)>0 and g"(p)<0 forall p>0:

f ’(min(n_lp*’pmax ))g (%max(Zp* ~ Prmax Prmin )j - f '(pmin )g (%min(zp* ~ Prmin 1 Pmax )j

< 277f (min(nilp*’pmax ))g'[%min(zp* ~ Prmin » Pmax )j

1+as

Therefore, for the case f(p)=Aexp(-bp), g(s)= ,
1+ys

with a>y, Ab>0 and n<1/2, condition

(3.2) becomes:

)CﬁaHPo—P*Hw e, epa-p
* * 2
e +rloo-p|, e-rleo-p, (cz+;/Hp0—p*Hw)

beXp(ZprO -p"



where ¢, =2+ap” >c,=2+yp". The above inequality provides a bound R>0 on “po —p*H such

that (3.2) (and consequently the exponential stability estimate (3.9)) holds for all
0o €EW2(R) A Per(R) with Hpo—p* <R. However, it should be remarked at this point that

simulations indicate that condition (3.2) provides a conservative estimate of the bound R>0 (see
Section 5).

(iii) The proof of Theorem 3.2 shows that € =7, (277 frinGimin — Finax Omax + Finin Omin ) -
(iv) The nudging term with ¢ =1, &(x)=1-x for x<[0,1], depends on the whole density profile of

the ring-road. Such a term has no meaning when the vehicles are driven by human drivers.
However, when automated vehicles are present in a highway, then such a term can be implemented
by providing continuously information for the density profile to each vehicle. In such a case, the
effect of nudging is not only the increase of the flow, but also the elimination of the well-known
stop-and-go waves (see [1]).

(v) The proof of Theorem 3.2 makes use of estimate (2.16) and the functional

V(p) = j(p(x)ln(p( )J+p p(X)JdX This functional, defined on the set of functions o e Per(R)
2

1
with p* :j p(x)dx, is a non-coercive Control Lyapunov Functional for the control system (2.1),
0

(2.4) with v[t]ePer(R)nC'(®) as input. Indeed, for classical solutions of (2.1), (2.4) we get
1

iV 11)) =I(p* —p(t,X))%(t,X)dX. For non-coercive Lyapunov functionals, the reader can consult
0

[9, 20]. It is possible that the use of other Lyapunov functionals can give less demanding conditions
than (3.2) for exponential convergence to the uniform equilibrium point po(x)=p* >0.

4. Hlustrative Examples

In this section we present some numerical examples that demonstrate the advantages and the
stabilizing effects of nudging in comparison with the “look-ahead” model (2.1), (2.2) and the LWR
model (2.1) with v(t,x) = f (p(t, X)) . Hence, we consider the three models displayed in Table 1 on a

ring road (2.4) with initial density profile

2.35, 0.5<x<0.75
pol )={0.55 else “.0
Model 1 Model 2 Model 3
Velocity LWR with Model (2.1) with v(t, x) Model (2.1) with v(t, x)
v(t,x) | v(t,x)=f(p(t,x)) given by (2.2) given by (2.3)
f() f (x) =0.96exp(—x) f (x) =0.96exp(—x) f(x) =0.75exp(—x)
1.8
Xp( 2-¢) Xj
g() N/A N/A g(x)=1.6 ¢
1.8
0.6+exp
(C (2-7) )
o) N/A nt nt
o() N/A N/A 1-X

Table 1. The three models of the simulation examples.



Notice that the initial condition corresponds to a road with congestion belt at [0.5,0.75] with the

1
same uniform equilibrium for all three models given by p* :jpo(x)dx=1. It should also be noticed
0
that while all models have the same equilibrium, they do not possess the same fundamental diagram
and the free road speed for Model 1 and Model 2 is 60% higher than the free road speed in Model 3.
We have used two different values for the upstream horizon: { =1 and ¢ =0.154. While Theorem

3.2 guarantees local exponential stabilization for £ =1, it is important for implementation purposes

to consider small values for the upstream horizon (which do not require knowledge of the whole
density profile of the ring road). The value of the downstream horizon in all experiments was set
n=0.1.

25

——— Model 1
— Model 2

Model 3, {=0.154
21|~ = —Model 3,7=1

0.5

= t=1
2.5 T T t=0.5 . - 2.5
——— Model 1 —— Model 1
——— Model 2 ~—— Model 2
Model 3, { =0.154 Model 3, { =0.154
2|~ = ~Model 3, =1 2| |- = ~Model 3,7=1
15F 1.5
v
/
1 5 1 /
z —’// S
0.5 : : L : 0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
= t=4
2.5 t=2 25
—— Model 1 —— Model 1
—— Model 2 ——— Model 2
Model 3, £ =0.154 Model 3, 7 =0.154
2 |- = ~Model 3, 7=0.154 2| |7 = = Model 3,7=1
1571 1.5
10 ~ &m —
I R 1 E—)— \\
05 . . . . . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig 2. Density profiles of Model 1, Model 2, Model 3 with £ =1 and Model 3 with ¢ =0.154.

While the numerical results for the LWR model are obtained by means of the Godunov numerical
scheme, for the non-local PDEs we have used the numerical scheme (5.3)-(5.10), (5.60) with
h=1/500, 4 =0.25. Figure 2 shows the density profiles at different times. Notice that the rate of
convergence of Model 3 for both values ¢ =1 and ¢ =0.154 is faster compared to the other

models. This feature can also be verified in Figure 3, which depicts the evolution of the L? norm of

10



the deviation from the equilibrium ”p[t]—p*

evolution of the logarithm of the L2 norm Hp[t]— P

1 1/2
ZZU(/J(t,X)—p*)2 dx] . Figure 3 also shows the
0

, indicating exponential convergence.

0.8 T
Model 1 Model 1
0.7 Model 2 Model 2
Model 3, { =0.154 Model 3, { =0.154
0.6 — — —Model 3, =1 — — —Model 3,7=1
w05 o
Q o
= 04 =
= =3
— 0371 E
-4 ~
0.2 S~ -
0. 5 ~d
e "
0 1 2 3 4 5 0 1 2 3 4 5

1 1/2
Fig. 3 Evolution of the L? norm Hp[t]—p*“2 :U(p(t,x)—p*)2 dxj and its logarithm for Model 1,
0

Model 2, Model 3 with ¢ =1 and Model 3 with £ =0.154.

t=0 t=0.5
Model 1 Model 1
13+ Model 2 113+ Model 2
Model 3, { =0.154 Model 3, {=0.154
— — —Model 3, =1 — — —Model 3, {=1
121 "\1 :ﬂl ]n‘ ’:\‘ ':‘ ‘r’\ If‘ J.-\ rnl ],.1
{ \ \ \
T R I T L Y N A A T O T :ln :11 H
CE S A T R I R
T S A O D O I A I
| N Y N N O T A I T A T A [ \
at l| | i. P If i " i : [ T R \ \ \
IR . I T A S T T I T A Y ARV AR
bl | T T T T Y A O A t i
l i i |
oor L L v il Vo
| /I N B \ l | l | I
A R I A T A A N \
|
08t \ Y . \ v . J J . J \.’ U 1‘:. ‘
0 0.2 0.4 0.6 0.8 1 0.8 1
t=1
Model 1 Model 1
13} Model 2 113+t Model 2
Model 3, {=0.154 Model 3, {=0.154
= = =Model 3, =1 — — ~Model 3, { =1
12 {12l
11 F .
! - n
1 |
y 7 ] /) U
0.9 9r
08 [ . . . ‘ 108¢[ X X ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 4 Density profiles at various time instants for the initial condition p;(x) =1+0.2sin(207x) .

Finally, we consider again Model 1, Model 2 and Model 3 shown in Table 1, with initial condition
Po(x) =1+0.2sin(20xx) . In this case Proposition 3.1 holds and the solution for Model 2 is given by

the formula p(t,x):p*+bsin(2kq7z(x—f(p*)t)) with p" =1, b=02, k=1 and q=10. The
density waves for Model 2 and the density profiles for all other models are displayed in Figure 4.
Figure 5 depicts again the evolution of the L? norm of the deviation from the equilibrium

11



|ett1-p7], =

norm “p[t] -p"

1 1/2
U(p(t,x)—p*)2 dx} . Figure 5 also shows the evolution of the logarithm of the L
0

, indicating exponential convergence for Model 3 with £ =1 and Model 3 with

0.15 . . . . . . . 2
Model 1
\ Vodel 1 ol Model 2 |
\ Model 3, [ =0.154
\ Model 2 — — ~Model 3, { =1
\ Model 3, £ =0.154 2
04 1\ ~~-Model3,z=1 || ST~
_o \ A Tt~
o~ \ T ~~-.
a \ ! -
= \ % 6 T
=% \ = T~a
= A) £ s} T~
0.05 AN
AN 10
~
~
~
~. A2
0 ) ) ] 14 L L L L L L L
0 0.5 1 1.5 2 25 3 3.5 4 0 0.5 1 15 2 t 25 3 35 4

Fig. 5 Evolution of the L norm ”p[t]—p*

1 1/2
5 :{J.(p(t, X)—p° )2 de and its logarithm for Model 1,
0

Model 2, Model 3 with £ =1 and Model 3 with ¢ =0.154. Initial condition p,(x) =1+0.2sin(207Xx) .

5. Proofs of Main Results

The proof of Theorem 2.3 requires a technical result, whose proof is simple and is omitted.

Lemma 5.1: Suppose that there exist constants a>0,b>0 such that the sequence {x(k) >0}y,

satisfies the inequality:

x(k+1) <(1+a)x(k)+b, forall k=04,..,m-1

Then the following estimate holds:

x(k) < exp(ka)(x(O) + gj , forall k=041,....m

We are now ready to give the proof of Theorem 2.3.

(5.1)

(5.2)

Proof of Theorem 2.3: Let N>2 and T >0 be given. Consider the parameterized infinite-

dimensional, discrete-time system

1 (K+1)3) = (1— v, 1 (kS) ) 1 (kS) + Vi (kS) o1y (KS) , for i=0,£1,42,..., k=01,...m

£:.(0) = py(ih), for i=0,+1,42,...
where
h:=1/N, §==4h

Vi (k8) = Ky (Qp(ks)W) | for i=0,4142,..., k=0,1,...,m+1
T
[T (Vinax + CPmax)1+1

m:=N (I.T(Vmax *+ COmax )] +1)

A=

12

(5.3)
(5.4)
(5.5)
(5.6)

(5.7)

(5.8)



QpkS) = (py (KS), ..., py 1 (k)T € RN, k=04,...,.m (5.9)

Prin = Xrg[gjg](po(x)) , Prax = )[l}%?f](Po(X)) (5.10)

Notice that the above definitions guarantee that

T=ms, (5.11)
AVmax + 0 CPomax <1. (5.12)

We next prove by induction that
Pmin < Pi(KS) < pray, fOr i=0,£1,42,..., k=0,1,...,m+1 (5.13)

Indeed, by virtue of definitions (5.4), (5.10), it follows that (5.13) holds for k=0. Suppose that
(5.13) holds for some k =0,1,...,m. Definition (5.9) and property (2.10) imply that

he (05 (KS) = Pin ) = Viaa (KS) = Vi (K5) = e oy — 21 (K5)) , O i =0,£1,42,... (5.14)

Using (5.3), (5.5), (5.12), (5.13), (5.14) and the fact that 0<v;(kd)<v,, for all i=0,+1+2,...,
k=0,1,..,m+1 (a consequence of (5.6)), we get:

pi((k+1)0) = (1-Av;(k5)) p; (kO) + Av; (kO) py_1 (KO) — A(V;,1(KS) —V; (kD)) p; (KS)
< (1= (k) (k) + AV, (k) 9y_y (k) + €5 £, (kS) (o — 21 (KS))
< (- v, (k8) ~ €8 p, (k8)) 9, (k) + (44, (K) + G5 9y (KS)) P < P

pi((k+1)0) = (1-Av;(k5)) p; (kO) + Av; (kO) p;_1 (KO) = A(V;,1(KS) —V; (kD)) p; (KO)
> (1 2% (k&) 2y (k3) + 24, (kS) 1 (kS) ~ €5 1, (kS) (91 (KS) ~ o
> (L- Av; (k) — ¢6 p; (k) p; (k) +(AV; (KS) + 8 p; (KS)) Prmin = Prmin

Consequently, (5.13) holds for k +1 and this completes the induction step.

Next define
y; (ko) = h_l(le(k5) -0 (k5)) ,fori=0,£1,+2,..., k=01....m (5.15)

0;(k3) =57 (p (K +1)5) - 5 (kS)), for i=0,£142,..., k=0,1,..,m (5.16)
and notice that (5.4) and definition (5.15) imply that max (‘yj(O)DSMpé”w. Using (5.3) and
j=.-101,...
definitions (5.15), (5.16), we obtain the following equations:

Yi(k+2)0) = (1_/1Vi+2 (k5)) Y (kO) + Av; (kO)y;_y (ko) + lh_l(ZVi+1(k5) =V, (ko) -V, (k5)),0i (ko)
for i=0,#,+2,..., k=0,1,...,m-1 (5.17)

g (k) = (v; (k&) — ;1 (k5)) 51 (k&) v, (k&)Y 4 (kS)
for i=0,£L,+2,..., k=0,1,....,m (5.18)

Using (2.11), (5.6) and (5.13), we obtain the following estimate for i=0,£1,+2,..., k=0,1,...,m:

13



[201,2(8) =i (k8) ~Vi.o (k) <07y (P )+ °C_max (ly;a)]) (5.19)

It follows from (5.5), (5.17), (5.19), (5.12), (5.13) and (2.10) (which in conjunction with (5.6),
(5.13) implies that |vi,; (k&) —V; (kS)| < hcpp,, forall i=0,+1,+2,..., k=0,1,..,m+1) that the following
inequality holds for k=0,1,...,m-1:

J_:__r,n_%l’__(\yj «k+1)5)\)s(1+5(2c+C)pmax)j:_rp_%l,___(\y,- (kS)|)+ Omex? (Prax)  (5.20)

Using Lemma 2, it follows that inequality (5.20) in conjunction with (5.11) and the fact that

_max (Iy; @) <ll51., . implies the following estimate for k=0,1,...,m:
j=..-101,..

max (|y;(ka)]) <Y i=exp(T (2 +C)pua)(IA6]L, + 20+C) o)) (5:20)

Moreover, we obtain from (2.8), (5.13), (5.16), (5.18), (5.21) and the facts that
Vi1 (KS) = V; (k)| < NCopay » Vi (KS) <V Tor all i =0,41,42,...:

_max. (19i (KS)|) <G :=Cpa +VimpY , fOr k=0,1,...,m (5.22)
I=..,—101,...

Vi (k +2)5) - v; (k&)| <GLS , for i=0,+142,..., k=01,..,m (5.23)

We define the functions p(t,x;N), v(t,x;N) for (t,x) [0, T]xR and for every integer N >2 (recall
that h=N"', §=4h, ms=T):
P, x;N)=(i+1-xN) p; (k&) +(xN —i) p;,, (kS)
V(kS,x;N) = (i +1—xN)v; (k&) + (XN —i)v;,, (kS)
with i=[xN], for xe®R, k=0,..,m, (5.24)

o(t, x;N) =(k +1—/rltN)p(k5, x;N) +(/rltN —k)p((k +1)5,x;N)
v(t, x:N) =(k +1- 474N )v(k5, x;N) +(ﬂf1tN —k)v((k +1)5,x;N)
with k =[27tN] for xeR, t<[0,T). (5.25)

It follows from (5.3), (5.4) and (5.6) that p;,\ (k&) = p;(kS), Vi, (k&) =v,(ks) for all i=0,+41,+2,...,
k=01...m. Therefore, definitions (5.24), (5.25) imply that for each t[0,T] the functions p(t,-;N),
v(t,-;N) are periodic with period 1. Estimate (5.13), definition (5.6) and the fact that

0< Ky (p) <V for all pe®™, in conjunction with definitions (5.24), (5.25) imply that the
following estimates hold for every integer N >2:

Prmin < PEXN) < o » TOr (t,x) €[0, T]xR. (5.26)
0<v(t, X;N) <V, fOr (t,x) €[0, T]xNR. (5.27)

Definitions (5.15), (5.16) in conjunction with estimates (5.21), (5.22), (5.23) and the fact that
Vi1 (k8) —V; (kS)| < hcppa for all i=0,4£1,+2,..., imply the existence of a constant L >0 independent
of N >2 for which the following estimate holds for all i, j=0,+1,+2,..., k,1=01,...,m:

|0, (kS) = p; (16)| +|vi (k&) —v; (15)| < T(hli — j|+ 5k ~1]) (5.28)
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Estimate (5.28) in conjunction with definitions (5.24), (5.25) implies that there exists a constant
L, >0 (independent of N >2) such that the following Lipschitz inequality holds for every integer

N>2:
P X N) = p(z,Z;N)|+|v(t, X; N) = V(z, Z;N) | < Ly ([x — 2] +]t = 7],
forall t,z<[0,T] and x,zeR. (5.29)

It follows from (5.26), (5.27), (5.29) that the sequences of functions {v(;N)}, ., {p(:;N)}_, are
uniformly bounded and equicontinuous. Therefore, compactness of [0,T]x[01] and the Arzela-
Ascoli theorem implies that there exist Lipschitz functions v:[0,T]x[0,1] - R, p:[0,T]x[0,1] >R

and subsequences {v(-;Nq)}:ﬂ, {p(-;Nq)}::l for an increasing index sequence {Nq}::l, which

converge uniformly on [0,T]x[01] to v,p, respectively. Moreover, the functions v,p satisfy the
same bounds with v(-;N), p(:;N), i.e., Pmin <Pt X) < Prax » 0 V(LX) <V, TOr (t,%) €[0,T]1x[0,1].

Since the functions p(t,-;N), v(t,-;N) are periodic with period 1, it follows that o(t,1) = o(t,0)
and v(t,1) =v(t,0) for all te[0,T]. Therefore, the subsequences {v(-;Nq)}::l, {p(~;Nq)}::1 converge
uniformly on [0,T]xR to the periodic extensions with respect to x (with period 1) of v,p,
respectively. We will denote by v, o the periodic extensions with respect to x (with period 1) of
v, o (aslight abuse of notation).

We show next that (2.5) holds for (t,x)<[0,T]xR. By virtue of (2.13), (5.13) and (5.6) the
following inequality holds for i=0,+1,+2,..., k=0,1,...,m:

|((K(PyQp(k&))(ih) —V; (k)| < hS gy (5.30)

Definitions (2.14), (2.15), (5.9), (5.24), (5.25) imply that

(PyQpk&))(X) = p(ks,x;N), forall k=0,1...m and xeR, N >2 (5.31)

It follows from (5.30), (5.24), (5.25) that the following equality holds for i=0,+1+2,...,
k=0,1,...,m:

|(K(p(k3,-sN))(ih) = (K3, ih; N)| < S oy (5.32)

Let (t,x)e[0,T]x®R be given (arbitrary). Let k=[2"tN], i=[xN] and notice that |x—ih|<h=N7",
t—ks|<5=AN"'. We get:
|(K(pLt)(x) = v(t, )| <[ (K (AID)(X) ~ (K (pltD)(ih)|
+|(K(pltD)(ih) — (K (plks))(ih)|
+|(K(plksT)(ih) - (K (p(ks,-; N)))(ih)|
+|(K(p(ks,+; N)))(ih) —v(ks,ih; N)|
+[v(k&,ih;N) —v(kd,ih)|
+[v(kS,ih) —v(t, x)|
Since
e the subsequences {v(-;Nq)}:zl, {p(-;Nq)}:=1 converge uniformly on [0,T]xR to v,p,
respectively,
o K(p[t]) eCHR)Per(R), which implies the existence of a constant M >0 such that
(K (I X) — (KeINY)[ <M [x-y],
o K eC (Per(R);Per(R)),
e v,p are Lipschitz functions,
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it follows from (5.32) that all terms in the right hand side of the above inequality can become
arbitrarily small for sufficiently large q. Therefore, (2.5) holds for (t,x) [0, T]xR.

Next define
@ (k3) =h"(y;,1(kS) - y; (k)), for i=0,+1,%2,..., k=02,...,m (5.33)
v (k) =67 (v (k +1)5) - y; (ko)) for i=0,41,42,..., k=0,1,...,m-1 (5.34)
7 (k&) =h™ (91,1 (k) — g (k) ), for i =0,41,42,..., k=01...,m (5.35)
1 (kS8) =57 (gi(k+15) —g; (k3)), for i=0,£L%2,..., k=0,1,..,m-1 (5.36)
0.(k8) = (vi,1 (k) —v; (k&)), for i=0,41,42,..., k=01,..,m (5.37)

and notice that (5.4) and definitions (5.15), (5.33) imply that max (le; @) <l5.,.. Using
j=.-101,..
definitions (5.33), (5.34), (5.35), (5.36), (5.15), (5.16), we get:

@ (k +18) = (1- 2,1 (kS)) ¢, (KS) + A, (k)1 (KS)
+2072 (3vi,, (KS) — Vi3 (KS) = 3vi, (kS) +v; (kD)) o5 (k)
+AN (20,5 (KS) = Vi3 (k) — Vi1 (kS)) (¥; (KS) + Y1 (KS))
+4h™ (2Vi+1(k5) =V; (k&) = Vi, (k5)) Yia (ko) + A(Vm(ké‘) —Vis (k5))‘/’| (ko)
+A (Vi (KS) = Vi 5 (kS)) (91 (KS) + 4 (KS))
for i=0,+L,+2,..., k=0,1,...m-1 (5.38)
Wi (KS) =V, (kS)@y_1 (kS) + ™ (v, (KS) — Vi, (kS)) yi_1 (KS)
+h™2 (2,1 (KS) — Vi, (k) —v; (k3)) oy (k)
for i=0,+#,+2,..., k=0,1,...,m-1 (5.39)
17 (ko) = h (2Vi+1(k5) =V, (KO) -V, (k5))Pi (ko) = Vi1 (kS) @1 (ko)
+h 71 (v, (kS) = Vi (kS)) i (k) + 7 (v; (k) = Vi, (KS)) i1 (KS)
for i=0,£L,+2,..., k=01,...m (5.40)
44 (k) = 87 (v (K +2)8) =i (KS) + Vi1 (KS) = Vi (K +1)5)) o1 (KS)
+67 (Vi (K +1)3) = Vi1 (k +1)8)) Ag; (k)

=67 (v (k+2)5) - v; (k6)) ¥4 (k +1)8) —v; (k)4 (k)
for i=0,+1,+2,..., k=0,1...m-1 (5.41)

Using (2.11), (2.12), (5.5), (5.6), (5.12), (5.13), (5.21) and the facts that 0<V;(kd) <V,
Via(kd) -V, (kS)|<hcpps for all i=0,+1+2.., k=01..m, we get for i=0+1+2,..,
k=0,1.., m-1:

jzm%lw(\(pj ((k+2)0)]) <(1+5(3¢+C) pax) j:..T%,l,...(‘(pj (k5)\) (5.42)

+5(PmaxW(Pmax +Y)+3Y;/(pmax)+3CY2)
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Using Lemma 2, it follows that inequality (5.42) in conjunction with (5.11) and the fact that

_max. (‘goj (O)D <|psl.., gives the following estimate for k=0,1,...,m:
j=.-101,...

PV (P +Y ) +3Y 7 (D) +3CY 2
(3¢+C) Prnax

maxl___(\q)j (k9)]) < ®:=exp(T (3¢ + C) pypux )(" A+ J (5.43)

j=-101,

Equalities (5.39), (5.40), (5.41) in conjunction with (2.9), (2.11), (5.5), (5.13), (5.16), (5.21), (5.22),
(5.23), (5.43) and the facts that 0<V;(kS) <Vya, [Vis1(kS)—V; (KS)| <hCpn, for all i=0,+142,...,
k=0,1...,m, give the following estimates:

_max. (Jwi (kS)|) < W =V @ + (7 (P ) + (26 + C)Y ) P, fOr k=0,1,..,m—1 (5.44)
_max. (|7 (3)]) < H = (7 () + (2C+C)Y) P +Viex @, fOr k=0,1,...,m (5.45)

max (|44 (k8)) <M = pra (cG +(A7t +G)F(pmax))+GLY +v . ¥, for k=01,...m-1 (5.46)

i=.,-101

Using (5.37), (5.19), (5.21), we obtain for i=0,+1,+2,..., k=0,1,...,m:
16,1 (k8) =6, (k&) < h (7 (Pax) +CY) (5.47)
Using (5.37), (2.9), (5.5), (5.6), (5.16), (5.22), we obtain i=0,+1,%2,..., k=0,1,..,m—1:
16 ((k +2)8) = 6, (kS)| < STy ) (4™ + G) (5.48)

We define the functions y(t,x;N), g(t,x;N) for (t,x) [0,T]x%R and for every integer N >2 (recall
that h=N"?, §=1h, ms=T):
y(kS,%;N) = (i +1—xN)y; (k&) +(xN —i)y; 1 (kS),
g(ks, x;N) = (i +1-xN)g; (kS) +(xN —i)g;,, (kS)
O(k&,%;N) = (i +1-xN ), (kS) + (XN —i) 6,4 (k&)
with i=[xN], for xe®R, k=0,...m, (5.49)
y(t,xN) =k +1—/1”1N)y(k5, x:N) +(/rltN —k)y((k +1)5,%N),
g(t,x;N):(k+1—/r1n\|)g(k5,x;N)+(ﬂ:ltN —k)g((k+D38,xN),
o(t, x:N) =(k +1—ﬁ,‘]tN)H(k§, X: N)+(ﬂ,‘]tN —k)e((k +1)5,x;N)
with k =[27tN] for xe R, t[0,T). (5.50)
It follows from (5.15), (5.16) and the fact that p, \(k8)=p(kS), v, (ks)=v;(ks) for all
i=0,41,42,..., k=0,1...m+1, that y,(kd)=y,(kd), 9.y KS)=0,(ks), 6.y Kkd)=6(ks) for all
i=0,£1,+2,..., k=04...m. Therefore, definitions (5.49), (5.50) imply that for each t<[0,T] the
functions y(t,-;N), g(t,-;N), O(t,-;N) are periodic with period 1. Estimates (5.21), (5.22) and the

fact that |vi,; (kd) —v; (kS)| <hcpp,, forall i=0,£1,42,..., k=0,1...,m, in conjunction with definitions
(5.49), (5.50) imply that the following estimates hold for every integer N > 2:
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ly(t, x;N)| <Y, for (t,x) [0, T]xR (5.51)
la(t,x;N)|<G, for (t,x) [0, T]xR (5.52)
|6(t, X; N)| < Copax , TOr (t,%) [0, TIxR (5.53)

Definitions (5.33), (5.37), (5.34), (5.35), (5.36) in conjunction with estimates (5.43), (5.44), (5.45),
(5.46), (5.47), (5.48) imply the existence of a constant L>0 independent of N >2 for which the
following estimate holds for all i, j=0,+1,#2,..., k,1=04,...m:

Vi (k&) - y; (16)] +|gi (k&) — g (15)| + |6 (k) - 0;18)| < L(hli — j| + 5|k ~1]) (5.54)

Estimate (5.54) in conjunction with definitions (5.49), (5.50) implies that there exists a constant
L, >0 (independent of N >2) such that the following Lipschitz inequality holds for every integer

N>2:
|y(t.%;N) = y(z,z:N)|+]g(t. Xx; N) = gz, Z; N)| +]0(t, ; N) = (7, Z;N)| < L, ([x — 2] +ft = 7])
forall t,z<[0,T] and x,zeR. (5.55)

It follows from (5.51), (5.52), (5.55) that the sequences of functions {y(:;N)} ., {9(:N)} .

{6(:; N)}?‘j:3 are uniformly bounded and equicontinuous. Therefore, compactness of [0,T]x[0,1] and
the Arzela-Ascoli theorem implies that there exist Lipschitz functions vy:[0,T]x[0,1]— %R,

9:[0,T1x[0,]] >R, 6:[0,T]x[0,]] >R and subsequences {v(-;Nq)}::l, {p(.;Nq)};, {y(';Nq)}::l’

{9CiNg)} . {8iNg)}. | for an increasing index sequence {N, 7, which converge uniformly on
[0, T]x[01] to v,p,Y,0,0, respectively. Moreover, the functions y,g,6 satisfy the same bounds with
y(5;N),g(:sN), e, [Y(EX)[<Y, |9t X)| <G, |0t X)| < Coma » TOr (t,X) €[0,T]x[0,1] .

Since the functions y(t,-;N), g(t,;N), &(t,-;N) are periodic with period 1, it follows that
y(t,)=y(t0), 6(t1=6(0) and g(t,1)=g(t0) for all te[0,T]. Therefore, the subsequences
{y(';Nq)}:zl’ {g(.;Nq)};, {¢9(.;Nq)}::1 converge uniformly on [0,T]x% to the periodic extensions
with respect to x (with period 1) of y,g,0, respectively. We will denote by y,g,0 the periodic

extensions with respect to x (with period 1) of y,g,0 (again a slight abuse of notation).

We next show that y(t,x):Z—’D(t,x) for all (t,x)e[0,T]xR. Equivalently, we show that
X

p(t,x)—p(t,O)zjy(t,z)dz, for all (t,x)e[0,T]x[01]. Let (t,x) [0, T]x[01] be given (arbitrary). Using
0

definitions (5.5), (5.24), (5.49), (5.15), inequalities (5.29), (5.55), (5.51), we obtain for k =[1tN]
and i=[xN]:
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<|p(t,x;N) — p(k&,x;N)|+|p(kS,x;N) — p(k8,ih; N)|

Pt X;N) = p(t,0;N) —fy(t,z; N)dz
0

ih

+p(k3,0;N) - p(t,0; N)| + +|pi(kS) = po (kS) — [ y(t. z;N)dz
0

J)Sy(t, z;N)dz
ih

ih

<L (2t-2ko +x—ih)+Y (x—ih) + hii ys(k5)—J.y(t,z; N)dz
0

s=0
j—1 (s+Dh ih
<L2+Dh+Yh+Y | y(ks,sh;N)dz - [ y(t,z;N)dz
s=0 sh 0
i-1 (s+1)h
<(LEA+D+Y)h+]D j (y(k&,sh;N) - y(t,z;N))dz
s=0 sh
i—1 (s+1)h
<(LEA+D+Y)h+Y j |y(ké,sh;N) - y(t,z;N)|dz
s=0 sh

<(L(2A+D)+Y)h+(Ly(t—kd)+ Lh)ih<(L(A+1)+Y + L, (A+1))N~*

In the above derivation, we have used the facts that t-ks<s and x—ih<h. Since {y(-;Nq)};":l,

{/,(.;Nq)}:=1 converge uniformly to y and q as g-—>+» (and N, —>+x), the above inequality

shows that p(t,x)—p(t,O)zjy(t,z)dz for all (t,x) [0, T]x[0]].
0

A similar procedure shows that g(t,x)zz—f(t,x) and H(t,x)zg(t,x) forall (t,x) [0, T]xR.

We next show that g(t,x)+v(t,X)y(t,x)+0(t,x)o(t,x)=0 for all (t,x)[0,T]xR. Let
(t,x) [0, T]x[0,1] be given (arbitrary). Since g;(ko)=-6 (ko)p;(kS)-v,(ko)y; ,(ks) for
i=0,+#L+2,..., k=0,1,..,m (a consequence of (5.18) and (5.37)), we obtain using (5.5), (5.29),
(5.24), (5.26), (5.27), (5.49), (5.51) for k=[4"tN] and i=[xN]:

la(t, x; N)+v(t, x;N)y(t, x;N) +6(t, x; N) p(t, x; N)|

<|g(t, x;N) = g; (k)| + v(t, x; N) y(t, x;N) —v; (kS) yi_y (kS)| +6(t, x; N) p(t, x; N) — 6, (k&) p; (KS))|
<(Ly L+ Prax + Vinax) + Lo (Y +Copa) ) (t—kS + x—ih) + Ly, h

<(Ly L+ Prax + Vinax) + Li(Y + €0 ) ) (8 + D) + Lyvh

< (Lo @+ P+ Vina) + L (Y +Co) (A +1) + LyVie JN 7

In the above derivation, we have used the facts that t—ks <5 and x—ih<h. Since {v(-;Nq)}:zl,

{p(-;Nq)}:zl, {y(-;Nq)}::l, {g(-;Nq)}:zl, {9(-;Nq)}::l converge uniformly to v, p,y,g,0 as q s+
(and N, —+x), the above inequality shows that g(t,x)+v(t,x)y(t x)+6(t,x)o(t,x)=0 for all

(t,x) €[0,T]x[0,1]. Periodicity of v,0,Y,9,0 implies that the equality
g(t, x) +Vv(t, x)y(t,x) + a(t,x) o(t,x) =0 for all (t,x) [0, T]xNR.
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Since T >0 is arbitrary, we conclude that there exists a solution peC*(R, xR) of the initial-value
problem (2.1), (2.4), (2.5), (2.7) with p[t]eW?”(R)~Per(R) for all t>0, which satisfies
inequality (2.16) for all t>0,xeR.

Uniqueness follows by defining
1
E(t) = % et xax (5.56)
0
where e(t,x) = p(t,x) - p(t,x) and p,p eC*(R, xR) are solutions of the initial-value problem (2.1),

(2.4), (2.5), (2.7) with p[t], p[t] €W > (R) " Per(R) for all t>0. Let T >0 be given (arbitrary) and
define

. ov
= tgggg]( [t]

OX

op
a[t]

w]*Za[tz?%ﬂlp[ﬂ"w>+£93¥]<||5W|'w>)(;?3¥]{ w};?%("ﬁ[ﬂ"wﬂ (557

where a: R, — R, is the non-decreasing function involved in (2.6). Using (2.6) and (5.56), (5.57),
we have for all t<[0,T]:

1
E(t) = —Ie(t, X)%(p(t, X)V(t, X) — p(t, X)V(t, x) ) dx
0

:_lJl’eZ(t )Y (¢ x)dx—je(t x) (v(t, x) - 7(t,9) 22 (t, x)dx (5.58)
21 U Vox AR Cox |

1
—'([e(t, X)A(t, x)%(v(t, X)~V(t,x))dx < ZE(t)

The differential inequality (5.58) implies that E(t) <exp(zt)E(0) for all t[0,T]. Since E(0)=0,
we get E(t)=0 for all t<[0,T]. Since €[t] is periodic with period 1 for all t>0 and since T >0 is
arbitrary, we conclude that p(t,x) = p(t,x) . The proof is complete. <

Proof of Theorem 2.4: It suffices to show that (2.6) holds for the mapping

(K(p))(x)=f [ ]ﬂw(s - x)p(s)dng{ _)f cb(x—s)p(s)dsJ, for pePer(R), xeR (5.59)
X X—¢
and that the parameterized family

N-1 (i+Dh N-1 1-(i-Dh
KN(p)zf{Zpi | a)(s)ds}g(z,oi | Eo(s)ds},forpeﬂ%f (5.60)
i=0

ih i=1 1-ih
where h=N", smoothly approximates the mapping K e C°(Per(%®); Per(R)) defined by (5.59).

First we show the validity of (2.6) for certain non-decreasing function a:®R, —> R, . For every
o, p € Per(R) and xe R, definition (5.59) implies the existence of 9,9>0 such that

X+1 X
(K(e)(X) - (K(P)(x) = f'(e)[ [ w(S—X)(p(S)—ﬁ(S))dsjg[ | cb(x—s)p(s)ds]
X X=¢

X+n X
+f[ j w(s—x)ﬁ(s)ds]g'(g)[ j a(x—s)(p(s) - ﬁ(s))ds}

X -<
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The above equation in conjunction with (2.17) and the facts that »,¢ (0,1] and that «,& are non-

increasing functions, allow us to obtain by using the Cauchy-Schwarz inequality, the following
estimate for all p,pePer(R) and xeR:

X+n X

(K(P)(X) = (KB <M () [ |p(s) - p(s)|ds+M?@(0) [ |p(s) - A(s)|ds
X X=¢

1 1 1/2
<M2(w(0)+ @(0))j| p(s)— p(s)|ds < M (@(0) + @(0))( j 1p(s) - As)* ds]
0 0

Using the above estimate we obtain for all p, p € Per(R) and xeR

1
1900~ P09 (K(A)0) - (KPR 5000~ 500 + M (0(0)+ 50)) [|s) - (5 s
0

which directly implies the following estimate for all p, p € Per(R) :

1 1
J1000 =B K (X~ (KENOOJdx <> (1+ M (0(0)+3(0)) ) [los) - p(s) s (5.61)
0 0

Notice that definition (5.59) implies the following equation for all p < Per(R) and xeR:

0
S5 KDY =

X+7 X+7 X
[a)(n)p(xm)—w(O)p(X)— J w'(s—x)p(s)ds]f'[ J w(s—x)Ms)dng[ J ca(x—s)p(s)dsJ (5.62)
X X x=¢

X+17 X
+[a~)(0)p(x)—as(:)p(x—c)+ J cb'(x—s)p(s)ds}f{ J w(s—x)p(s)ds]g'[ J cb(x—s)p(s)ds]

X=¢ X -<

The Cauchy-Schwarz inequality and the fact that »<(0,1] gives the following estimate for all
p,pePer(R) and xeR

X+n

o) (p(x+n) - p(x+n))—a(0)(p(x) - (X)) - j @'(s=x)(p(s) =~ p(s))ds

X

A(X) =

X+n

<w(n)|p(x-+7) - px+ )|+ 0O p(x) - 50|+ [ /(s =x)]|o(5) - 5(3)]ds

7 1/2

1/2 X417
sw(n)|p(x+n)—ﬁ(x+n)|+w(0)|p(x)—ﬁ(x)|+[ [l dsj [ [ 1p(s)-BE) dsj
0 X
1/2

7 1/2 1
< () |p(x+n) = Bx+1)|+ @(0)| p(x) —ﬁ(x)|+£ [lo©)’ ds] { [lo(s)-p(s) ds]
0 0
which implies that

A(X)Ip(X)—ﬁ(X)IS%wz(n)lp(xw)—ﬁ(xw)lz

n 1
+(L+w(0)) [ () - A +%{ [l ds][ | |p<s)—5(s)|2ds]
0 0

and consequently
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1 n 1
| A(x)|p<x)—p(x>|dxs[%w2(n)+1+w(0)+% [lo's)” dsJ( [lo(s)-5(s) dsj
0 0 0

Obtaining a similar estimate for the term

X

a(0)(p(X) - p(N)) =) (p(x=) - p(x=8))+ | @ (x=3)(p(s)-p(s))ds
¢

B(x) =

and noticing that there exists a constant ®>0 such that

@(0)p(x) - () p(x-{) + f @'(x—s)p(s)ds
x=¢

for all xe®R and p e Per(R), we conclude from (5.62), by using the same arguments as above (for

the derivation of (5.61)), that there exists a constant ® >0 which satisfies the following estimate for

all p,pePer(R):

1
[lp() - ()
0

X+n

o(n)p(x+n) - @(0)p(x)— | o(s-x)p(s)ds

X

<0)|p], , <0,

%((K(p))(x) —(K(P)(X)

1
dx<®(L+[ o], +[2],) [l -BX)[dx  (5.63)
0

Inequality (2.6) with an appropriate (linear) non-decreasing function a:®R, > %R, is a direct
consequence of estimates (5.61) and (5.63).

By virtue of Lemma 2.2, in order to show that the parameterized family K, defined by (5.60)
smoothly approximates the mapping K e C°(Per(R); Per(R)) defined by (5.59), it suffices to show
that the parameterized families

Fn(p) = f(Byp), for pe Rl (5.64)
Gy (p)=9(Byp), for penil (5.65)
where
N-1 (i+Dh
Bvo=. pi I w(s)ds, for peR" (5.66)
i=0 ih
_ N-1 1-(i-Dh
Bvo=D. pi I @(s)ds, for peR" (5.67)
i=1 1-ih
h=N"", smoothly approximate the mappings
x+1
(F(p)(x)=f [ j o(s— X)p(S)dS] , for pePer(R), xeN (5.68)
G(P)(X) =g [ J' a(x - s)p(s)dsj , for pePer(R), xeR (5.69)
x-1
Using the facts that h=1/N, oW =(p,.py 1 00mpiy)  FOr  i=1..N-1,

Y=or¥na) =h (e -p) and @=(gy...on4) =h?(p® -2p" +p), we establish the
following useful identities hold for the linear mappings By, By defined by (5.66), (5.67) for all

pPE ‘RL\' :
4 i h 1
By p® — By p= Nzlpi [ (e(s)-e(s+h))ds—p, Ua)(s)ds - | w(S)dSJ (5.70)
i<l (i-1)h 0 I-h
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_ _ 2h N—1 1-(i-1h 1
By p® — By p = py J a(s)ds— > p I (&(s)—a(s+h))ds—p, I @(s)ds (5.71)

h i=2 1-ih 1-h
1 1 ih
2B, p® — By p— By p? —hyan)(s)ds— [ w(s)dsJ—hZ Vi [ (o(s)-o(s+h))ds (5.72)
1-h =l (i-Dh
_ N-1 1-(i-Dh 1 2h
2By p® —Byp-Byp@=h>y, j (@(s)—a(s+h))ds+hy, [ @(s)ds—hy, [ @(s)ds (5.73)
i=2 1-ih 1-h h
3By oY + By p® —By p—3By p?
N-1 ih h 1 574
=h2Y g j a)(s)—a)(s+h))ds—hzgoo[fa)(s)ds— j w(s)ds} (®.74)
i=l  (i-Dh 0 1-h
38, p® + By, p(3>_—Np_3g P =
2h N-1  1-(i-Dh (5.75)
W2, [ @(s)ds —h’p, j B(s)ds—h*Y ¢ [ (@(s)—a(s+h))ds
h i=2 1-ih

Notice that since @, are non-negative and non-increasing functions, it follows from identities
(2.10), (5.71) that the following estimates hold for every 0<p.i, <pmx and peRY with

pminlN Sp<pmax1 :
1

1
[jco(s)ds— jw(s)ds](pmm Po)<BypY - Np<[ja><s>ds— jw(s)ds](pmax o) (5.76)

1-h 1-h
2h _ _ 2h
(Po _pmax) j CZ)(S)dS s BN p(l) - BNp = (/70 ~ Phmin ) J. CZ)(S)dS (577)
h h
By p® = By | < h(0) Py (5.78)
By ™ — By | < (0) Py (5.79)

Inequalities (2.10) for Fy(p) and G, (p) (with appropriate c) are consequences of estimates
(5.76), (5.77), definitions (5.64), (5.65), the fact that f'(p)<0, g'(p)>0 for all p>0, inequality
(2.17) and the mean value theorem for f and g.

Inequality (2.17) implies the following estimates for all x;,x,,z,,z, e R, :
F(X%)—T(%)—T(2,)+ T(Z)|SM X =X —Z, + |+ M |X, = X{||X — Z
| 2 1 2 1| ) | 2 1 2 1| | 2 1” 1 1| (580)

+M [, = Xy|[Z, = 2]+ M %, — X

19(%,) —904) = 9(22) + 9(Z)| S M [Xy =X = 2, + 23| + M [x; = X[, — 71|

) (5.81)
+M |, = Xg|[2, — 2|+ M %, — X

Indeed, by virtue of the mean value theorem for all x;,x,,z,,z, e R, there exist 1, <(0,1) such that
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f(%) = F(x)— () + f(z) =) (% —%) - F'(9(z, -7)
= /()X =% —2, +73) + £(r)(0 - F)(x, — %)

where 6=x +A(X,—%), $=z+u(z,—-2z) and reR. A similar relation holds for g as well.
Inequalities (5.80), (5.81) are consequences of the above equality and estimate (2.17).

Let 0<pmn <Pmax D€ given and let arbitrary vectors p,peRY with p0ly <2< Pracdn »
Prinly <A< praly  DE also given. Using (5.80), (5.81) with x,=Byp, % =Byp®, z,=Byp,
z,=B,p" for f and x,=Byp, % =Byp®, z,=Byp, z=Byp® for g in conjunction with
(5.78), (5.79), (5.64), (5.65) and the following inequalities

1
Byp - BN,5|£|p—,5|wIa)(s)ds (5.82)
0
_ _ 1
[Bup—Bypl<|p— A, [@(s)ds (5.83)
0

h 1
‘BNp(l) —Byp-Bp® + BNlb‘ <2lp-p|, Ua)(s)ds - | a)(s)dsj
0 1-h
_ _ _ _ 2h
|Bup® —Bup—Byp® +Byp|<2lp-pl, [ as)ds
h
which are direct consequences of (5.66), (5.67), (5.70), (5.71) as well as the fact that w,& are non-

negative and non-increasing functions, we obtain:
[Fu (0) = Fu (p™) = Fy (9) + Ry (5 <

1
Mha(0)|p- 3|, (2 + Prax | a)(s)dsj +2Mh20? (0) p2.
0

Gy (0) =Gy (p®) =Gy () + Gy (5| <

1
Mha@(0)|p— 2| (2+ Prrex j cb(s)ds] +2Mh2@%(0) p2sy
0

The above estimates directly imply the validity of (2.9) for Fy(p), Gy (p) and for an appropriate
non-decreasing function T': R, — R, . Moreover, inequalities (5.82), (5.83) in conjunction with the
mean value theorem and (2.17) imply the validity of (2.8) for Fy(p), Gy (») and for an appropriate
constant L>0.

Inequality (2.17) implies that for every b>a>0 and x;,X,,%;,%, €[a,b], the following inequalities
hold:

2 (%) — T () — T (Xg)| <M [2X%, — % — X5| + M (b —a)° (5.84)

|29(Xz) —9(%) - 9(X3)| <M |2X2 - X X3| +M(b-a)’ (5.85)

7 3
3f(x,)—3f(x f(X) = F(X)<MI3X, + X, —3%; — X% | +=M(b—a
| (%) (X3) + (%) (1)| | 2t Xy 3 1|+6 ( ) (5.86)
+3M(b—a)|2x3—x2—x4|+M|2x2—x1—x3|2+M|2x3—x2—x4|2
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7 3
39(%,) =39 (X3) + 9(X,) — 9 (%) <M 3%, + X, =3%; — X |+ =M (b—2a)
| 2 3 4 1| | 2 4 3 1| 6 (587)

+3M (b —a)[2X; — X, — X,| + M 2%, — X, — x3|2 +M|2%5 — X, — x4|2
Indeed, Taylor’s theorem implies the existence of 6, 4,r [a,b] so that

31.(,) =31 () + T (%)~ (%) = £/(x)(3%, + %, 3% %)

+% f ”(Xl)(3(X2 - Xl)z —3(%s - X1)2 +(Xg — X1)2)

1 " 1 m 1 m
+§ f"(0)(x; - X1)3 5 f7(9) (x5 - X1)3 +€ £7(r)(x, - X1)3

Using the above equality in  conjunction  with  (2.17), the fact that
3%, — %)% =3(% = X)? + (X4 = X)? = —6K(X; — %, ) + (S — k)%, Where s=2x%,—X —Xg, &k =2X;—X,—X,
and the fact that x,x,,%;,X, €[a,b], we obtain (5.86). A similar derivation gives inequalities (5.84),
(5.85), (5.87).

Inequalities (5.72), (5.73), (5.84), (5.85) allow us to conclude the validity of (2.11) for F(p),
Gy (p) with C=2M (&(0)+w(0)) and for an appropriate non-decreasing function y: %, — %, .
Indeed, using (5.72) and the fact that « is a non-negative and non-increasing function, we get:

2B o — By p— By p®| < 20°0(0)]y], (5.88)

Applying (5.84) with x, =By p®, x,=Byp, X =Byp? and definition (5.64) in conjunction with
the above inequality, we get:
‘ZFN (p") - Fu (o) - Fy (p(z))‘ <2Mh?w(0)]y], + M (b—a)® (5.89)

where b>a>0 are any numbers for which By p,Byp",Byp'? €[a,b]. Since (5.78) implies that
By — By <ho(0)paxs  [Bup® —Byp®|<ho(0)pps, it follows that there exist numbers

b>a>0 with b—a < 2hw(0) o, Such that By p,By o™, By p? e[a,b]. It follows from (5.89) that

[2F, (™) - Fy ()~ Fyy ()| < 2M(0) |y, +200(0) o ) (5.90)
A similar procedure allows us to show that

26y (p) = Gy (9) - G (0| < 2MN7@(0) |y, + 26(0) P ) (5.91)

Inequalities (5.90), (5.91) show the validity of (2.11) for Fy(p), Gy (p) with C=2M (&(0)+ »(0))
and for an appropriate non-decreasing function y: R, > R, .

Inequalities (5.74), (5.75), (5.86), (5.87) allow us to conclude the validity of (2.12) for F(p),
Gy (p) with C=2M(@(0)+(0)) and for an appropriate non-decreasing function W:%, - R, .
Indeed, using (5.74) and the fact that @ is a non-negative and non-decreasing function, we get:

h 1
‘3BNp(l) + By p(?’) —Byp—3By p(z)‘ <2h? |qo|oO Ua)(s)ds - I a)(s)dsj
0 1-h
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Applying (5.84) with x,=Byp", x =Byp, % =Byp®, x,=Byp® and definition (5.64) in
conjunction with the above inequality, we get:

7
3R (p™)+ Fu (0) = Fy ()= 3Ry (o) < 2MR°0(0) ], + M (b2’

2
+3M (b - 2)[2By p® — By p® — By p®|+ M [2B, p® - By p - By p?)| (5.92)

2
+M ‘ZBN p(Z) _ BNp(l) _ BNp(3)‘

where b>a>0 are any numbers for which By p,Byp®,Byp?,Byp® €[a,b]. Using (5.88) and its
direct consequence ‘ZBN p? —B pY -By ,0(3)‘ < 2h2w(0)‘y(1)‘ =2h’w(0)|y|_ in conjunction with
(5.92), we get:

[3Fy (0P + Fy () Fy () ~3Fy (p?)| < 2Mh°0(0) ],
7 ) (5.93)
+sM (b—a)° +6M (b—a)h*e(0)]y|, +8Mh*w* (0)(]y], )

Since  (5.78)  implies  that ‘BN p® —By p‘ <hw(0) Prax » ‘BN PP —By p(l)‘ <hw(0) Pra »
‘BN PP B, p(z)‘ <ha(0)p,,, , it follows that there exist numbers b>a>0 with b—a<3ha(0)p,
such that By p,By o, By 0?2, By p® e[a,b]. It follows from (5.93) and the fact that h<1 that

[3F (p)+ Fy (p9) = Fy () —3F (o) <

63 2 (5.94)
2Mh3w<0)(|¢|w + 807 0 + 900y, + 40003, ) j
A similar procedure allows us to show that
[364 (p™) + Gy (p9) Gy () 3Gy (0| <
(5.95)

2Mh3cb(0)(|(p|w ¥ %@2 (0) i +9(0) Pr |Y1,, + 40(0) |1, )Zj

Inequalities (5.94), (5.95) show the validity of (2.12) for Fy(p), Gy (p) with C=2M (&(0)+ »(0))
and for an appropriate non-decreasing function W : R, >R, .
Finally, we show the validity of (2.13) for Fy(p), Gy (p) for an appropriate constant S >0.
Definitions (2.14), (2.15) imply that
N-1
(Rup)(X)=h>" pip(x—ih) for xeR (5.96)
i=0

where ¢:R — R is the periodic extension (with period 1) of the function

h—x, xe[0,h]
#(x)=<x-1+h, xe[l-h1], for x[0,1] (5.97)
0,x¢[0,h]Ul-h]]

Formula (5.96) and periodicity of ¢:9% — R in conjunction with definitions (5.68), (5.69) imply that
(F(Pyp)(ih) = (F(Ryp)(0), (G(Pyp))(ih) = (G(RypM))(0), for i=0,....N -1 (5.98)
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Therefore, it suffices to show that there exists a constant S >0 so that (2.13) holds for F(p) and
Gy (p) with i=0. Definitions (5.64), (5.65), (5.66), (5.67), (5.68), (5.69) in conjunction with (5.96)
and inequality (2.17) imply the inequalities:

N =1 (j+Hh

ij jw(s)¢(s—1h)ds Zpl [ o(s)ds (5.99)

=0 0 jh

|(F(Pyp)(0) ~Fy (p)| <Mh™

N-1 1-(j-Dh

ij jw(s)¢( s— jh)ds— ijh j @(s)ds (5.100)

i—jh

[(G(p))(0) -Gy (p)|<h™'M

Using (5.97) and the fact that ¢: %R — R is periodic with period 1, we get from (5.99) and (5.100):

|(F(Py))(0) - Fy (p)]

N1 (i+Dh 1 n (5.101)
<Mh|> p; j (o(s) - @(s—h))(jh—s)ds + p, j w(s)(s -1+ h)ds—pojsa)(s)ds
j=1 ih 1-h 0
[(G(p))(0) -Gy (p)|
N-1  1-(i-Dh 1 n (5.102)
<h™™M|Y p, j ((s —h)—(s))(s+ jh—L)ds + p, j cb(s)(h—1+s)ds+pojd)(s)(h—s)ds
=1 1-jh 1-h 0

Since o, are non-negative and non-increasing functions, it follows from inequalities (5.101),
(5.102) that the following estimates hold for every 0<p.,<pmx and peRY with
PrinIn <P < PraxIn

|(F(Pyp))(0) ~ Fy (0)|

N-1(j+Dh 1 h (5.103)
<Mh o | j (a)(s—h)—a)(s))(s—jh)ds+j @(s)(s -1+ h)ds + jsw(s)ds
=l jh 1-h 0
[(G(p))(0) -Gy (p)|
N_11-(j-Dh 1 n (5.104)
<h ™M o | Y. j (@(s—h)—a(s))(s+ jh-L)ds + j @(s)(h—1+s)ds + j @(s)(h—s)ds
=l 1-jh 1-h 0

Using the fact that jp(x)q(x)dx<sup (9(x)) jp(x)dx for every pair of piecewise continuous, non-

xel

negative functions p,q:1 — R and for every interval | <R, we obtain from (5.103), (5.104):

—1(j+)h 1 h

[(F(Py2))(0) — Fy ()| <M pmax(Nz:l ] [ (o(s=h)-a(s))ds+ [ a(s)ds+ | a)(s)ds} (5.105)
=l jh 1-h 0
N-11-(j-Dh 1 h

(G(p))(0)~Gy (0)| <M pma{z [ (a(s=h)—a(s))ds+ [ @(s)ds+ | cb(s)dsJ (5.106)
=l 1-jh 1-h 0

Evaluating the integrals in the right hand sides of (5.105), (5.106) and using the fact that w,& are
non-negative and non-increasing functions, we get:

|(F(Pup))(0) - Fy ()| < 2Mh oy 0(0) (5.107)

(G(P))(0) ~ Gy (0)] < 2Mh 9,10, (0) (5.108)
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Inequalities (5.107), (5.108) show the wvalidity of (2.12) for Fy(p), Gy(p) with
S =2M (&(0) + w(0)). The proof is complete. <«

Proof of Theorem 3.2: Let p, eW?*(R) N Per(R) be a given function that satisfies condition (3.2).
Let peCY(R, xR) with p[t]eW?*(R)~Per(R) for all t>0 be the unique solution of (2.1), (2.3),
(2.4), (2.7). We define for t>0:

V(1) = j(,;(t x)|n[p( )j —p(t,x)jdx (5.109)

The time derivative of V (t) can be computed using (2.1), (2.3), (2.4), (5.109) and the facts that pft]

X+1
is periodic with period 1, p* = j p(t,s)ds for all t>0, xe®, ¢=1, w(x)=5" for xe[0,7] and

w(X)=0 for x>n, @(x)=1-x for xe[0,1] and f'(p)<0 forall p>0:

1
Vo = [(o —p(t,x))%(t,x)dx
0

1 X+ X
=77_1f(,0*—p(t,x))(p(t,x+77)—p*)f’(n‘1 Inp(t,s)dsjg£p*— f (X—S)p(t,s)ds]dx

0 X x-1

(5.110)
_11 . 2 ’ _1x+77 * X
- j(p —p(t,x)) 'l [ pts)ds o] o7 = [ (x=5)p(t.s)ds |dx
0 X x—1
1 . 2 1X+77 . X
—j(p(t,x)—p) |0 [ pts)ds |0 p" = [ (x-5)p(t,s)ds |dx
0 X x-1
Using the facts that g(p)=1 for all =0 and
‘p*—p , S%(p(t,x)—p*)z+%(p*—p(t,x+7]))2, we obtain from (5.110) for all
t>0:

2 X+7
f’[n‘l | p(t,s)ds]

X

f '(77—1 X:Irﬂ o(t, S)dSJ

X

1 X+ X
_I(p(t,x)—p*)2 f[nl Inp(t,s)dsjg'[p*— f (x—s)p(t,s)ds]dx
0

X x-1

g[p* - JX' (x—s)p(t,s)ds}dx

x-1

1
VO 2o [(ptxen-p)

1

1t 2
—Zg(p - p(t.%))

g[p*— T(x—s)p(t,s)dsjdx (5.111)

x—1

x+1
Using (2.16) and the fact that p* = I p(t,s)ds forall t>0, xe R, we obtain the following estimates

X

forall t>0, xeR:

+ Pmax P «_ Puin P
max(p f;ax g'j j(x s)p(t, s)ds<m|n(p - g'“,—;axj (5.112)
X+77
Pain <77 [ p(t,S)ds <min(1770", oy ) (5.113)

28



1 1
Consequently, using the fact that f(,o(t,x+;7)—p*)2 dX=I(p(t,X+n)—p*)2 dx (a consequence of
0 0

periodicity of p[t]), we obtain from (5.111), (5.112), (5.113), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8)
forall t>0:

. 1 1 1 2
V(t) S(_ I:maxgmax __Fmin Omin — fminGmin)j(p(tvx)_p ) dx (5114)
2n 2n 0

max (p_p*)z Spln(ﬁj+p* PE 2p

P €| Prins Pmax | WIth 0< prin < p° < prax - Therefore, definition (5.109) implies the estimate:

Notice that the inequality (p—p*)2 holds for all

min

1 1
j(,o(t,x)—p*)2 dx <V (t) < 2,01- j(,o(t,x)—p*)2 dx (5.115)
max o min o

Combining (5.114) and (5.115), obtain the following differential inequality for all t>0:
V (t) < TV (1) (5.116)

where € :=7"pnin (277 frinGmin — Fnax Imax + FininOmin ) - THe differential inequality (5.116) implies that
V(t)<exp(-Ct)V(0) for all t>0. The previous inequality in conjunction with (5.115) implies
estimate (3.9). The proof is complete. <«

6. Concluding Remarks

The paper provided indications about the stabilizing effect of nudging in a ring-road when nudging
is expressed by means of (2.3). However, Lemma 2.2 and the proof of Theorem 2.4 indicate that it
is also possible to study more complicated speed adjustment feedback laws of the form

m X+17; X
v(t,x)=ij{ j a)j(sx)p(t,s)ds}gj[ j cbj(xs)p(t,s)ds},fort>O,XeiR (6.1)
j=1

X X=¢;

where ¢;,7; >0 (j=1..,m) are constants, g;:R, - R, (j=1..,m) are non-decreasing, bounded
functions, and f;:R, >R, 0; 'R, >R,, @;:R, >R, (J=1..,m) are non-increasing functions.

Such a research direction may allow the development of global stabilization results for ring-roads.
This development has to be combined with the construction of appropriate Lyapunov functionals
for the system.

Another research direction is the study of the effect of boundary conditions in non-local
conservation laws on bounded domains. It is (in principle) possible to combine boundary feedback
stabilization approaches with nudging and obtain even better results.
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Appendix

Proof of Lemma 2.2: The proof for (K +G)eC°(Per(R); Per(R)) and (1K) e C?(Per(R);Per(R)) is

trivial. We focus on the proof for (KG) e C°(Per(R); Per(R)) . Inequalities (2.8), (2.10), (2.13) can
be shown easily. Inequality (2.9) for Ky (p)Gy (p) is a direct consequence of the following equality

Ky (0)Gy (p) = Ky (0B (0) = Ky (8)Gy () + Ky (59)Gy (5)
= (Kn (0) - Ky (™) = Ky (3) + Ky (5) )Gy ()

+(Kn (0®) = Ky (3™))(Gy () =G (o))

+(Kn (2) =Ky (3™))(Gy (0) -Gy ()

Ky () (Gy (59 + Gy () -Gy (0™) - Gy ()

inequalities (2.8), (2.9) (2.10) for K\ (p),Gy(p) and the fact that K, (p),Gy(p) are bounded
mappings. Similarly, inequality (2.11) for Ky (p)Gy (p) is a consequence of the following equality

2Ky (p™)Gy (p) — Ky (0)Gy () — Ky (0P)Gy (0?)
=Ky (0)(26y (0™) -Gy (p) -Gy (p?))

+Gy (p®)(2Ky (™) Ky (0®) =Ky (0))

Ky (0) =K (0™) (G (0®) -Gy ()

as well as inequalities (2.10), (2.11) for Ky (p),Gy (p) and the fact that K, (p),Gy (p) are bounded
mappings. Finally, inequality (2.12) for K (0)Gy (p) is a consequence of the following equality

3Ky ()G (P) + Ky (PG (1) = Ky (P)Gy () = 3Ky (p*)Gy (0)
= (3Kn (p®) + Ky (p®) = Ky (0) = 3Ky, () Gy (o)

(K ()= 2Ky (0@) + Ky (p™)) (G (09) - Gy (o))

(K (0?) =Ky (0™))(Gy (p9) 26y (0?) + Gy (M) )

#2(Ky (0®) = Ky (0™))(Gy (0?) - 26y (p) + Gy (0))

+(Ky (0?) = 2Ky (0@ + Kyy (0)) Gy (p”) - Gy ()

+Ky (p?)(3Gy (0") + Gy (p®) -Gy (p) - 3Gy (p?)
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as well as inequalities (2.10), (2.11), (2.12) for K, (p),Gy (p) and the fact that Ky (p),G\(p) are
bounded mappings. The proof is complete. <
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