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Revised Triple Sampling X Control Charts for the Mean with Known and Estimated

Process Parameters

Abstract

The primary aim of this research is to propose a revised triple sampling (TS) X chart, where the
derivations of new formulae for computing the average run length of the triple sampling (TS)
X chart correctly are provided. The secondary aim is to develop the revised TS X chart with
estimated process parameters. The revised TS X charts are compared with the double sampling
(DS) X, two stage adaptive sample size (AS2) X and three stage adaptive sample size (AS3 ) X
charts when process parameters are known and estimated using the average run length (ARL),
average number of observations to signal (ANOS), average of the average run lengths (AARL),
standard deviation of the average run lengths (SDARL), average of the average number of
observations to signal (AANOS) and standard deviation of the average number of observations
to signal (SDANOS) criteria, where the revised TS X charts are found to be superior.
Additionally, a table giving the minimum number of Phase-I samples for estimating the process
mean so that the revised TS X chart with estimated process parameters has the desired in-control
AARL and AANOS performances is provided.

Keywords

control charts; triple sampling; double sampling; known process parameters; estimated process

parameters

1. Introduction



An efficient operation of manufacturing processes is considered as one of the key elements that
ensure product quality and process efficiency. The real challenge faced by a manufacturing
company is to comprehensively consider the major factors that influence the production
process, as well as to improve the process quality during the manufacturing process. To avoid
unintended deviations from production design and operations, the process fault identification
and diagnosis has always been a top priority by management. A quick detection and recognition
of such irregularities in a manufacturing process will provide operators with the information
they need to make the best decision about the state of a process, thereby achieving the goals of
attaining improved product quality, increased product output and lowering manufacturing costs.
The study in this article is connected to the aforementioned real-life problem by presenting the
revised TS X chart, as a control chart is the most effective tool in Statistical Process Control
employed in manufacturing companies to detect process irregularities as early as possible so
that the necessary corrective actions can be taken immediately, in order to avoid a large number
of defective products from being manufactured.

Over the years, numerous enhancements and extensions have been made on different types
of control charts, for example, see De la Torre Gutiérrez and Pham (2018); Qu et al. (2018a);
Qu et al. (2018b); Abbasi and Haq (2019); Stankus and Castillo-Villar (2019); Li, Wang, and
Zhu (2019); Krupskii et al. (2020); Haridy et al. (2020); Wang and Tsung (2020); Celano and
Chakraborti (2020); and Hou and Yu (2021); to name some of the recent ones.

A production process can be monitored by adopting an appropriate control chart for a quick
detection of process shifts from the nominal operating condition. Different types of control
charts have been investigated in the literature, among them are the adaptive control charts, such
as the variable sampling interval (VSI) (Reynolds et al., 1988; Guo and Wang, 2016), variable
sample size (Prabhu, Runger and Keats, 1993; Costa, 1994; Zimmer, Montgomery and Runger,

1998; Aparisi et al., 2014) and variable parameters (Costa, 1999) charts.



A type of adaptive charts that has received a great deal of attention among researchers are
the DS charts. The DS control charting technique based on the sample mean X was pioneered
by Croasdale (1974), where a decision about the status of a process (in-control or out-of-
control) depends on the information from the second sample only. Daudin (1992) modified
Croasdale’s DS X control charting procedure, where the new DS X chart uses the information
from either the first sample or combined samples in deciding about the status of the process.
Irianto and Shinozaki (1998) presented an optimal design procedure for the DS X chart, where
the power of the chart in detecting shifts is maximized, instead of minimizing the average
sample size for small shifts as advised by Daudin (1992). The more recent studies on charts
using the DS technique were made Costa (2017); Haq and Khoo (2018); and Huang, Yang, and
Xie (2020).

In the literature, the DS control charting procedure is combined with another control chart
at hand in the development of a more advanced chart. Carot, Jabaloyes and Carot (2002)
investigated the combined DS and VSI X charts. Khoo et al. (2010) combined the DS and
synthetic control charting procedures and introduced the synthetic DS X chart for monitoring
the process mean. Khoo et al. (2015) merged the DS and side sensitive group runs (SSGR)
charting techniques to propose the SSGRDS X chart and showed that this new chart performs
better than the SSGR X chart. Subsequently, Saha et al. (2018) incorporated the side sensitive
modified group runs (SSMGR) approach into the DS chart in developing the SSMGRDS X
chart.

With the aim of increasing the sensitivity of the DS X chart in detecting mean shifts, He,
Grigoryan, and Sigh (2002) proposed the triple sampling (TS) X chart, where the latter uses
either the first, combined first and second, or combined first, second and third samples in
deciding about the status of a process. They showed that the TS X chart is more efficient than

the DS X chart in minimizing the average sample size (ASS) when the process is in-control.



Hsu (2004) claimed that the conclusion made by He, Grigoryan and Sigh (2002) is controversial
as the out-of-control ASS is not taken into account in comparing the efficiency of the TS X and
DS X charts.

Control charts are usually designed by assuming that the process parameters are known.
However, in practice, in most process monitoring situations, the process parameters are usually
unknown and need to be estimated from an in-control Phase-I dataset or historical data. When
the unknown parameters are replaced by their estimates, the performance of the control chart is
significantly different from its known process parameters counterpart. Researches on the effects
of parameter estimation on the efficiency of various types of control charts are actively being
conducted in recent years. Recent researches on the estimation of process parameters on control
charts include Faraz, Woodall, and Heuchenne (2015); Hu et al. (2018); Aparisi, Mosquera, and
Epprecht (2018); Faraz, Heuchenne, and Saniga (2018); Saha et al. (2019); and Hu and
Castagliola (2019); to name some. Accurate estimations of process parameters in Phase-I is
crucial for the computation of reliable control limits in monitoring a Phase-II process, which
explains why so much attention is given to researches on the various charts with estimated
process parameters.

Most of the earlier researches on DS charts in the literature assume that process parameters
are known. The DS X chart with estimated process parameters was introduced by Khoo et al.
(2013), where three different optimal designs were presented. You et al. (2015) proposed the
synthetic DS X chart with estimated process parameters by suggesting an adequate number of
Phase-I samples to estimate the process parameters in order to have approximately the same in-
control performance as the corresponding chart’s known process parameters counterpart.
Meanwhile, the design of the DS S? chart with estimated process variance and its statistical

properties for evaluating the efficiency of the chart in monitoring the variance were given by



Castagliola, Oprime, and Khoo (2017). More recent studies on the DS charts with estimated
process parameters were made by Lee and Khoo (2019); and Motsepa et al. (2020).

In relation to the TS X chart, Hsu (2004) encountered problems in computing the chart’s
Type-II error rate using the mathematical model in He, Grigoryan and Sigh (2002) as no output
was generated by the Mathematica program that he employed. To date, the error in the
mathematical model of the TS X chart in He, Grigoryan and Sigh (2002) has not been pointed
out by researchers in the literature. Furthermore, even though the impact of parameter
estimation on control charts has been extensively developed in the literature, the TS X chart
with estimated process parameters still does not exist in the literature. In view of these setbacks,
two major research perspectives have been advocated in this paper. Firstly, the oversight in the
mathematical model of He, Grigoryan and Sigh (2002) will be pointed out, where corrections
to rectify this oversight will be provided in the form of the proposed revised TS X chart.
Numerical analysis will be conducted to illustrate the problem in the mathematical model of
He, Grigoryan and Sigh (2002). Secondly, the revised TS X chart with estimated process
parameters will be developed. The recommended minimum number of Phase-I samples
required in the estimation of process parameters so that the revised TS X chart with estimated
process parameters has an in-control AANOS (or AARL) performance that is close to that of
the chart’s known process parameters counterpart will be given.

The contribution of this study involves providing optimal parameters of the revised TS X
chart with known process parameters in minimizing the out-of-control ARL (ARL(6)) and
ANOS (ANOS(6)) values, and that of the revised TS X chart with estimated process parameters
in minimizing the out-of-control AARL (AARL(6)) and AANOS (AANOS(6)) values, for
various sizes of process mean shifts, 0 (> 0). The ARL and ANOS criteria are used in evaluating
the performance of the revised TS X chart with known process parameters, while the AARL,

SDARL, AANOS and SDANOS criteria are employed in evaluating the estimated process



parameters based revised TS X chart. An illustrative example using a real dataset on flow width
measurements from the production system is given to explain the design and implementation
procedure of the new revised TS X chart with estimated process parameters. The inclusion of
process parameter estimation in the design and implementation of the estimated process
parameters based revised TS X chart and evaluation of the chart’s performances using the
AARL, SDARL, AANOS and SDANOS criteria constitute the innovative contribution of this
study. Prior to this study, the design of the TS X chart in the literature is only confined to
situations with known process parameters.

The remainder of this manuscript is organized as follows: Section 2 discusses the TS X chart
of He, Grigoryan, and Sigh (2002). Section 3 entails the new mathematical model with the
correct formulae for the design of the revised TS X chart, where the erroneous formulae in He,
Grigoryan, and Sigh (2002) are pointed out. The statistical properties and correct formulae in
computing the performance measures of the known and estimated process parameters based
revised TS X charts are elaborated in this section. In Section 4, the optimal designs of the revised
TS X chart with known and estimated process parameters are presented. Section 5 provides
numerical results for the performance comparisons of the following charts when process
parameters are known: (i) revised TS X, (ii) DS X, (iii) two stage adaptive sample size (ASz X)
and (iv) three stage adaptive sample size (AS3 X) charts. Additionally, when process parameters
are estimated, the revised TS X chart is compared with the DS X chart. In addition, the required
minimum number of Phase-I samples to estimate the process parameters so that the AANOS(0)
and AARL(0) performances of the estimated process parameters based revised TS X chart is
close to the ANOS(0) and ARL(0) performances of the revised TS X chart with known process
parameters, respectively, are given. Section 6 illustrates the implementation of the revised TS
X chart with estimated process parameters using data from a hard bake process. Finally,

concluding remarks are drawn and future researches are suggested in Section 7.



2. The revised TS X chart
Assume that the quality characteristic, X follows a normal distribution, where the in-control

population mean and standard deviation are denoted as ¢, and &, respectively. The process
being monitored will become out-of-control when the process mean shifts from gz, to
M, — OO0, , where it is assumed that the process standard deviation remains unchanged and Jis
the size of the standardized process mean shift. It is shown in Figure 1 that the revised TS X
chart has three levels of inspections. The warning and control limits in level 1 are £L,, and
+L,,, respectively, while that for level 2 are =L,, and *L,,, respectively, and the control
limits in level 3 are +L,. Note that L, > L, and L,, > L,,. All the limits in the revised TS X
chart are referred to as standardized limits. The sample sizes for the first, second and third
samples are denoted as n;, n, and n,, respectively. Let X, ; denote the j™ observation of
inspection level [ at sampling stage i, where j =1, 2, ..., n, and [ = 1, 2 or 3. By referring to

Figure 1, the revised TS X chart is implemented as follows:
Insert Figure 1 here

Step 1. Determine the limits L, L,,, L,,, L,, and L,.

Step 2. At sampling stage i, take an initial sample of size n, (inspection level 1) and compute

1
the sample mean X, = — Z Xyj-

m j=i

— Y — n
Step 3. Let Y, = X,, and compute W,, =w Af W, el =[-L,,L,], the process is
O-O

in-control and the control flow returns to Step 2.

Step 4. If W, € I;;= (—o0,—L,,) U(L,,,+x), the process is out-of-control and the control flow

proceeds to Step 11.



Step 5. It W, € I,,= [-L,.—-L,,)V(L,,,L,,], take a second sample of size n, (inspection level

_ 1 &
2) and compute the mean of the second sample X,. = —ZX »i.j - Then compute the
2 Jj=1

X, +n,X,.
combined sample mean of the first and second samples Y,. = Blu %o , followed

n +n2

by W, = (Yzl _ﬂo)’\/nl +n,
2i .

G()
Step 6. If W,, e I,, =[-L,,, L,, |, the process is in-control and the control flow returns to Step 2.
Step 7. If W,, e I, =(—o0,—L,, ) U(L,,,+0), the process is out-of-control and the control flow

proceeds to Step 11.

Step 8. If W,, e1,, =[-L,,,—L, )\U(L,.L,]. take a third sample of size n, (inspection level

3). Compute the mean of the third sample X 5 = 1 z X, ; » followed by the combined

3 j=l

: : nX,+nX, +nX,
sample mean of the first, second and third samples Y, =———2-2_3"3 apq
n +n,+n,

W (Y3,. —,uO)Jn1 +n, +n, .

3 =
Oy

Step9.If W, eI, = [—Lj,L_;] , the process is in-control and the control flow returns to Step 2.

Step 10. If W, ¢ I, the process is out-of-control and the control flow proceeds to Step 11.

Step 11. An out-of-control is signaled at sampling stage i and corrective actions are needed to
investigate and remove the assignable cause(s). Then return to Step 2.
Table 1 gives a summary of the statistics used in the 11 steps procedure and their distributions.

Insert Table 1 here

3. Properties of the revised TS X chart with known and estimated process parameters



This section consists of two subsections. The statistical properties of the revised TS X chart
with known process parameters (called the revised TSk X chart, hereafter) are explained in
Section 3.1, while the revised TS X chart with estimated process parameters (called the revised

TSk X chart, hereafter) are discussed in Section 3.2.

3.1. Properties of the revised TSy X chart
Let P, represent the probability of declaring the process as in-control and P, is the probability
of declaring the process as in-control at inspection level [, for / = 1, 2 and 3. Thus,

P,=F, + Pyt by (D

The formulae for computing P

al °

for /=1, 2 and 3 are explained in the discussion that follows.

As pointed out by Daudin (1992), the probability that the process is declared as in-control at

inspection level 1 is
By = Pe(W, 1) = O(L, +5n ) -®(-L, +5n), ©)
while the probability that the process is declared as in-control at inspection level 2 is

P, = -[wlellz PrI:VVZi € 121|W1i = Wl]fW],- (w)dw,

i , [ , ,
- J.z,’eﬁz |:®£62L21 + rzczé‘_zl\/n:]_CDL_chzl +1,6,0 — 2z n_I]} ¢(Zl)d21 ) (3)
2 2

, _ n +n,
where z =m (X, — 1 +560)/00 , n,=yn +n,, ¢, = [——, i =

n,

~

[_le +5\/Z, -L, +5\/E] u[l.11 +5\/Z, L, +5\/Z] and ¢( - ) and @( - ) are the standard

normal probability density function (pdf) and distribution function, respectively.

In He, Grigoryan, and Sigh (2002), the probability of declaring the process as in-control at

inspection level 3 is F,; = Ldfz J.yelz,z PrI:YSi € 13,|Y2i =yand X, = x]fYZi (y)f)?,, (X)dydx



n
ZJ.Z,JJ.' o {CD(QL}+I’3€25—Z{«,%—Z;«/%J— [_C31‘3+’”3€35 Z11’ 1/ 2]}
1€ ¥ 22€1 3 3

¢(z5)dz;dz;,

4

where

1=\ u - L|200 _L, o} { l:/l_O”uO l\‘l/zzozl

I = _ﬂ U ﬂ LZl 0 Lzz 0
2 «/ n2 «/n]+n2

’ 0 O- ”
Iy=| 1y~ L% Myt L% }a 122=[—l422+5\/n1+n2,—121+5 n1+n2]u

[LZI +5\/1m,L22 +04n, +n2], while f, (y) and fg (x) are the pdfs of ¥,, and X,,,
respectively. The P, formula in Equation (4) is not correct as the random variables Y,. and
X,, are not independent and its associated double integral should not contain the product of
their pdfs, i.e. f, (y) and f)?“ (x) (asif ¥,, and X, are independent). Furthermore, the ARL

values computed by the authors of this manuscript based on P, , in Equation (4) are significantly

different from those obtained by simulation.
At sampling stage i, the probability that the process is in-control at inspection level 3 (i.e.

P ) is equal to the probability that Wj; falls in interval I, given that W,; and Wj; fall in
interval /,, atinspection level 2 and in interval /,, at inspection level 1, respectively.

Then, asserting that W,el, is equivalent to saying that

Z{izﬁ(fli—%+5ao)/aoelf2, where If2 has been defined in Equation (3). The



mathematical derivation to show that W, € I, is equivalent to Z|, € I, is given in Appendix

Al

In addition, condition on Z/, =z/, asserting that W,, € I,, is equivalent to saying that

Z, = \/Z()?zi — Uy, + 00, )/0'0 €1, (see Appendix A.2), where

* ’ nl ] nl ] nl ] nl
L, =| —,L, +1r,c,0 -7/ |[—,—¢,L,, +,c,06 =7/ . [— |Y| c,L,, +1,¢,6 =2/ .|—, ¢,L,, + K,c,0 = 2] |— |.
n, n, n, n,

Similarly, condition on Z/, = z/ and Z,, = z,, asserting that W,, € I, is equivalent to saying

that Z3, = \/Z(Xy - l, + 00, )/00 €I (see Appendix A.3), where

* ’ ”1 [} nz ' nl ! n2
Iy =| =Ly + 1,60 =2 [— =25, [ .G Ly + 160 =20 [— =2 [— |
3 14 4 U

Based on the above discussions, P ; can be written as

Po=[, [, Pr(Zi e L)1, (2) £ (23) disde]

=[ [ |o|caL+res—z |-z |2 |-
g€l Jzpely . n, n,
’ l’ll r n2 2 ! ! !
D| —c,L, +1,c,0 — 7 n——22 n_ d)(Zl)(I)(Zz)dedZ]- )
3 3

Note that 7,, and z; have been defined in Equation (3), while 7,, has been defined prior to

this discussion. The other notations are defined as z, =./n, ()_czl. - U, + 00, ) / o, ,

m+n, +n, ' '
r,=yn +n,+n, and ¢,= |-—>—2. As Z, and Z] are standard normal random
U

variables, their pdfs can also be written as le'i (Z{ ) = ¢(z;) and fZ’z,- (Zl' ) = ¢(z}), respectively.
The problem raised in Equation (4) no longer exists as Z, and Z,, are by definitions

independent and using the product of their pdfs as in Equation (5) now makes sense.



Table 2 shows the ARL(0) values of the (i) TSk X chart adopted from He, Grigoryan, and
Sigh (2002), (ii) revised TSy X chart computed using MATLAB based on the model proposed
in this section, and (iii) revised TS X chart simulated using SAS, as well as the 95% confidence
interval for ARL(0) of the revised TSk X chart simulated using SAS, all obtained based on the
parameters in He, Grigoryan, and Sigh (2002). It is observed that the ARL(0) values of the
revised TSk X chart computed using the proposed model are about the same as that simulated.
Additionally, the ARL(0) values obtained using the proposed model fall in their corresponding
95% confidence intervals. However, the ARL(0) values adopted from He, Grigoryan, and Sigh
(2002) are totally different from the simulated ones and none of them falls in their respective
95% confidence intervals. For example, when the parameter combination (nq, n,, ns, Ly1, L1
Loy, Lyy, L3) =(2,2,1,1.47,3.00, 3.30, 1.80, 2.87) is considered, ARL(0) = 181.96 is obtained
for the revised TSy X chart using the model proposed in this section, where this ARL(0) value
is close to that simulated using SAS (ARL(0) = 182.41). Furthermore, the ARL(0) (= 181.96)
value computed based on the proposed model falls in the 95% confidence interval for ARL(0),
1.e. (179.15, 184.51). It is obvious that, for this example, the ARL(0) (= 370.40) value reported
in He, Grigoryan, and Sigh (2002) is incorrect as it is different from the simulated ARL(0) value
of 182.41. Moreover, the ARL(0) (= 370.40) value in He, Grigoryan, and Sigh (2002) does not
fall in the corresponding 95% confidence interval for ARL(0), i.e. (179.15, 184.51). The
findings explained in this paragraph show that the formula provided by He, Grigoryan, and Sigh
(2002) in computing the ARL is incorrect.

Insert Table 2 here

The average sample size (ASS) at sampling stage i of the revised TSk X chart is computed

as

ASS = n +n,P, +n, P, 6)



where P, and P, denote the probabilities of taking the second and third samples, respectively.

Consequently,

P :Pr(vVli EIIZ)

=®(L, +8fn, )~ 0(L, + S )+ @ (L, + 5\ )~ d(-L, +5n,), (7)

while P, = Pr(W,, e L,|W, e1,,) = |

wyel|,

Pr(szi €l |"Vu =W )fwl,. (Wl )dwl

n

- .L'el* |:®£_C2L2‘ 1,60 -2 _)_(D(_Czl‘zz +7,6,0 =74 ﬁj:ld)(zf)dzf +

n, n,

J‘Z,el* |:(D[C2L22 +1,0,0 — Z{\/Z:J_(D[Czlm +1,0,0 -7 %]:ld)(zl’)dzl' . (8)
1 12 o) )

The formula derivation of P, in Equation (8) is shown in Appendix A.4. A control chart’s

efficiency is generally measured by the speed in which an out-of-control situation is detected.
A common performance criterion that measures this speed is the ARL. As any Shewhart-type
control chart, the ARL of the revised TSk X chart is computed as

1
ARL=——. 9
1-P )

a

In the revised TS control charting technique, the number of observations taken in each

sampling stage varies, 1.e. either n,, n, +n, or n, +n, +n,. However, for the DS chart, the
number of observations taken in each sampling stage is either n, or n, +n,. Therefore, in

comparing the performances between the DS and TS schemes, many researchers suggested the
use of the ANOS criterion, instead of relying solely on the ARL criterion (which only measures
the average number of sampling stages to signal) because the number of observations taken in
each sampling stage for these two schemes is different. The ANOS value of the revised TSk
X chart is computed as

ANOS = ARL x ASS



o +n,P, +n,P,

P (10)

3.2. Properties of the revised TS X chart

When the in-control process parameters 4, and o, are unknown, they need to be estimated

from an in-control Phase-I dataset that contains m samples, each with n observations,

i.e. {Ti,1» T2, ..., Ti,n}, for i =1, 2, ..., m. Assume that independence between and within these
m samples exists and 7, ; ~ N(uo,ag), fori=1,2,..,m andj =1,2,..,n.

The estimators £, and &, of the parameters £, and o, respectively, are computed as

ST (11)

1
mg

and

1 m n _\2
G, = T -T) . 12
0 \/m(n _ 1) z ( i,j i ) ( )
where T, is the sample mean of the observations {Ti,l' Ty, ...s Ti,n}~

The procedure of implementation of the revised TS; X chart is similar to that of the revised

TSk X chart explained in Section 2, except that W,,, W,, and W,; in the step-by-step procedure

A A

of the aforementioned section are replaced by W,;, W,; and W,,, respectively. W,,, W,, and

1 1

A

W,

; are computed from the W,, W,, and W,, formulae, respectively, by substituting £, with

£, and o, with &, . In the revised TS X chart, the probability of declaring the process as in-

A

control at inspection level , for [ = 1, 2 and 3, is denoted as P, . Consequently, the probability

that a process is declared as in-control is

P=P +P,+P,. (13)



A

P

al

A - ’n /n
P, :PT(WU el |[10,6'0) :CI{U L +VL, +§./nl}—®{U L -VL, +54/n1] (14)
mn mn
where the random variables U and V are defined as

mn

is computed as (Khoo et al. 2013)

U =t~ o) (15)
0
and
V=2, 16)
0y

respectively. U follows the standard normal distribution and V? follows the gamma distribution

) m (n - 1) 2 . 5 m (n - 1) 2
with parameters | ——— |and | ——— |, ie. V" ~ ¥ , . Then the pdf
2 m (n - 1) 2 m (n - 1)

of U and V are defined as

Sy ()= (u) (17)

and
m (n — 1) 2
v)=2v V2 , , 18
fV( ) fy[ 2 m(n—l)} (18)
. . . . m(n—1)
respectively, where fy ( : ) is the pdf of the gamma distribution with parameters and

2
mn-1)

A

Additionally, P, is computed as (Khoo et al. 2013)

A

F, :Pr(vf/z,' €l, and WA/U €l,

/”0’0-0)



n n
- O U /—2 1% —~ /—‘ ) -
IW1€112[ L mn " [CZLZI WI n2 ]+ \/H_J
CI)[U ”_2_v[czl?l+wl\/”_71]+5 nzﬂfvﬁ,(wlmo’&O)dwl’ (19
mn nz 1i

where

£y, (w

[IO,OA'O)ZVd)(U\/%—FVWI-i-é‘\/Z]. (20)

Note that Equations (14), (19) and (20) are based on the out-of-control mean considered in
this manuscript, i.e. 4, —d0, .
At sampling stage i, the probability that the process is declared as in-control at inspection

level 3 (i.e. P ) is equal to the probability that W, falls in interval I, given that W,; and Wy;

fall in interval 7,, at inspection level 2 and in interval 7, atinspection level 1, respectively.

Then, condition on W, =w,, asserting that W, €[, is equivalent to saying that

Z, = M el,,, where
O-O

o nl nl nl nl
L, =| =, Ly, —w, | =, =L, —w, |[— |Y| 6, Ly —w, [—, ¢, Ly, —w, |[— |.
n, n, n, n,

A

The mathematical derivation to show that W, €[, is equivalent to Z,, €I} is given in
Appendix B.1.

Similarly, condition on W,, = w, and Z, = z,, asserting that W,; €I, is equivalent to saying

A n, (X, — f
that Z,, = \/_3( L ,uo) e I;" (see Appendix B.2), where

Oy

oo I’ll n2 nl n2
Iy = =Ly =w [— =2, [, 6L —w [— =7 [ |
n, n, n, n,



Based on the above discussions, 13; , can be defined as

P.= J.WIHIZJ.ZZE[; Pr(23i el )fW“ (wl)fZAz’_ (2z,)dz,dw,.

=[ [ | U/ﬂw eLi—w, |2z |2 |+ 8\, |-0|U /ﬂ—
wielp dz,el), mn - n, n, mn
n n A A A A
—V[C3L3+W11’n—l+22«’n—2]+5 n3}}f%(wl|ﬂoaao)fzzl(Zz|ﬂo’o-o)dzzdwl’ (2D
3 3

where the random variables W), and Z,, are independent of one another. In Equation (21),

£G4 ) =V¢(U /%+Vz2+5 nzl (22)

and f, (wl |,[10,6'0) is given in Equation (20). Appendix B.3 explains the derivation of

s, (Zz

2i

fz (Zz

2i

6,).
The probability of taking the second sample is (Khoo et al. 2013)

132 = Pr(vf/n €l |/}o’&0)

/n /n
=®|U,|—~+VL,+6n |-®|U,|—+V. +5,/n +
mn l‘|2 1 mn 111 1

,n ’n
o\ U, [ -V +5«/ -0\ U, |- -V, +54/ . 23
i L, n, - L, n, (23)

Similarly, the probability of taking the third sample can be obtained as follows (see Appendix

B.4):

P3 - J‘w]ell2 Pr (vVZl < 122

Wi =w ’ﬂo’ao)fwl (W1 |ﬂo’60)dwl

i



- {CD[U /ﬁw[cZLzz—wl /ﬂ}r&/nz]—cb[U /iw(chzl—wl /ﬂ)
i€l mn n, mn n,
s 4y, 6,)d O|U |2Vl Dlvs
To\n, fu‘;”(wl |,u0,0'0) W+ el - Coly W n Toyn,
- 2

_Q{U &_v(chzﬁwl /ﬂjm nzﬂfw (wi |2, 6, ) dw,. (24)
mn n, i

The ASS of the revised TSy X chart at each sampling stage is
ASS = I_m IO (n1 +n,P, +nP, )fU (u) f, (v)dvdu . (25)

Note that f U (M) and fv (V) in Equation (25) are given in Equations (17) and (18), respectively.

If process parameters are known, the ARL value of the revised TS, X chart is a constant
and hence, the standard deviation of the ARL is zero. However, when the target values of the
process mean, /£, and standard deviation, &, are estimated, different Phase-I samples are
used by different practitioners in the estimation. This results in different design parameters of
the TS, X chart, resulting in different values of ARL and standard deviation of the ARL
(SDARL). Thus, the ARL of the estimated process parameters based TS, X chart is a random

variable and the average value of this performance measure can be calculated as the average of

the ARLs (AARL), which is based on the ARL performances of the TS, X chart averaged

across different practitioners. In line with this phenomenon, in this paper, the AARL, as well
as the SDARL criteria are used as the performance measures of the revised TSz X chart. On
similar lines, the average of the ANOS (AANOS) and standard deviation of the ANOS
(SDANOS) will also be adopted as the performance measures of the TSg X chart when process

parameters are estimated.

The AARL and SDARL values are computed as

AARL = [ [ (55) fo@fy (@) dvdu, (26)



and

o 2 1/2
SDARL = [ J_. 1, (ﬁ) fu) fy () dvdu — AARLZ] , 27)
respectively, while the AANOS and SDANOS values are obtained as
0 00 ~ ~ 1
AANOS = f_oo fo (n1 +n,P, + n3P3) (E) fu @) fy (v) dvdu (28)

and

SDANOS = \/E(ANOSZ) — (AANOS)?, (29)

respectively, where

E(ANOS?) = [ [°(ny + noPy + nyP5) (ﬁ)]2 £, () fy (v) dvdu. (30)

In this study, all integrals are solved numerically using the Legendre-Gauss quadrature method.

4. Optimal designs of the revised TS X charts

In this section, the optimal designs of the revised TSy X and revised TS X charts in minimizing
the values of (i) ANOS(J) and (ii) ARL(J), as well as (iii) AANOS(9) and (iv) AARL(9),
respectively, are elaborated, where o (> 0) is the size of a standardized mean shift where a quick
detection is needed. The optimal designs of the revised TSy X and revised TSy X charts
mentioned below need to satisfy a specified in-control average sample size (ASSo) criterion.
Optimization programs are written in the MATLAB software to compute the optimal
parameters of the revised TSk X and revised TSg X charts. These programs are provided in the

supplementary materials.

4.1 Optimal designs of the revised TSy X chart
In this section, the optimal designs of the revised TSk X chart in minimizing (i) ANOS(6) and
(i1) ARL(0) values are elaborated. Since the ANOS criterion is preferred over the ARL criterion

for adaptive sample size type charts, the step-by-step procedure in computing the optimal



parameters (n,, ny, N3, Li1, L1z Lpg, Lyy, L3) of the revised TSy X chart in minimizing the

ANOS(0) value is discussed first in Section 4.1.1.

4.1.1 Computation of optimal parameters in minimizing ANOS(0)
The optimization model of the revised TSy X chart in minimizing ANOS (&) is presented as

follows:

Minimize ANOS(5 ) (31a)
iy iy Ly L Loy Loy s Ly

subject to the constraints

ANOS(0)=1, (31b)
and

ASS, =n,. (31c)
Note that ANOS(0) (for 6 = 0) and ANOS(5) (for 6> 0) are computed using Equation (10),
while 7, in Equation (31b) is the desired ANOS(0) value and n, is a specified value of ASSo
which is usually set to be the same as the fixed sample size of the Shewhart X chart.

The step-by-step procedure in computing the optimal parameters (n, n,, n3, L11, L1 Laq,
L5, L3) of the revised TSy X chart by minimizing the ANOS(§) value for the shift size & is
given in Steps 1 to 11. Note that the intervals of the limits L;,, L1 and L,, (see Steps 4, 5 and
6, respectively) are chosen as it is found that these intervals are large enough to give the smallest
ANOS(98) value, based on the values of 7and n, considered.

Step 1. Specify the values of 7,, ny and 6. In addition, initialize ANOS i = 00.
Step 2. Select a combination of sample sizes (n;,n,,n3), where 1 < ny <nyg—1,1<n, <
ng and 1 < ny < 2n, that satisfy the constraint n, + n, + nz > n, and go to Step 3.

If no new (n4, n,, n3) combination is possible, go to Step 11.



Step 3. Initialize L, = 2.40, L1; = 0.50 and L,, = 2.50. Then proceed to Step 7.
Step 4. If 2.40 < Ly, < 5.50, increase L1, by 0.01 and proceed to Step 7. Otherwise, return to
Step 2.
Step 5. If 0.50 < L1; <1.70, increase L4 by 0.01 and proceed to Step 7. Otherwise, reset L1 =
0.65 and return to Step 4.
Step 6. If 2.50 < L,, < 5.20, increase L,, by 0.01 and proceed to Step 7. Otherwise, reset L,,
= 2.50 and return to Step 5.
Step 7. Compute L, that satisfies Equation (31c).
Step 8. Compute L3 that satisfies Equation (31b).
Step 9. For the shift § specified in Step 1, compute ANOS(8) using Equation (10), based on
the parameters (n,, n,, N, L11, L1 Ly1, Ly3, L3) determined prior to Step 9.
Step 10. If ANOS(6) < ANOSmin, then let ANOSmin = ANOS(6). Here, ANOS min records the
smallest ANOS(6) value that corresponds to the parameters (1, Ny, N3, L11, L12 L1,
L,5, L3). Return to Step 6.
Step 11. ANOSmin gives the smallest ANOS(&) value. The parameters (n, n,, ng, L1, L1
L1, Ly, Lg) that produce this ANOSwmin value are the optimal parameters of the
revised TSy X chart that minimize the ANOS(8) value for the shift size J.
Figure 2 provides a flowchart that summarizes the above 11 steps optimization procedure of
the revised TSy X chart in minimizing the ANOS(6) value.
Insert Figure 2 here
For illustration, 7; = 370, ny € {5, 7} and 6 € {0.1, 0.2, 0.3, 0.5, 0.7, 1, 1.5, 2} are
considered. Table 3 presents the values of the optimal parameters (nq, n,, ns, Ly1, L1z L21, L2,
L3) and the corresponding ANOS(6) values of the revised TSk X chart for the ny and & values
considered. For example, when n, =7 and § = 1, the optimal parameters (n,, n,, ns, L1, L1

Loy, Loy, L3) = (6, 3, 3, 1.34, 2.61, 0.2064, 2.61, 2.5337) produce the smallest ANOS(1) (=



9.99) value among all parameter combinations that give ANOS(0) = t; (= 370). Table 3 also
gives the ANOS(6) values for the optimal known process parameters based double sampling X
(denoted as DSy X) chart which will be used in the discussion in Section 5.

Insert Table 3 here

4.1.2 Computation of optimal parameters in minimizing ARL( )
The optimization model of the revised TSy X chart in minimizing ARL(S) is presented as

follows:

Minimize ARL(5 ) (32a)

iy g, Ly Ly Ly Ly Ly

subject to the constraints

ARL(0)=r, (32b)
and

ASS, =n,. (32¢)
Note that 7, in Equation (32b) is the desired value of ARL(0). To compute the optimal

parameters of the TS, X chart in minimizing the ARL(S) value, a similar approach to that of
Steps 1 — 11 in Section 4.1.1 is employed. The only differences are (i) ANOSmin and ANOS(6)
in the aforementioned procedure in Section 4.1.1 are replaced by ARLmin and ARL(S),
respectively, and (ii) Equations (31c¢), (31b) and (10) in Steps 7, 8 and 9 of the aforementioned
procedure are replaced by Equations (32c), (32b) and (9), respectively.

Table 4 presents the values of the optimal parameters (nq, n,, N3, Ly1, L12 La1, Ly, L3) in

minimizing the ARL(&) value of the revised TSk X chart for 7, = 370 and the same ng and &

values considered in Section 4.1.1. For example, when ny =7 and § = 1, the optimal parameters

(M4, Mg, Mgy Lugs Lig Loy, Lygs L) = (5, 5, 12, 1.11, 5.14, 1.7626, 4.77, 2.8000) produce the



smallest ARL(1) (= 1.21) value, among all parameter combinations that give the value ARL(0)
=7, (=370).

Insert Table 4 here

4.2 Optimal designs of the revised TSy X chart
The optimal designs of the revised TSg X chart in minimizing the (i) AANOS(J) and (ii)

AARL(9) (6> 0) values are discussed in this section when the process parameters 44, and o,

of the revised TS X chart are estimated from the in-control Phase-I samples.

4.2.1 Computation of optimal parameters in minimizing AANOS(9)
The optimization model of the revised TSz X chart in minimizing AANOS(S) is given as
follows:

Minimize ~ AANOS(6) (33a)
nyny g, Ly L s Lyy Ly Ls

subject to the constraints
AANOS(0) = 7, (33b)
and
ASSo=n,. (33¢)
Note that 7, in Equation (33b) is the desired value of AANOS(0), where the latter is computed
using Equation (28) by letting 6= 0.

The step-by-step procedure in Section 4.1.1 can also be used to compute the optimal
parameters (n;, Ny, N3, L1y, L1z L1, Lyp, L3) of the revised TSy X chart, except that an
additional input parameter m (number of in-control Phase-I samples) needs to be specified in
Step 1 of the procedure together with the other input parameters 73, ny and o. In addition,

ANOSmin and ANOS(6) in the procedure are replaced by AANOSmin and AANOS(S),



respectively. Note that Equations (31c), (31b) and (10) are replaced by Equations (33c¢), (33b)
and (28), respectively, in Steps 7, 8 and 9 of the aforementioned procedure. Table 5 provides
the optimal parameters (n,, ny, nz, L1y, L1z Lyq, Lyy, L) of the revised TSy X chart that
minimizes the AANOS() value for the shift size 6, when m € {20, 40,80}, § € {0.1,0.2,0.3,
0.5,0.7,1,1.5,2},ny € {5,7} and 75 = 370. The AANOS(6) and SDANOS(S) values computed
using the optimal parameters in Table 5 are given in Table 6. For illustration, consider § = 1,
ny = 5 and m = 20. For this case, the optimal parameters (n,, n,, N3, Ly, L1, Ly, Loy, L3) =
4, 3,3,1.09, 2.88, 1.8424, 2.72, 2.5852) of the revised TSg X chart are obtained (see Table 5)
and using these optimal parameters result in the smallest AANOS(1) (= 10.63) value and the
corresponding SDANOS(1) value is 2.60 (see Table 6). Table 6 also provides the AANOS(&)
and SDANOS(8) values for the optimal DSy X chart.
Insert Table 5 here

Insert Table 6 here

4.2.2 Computation of optimal parameters in minimizing AARL(J)
The optimization model for the revised TSy X chart in minimizing the AARL(S) value is given
as follows:

Minimize ~ AARL(9) (34a)
st i, Ly Lig Loy Lyy S Ls

subject to the constraints
AARL(0) = 7, (34b)
and
ASSo=ny. (340)

The 7, in Equation (34b) is the desired value of AARL(0), where the latter is computed using

Equation (26) by letting 6= 0.



The optimization model in (34a) — (34c) is employed to obtain the optimal parameters (n,,
Ny, N3, L11, L1z Ly1, Lyy, L3) of the revised TS X chart in minimizing the AARL(S) value. The
11 steps optimal design procedure mentioned in Section 4.1.1 can be used in minimizing the
AARL(S) value but by substituting ANOSmin and ANOS(6) with AARLmin and AARL(S),
respectively. Note that Equations (31c¢), (31b) and (10) are replaced by Equations (34c), (34b)
and (26), respectively, in Steps 7, 8 and 9 of the aforementioned procedure.

Table 7 provides the optimal parameters (n,, n,, n3, Li1, L1 Lyq, Lo, L3) of the revised

TSg X chart that minimizes the AARL( ) value for fixed values of &, m and ny when 7, = 370.

The AARL(S) and SDARL(S) values computed using the optimal parameters in Table 7 are
given in Table 8. For illustration, for the case & =0.5, ny =5 and m = 20, the optimal parameters
(nq, ny, n3, Liq, L1y Lyq, Lyy, L3) =(3, 5,10, 1.16, 4.83, 1.5825, 4.87, 2.8190) are obtained for
the revised TSy X chart (see Table 7) and using these optimal parameters result in the smallest
AARL(1) value of 10.76 and the corresponding SDARL(1) value of 11.90 (see Table 8). Table
8 also provides the AARL(S) and SDARL(S) values for the optimal DSz X chart.

Insert Table 7 here

Insert Table 8 here

5. Performance analyses

In this section, the performances of the optimal revised TSy X and optimal revised TSy X
charts when process parameters are known and estimated, respectively, are investigated. When
process parameters are known, the optimal revised TSy X chart is compared with the optimal
DSy X chart of Daudin (1992), in terms of the ANOS(6) and ARL() criteria in Tables 3 and 4,
respectively. In addition, the optimal revised TSk X chart is compared with the AS, X and AS3
X charts of Prabhu et al. (1993), and Zimmer, Montgomery and Runger (1998), respectively, in

terms of the ARL(0) criterion in Table 4. In the case when process parameters are estimated,



the optimal revised TSg X chart is compared with the optimal DSy X chart of Khoo et al. (2013),
in terms of the AANOS(d) and SDANOS(9) criteria in Table 6, while a comparison between
these two charts using the AARL(J) and SDARL(9) criteria is given in Table 8. The speed in
which the revised TS X chart is quicker (or slower) in detecting a process mean shift compared
with an existing chart at hand is measured in terms of percentage. The results presented in this
paper have been verified with simulations.

The results in Table 3 show that the revised TSk X chart outperforms the DSy X chart for
small and moderate shifts (6 < 1), in terms of ANOS. For instance, when ny =5, ANOS(0.7) =
18.50 for the revised TSy X chart is significantly lower than that of the DS, X chart (ANOS(0.7)
= 25.48), which indicates that the revised TSy X chart is 27.39% quicker than the DSy X chart
in detecting a shift of size 6 = 0.7. However, for large shifts (5= 1.5 and 2), the DSy X chart
performs slightly better than the revised TS X chart but the difference is negligible. For
example, when ny = 5, ANOS (1.5) = 5.34 and 5.33 for the revised TSk X and DSy X charts,
respectively, where the difference is negligible, i.e. the DS, X chart is 0.19% faster than the
revised TSk X chart in detecting the shift of size § = 1.5. In terms of the ARL criterion, the
revised TSy X chart is found to be superior to the DSy X chart in detecting shifts but the two
charts have equal performances in the detection of a large shift, say 0 = 2 (see Table 4). For
example, when ny = 5, ARL(0.7) = 2.84 and 3.60 for the revised TSy X and DSy X charts,
respectively (see Table 4), which indicates that the revised TSy X chart is 21.11% quicker than
the DSk X chart in detecting a shift of size 0 = 0.7. However, for 6 = 2, both charts have the
same value of ARL(2) = 1.

In comparison with the AS3 X chart, the revised TSk X chart prevails in detecting all shift
sizes in terms of the ARL(J) criterion. For example, when ny = 5, ARL(0.7) = 2.84 for the

revised TSk X chart is significantly lower than that for the AS; X chart whose ARL(0.7)=6.17



(see Table 4). In terms of the percentage of improvement, the revised TSy X chart is 53.97%
quicker than the AS; X chart in detecting the shift 6 = 0.7.

A comparison between the revised TSy X and AS, X charts shows that the former has lower
ARL(0) value than the latter for all shift sizes. For example, when n, =5, ARL(0.5) = 7.04 for
the revised TSy X chart is significantly lower than that of the AS, X chart (ARL(0.5) = 18.30),
which indicates that the revised TSy X chart is 61.53% quicker than the AS, X chart in detecting
a shift of size 6 = 0.5 (see Table 4).

Table 6 shows a comparison of the AANOS(d) and SDANOS(J) values between the revised
TSg X and DSg X charts, for m € {20, 40, 80, oo}. It is obvious in Table 6 that the revised TSg
X chart outperforms the DS X chart, in terms of the SDANOS(6) criterion, for almost all shift
sizes &, when the process parameters are estimated. This is because the revised TS X chart has
a lower SDANOS(J) value than the DS X chart, for the same value of 6. For example, when
m=20,n,=5and 6 € {0.1, 0.2, 0.3, 0.5, 0.7, 1, 1.5, 2}, SDANOS(0) € {189.42, 145.93,
83.05, 19.56, 7.49, 2.60, 0.68, 0.30} and {202.44, 154.76, 91.80, 22.91, 6.99, 3.04, 0.90, 0.46 }
for the revised TSy X and DSg X charts, respectively, where almost all the SDANOS(J) values
of the former are lower than that of the latter. When comparison is made in terms of the
AANOS(9) criterion, it is found that the revised TS; X chart prevails over the DS; X chart for
0.1 £ 6< 1. For instance, consider m = 20 and ny = 5. For this case, AANOS(J) € {308.79,
191.78, 105.17, 38.84, 20.74, 10.63} and {314.22, 204.11, 116.54, 42.46, 22.29, 11.36} for the
revised TSg X and DSg X charts, respectively, when 6 € {0.1, 0.2, 0.3, 0.5, 0.7, 1}, where the
former has lower AANOS(9) values than the latter. In this example, the revised TSy X chart is
6.95% quicker than the DS; X chart in detecting a shift of size J = 0.7. The decrease in the
AANOS(9) values vary from 1.73% to 9.76% when the TSy X chart is used in place of the DSg

X chart, based on m =20, ny =5 and 0.1 < §< 1 (see Table 6). For § > 1, the TSg X chart is



slightly slower than the DSy X chart in detecting process shifts. For example, when § = 1.5, n,
= 5 and m = 20, AANOS(1.5) = 5.45 and 5.42 for the revised TSg X and DSg X charts,
respectively, where the former is 0.55% slower than the latter in detecting the shift 6 = 1.5.

Another important trend noticeable in Table 6 is that as m increases, the AANOS(J) values
of both the revised TSy X and DSy X charts converge to the ANOS(J) values of their known
process parameters counterparts in Table 3. As an example, when ny =5, 6=0.1 and m € {20,
40, 80}, AANOS(0.1) € {308.79,291.05, 276.49} and {314.22,300.32, 289.06} for the revised
TS X and DS; X charts, respectively, where these values converge to the respective
ANOS(0.1) values of the corresponding revised TSy X (= 253.41) and DSy X (= 270.17) charts
in Table 3, as m increases. It is also observed in Table 6 that the AANOS(6) and SDANOS(5)
performances of the revised TSy X and DSy X charts improve as n, increases. For example, for
the revised TS X chart, when m = 40, (AANOS(O.Z), SDANOS(O.Z)) = (164.16, 88.12) for n,
= 5 and these values decrease to (AANOS(0.2), SDANOS(0.2)) = (143.83, 65.76) as n,
increases to 7. Similarly, for the DSg X chart, for the same m and & combination, the
(AAN0S(0.2), SDANOS(0.2)) values decrease from (180.09, 94.79) to (157.24, 70.38) as n,
increases from 5 to 7.

The AANOS(8) and SDANOS(6S) values in Table 6 for the revised TS; X and DSy X charts
change as the number of the Phase-I samples, m changes, even though n, remains constant. For
instance, when ny, = 5, (AAN0S(0.3), SDANOS(0.3)) e {(105.17, 83.05), (88.33, 49.91),
(80.36, 24.97)}, for the revised TSg X chart, when m € {20, 40, 80}, where it is seen that the
AANOS(0.3) and SDANOS(0.3) values vary with m for a fixed value of ny. Therefore, the
AANOS(6) and SDANOS(S) values are random variables and their values depend on m.
According to Jones and Steiner (2012); Gandy and Kvalgy (2013) and Zhang, Megahed, and

Woodall (2014), the SDANOS(0) value of the estimated process parameters based chart should



be at most 10% of the ANOS(0) value of the chart’s known process parameters counterpart so
that the former performs satisfactorily even though there is still some considerable difference
between the AANOS(0) value of the former and the ANOS(0) value of the latter.

Table 9 gives the AANOS(0) and SDANOS(0) values of the revised TS; X chart for m e
{50, 100, 150, ..., 800, o}, computed using the optimal parameters of the revised TSy X chart
in minimizing ANOS(1.5), when n € {5, 7} and ANOS(0) € {200, 370}. The aforementioned
optimal parameters computed when ANOS(0) = 200 are (nq, n,, N3, Ly1, L12 L1, Lay, L3) €
{(4,2,2,0.95,2.43, 1.0734, 2.50, 2.6518), (5, 3, 4, 0.94, 2.35, 0.5237, 2.6785)} for ny € {5,
7}, while those adopted from Table 3 when ANOS(0) = 370 are (ny, n,, ng, L11, L1 L1, Lag,
L3)=1{(4,2,2,0.71,2.65,2.0490, 2.76, 2.7871) and (5, 3, 8, 1.21, 2.47, 0.6710, 2.60, 3.4207)}
for ny € {5, 7}. For example, by adopting these optimal parameters on the revised TSy X chart
give AANOS(0) =199.73 and SDANOS(0) = 19.27 for ny =5 and m = 550 when the process is
in-control.

Insert Table 9 here

An analysis of Table 8 shows that when a comparison is made between the revised TSy X
and DSz X charts, in terms of the AARL(0) criterion, the former surpasses the latter for all shift
sizes 0O, as the former has a lower AARL(J) value than the latter for the same value of o. For
example, when m =20 and no = 5, AARL(0) € {290.18, 149.22, 60.44, 10.76, 3.51, 1.56, 1.06,
1.00} and {296.24, 163.14, 72.37, 14.74, 4.72, 1.83, 1.09, 1.00} for 6 € {0.1, 0.2, 0.3, 0.5, 0.7,
1, 1.5, 2}, for the TSy X and DSy X charts, respectively. However, in terms of the SDARL(0)
criterion, the TS; X chart outperforms the DSg X chart for all values of §and m when no = 5
but when 1o = 7, the TS X chart is superior to the DSg X chart only for smaller values of dand

m.



Table 10 gives the AARL(0) and SDARL(0) values of the revised TSz X chart, for m € {50,
150, 250, ..., 750, 800, ..., 1150, o}, computed using the optimal parameters of the revised
TSk X chart in minimizing AARL(1.5), based on ny € {5, 7} and ARL(0) € {200, 370}. The
optimal parameters computed for the revised TSy X chart when ARL(0) = 200 are (ny, n,, ns,
Li1, L13 Lyq, Loy, L3) € {(4,2,5,1.06,4.79, 1.6369, 4.45, 2.7015), (6, 3, 5, 1.19, 4.44, 1.7979,
4.452.7183)} for ny € {5, 7}, while those adopted from Table 4 when ARL(0) = 370 are (n,,
Ny, N3, L1, L1y Lo, Lys, L3) = {(3, 3,7, 0.74, 4.94, 1.6076, 4.58, 2.8820) and (5, 4, 10, 0.91,
3.38, 1.8386, 3.4, 3.0284)} for ny € {35, 7}. For example, by adopting these optimal parameters
on the revised TS; X chart give AARL(0) = 198.70 and SDARL(0) = 19.96 for ny =5 and m =
800 when the process is in-control (see Table 10).

By investigating Tables 9 and 10, it is seen that the SDANOS(0) and SDARL(0) values of
the revised TSy X chart decrease as m increases. For m > 550 (see Table 9) and m > 800 (see
Table 10) when ny = 5, the SDANOS(0) and SDARL(0) values, respectively, become smaller
than 10% of the corresponding ANOS(0) and ARL(0) (= 200) values of the TSy X chart. The
value of m for any (ANOS(0), ny) or (ARL(0), ny) combination corresponding to the boldfaced
SDANOS(0) (in Table 9) or SDARL(0) (in Table 10) value, respectively, represent the minimum
number of in-control Phase-I samples needed so that the SDANOS(0) or SDARL(0) value is
smaller than 10% of the corresponding ANOS(0) or ARL(0) value, respectively. This value of
m will ensure that the AANOS(0) and AARL(0) values of the revised TSy X chart are
considerably close to the respective ANOS(0) and ARL(0) values of the revised TSy X chart.

Insert Table 10 here

6. An implementation of the revised TSz X chart
This section illustrates the implementation of the revised TSy X chart in a real application using

a dataset of the flow width measurements (in microns) for the hard bake process adopted from



Montgomery (2009). The Phase-1 data which comprise m = 20 samples, each having n = 5

observations are used to estimate the in-control process mean £, and standard deviation &,
using Equations (11) and (12), respectively. The estimates are £, = 1.493 microns and &, =

0.152 microns. Suppose that the revised TSy X chart is optimally designed in minimizing
AANOS(1), i.e. to enable a quick detection of the shift size o= 1, based on AANOS(0) = 370,
m = 20 and n, = 5. Consequently, the optimal parameters are obtained from Table 5 as
(nq,ny,n3,Lq1, L12, L1, Loz, L3) = (4, 3, 3, 1.09, 2.88, 1.8424, 2.72, 2.5852). These optimal
parameters are used in the Phase-II process monitoring. Figure 3 provides a flowchart to explain
the operation of the revised TS X chart in the Phase-II process by using the values of the
aforementioned optimal parameters.
Insert Figure 3 here

The dataset for the Phase-II analysis which contains 14 sampling stages, where n, =4, n, =

3 and n, = 3, and the computed control charting statistics of the revised TSz X chart are given

in Table 11. The control charting statistics, W,;, W,, and W,,, for these 14 sampling stages in

li>
Phase-1I are plotted in Figure 4. The working of the chart is elaborated as follows: At sampling

stage 1 (i = 1), a sample of size n; = 4 is taken at inspection level 1, where X, = 1.4696 and

A

W= —-0.3079 are computed. As W,, e I,, = [-1.09, 1.09], sampling stage 1 is in-control. Then

at sampling stage 2 (i = 2), a sample of size n; = 4 is taken at inspection level 1, which gives

A

le =1.5303 € I, =[-2.88, -1.09) U (1.09, 2.88], hence, a second sample of size n, = 3 is

taken at inspection level 2 of the same sampling stage. Consequently, X,, = 1.4240, ¥, =

1.5299 and W,, = 0.6423 are computed. As W,, e I,,=[-1.8424, 1.8424], sampling stage 2 is

in-control. At sampling stage 3 (i = 3), a sample of size n,; = 4 is taken at inspection level 1,



A

that gives W;; = 0.5816 € I, = [-1.09, 1.09], hence, sampling stage 3 is in-control.

Subsequently, at sampling stage 4 (i = 4), a sample of size n; = 4 is taken at inspection level

A

1, which gives Wl4 =-1.3895 € [, =[-2.88,-1.09) U (1.09, 2.88]. Then, a second sample of

A

size n, = 3 is taken at inspection level 2 of sampling stage 4, which gives W,, =-1.0618 € I,

= [-1.8424, 1.8424], i.e. sampling stage 4 is in-control.
Insert Table 11 here
Insert Figure 4 here
The same procedure of taking samples and computing the charting statistics is continued
until sampling stage 14 (i = 14). At sampling stage 14, a sample of size n; = 4 is taken at

inspection level 1 and W, ,,, =1.7079 is computed. As W, ,, € [,, =[-2.88,-1.09) v (1.09,

14)
2.88], a second sample of size n, = 3 is taken at inspection level 2 of the same sampling stage.

Then, W.

2(14)

=2.5204 € [, =[-2.72, -1.8424) U (1.8424, 2.72] is obtained, hence, a third

sample of size n3 = 3 is taken at inspection level 3 of the same sampling stage. It follows that

Xy =1.6399, Y, , = 1.6384 and W.

sy = 3.0250 are computed. As W, ,, (=3.0250) &I,
= [-2.5852, 2.5852], an out-of-control is signaled at sampling stage 14 (see Figure 2).

Following this out-of-control signal, corrective actions should be taken to remove the

assignable cause(s) so that the out-of-control condition becomes in-control again.

7. Conclusions

In this research, we provide corrections to address the oversight in the formulae derivation for
computing the run length performance of the known process parameters based TS X chart in
He, Grigoryan, and Sigh (2002). To assess the efficiency of the revised TSx X chart,

performance comparisons with the existing DSg X, AS> X and AS3 X charts, in terms of the



ANOS and ARL criteria are made. In addition, the revised TS X chart based on estimated
process parameters (called revised TSg X chart) is also proposed. The efficiency of the revised
TSg X chart is measured using the AANOS (AARL) and SDANOS(SDARL) criteria and is
compared with the DS X chart. The numerical analyses performed in Section 5 show that the
revised TSk X and revised TSy X charts outperform the DSy X and DSy X charts, respectively,
in the detection of most sizes of shifts in the process mean. Tables of optimal parameters of the
revised TSy X, as well as revised TSy X charts in minimizing the out-of-control ANOS and
ARL, as well as AANOS and AARL values, respectively, for selected combinations of input
parameters are given.

The quality of a production process or a product being manufactured is affected by, for
example, deviations from the nominal value of the (i) weight of raw materials, (ii) process
temperature, (iii) viscosity of a certain chemical, (iv) process humidity and (v) machine setting.
The revised TSy X and revised TSg X charts are designed to detect these deviations quickly.
These revised TS X charts can be applied in various production systems, such as in monitoring
the stability of a plastic film process, monitoring the diameter of gears in an automobile industry
and monitoring the pH level of a process that produces medicine in a pharmaceutical industry,
to name some. Information obtained from the revised TS X charts in process monitoring of
production systems will help decision makers in taking suitable corrective actions, in order to
reduce process deviations for quality enhancement.

The effects of the estimation of process parameters from the in-control Phase-I dataset on
the in-control and out-of-control performances of the revised TSy X chart are investigated. It is
found that the revised TS; X chart adopting the optimal parameters of its known process
parameters counterpart requires a very large number of the in-control Phase-I samples in order
to have a closer performance to the latter. It is shown that the out-of-control AANOS (AARL)

performance of the revised TS X chart is poorer than the out-of-control ANOS (ARL)



performance of the revised TSy X chart. A table listing the minimum required number of in-
control Phase-I samples so that the in-control SDANOS(SDARL) value of the revised TS X
chart is at most 10% of the corresponding in-control ANOS(ARL) value of the revised TSy, X
chart is presented.

This research focuses on the univariate TS X chart with known and estimated process
parameters. The development of a multivariate triple sampling 7> chart with known and
estimated process parameters can be explored in the future as many real-life situations involve
multivariate data. Future researches can be conducted to enhance the shift detection speed of
the revised TS X chart by incorporating the auxiliary information concept, as well as

considering the variable sampling interval feature. Furthermore, the TS technique can be

integrated into Shewhart charts for the process variability, such as the R, S and s* charts.
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Appendix A
This appendix explains the mathematical derivations to show that W, e I,, W,, €l,, and
W,, € I, are equivalent to Z|, € 1,,, Z}, € I,, and Z., € I, respectively. These derivations are

given in Appendices Al, A2, and A3, respectively. Furthermore, the formula derivation of P,

in Equation (8) is explained in Appendix A4. The notations defined in Section 3.1 are

n, +n, n+n, +n,
B =\ m iy, Q=" ro=yn tn, O = .
2

1

Z, =\/Z(X“—,uo+560)/0'0 ; zZ, :\/Z(Xm‘ _ﬂo+5o'o)/o'o and
Z, = \/Z ()? 5 — My + 00, ) / 0, . Z,, Z, and Z, are standard normal random variables from their

definitions.

Al. Mathematical derivation to show that W, € I, is equivalentto Z;, € I,

Pr(vvu e112) = Pr(_le <W, S_Iﬂl)"'Pr(Ln <W, SL&)'

l



nf il Blumes) e o)
= Pr \/> — < —
n

Oy

= P{—le < (X~ +§0°)\/Z—5\/Z£—111J

= Pr(—L,+8\n, <7, <-L,+5n,).

Similarly, it can be shown that

Pr(L, <W, <L,) = Pr(L, +0\n <Z, <L, +5\n,).

Therefore,
Pr(W, €1,,) = Pr(~L, +8\fn, <Zj, <—L,+5n ) +
Pr(Ly, +3\n <7 <L, +5n) (A1)

From Equation (A1), it is clear that W,, € I, is equivalent to Z|, € I,,, where

Ly = L, +8\n, =L+ 8n | O | L +6n, L, +6n, |. (A2)

A2. Mathematical derivation to show that W,, € I,, is equivalent to Z;, e I,,

Pr(Wzi 6122)=P1‘(—L22 SWzi S_L21)‘|'Pr(l*zl SWzi SLzz)-

But Pr(_Lzz S‘/Vzl‘ S—lm) _ Pr(—Lzz < (Yzi_ﬂo)\/nl +n, S_LZI]

{ L,o, Sn1X1i+n222i <_ L, o, ]

J + T
n +n, n +n, n +n,



o, (I’ll +l’l2)0'0 O, O,

Pr _Lzzao<n( ,uo+50'0)+n2( ,u0+50'0) 5O'o<_lm%]

=Pr Ln(mrm) Z\Jn +Z3\Jn, =8 (n, +n,) <~ —LZI(nlJrnz)J

b h

/n /n

' 1 ' ' 1

= P{—ch22 +50,0 -7, — <Z,, <—-¢,L, +rc,0-Z] H_J
2 2

Similarly, it can be shown that

Pr(lﬁl SVVzi < Lz ) Pr[czlm +71,0,0 - Z1'z\/7 Z), <6, Ly, +1,6,0 =27, \/ZJ
n, n,

Therefore,

Pr(Wy ely) = P{_Czl‘zz +1,6,0 -2y, /:—1 <Z! <—c,L, + r2625—21§1/:—1J +
2 2
P{CZLM tred s \/Z_l <Zu<Gly+rad-Z; 1\/%] ' (A3)
2 2

From Equation (A3), it is clear that W,, € I, is equivalent to Z,, € I,,, where

I, —{ c,L, +r,c,0— zl\/i, c,L,, +1,c,0— zl\/i}u
n, n,
{CL2 +rc5—z'\/n—71 c,L, +rc§—z’\/n—7} (A4)
2721 272 1 > 2722 2%2 1 .
n, n,

A3. Mathematical derivation to show that W, € I, is equivalent to Z; eI,

Pr(W3i 613)=P1‘(—L3 <W, SL})
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From Equation (A5), it is clear that W,, € I, is equivalent to Z!, € I, where
I =| —¢,L, +re,0 -2 | = — 5 [ 6L +160 -2 | -2, | = | (A0)
e 4 4 4

A4. Formulae derivation of P, in Equation (8)
In Section 3.1, it is known that

P = Pr(WZi €l, |‘/Vn € 112) :J'

w el

Pr(Wzl. el,, |Wu =w, )fW” (wl)dwl. (A7)

P, in Equation (A7) involves W,, €I,, and W, €I ,. The probabilities, Pr(W, €1,,) and
Pr(Wz,. € 122) are given in Equations (A1) and (A3), respectively. By incorporating the results

in Equations (A1) and (A3) into Equation (A7) gives



’ n ! n [ !
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12 2 2

where 1., is given in Equation (A2).

Appendix B

This appendix explains the mathematical derivations to show that Wzi el,, and W&- el; are
equivalent to Z,, eI}, and Z, € I;", respectively. These derivations are given in Appendices
B1 and B2, respectively. In addition, the formulae derivations of fz«ﬂ (Z2 |,[10,60) and 133 in

Equations (22) and (24), respectively, are explained in Appendices B3 and B4. The notations

- \/Z(XU_/AIO) 2 \/Z(Xzi_ﬂo)
Z, =———=

defined in Section 32 are W,=———7—-,

definitions.
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B1. Mathematical derivation to show that Wy, € I,, is equivalent to Z,, € I,

A
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Note that ¢, is defined in Appendix A.

From Equation (B1), it is clear that W, € I, is equivalent to Z,, € I;5, where

B2. Mathematical derivation to show that W; € I, is equivalent to Z,, e I
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From Equation (B3), it is clear that W;; €1, is equivalent to Z,, € I,", where

I :[—C3L3—w1 —L -z, [Fal-w [+ -2 —2} (B4)
n, ny n, n,

From Equation (B4), we have
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J Equation (BS5) becomes
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Note that 7, and ¢, have been defined in Appendix A.

B3. Formulae derivation of f3, (2;|2,, G) in Equation (22)
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Oy n,

From definition, Z2i =

Let F; (22 | [10,60) be the conditional distribution function of Z,;, given £, and &,. Then
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o Oy

=cD[U,/"—2+Vz2+5 nzj, (BS)
mn

'\/ mn >

Lo
and V=—C (see Equations (15) and (16), respectively). The pdf of

Oy 0Oy

where U = (1, — 14,)

A

Z, (i.e. [, (Zz |4y, 6, )) is obtained as the derivative of F; (Z2 | ,&0,6'0) in Equation (B8) with

respect to z,, i.e.



A A n
b, (z2|u0,ao)=v¢(U,/m—2 +Vz, +6 an. (B9)

B4. Formulae derivation of P3 in Equation (24)

In Section 3.2,

P = Pr(sz €l, ‘Wu :Ww:[‘o’é-o)fwl (W1 |l[‘0’60)dwl~ (B10)

wiel}, i

P, in Equation (B10) involves W, € 1,, and W,, € I,,. From Figure 1,

1
Pr(vf/zl € 122) :Pr(_Lzz SW% <-L, )+Pr(l‘21 S‘/fIZi = Lzz) . (B11)
In Equation (B11) (see Appendix B1),

Pr(_Lzz < Vf/z:‘ < _LZI)

(Lzz\/”f"”z +V‘71i\/Z)5o <% < (LG/”l‘H/lz +V‘A/1i\/2)&o
= Qg = Ho .
n

n2 2

=Pr| 4, -

0 GO



Similarly, it can be shown that

Pr(L, <W, <L,)

= {U,/n—2+V[c2LH—WU /ﬂJ+5 nz}—d{U n—2+V(c2LZ,—W“ /ﬂ}w nz]
mn n, mn n,

Therefore, Equation (B11) becomes

bl <1,
n, 0 n, o R
=®|U,[—*+V|cL,-W, |+ |[+5yn, |-D|U,[—=+V|c,L,-W, [+ |[+5Jn, | +
mn n, mn n,
@{U,/”—Z—v(czlmwf/” /ﬂJ—ké\/nz:l—(DI:U,’ni—V(chzz+V[Zi /ﬂ]+5 nz]
mn n, mn n,

(B12)

By incorporating the results in Equations (B11) and (B12) into Equation (B10) gives

A ’I’l n

P3:J.W|€I|z {QLU m_i/’/ +V[C2L22 _W] J%J—l—&\/z]
I’l2 l’ll NoOA

- O|U,[—=+V|c,L,, —w, |— [+0n, fw;]v(w1|ﬂo’ao)dwl
mn n, '

n n

* wlellzl:q)(U I’f’l_j/l_V[CZLZ1 +WI \/%J—I—é‘\/z]

- CD[U ”—2—V[c2L22+w1\/n—TJ+5 nz]]fwl(wl
mn n, '

Note that C, is defined in Appendix A. This completes the formulae derivation of P3 in

iy, Gy ) dw, (B13)

Equation (24).



Table 1 A summary of the statistics used in the 11 steps procedure in Section 2 and their
distributions

Inspection Level 1

Inspection Level 2

Inspection Level 3

S 1 & = 1 & _ 1 &
Xlizn_lei,j XZi:n_ZXZi,J X3i=_zx3i1j
= 2 j=l =
2 2
o, O, o,
“‘N(/uo O O’H_OJ ~N(,U0 o O’n_oj NN(/uo_é‘O-o’n_O]
1 2 3
v % v nX, +nX ¥ - nX, +n,X, +nX,,
o g n +n, ¥ no+n, +n
o
~N| p, - 0,,—~ o oI
{ 0 0 n, ~N| y, - 60,,— ~N| u, —60,, 4
n +n, n, +n, +n,
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i = 2i T 3i
Oy Oy %
~N(—§ nl,l) ~N(—5 n1+n2,1) ~N(—5 nl+n2+n3,l)

Table 2. ARL(0) values of the (i) TSk X chart adopted from He, Grigoryan, and Sigh (2002), (ii)
revised TSk X chart computed using MATLAB based on the model in Section 3.1, (iii) revised TSy X
chart simulated using SAS; and the 95% confidence interval for ARL(0) of the revised TSx X chart
simulated using SAS; all obtained using the parameters in He, Grigoryan, and Sigh (2002)

ARL(0) ARL(0) 95% confidence
(adopted from He, ARL(0) .
Grigoryan, and ng | Ny | ng | Lig | Liz | Lyy | Loy Ls (proposed (simulated) interval for
Sigh. 2002) model) ARL(0)
370.40 1 1 1 [ 1.62]3.07]180]3.35]2.86 221.11 222.72 (218.08, 223.79)
500.00 1 1 1 [ 1.79 1 3.00 | 1.80 | 3.01 | 2.93 192.90 193.97 (190.28, 195.06)
370.40 2 |1 1 | 1.76 | 3.00 | 1.80 | 3.69 | 2.66 142.87 143.92 (140.80, 144.64)
500.00 2|2 1 | 1.80 | 3.00 | 1.80 | 3.39 | 2.85 203.36 204.24 (200.13,205.94)
370.40 2 |2 1 | 1.47(3.00 ]| 1.80 | 3.30 | 2.87 181.96 182.41 (179.15, 184.51)
500.00 2 | 2| 2 1149 (300|147 |4.51 281 182.62 181.31 (180.09, 184.86)
370.40 2 | 2| 3 |1.231332]1.55]3.90] 2.81 248.04 251.01 (244.30, 251.10)
500.00 2 | 2| 3 |134[3.67]156]3.14 | 2.88 268.96 269.97 (265.13,272.38)
370.40 3 132 |157]300]1.80] 3.61 2.8l 181.94 183.27 (179.19, 184.51)
500.00 3132 |1.66]3.00]|1.80] 3.86|2.87 204.89 207.40 (201.55, 207.42)
370.40 313 [ 4 [141]3.00]1.61)4.07]2.86 198.33 199.22 (195.38, 200.88)
500.00 3 13 [ 5 |148]3.17|1.80|3.44]2.89 274.00 270.93 (270.64, 277.15)
370.40 4 | 4] 3 |11.63[300]1.66]3.14|2.84 178.51 177.64 (175.92, 181.13)
500.00 313 [ 4 [132]372]1.68]3.56]|2.82 299.61 300.01 (295.43,304.17)
370.40 4 1 4] 6 149 (313|178 3.09|291 216.02 217.64 (212.60, 218.96)
500.00 4 | 5] 4 |1159[3.00]180]|3.39]297 226.34 228.44 (221.89, 229.40)
370.40 5 18] 3 |155[3.00]1.80]|3.57]2.89 209.76 208.24 (206.72, 212.69)
500.00 515 6 143336180 3.81]2.98 387.66 391.44 (380.73, 393.23)
370.40 8 [ 10| 5 [ 149 ]3.00 | 1.67|3.18|2.72 150.77 150.67 (149.23, 152.68)
500.00 8 | 5 | 7 [ 1541309171 3.74]2.76 184.47 186.86 (182.06, 187.03)




Table 3. Optimal parameters (1, n,, ng, L11, L12 Ly1, Ly,, L) and the corresponding
ANOS(9) values for the revised TSy X chart, and ANOS(6) values
for the optimal DSy X chart with the percentage of a decrease in the ANOS(6)
value by using the revised TSk X chart in place of the DSy X chart

5 TSk X DSk X |Decrease
"o n ny, ng Ly Ly, Ly Ly Ly ANOS(8) |ANOS(9)| (P
0.1 3 5 10 120 427 1309 400 2.0614 253.41 270.17 6.20
02 3 5 10 120 4.69 13071 353 2.0654 130.17 147.41 11.70
03 3 5 10 120 430 13063 349 2.0667 72.79 82.41 11.67
5 05 3 5 9 1.15 4.04 13256 277 2.2096 32.09 34.65 7.39
07 3 5 5 097 335 15464 269 2.3864 18.50 25.48 27.39
1 4 3 3 106 288 1.8102 2.71 2.5699 10.13 10.48 3.34
1.5 4 2 2 071 265 20490 276 2.7871 5.34 5.33 -0.19
2 3 3 8 129 261 0.1008 2.81 2.8916 3.69 3.60 -2.50
0.1 4 7 14 121 436 1.1343 349 1.8969 239.09 254.75 6.15
02 5 7 14 139 420 1.3982 2.75 1.8393 121.28 131.47 7.75
03 4 7 14 120 420 1.1299 280 1.9574 66.97 73.25 8.57
7 05 5 5 7 1.10 332 13887 270 22024 31.28 32.76 4.52
07 6 4 3 123 2.83 1.7553 2.62 2.3436 17.98 18.96 5.17
1 6 3 3 134 261 02064 261 2.5337 9.99 10.39 3.85
1.5 5 3 8 1.21 247 0.6710 2.60 3.4207 5.88 5.44 -8.09
2 4 3 14 126 241 03336 2.76 3.6524 422 3.70 -14.05

Table 4. Optimal parameters (14, n,, ng, L11, L12 L21, L22, L3) and the corresponding ARL(0)

values for the revised TSk X chart based on ARL(0) = 370, and ARL(J) values for the
optimal DSy X, AS3 X and AS; X charts with the percentage of a decrease in the ARL(6)
value by using the revised TSy X chart in place of the competing charts

TSk X DSx X ASs X AS, X
ng o L L L L L ARL ARL Decrease ARL Decreas ARL Decrease
ng Ny N3 Ly 12 21 22 3 @) @) (%) (9) e (%) (9) (%)
0.1 4 5 10 1.54 484 1.7015 4.60 2.6813 199.65 |218.00 8.42 293.07 31.88 293.39 31.95
02 4 5 10 1.54 494 1.7015 4.63 2.6812 7246 86.40 16.13 162.65 55.45 163.97 55.81
03 4 5 10 1.53 517 1.7317 4.42 2.6802 29.09 36.30 19.86 77.58 62.50 78.63 63.00
5 05 3 5 10 1.11 494 15506 394 27784 7.04 9.20 23.48 18.21 61.34 18.30 61.53
07 3 5 10 1.09 5.05 1.6058 4.75 27695 2.84 3.60 21.11 6.17 53.97 6.17 53.97
1 3 4 10 094 5.13 1.7209 4.79 2.7773 1.46 1.70 14.12 2.57 43.19 2.58 43.41
1.5 3 3 7 074 494 1.6076 4.58 2.8820 1.05 1.10 4.55 1.43 26.57 1.46 28.08
2 4 1 5 092 473 1.4838 4.42 2.9483 1.00 1.00 0 1.08 7.41 1.10 9.09
0.1 5 7 14 134 493 1.5999 486 2.7369 16538 | 191.48 13.63 268.26 38.35 268.86 38.49
02 5 7 14 133 491 1.6284 4.65 27360 50.38 66.48 24.22 124.29 59.47 125.89 59.98
03 5 7 14 133 491 1.6284 485 27359 1835 25.86 29.04 50.58 63.72 51.35 64.26
7 05 5 7 14 131 513 1.6857 472 27328 4.39 6.11 28.15 10.43 57.91 10.44 57.95
07 4 7 14 1.05 493 15658 4.65 27768 1098 2.48 20.16 3.89 49.10 3.89 49.10
1 5 5 12 111 514 1.7626 4.77 2.8000 1.21 1.32 8.33 1.95 37.95 1.96 38.27
1.5 5 4 10 091 338 1.838 3.40 3.0284 1.01 1.02 0.98 1.18 14.41 1.20 15.83
2 6 4 10 124 325 23497 311 3.9101 1.00 1.00 0 1.01 0.99 1.02 1.96




Table 5. Optimal parameters (1, Ny, N3, Ly1, L1p Lyq, Loy, L3) of the revised TSy X chart
when AANOS(0) = 370, n € {5, 7} and m e {20, 40, 80}

m S ne=15 ng=7
ng np g Lyy Lip Lyy Ly Ly ng Ny, ny Lyg Lyp Lpyy Ly L
0.1 3 5 10 1.24 4.25 1.3554 3.51 2.1646 4 7 14 1.21 4.25 1.2647 3.31 2.0137
02 3 5 10 1.23 4.25 1.3796 3.41 2.1668 4 7 14 1.20 4.28 1.2838 3.15 2.0227
03 3 5 10 1.23 4.25 1.3747 3.30 2.1728 4 7 14 1.20 4.34 1.2630 2.91 2.0552
20 0.5 3 5 10 1.21 3.91 1.3851 2.84 2.2561 3 7 11 1.20 3.75 0.1295 2.59 2.1806
07 4 4 5 138 3.10 1.5982 2.75 2.3978 5 5 4 095 290 1.7046 2.67 2.4089
1 4 3 3 1.09 2.88 1.8424 2.72 2.5852 6 2 2 085 270 1.5919 2.70 2.4939
1.5 4 2 2 1.10 2.69 0.6334 2.70 2.7922 5 3 4 094 2.60 0.7495 2.54 29145
2 3 2 6 1.12 2.60 0.1356 2.70 3.4041 3 3 11 1.01 2.50 0.1370 2.59 3.7736
0.1 3 5 10 1.22 4.55 1.3341 3.63 2.1289 4 7 14 1.20 4.22 1.2292 3.42 1.9680
02 3 5 10 1.22 4.62 1.3338 3.61 2.1292 4 7 14 1.19 4.62 1.2496 3.20 1.9761
03 3 5 10 1.22 4.24 1.3256 3.30 2.1412 4 7 14 1.18 4.31 1.2508 2.85 2.0221
40 05 3 5 10 1.20 3.95 1.3399 2.80 2.2384 3 7 9 0.82 3.90 1.2441 2.67 2.2364
07 4 4 4 130 3.15 1.6871 2.76 2.3939 6 3 4 1.18 291 1.6620 2.66 2.3780
1 4 3 3 1.10 2.90 1.7262 2.73 2.5807 6 2 2 075 2.68 1.8874 2.65 2.4739
154 2 4 135 2.70 0.3648 2.70 2.8059 5 3 4 1.03 248 0.1157 2.65 3.0472
2 3 3 8 1.25 2.60 0.4394 2.80 3.0222 3 3 11 1.01 2.47 0.1154 2.64 3.7909
0.1 3 5 10 1.20 4.74 1.3473 3.55 2.1028 4 7 14 1.20 4.66 1.1954 3.41 1.9386
02 3 5 10 1.21 4.45 1.3209 3.61 2.1033 4 7 14 1.20 4.64 1.1865 3.14 1.9513
20 03 3 5 10 1.20 4.45 1.3393 3.24 2.1171 4 7 14 1.20 4.31 1.1783 3.00 1.9654
05 4 5 10 1.54 3.34 1.6167 2.58 2.1562 3 7 9 1.04 3.94 0.4830 2.60 2.1911
07 4 4 4 130 3.15 1.6273 2.73 2.3977 6 3 4 120 291 1.5759 2.65 2.3726
1 3 4 6 1.25 290 0.1142 2.59 2.6476 6 2 2 075 2.67 1.8577 2.65 2.4736
1.5 4 4 10 1.29 2.69 1.9924 2.60 3.6364 5 3 4 1.03 2.68 0.1457 2.48 2.8299
2 3 3 8 1.20 2.70 0.6610 2.70 2.8553 3 3 11 1.01 2.47 0.1056 2.64 3.6599




Table 6. AANOS(8) and SDANOS(6) values for the optimal revised TS; X and DSg X charts with
the percentage of reduction in AANOS(9) when AANOS(0) =370, ny € {5, 7} and m € {20, 40, 80}

m=20 m=40 m =80
ny 3 TS, X DS; X TS X DSy X TS X DS, X
AANOS(8) SDANOS(6) AANOS(6) SDANOS(&) ° e(coze)ase AANOS(5) SDANOS(5) AANOS(5) SDANOS(5) De(c(;:fse AANOS(5) SDANOS(5) AANOS(5) SDANOS(5) De(c(;:fse
0.1 30879  189.42 31422 20244 173 29105 127.62 30032 133.88  3.09 27649  89.79  289.06  92.28 435
02 19178 14593 20411 15476 604 16416  88.12  180.09  94.79 885  147.81  54.83 16552  60.27 10.70
03 105.17 8305 11654  91.80 976  88.33 4991  100.16  49.64  11.81  80.36 24.97 91.94 29.99 12.60
0.5 38.84 19.56 42.46 22.91 853  35.40 10.43 38.60 12.36 829  35.03 7.13 36.74 7.67 4.65
307 2074 7.49 22.29 6.99 695  19.80 4.61 21.21 4.46 6.65  19.26 3.02 20.64 2.89 6.69
1 10.63 2.60 11.36 3.04 643 1041 1.68 11.10 1.97 622  10.51 1.10 10.95 1.33 4.02
15 545 0.68 542 090  —-055  5.48 0.45 538 062  -186  5.89 0.36 5.36 0.43 —9.89
2 3.6l 0.30 3.60 046  —-028  3.70 0.22 3.60 0.33 278 376 0.16 3.60 0.23 —4.44
0.1 29434 15116 30077 15603 214 27508 10646 28501  107.70 348 26029 7595  273.14  75.96 4.70
02 167.04 10957 17852 11417 643 14383 6576 15724  70.38 853 13127 4073 14536  44.72 9.69
03 88.60 54.47 96.85 59.70 852  77.30 28.85 85.20 32.84 937 7225 17.04 79.68 20.41 9.32
;05 3525 12.99 37.84 13.67 6.84  33.10 770 35.41 7.89 6.52 3193 5.03 34.22 5.03 6.69
0.7 19.50 5.35 20.56 570 516  18.81 3.50 19.79 3.64 495  18.42 2.34 19.39 2.42 5.00
1 1049 1.90 10.82 1.94 305 1025 1.23 10.62 1.27 348 1015 0.84 10.51 0.87 3.43
15 593 0.40 5.53 057  -723 584 0.27 5.49 0.39 638  5.94 0.19 5.47 0.27 ~8.59
2 361 0.24 3.73 0.27 322 3.59 0.16 373 0.18 375 358 0.11 3.72 0.13 376




Table 7. Optimal parameters (n, ny, N3, Ly1, L1 Lyq, Lyy, L3) of the revised TSy X chart
when AARL(0) =370, ny, € {5, 7} and m € {20, 40, 80}

Nop= 5 Ng = 7
m 0
ny ny nz Lyy Ly Lyy Ly Ls ny Ny Nz Lyy Lz Ly Ly Ls
0.1 4 5 10 1.61 487 17627 428 2.7185 5 7 14 139 491 1.6540 4.62 2.8126
02 4 5 10 1.61 491 17630 433 2.7182 5 7 14 138 493 1.6826 4.63 2.8118
03 4 5 10 1.60 540 1.7939 4.43 2.7167 5 7 14 138 4.88 1.6827 4.85 2.8117
20 05 3 5 10 1.16 483 1.5825 4.87 2.8190 5 7 14 136 5.06 17399 473 2.8090
07 3 5 10 1.14 503 1.6365 4.48 28167 4 7 14 1.07 5.05 1.6558 4.85 2.8505
1 3 4 10 1.03 473 1.6626 4.46 2.8321 5 5 13 1.17 4.85 1.8259 4.15 2.8483
1.5 3 3 7 078 473 1.6324 420 2.9056 5 4 10 096 345 1.8532 345 3.0188
2 4 1 5 097 432 15210 4.11 29497 6 4 10 129 3.1 23699 325 3.8186
0.1 4 5 10 1.57 4.72 1.7474 437 2.7221 5 7 14 136 497 1.6416 4.85 2.7963
02 4 5 10 157 5.08 17476 4.43 27217 5 7 14 136 497 16416 4.85 2.7963
03 4 5 10 1.57 5.07 17478 4.57 27214 5 7 14 135 545 16701 485 2.7952
40 05 3 5 10 1.13 4.54 15804 5.15 2.8170 5 7 14 134 5.12 1.6987 4.75 2.7939
07 3 5 10 1.12 5.04 1.6078 4.83 2.8151 5 7 14 124 4.63 20064 431 2.7520
1 3 4 11 102 519 1.6774 4.60 2.8064 5 5 12 1.13 495 1.7915 4.33 2.8513
1.5 3 3 7 095 519 12740 4.61 29190 5 4 10 09 3.5 19241 3.5 2.9759
2 4 1 5 094 5.15 1.5061 4.85 2.9583 6 7 10 1.1 3.3 35000 3.1 10.0000
01 4 5 10 1.55 5.16 1.7399 4.75 27116 5 7 14 135 52 16208 4.7 2.7764
02 4 4 10 1.55 522 17399 4.73 27116 5 7 14 134 522 16493 474 2.7754
30 03 4 5 10 1.55 522 17399 473 27116 5 7 14 134 522 16493 474 2.7754
05 3 5 10 1.12 5.04 15659 4.72 2.8040 5 7 14 134 512 1.6987 4.75 2.7939
07 3 5 11 1.08 5.13 1.7340 4.85 2.7681 4 7 14 1.04 533 1.6295 487 28117
1 3 4 11 1.01 5.08 1.6638 4.75 2.7938 5 5 12 1.12 505 17772 4.58 2.8335
1.5 3 2 7 075 496 13206 4.85 2.9296 5 3 10 09 3.5 1.6377 3.5 3.0069
2 4 2 5 100 420 1.7613 3.85 2.9383 6 3 9 1.18 3.15 2.1034 322 3.5846




Table 8. AARL(5) and SDARL(6) values for the optimal revised TSy X and DSg X charts, and the percentage of a decrease in the AARL(6)
value by using the TS X chart in place of the DS, X chart when AARL(0) = 370, ng € {5,7} and m € {20, 40, 80}

m=20 m=40 m =80
ny 5 TSz X DS, X TS; X DS; X TSz X DSy X
AARL(5) SDARL(S) AARL(S) SDARL(S) De((;oe)ase AARL(5) SDARL(S) AARL(S) SDARL(S) Def;ffse AARL(5) SDARL(S) AARL(S) SDARL(S) De(c,;:fse

0.1 290.18 32747 29624 34875 205 263.13 19818 27540 20722 446  239.03  130.18 25699 13417 _ 6.99
02 14922 21288  163.14  227.39 853  113.63 10734 13191 11810  13.86  92.54 58.42 113.37 67.02 1837
03  60.44 98.69 7237 11153 1648  43.78 39.17 55.24 48.19 2075 3555 19.59 47.46 2554 25.09

5 05 1076 12.46 14.74 1684 2700 872 5.09 12.31 7.44 2016  7.86 2.84 11.22 427 29.95
07 351 2.02 472 3.08 2564 3.17 1.04 430 1.64 2628 294 0.60 4.09 101 28.12
1156 031 1.83 0.48 14.75 1.50 0.18 1.77 0.29 15.25 1.48 0.10 1.74 0.19  14.94
15 1.06 0.04 1.09 0.06 2.75 1.06 0.02 1.09 0.04 2.75 1.05 0.02 1.08 0.02 2.78
2 1.00 0.00 1.00 0.01 0.00 1.00 0.00 1.00 0.00 0.00 1.00 0.00 1.00 0.00 0.00
0.1 26392 26469 27357 27131 353 23097  167.95 24720  168.10 657 20439  256.84 22599 11098  9.56
02 10836 14845 12427 15627 1280  78.36 72.30 96.76 79.83 1902 6375 82.56 82.36 4449 2260
03 3579 53.11 46.18 61.15 2250  25.83 38.39 35.50 2638 2724 21.89 26.00 30.90 1430 29.16

505 606 8.73 8.47 7.03 2845 517 3.18 733 3.45 2047 517 3.18 6.80 206  23.97
0.7 226 2.02 2.88 1.24 2053 217 1.72 2.70 0.71 1963  2.05 1.52 2,61 045 2146
1126 0.60 137 0.19 8.03 1.23 0.55 1.35 0.12 8.89 122 0.52 1.34 0.08 8.96
15 101 0.12 1.02 0.02 0.98 1.01 1.01 1.02 0.01 0.98 1.01 1.01 1.02 0.01 0.98
2100 0.02 1.00 0.00 0.00 1.00 0.01 1.00 0.00 0.00 1.00 0.00 1.00 0.00 0.00




Table 9. AANOS(0) and SDANOS(0) values for the revised TS; X chart for £1ifferent number of in-control Phase-I
samples (m), computed using the optimal parameters of the revised TSk X chart in minimizing ANOS(1.5),
based on ny € {5, 7} and ANOS(0) € {200, 370}

ANOS(0) =200 ANOS(0) =370
m ng=>5 ng=7 Ng =5 ng =7
AANOS(0) SDANOS(0)  AANOS(0) SDANOS(0) AANOS(0) SDANOS(0) AANOS(0) SDANOS(0)
50 198.38 67.60 194.26 58.66 370.56 152.66 368.47 120.67
100 198.86 46.32 196.68 40.65 369.42 103.07 368.76 82.89
150 199.15 37.44 197.67 32.95 369.39 82.93 369.05 67.04
200 199.33 32.26 198.21 28.43 369.45 71.30 369.24 57.79
250 199.45 28.77 198.54 25.37 369.52 63.50 369.37 51.54
300 199.53 26.21 198.77 23.12 369.57 57.80 369.46 46.96
350 199.59 24.23 198.94 21.38 369.62 53.40 369.53 43.42
400 199.64 22.64 199.07 19.98 369.65 49.88 369.58 40.58
450 199.68 21.33 199.17 18.83 369.68 46.97 369.62 38.23
500 199.71 20.22 199.25 17.85 369.71 44.52 369.65 36.24
550 199.73 19.27 199.31 17.01 369.73 42.41 369.68 34.54
600 199.75 18.44 199.37 16.28 369.75 40.58 369.71 33.05
650 199.77 17.71 199.42 15.64 369.76 38.97 369.73 31.74
700 199.79 17.06 199.46 15.06 369.78 37.53 369.74 30.58
750 199.80 16.47 199.49 14.55 369.79 36.24 369.76 29.53
800 199.81 15.95 199.52 14.08 369.80 35.08 369.77 28.59

o 200.00 0 200.00 0 370.00 0 370.00 0




Table 10. AARL(0) and SDARL(0) values for the revised TS X chart for different number of in-control Phase-1
samples (m), computed using the optimal parameters of the revised TSk X chart in minimizing AARL(1.5),
based on ny € {5, 7} and ARL(0) € {200, 370}

ARL(0) =200 ARL(0) =370
m Nng=>35 ng =7 Ng =35 ng =17
AARL(0) SDARL(0) AARL(0) SDARL(0) AARL(0) SDARL(0) AARL(0) SDARL(0)

50 187.66 85.49 184.88 69.32 342.31 180.93 348.24 174.12
150 194.23 47.22 193.47 39.00 356.19 99.07 359.47 95.74
250 196.25 36.20 195.82 29.93 360.85 75.82 363.12 73.36
350 197.21 30.43 196.92 25.17 363.15 63.69 364.89 61.68
450 197.78 26.76 197.56 22.12 364.52 55.96 365.94 54.23
550 198.15 24.15 197.98 19.97 365.43 50.48 366.63 48.95
650 198.42 22.18 198.28 18.34 366.07 46.35 367.12 44.96
750 198.61 20.63 198.50 17.05 366.56 43.09 367.49 41.80
800 198.70 19.96 198.59 16.50 366.76 41.69 367.64 40.46
850 198.77 19.36 198.67 16.00 366.93 40.43 367.77 39.23
950 198.89 18.30 198.80 15.12 367.23 38.20 368.00 37.08
1000  198.94 17.83 198.86 14.73 367.36 37.22 368.10 36.13
1050  198.99 17.39 198.91 14.37 367.48 36.31 368.18 35.25
1100 199.03 16.99 198.96 14.04 367.59 35.47 368.27 34.43
1150  199.07 16.61 199.00 13.73 367.68 34.67 368.34 33.67

o0 200.00 0 200.00 0 370.00 0 370.00 0




Table 11. An implementation of the revised TSg X chart on flow width measurements (in microns) for the Phase-II hard bake process

Sampling Inspection level 1 Inspection level 2 Inspection level 3 Inspection level Inspection level Inspection level
stage, (=4 (ny=3) (n3=3) 1 2 3
i Xug Xuz  Xus  Xua Xoin Xoiz Xoiz Xzin Xzig Xz Xy Wy Xoi Yoo Wy Xy Yy Wy
1 1.4483 1.5458 1.4538 1.4303 1.4696 —0.3079
2 1.6206 1.5435 1.6899 1.5830 1.3358 1.4187 1.5175 1.6093 1.5303 1.4240 1.5299 0.6423
3 1.3446 1.4723 1.6657 1.6661 1.5372 0.5816
4 1.5454 1.0931 1.4072 1.5039 1.5264 1.4418 1.5059 1.3874 —1.3895 1.4914 1.4320 -1.0618
5 1.5124 1.4620 1.6263 1.4301 1.5077 0.1934
6 1.2725 1.5945 1.5397 1.5252 1.4830 -0.1316
7 1.4981 1.4506 1.6174 1.5837 1.5375 0.5855
8 1.4962 1.3009 1.5060 1.6231 1.4816 —0.1500
9 1.5831 1.6454 1.4132 1.4603 1.5255 0.4276
10 1.5808 1.7111 1.7313 1.3817 1.3135 1.4953 1.4894 1.6012 1.4237 1.4327 1.5290 0.6266
11 1.4596 1.5765 1.7014 1.4026 1.5350 0.5526
12 1.2773 1.4541 1.4936 1.4373 1.4156 —1.0184
13 1.5139 1.4808 1.5293 1.5729 1.5242 0.4105

1.6738 1.5048 1.5651 1.7473 1.6128 1.8089 1.5513 1.8250 1.4389 1.6558 1.6228 1.7079 1.6577 1.6378 2.5204 1.6399 1.6384 3.0250

_
o
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Figure 1. A graphical display of the TS X chart



Specify the values of 7,, §,n, and set ANOS _ = o0

!

Select a (n,,n,,n,) combination, where 1 < n, <n, — 1,
1<n,<n, and 1 < n, < 2n, that satisfy the constraint
n o+ M Ny >ng

v

Is a new combination of
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Initialize L, = 2.40,L,, = 0.65 andL,, = 2.50 I

Is240< L, <480°IfL;, €
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Ly, Laz, L) value is the optimal parameter combination.

Figure 2. A flow chart for the optimization procedure of the revised TSy X chart in
minimizing the value of ANOS(6)



m=20 Phase-I samples, each of size n = 5.are
taken
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Figure 3. A flow chart in explaining the operation of the revised TSz X chart for the Phase-II
process for the monitoring of flow width measurements (in microns) from the hard bake
process
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Figure 4. Revised TSy X chart for the Phase-II process for monitoring of flow width
measurements (in microns) from the hard bake process



