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This article deals with the robust H, control problem for a class of Markovian jump linear systems with uncertain
switching probabilities. The uncertainties under consideration appear both in the system parameters and
in the mode transition rates. First, a new criterion based on linear matrix inequalities is established for
checking the robust H, performance of the uncertain system. Then, a sufficient condition for the existence of
the state-feedback controllers is established such that the closed-loop system is quadratically mean square stable
and has a certain level of robust H, performance in terms of linear matrix inequalities with equality constraints.
A globally convergent algorithm is also presented to construct such controllers effectively. Finally, an illustrative

Taylor & Francis Group

numerical example is used to demonstrate the developed theory.

Keywords: linear matrix inequalities (LMIs); Markovian parameters; robust H, control; uncertainties

1. Introduction

The objective of the robust H, control problem is to
design a controller such that the resulting closed-loop
system achieves a certain level of H, performance
in spite of the system model uncertainties. The H,
performance of a system may be regarded as a measure
of the average response energy over impulsive inputs
(Dullerud and Paganini 2000) and hence can be used
to character the transient response performance of
the system. However, a system with an extremely good
H, performance for the nominal operation model
could be very sensitive to the parameter uncertainties
(Doyle 1978). On the other hand, a very robust
controller may also tend to make the H, performance
poor generally (Zhou, Doyle and Glover 1996). Thus,
it is very natural to keep both the required H>,
performance and the desired robustness of the system
in mind when designing controllers.

On the other hand, a great deal of attention has
recently been devoted to the study of Markovian jump
linear systems (MJLSs). This class of systems can model
dynamic systems subject to random abrupt variations in
their structures and have many applications (Mariton
1990; Mahmoud and Shi 2003). From a mathematical
point of view, MJLSs are a special class of stochastic
systems with system parameters changed randomly at
discrete time points governed by a Markov process.
A great number of control issues concerning the
nominal systems have been investigated, such as
stabilisation (Ji and Chizeck 1990; Feng et al. 1992;

Yuan and Mao 2004), H, control (Costa, do Val and
Geromel 1999; de Farias et al. 2000; do Val, Geromel
and Goncalves 2002), H,, control (de Farias et al. 2000;
Cao, Lam and Hu 2003) and model reduction (Zhang,
Huang and Lam 2003). As for MJLSs with uncertainties
only in the system matrices, the issues of robust
stabilisation (El Ghaoui and Rami 1996; Boukas,
Shi and Benjelloun 1999), robust Kalman filtering
(Shi, Boukas and Agarwal 1999) and robust H, control
(Shi and Boukas 1997; Cao and Lam 2000) have also
been well studied.

Moreover, the study of MIJLSs with uncertain
switching probabilities is of its own interest because
these uncertainties can destabilise MJLSs or degrade
their performance as the uncertainties in system
matrices do (Xiong, Lam, Gao and Ho 2005). In the
literature, two descriptions concerning the uncertain
switching probabilities have been proposed. The first is
the polytopic model (El Ghaoui and Rami 1996; Costa,
do Val and Geromel 1999), where the mode transition
rate matrix is assumed to be in a convex hull with
known vertices. However, this approach often leads to
too many linear matrix inequalities (LMIs) (Xiong
et al. 2005). The other is the element-wise description
(Shi and Boukas 1997; Boukas, Shi and Benjelloun
1999; Mahmoud and Shi 2003), where bounded
uncertainties can appear in all the elements of the
mode transition rate matrix. Recently, a modified
element-wise description is addressed in Xiong et al.
(2005), where the robust stability and robust
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stabilisation problems were investigated. In the current
article, we study the robust H, control problem for
MIJLSs and adopt an improved bounding technique
for the matrix inequalities which gives less conservative
results than those in Shi and Boukas (1997); Boukas,
Shi and Benjelloun (1999); Mahmoud and Shi (2003);
and Xiong et al. (2005).

In this article, we consider the robust H, control
problem for uncertain continuous-time MJLSs.
The uncertainties are assumed to be norm-bounded
in the system matrices and to be element-wise bounded
in the mode transition rate matrix. We aim at designing
a linear state-feedback controller such that, over all
admissible uncertainties, the closed-loop system is
quadratically mean square stable and the H, norm of
the operator from the disturbance inputs to the
regulated outputs is no more than a prescribed upper
bound. The solution to the addressed problem is
related to a set of coupled linear matrix inequalities
with equality constraints and an effective algorithm
(El Ghaoui, Oustry and Rami 1997; Leibfritz 2001) is
suggested to construct the controller. Finally,
a numerical example is offered to illustrate the
usefulness of the proposed approach.

Notation: The notations in this article are standard.
R" and R"" denote the n-dimensional Euclidean space
and the set of all m xn real matrices, respectively.
R refers to the set of all strictly positive real numbers.
8§ is the set of all nxn real symmetric positive
definite matrices and the notation X > Y (respectively,
X > Y) where X and Y are real symmetric matrices,
means that X — Y is positive semi-definite (respectively,
positive definite). I denotes the identity matrix with
compatible dimensions. The superscript ‘7" stands for
the transpose and trace(-) is the trace of a square
matrix. || - ||, refers to the Euclidean norm for vectors
and induced two-norm for matrices. Moreover, let
(2, F,P) be a complete probability space. E(-) stands
for the mathematical expectation operator.

2. Problem formulation

Consider the following class of MJLSs with uncertain
switching probabilities defined on a complete prob-
ability space (2, F, P):

(1) = AF(2)x(t) + BG@O)u(t) + By (F())w(7)

. A , (1
z(1) = C(HD)x(0) + DED)u(D), =0 W

where x(7) € R" is the system state, u(r) € R™ is the
control input and w(r) € R™ is the disturbance input
and z(r) e R™ is the regulated output. The mode
jumping process {F(f): >0} is a continuous-time,
discrete-state homogeneous Markov process on the

probability space, takes values in a finite state space
Sé{l,Z, ...,s} and has the mode transition
probabilities

78t + 0(81) ifj£i

Prit+8n=jlr0=9= { 1+ 78t +0(8t) ifj=i

where §t>0 and limg.o(0(81)/8t) =0, 75 >0,
(i,j € S,j # i), denotes the switching rate from mode
i to mode j and 7y 2 = o1 Ty for allAiGS.
The initial condition of the system state is xy = x(0)
and the initial probability distribution of 7y 2 7(0)
is given by u 2 (t1,...,45) in such a way that
Pr(fo = i) = u; with p;>0, ieS and Z_l wi=1.
The matrices A 2 A(r(t) =), B 2 B(r(t) = z)
Bw - Bn (’ (t) - l) C C(’ (t) - l) and Di
D(;(t) =), i €S, are appropriately dimensioned con-
stant real matrices for each operation mode i € S and it
is supposed that the system matrices A,, B,, Bm, C,, Dl,
ieS and the mode transition rate matrix
fl 2 (7;) € R are not precisely known a priori,
but belong to the following uncertainty domains,
respectively:

D, £ {A; = A+ EFyHy: FLF, <1, forall i € S}
(2a)
Dy £ (Bi = Bi+ E,FyuHy: FLF,; <1, forallic S}
(2b)

Dyy 2 {Byi = Bui + EpwiFoiHpi: FrriFpi < 1,
for all i € S} (2¢)
D. 2 {Ci=Ci+ EF;H,: FLF,; <1, forallicS}
(2d)
Dy £ {D; =D+ EiFHy: FLF, <1, forallicS}
(2¢)

D, 2 (Ml =T1+ AT: |Amy| < 26y &5 > 0,
for all i,j € S, if j # i} (2f)

where matrices A;, B;, B, Ci D, E‘,,, H,;, Hy;, Ep,.
Hy,., E., H. Hg (ieS) and H_q(né,) are known
constant real matrices of appropriate dimensions.
The matrices F,;, F,., F. and AHé(Ani,») denote
the uncertainties in the system matrices and the mode
transition rate matrix, respectively. Moreover, m;(>0)
denotes the estimated value of 7; and An; = 7 — 7y
is referred to as switching probability uncertainty and
can take any value in [ — 2, 28,/1 for all i, je S8, j#I.
For gll ieS, we have m; = -3, 7 and
Amij = _Z/ 1 i An’]

Let x(¢; xo, 7o) be the trajectory of the system state
of (1) from the initial system state xo€R" and the
initial operation mode 7y € S, we have the following
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definition and result on the stochastic stability for the
nominal Markovian jump system of (1).

Definition 1 (de Farias et al. 2000): The nominal
Markovian jump system of (1) with u(f)=0 and
w()=0 is said to be mean square stable if

lim E(||x(t; xo. 7)[|3) = 0
1—00

for any initial conditions xo,€R” and initial distribu-
tion for 7y € S.

Proposition 1 (de Farias et al. 2000): The nominal
Markovian jump system of (1) with u(t)=0 and w(t) =0
is mean square stable if, and only if, the coupled linear
matrix inequalities

ATP,+P,AZ+ZNI/P]<O, forallie S (3)
J=1

are feasible for matrices P;€ S"", i€ S.
The next definition generalises the H,-norm

concept from continuous-time deterministic systems
to the stochastic Markovian jump case.

Definition 2 (Costa, do Val and Geromel
1999): Consider nominal Markovian jump system of
(1) with u(r)=0, let G.,, denote the operator from w(z)
to z(¢), the Hy-norm of the operator G.,, is defined as

My s

2 A 2
1G5 = YD wallzrall3,
k=1 i=1

where z;; represents the output given by (1) when

(a) w(t)=er8(1), 8(¢) is the unit impulse and e, is
the n,,~-dimensional unit vector formed by 1 at
the kth position and zeros elsewhere and

(b) xo=0 and 7y =i € S with probability distribu-
tion p = (1, L2, - -5 [hy)-

The following proposition shows that the H,
performance of the nominal system of (1) can be
calculated precisely in terms of a set of coupled linear
matrix equations.

Proposition 2 (Costa, do Val and Geromel 1999): The
nominal Markovian jump system of (1) with u(t)=0 is
mean square stable and has H, performance

N
||sz||§ = Z i tl"aCG(B‘{l»P,‘BW‘) (4)
i=1
if the coupled linear matrix equations
S
AP+ Pid;i+) P+ C[Ci=0, forallieS (5)
j=1

have a unique solution P;e S"*", i€ S.

Based on Proposition 2, we introduce the following
definition for uncertain system (1).

Definition 3: For a prescribed scalar yp, € R™, uncer-
tain MJLS (1) with u(7) =0 is said to be quadratically
mean square stable and has robust H, performance

|G- ll2 < yp,if there exist matrices P; € $"*", i€ S, such
that the coupled linear matrix inequalities

N
> witrace(BLPiB.) < vi, (©)

i=1
AP+ PiA+Y 7P+ CICi<0, forallieS (7)
=1
hold over all admissible uncertainty domains (2).
Now, consider the state-feedback control law
u(r) = K(#(0)x(1) ®)

where K; & K(7(t) = i) € R™>" (i € S) is the controller
to be designed. Substituting the state-feedback con-
troller (8) into system (1) yields the corresponding

closed-loop system
(1) = AaF)X(1) + ByF()w() )
(1) = Ca(F()X(1), 120

where Agi = (A; + BiK;) + EuiFu(Hyi + HypK;)  and
Cai = (Ci + DiK;) + EciFei(H + HyiK;), i€ S.

The problems of robust H, performance analysis
and synthesis for uncertain Markovian jump system (1)
will be explored based on linear matrix inequality
machinery.

To obtain the main results of this article, the
following lemmas will be used.

Lemma 1 (Xie 1996): Given real matrices Q, E and H
of appropriate dimensions with Q = Q" then

QO+ EFH+(EFH)" <0

for all F satisfying F'F<1I if, and only if, there exists
some real number A € R such that

0] —H\HTH—l—%EET <0.
Lemma 2: Given any real number ¢ € R and any square
matrix Q € R™", the matrix inequality
eQ+0") <gT+077'07
holds for any matrix T € S"™".
Proof: The proof follows from the inequality
0< (ET(1/2) _ QT*(1/2))(8T(1/2) _ QT7(1/2))T
=T+ 077107 —2(0 + 0")

immediately. U
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In order to simplify the proof of the main results,
we present the following lemmas.

Lemma 3: Given real matrices Q, P, D, E and H
of appropriate dimensions with Q=07 <0 and
P=PT >0, then

O+ (D+ EFH)'P(D + EFH) < 0 (10)

holds for all F satisfying F'F<1I if, and only if, one of
the following conditions holds:

(a) there exists some real number A € R™ such that

[Q +AHT'H+ D'PD DTPE

< 0; 11
ETPD —A + ETPE:| (b

(b) there exists some real number o € RY such that

0 DT HT
D —Pl'4+a«EE"T 0 < 0. (12)
H 0 —al

Proof: We first prove part (a), in view of Schur
complement equivalence, inequality (10) is equivalent to

0 (D + EFH)" “0
D+ EFH —p!

which can be rewritten as
+ FI|H 0|+ F'l0o ET]<o.

Using Lemma 1, the above inequality holds for all F
satisfying F'F<1 if, and only if, there exists a real
number A € R" such that

O+ H"H DT

1 < 0.
D P+ XEET

By applying Schur complement equivalence again,
we conclude that the above inequality is equivalent to

O+ H'H DT 0
D -P' E | <0
0 ET Al

Pre- and post-multiply both sides of the above
inequality by

S O~
~ o O
S~ O

we have

Q+AH™H 0 DT
0 -2 ET | <0
D E —p!

which is equivalent to (11) in view of Schur
complement equivalence. This completes the proof of
part (a). To prove part (b), define « 2 (1/1); we have
inequality (11) is equivalent to inequality (12) by
Schur complement equivalence. This completes the
proof. ]

3. Robust H, control

In the section, the robust H, performance analysis
problem is addressed first in terms of coupled linear
matrix inequalities, then the associated synthesis
problem is dealt with in terms of the solvability of
a set of coupled linear matrix inequalities with
equality constraints, which can be solved using the
sequential linear programming method developed in
Leibfritz (2001).

3.1. Robust H, performance analysis

The goal of this section is to develop a criterion for
testing the robust H, performance of the uncertain
Markovian jump system (1) over the uncertainty
domains in (2). This criterion is stated in the following
theorem in terms of coupled linear matrix inequalities.

Theorem 1: For a prescribed scalar ypy,€ R,
uncertain Markovian jump system (1) with u(t)=0 is
quadratically mean  square stable and  satisfies
1G-ll2 < yu, over all the uncertainty domains in (2) if
there exist matrices P;€S"*", T;e S"", W; e §"*™
and scalars h,; € RY, dpieRT, A, eRY, i, jeS, j#i,
such that the coupled linear matrix inequalities

s
i trace(W)) < vy, (13)
i=1
- I/I/l + )\bwiH},Tw,’thi + Bg-‘,‘PiBwi B?;,'PiEbwi
E1£1-,'Ptit’i _)wail'i‘ Egy,'PiEbwi
<0, forallieS (14)
01 CTE, PE,; My,
ETC; —hal+ ELE; 0 0
ELP, 0 il 0
MT 0 0 —Au

<0, foralieS (15)
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hold, where
Q1= AP+ P4, + CI'C

+Zn,,P + Z &5 Ty + Moy Hai + heiHEHi
J=1j#
Pi—P Pi—Pz--'Pi—Pi—l]
Pi— Py - Pi— P
Ay =diag(Tu, T, . .., Tii-1), Tii1)s - --» Tig).

Mli:[

Proof: According to Definition 3, inequality (6) holds
if and only if there exist matrices W; € $™*™, i€ S,
such that (13) and

BMP Byi < W;

hold. Note that l§w[ = By,; + EpyiFpiHpyi, the above
inequality is

- Wi + (Bwi + Ebwinwiwai)TPi(Bwi + Ebw[Fbwiwai) <0.
(16)

Applying part (a) of Lemma 3, the above inequality
holds for all F},,; satisfying F,,TWF/,M < I if and only if,
there exists a real number A,;€ R such that (14)
holds.

On the other hand, because of 7;; = ;; + Am;; and

Ami = =Yy iz Ay, in view of Lemma 2, we have
ZM,JP = Z Ami(P;— P;)
J=Lj#i
(1 1
= Y |5A7(P = P)+5Am;(P = P)
2|2 2
J=Lj# =
N r 1 B
<> (EAJT[/)ZT[/_i_(Pi_Pi)T(jl(Pi_P/)i|
=it
< Z Sf/Tz/-i'(Pi—P/)TEl(Pi—P/)]

J=Lj#

holds for any matrix 7;€S"*", i, je S, j#i. Hence,
inequality (7) holds if

s
AiTPi+PiAf+Z7TijP/
J=1
S
+ Y [ Ty+ P = PYT;'(Pi— P)]+ CCi < 0.
J=Lj#

Note that 1&1‘ = A,’ + EaiFaiHai and éi = C,’ + ECiFCiHCi’
according to Lemma 1, the above inequality holds for
all F,; satisfying FLF,; < I if and only if there exists

a real number A, € R", such that

Ly + (Ci + EqF.iHi) (Ci + EqFiH,) < 0 (17)

where
Li=ATP; + P4, + Zn,,P + A HEH,
j=1
1 T
+rPiEaiEaiPi
+ Y [eiTy+ (P — P)T;'(Pi— P)].
J=1j#

In view of part (a) of Lemma 3 again, we would
conclude that inequality (17) holds for all F,; satisfying
FLF,; <1 if and only if there exists a real number
A €RT such that

Ly + »;HLH.; + CI'C; CTE,; 0
ETC; il + ETE,

which is equivalent to (15) by Schur complement
equivalence. This completes the proof. O

In the following remarks, we provide a comparison
of the results in (Shi and Boukas 1997; Boukas, Shi
and Benjelloun 1999; Mahmoud and Shi 2003) and the
current article.

Remark 1: The model of the uncertain mode
transition rate matrix considered in Shi and Boukas
(1997); Boukas, Shi and Benjelloun (1999); Mahmoud
and Shi (2003) is of the form

ID:-[ é {f[:l'[+AI‘I: |A7Ti/| 5284‘/, 84'/20,
for all i,j € S} (18)

A crucial difference between (18) and (2f) is that g;
is undefined in (2f) for all i€ S because we have
considered the probability constralnt Y1 Am;=0to
ensure >y + Amy) = which implies
gji = Z/ 1 ji Eijs forallieS.

Based upon Remark 1, we can prove that our
technique adopted in Theorem 1 gives less conservative
results than those in Shi and Boukas (1997); Boukas,
Shi and Benjelloun (1999); Mahmoud and Shi (2003) to
deal with the element-wise uncertainties.

Remark 2: Suppose there do exist uncertainties, that
is, at least one ¢;; > 0, j#i. The bounding technique for
the matrix inequalities used in Shi and Boukas (1997);
Boukas, Shi and Benjelloun (1999); Mahmoud and
Shi (2003) is

i A?T,ij < i%iij = 2 281']'(Pi +P])
j=1 J=1

J=1#

The bounding technique used in this article is

ZAn,,P = Z Ai(P; — P;)
J=Lj#i

= Z [e:T; + (P; — P)T ;'(P; — P))]
J=Lj#
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for any 7;,€S"". Then for those &;> 0, (j#1i), we
choose T} = (1/&;)(P; + P;) and have

e;Tj+(Pi— P)T;'(Pi— P))

=&(Pi+ P)+ej(Pit P;—2P)(P;+ P)~ (P + P;—2P)

=&;(Pi+ P)) +ey[Pi+ P+ 4P(Pi+ P)~ P —4P)]

s
> witrace(W)) < vz, (19)
i=1

-Wi Bl]t-l Hl{wi

Bwi _X + Olmeme]m, 0 <0 (20)

= O Hpyi 0 —pil
=28U(Pl+P;)+48”PJ[(P,+P]) _Pj ]Pj
< 281](Pl + Pj)
0Oni (CX;+D;Y)"  (HuXi+ Hy YD) (HuX:+ HyY)" X,
Cin + D,‘ Yi —]+ OlC,‘EZ;EC,' 0 0 0
HXi+ HgYi 0 —ail 0 0 | <0 (1)
HaiXi + Hbi Yz 0 0 —Olal'l 0
X; 0 0 0 —Z;
For those ¢;=0, (j#1i), we choose T} = (1/a)] with 0y My
a € R" sufficiently small, such that 3 1 < (22)
M —Ay ]~
1i 1i

S
> [Ty + (P = PYT ;' (Pi — P
oL
S

< > 2ei(P; +P)_Zzs,,

J=1j# =

That is, our result is less conservative than the one in
Shi and Boukas (1997); Boukas, Shi and Benjelloun
(1999); Mahmoud and Shi (2003) as long as there exist
uncertainties.

3.2. Robust H, controller synthesis

This section aims at designing a state-feedback
controller (8) such that the closed-loop system (9) is
quadratically mean square stable and satisfies
a prescribed level of H, performance. The following
result provides a solution to the robust H, control
problem (RH,P) for the uncertain system (1) with
uncertain  switching probabilities in terms of
coupled linear matrix inequalities and equality
constraints.

Theorem 2: Consider uncertain Markovian jump
system (1), for a prescribed scalar yp, e R*, there
exists a state-feedback controller (8) such that the
closed-loop system (9) is quadratically mean square
stable and has robust Hy performance ||G.,|» < yu, over
all the uncertainty domains in (2) if there exist matrices
P,‘E §"’X”, X,‘e §n><n’ V[E §”X”’ Z,‘G §n><n, T,_‘]‘E §”X”’
W;e §"*™ Y, e R"™*" and scalars otg; € R, atpi € R,
a€RY, i, jeS, j#i, such that the coupled linear
matrix inequalities

with equality constraints
PXi=1 ViZ =1 (23)
hold for all i€ S, where
0 = (AiXi + BiY) + (A:Xi + B Y)" + 0y EqEL

05 ==V +Zﬂu1’ vy A
=1 J=1,j#i
and My; and Ay; are given in Theorem 1. In this case,
a controller (8) is given by K;=Y,;P;, i€ S.

Proof: Firstly, in view of Lemma 3, we have that
LMIs (13) and (14) are equivalent to LMIs (19) and
(20) with X; 2 P! and oy 2 (1/Apwi), respectively.
Next consider the closed-loop system (9), let
A 2 A+ BK;, C; = Ci+DiKi, Hy = Hy+ HyK;
and H, 2 H.+ H4K;, then replacing matrices A,
Ci, Hg;, H,; in inequality (17) with matrices A;, C;, Hy,
H... respectively, one has

AiTPi + PiA; +auiPiEaiEaTiPi

1 - - _ _ _ _
+—HLHyi+ (Ci+ EiFiH) (Ci+ EoiF )

!
+ZnUP+ Z [e2Ty+ (Pi— P)T;'(Pi— P)] <
J=1 J=Lj#i
(24)

where ay; 2 (1/1gi). Now let V;€ $"*" such that

domPi+ Y [T+ (Pi= P)T; (P = P)] < Vi
= J=Lj#
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which is equivalent to (22) in view of Schur comple-
ment equivalence and inequality (24) is equivalent to

/IITPI =+ P,‘/L‘ + Vi +O{al‘P,‘Em'EZ;P[
1 - - - _ _ _
+— HyiHo + (Ci+ EaFafla)' (Ci+ EciFeiHlei) < 0.
Now, pre- and post-multiply both sides of the above

inequality by X; and apply the changes of variables
Z 2 vl and Y, 2 KX, and one obtains

system (9) is quadratically mean square stable and has
robust H, performance ||G.,l> <yn, over all the
uncertainty domains in (2a)—(2¢) if, and only if, there
exist matrices X; €S, W; e "™, Y; e R"™" and
scalars a,; € RT, 0y e RT, 0, € RT, i€ S, such that the
coupled linear matrix inequalities

N
> witrace(W)) < vy,

i=1

Ly + [(CiX; + D; Y)) —W; BI. HI .
+ EiFo(HaXi + Ha Y)I'[(CXi + DY) By —Xi+apiEpiEf, 0 | <0
4+ EFi(HX;i+ H; Yi)] <0 Hp,i 0 — il
o (CX;+D;Y)"  (HuXi+ Hy YD) (HuXi+ HyY)" My,
CYi+D;Y;  —I+agEE" 0 0 0
Ho X+ Hy Y, 0 —al 0 0 |<o0
H, X, + Hy Y, 0 0 —ayl 0
M 0 0 0 — Ay

where

Ly = (AiXi+ B Y) + (AiXi + B YY) + X.Z' X
1
+ oy Eq EL + o (HuiXi+ Hy Y (Hy X + Hy Y).
According to part (b) of Lemma 3, the above inequal-
ity holds for all F,; satisfying FLF.; <1 if and only
if there exists a real number «o,; € R" such that

Ly (CXi+ DY) (HoXi+HyY))'
CiXi+D;Y: —I+aiE.E} 0 <0
H.X;+H;Y; 0 —ail

which is equivalent to (21) in view of Schur comple-
ment equivalence. This completes the proof. U

In the case when the mode transition rate matrix
is known exactly, we do not need to introduce the
additional variables V,, Z, i€eS and the equality
constraints (23). The corresponding result is stated in
the following corollary in terms of coupled linear
matrix inequalities and can be proved similarly to that
of Theorem 2. It should be noticed that the condition is
necessary and sufficient since Lemma 2 is no longer
needed in the proof.

Corollary 1: Consider uncertain Markovian jump
system (1) with mode transition rate matrix known
exactly, for a prescribed scalar yy, € R*, there exists
a state-feedback controller (8) such that the closed-loop

hold for all i€ S, where

Qui=(AiXi+ B;Y) +(4:X;+ B Y) + 1 Xi+ cwiEai By
v |: S X JmpX - «/”i(i—l)Xii|
2% =
VT Xi T X

A2i:diag(XhXZa'"inflaXH»l)"'aXA‘)

In this case, controller (8) is given by K; = Y:X;', i€ S.

It is observed that the solution set to Theorem 2
is not convex due to the equality constraints (23).
Now, let the equality constraints (23) be weakened
to the following semi-definite  programming
relaxations:

P I Vi I
[ ] >0, [ ] -0 (5)
I X; 1 Z;

and for a sufficiently small number g€ R*, let the strict
inequalities (19), (20), (21) be replaced by

N

> witrace(Wy) + B < vz, (26)
=1
—Wi+BI B!, Hy,
Bwi _Xi + abwiEbwiEZ;-,' 0 = 0 (27)
Hp,; 0 — ]
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and

03+ BI (CiXi+DiY)" (HuXi+ HyY)" (HuXi+ HpY)' X,

CYi+D;Y;, —I+a4ELE,

H X+ HyY; 0
H,X;+ HpY; 0
X7 0

1

respectively, then the sequential linear programming
method (Leibfritz 2001) can be employed to find
a solution of Theorem 2. The solution of RH,P is
summarised below.

Algorithm RH,P: For a given precision § € R*, let N
be the maximum number of iterations and
a sufficiently small number g R* be given.

(1) Determine P{, X0, V9, Z9, TV, W9, Y7, a)

i° ai®
o) ol i, jeS, j#i, satisfying (22) and (25)-
(28). Let k:=0.

(2) Solve the following convex optimisation
problem for the variables P, X, Vi, Z; Ty,
Wia Y[, Hais Apwis Aeis ia je Sa ]# I

N
min Y trace(P Xt + PEX; + ViZk + VEZ)
i=1

subject to (22) and (25)—(28) for all i € S.

(3) Let T%:=P;, LF := X;, U" := V; and RF == Z;
for allie S.
4 If

N
> trace(TEXf + PSLY + USZ5 + VER)

i=1

N
-2 Ztrace(Pffof + Vi ZM| <8
i1

then go to step (7), else go to step (5).
(5) Compute 6* €0, 1] by solving

: > k k k k
9135,1}] ; trace([Pf + 9(74,‘ — P )][Xf»‘ +O(L; — Xf )]
+VE+0UF = VOIZE + 6(RE = Z)))
(6) Let
Pl = PR or(Th — PY),
X=X+ 07 (L} — X,
Vil = Vi 01 (UF = V),
Zh = ZE + 07 (RE — Z0),
forallieS,and k:=k+1, if kK < N, then go to
step (2), else go to step (7).

0 0
—aid 0 0 =<0, (28)
—otgild 0
0 —Z;

(7) Stop. If 30, trace(PKX* + V¥Z¥) = 2sn, then
a solution is found successfully, else a solution
cannot be found.

Remark 3: As explained in (Leibfritz 2001),
Algorithm RH,P always generates a strictly decreasing
sequence of the values of the objective function

flk) & itrace(Pfx*;’ + VEZF).
=1

Thus, {f(k)} always converges to some f* >2sn and
if f*=2sn, then the corresponding optimal values P,
X?n V:'ka Z;ka Tj';‘a W;‘ka Y;‘ko a:[a azwj and ajj) (19]689]¢l)7
are a solution of Theorem 2. Moreover, the sequence
(P X5 VA, 26 T4, W, Y o o, ) generated by

Algorithm RH,P is bounded for all i € S.

4. Numerical example

In this section, in order to illustrate the usefulness and
flexibility of the theory developed in this article, we
present a numerical example. Attention is focused
on designing a robust H, controller such that the
closed-loop system has guaranteed H, performance
with respect to the uncertain switching probabilities.
It is assumed that the system under consideration has
two switching modes with uncertainties only in the
mode transition rate matrix. The system data of (1) are
as follows:

[0 0.1 —1 0.1
4= , Ay = ,
10 1 ] |:0 —1:|
(0.9 0.1 I —-0.1
BIZ N 32: C1: 5
1 | 0 1
Co— 1 0.1] D _|:0:| D _|:0i|
2= _O 1 s 1= 0 b 2= O

—1.9 1.9 1 0.1
1= 5 Bwl = 5 BwZ = 5
10 —10 0 1

K
X = 0} €12=0.9, e =4, u1 =05, u,=0.5.

The nominal system of the uncertain system given
above is not mean square stable. Suppose that
a controller (8) is desired such that the closed-loop
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system (9) is robustly mean square stable and has
robust H, performance [|G.,l> <yp, with yg =2
over all the uncertainties Am,€ [-—1.8, 1.8] and
Ay €[ —8,8]. One controller can be obtained based
on Corollary 1 by ignoring the effect of the uncertain-
ties and one solution is as follows:

27721 —2.1463
1=[—2.1463 2.3428 }
1.8839  —0.7832
[—0.7832 2.0859
[—14.7217 15.2169],
[
[
[

:|, W, =2.9163,

—12.4819 —15.0692], W, = 2.7685,
—0.9693 5.6072],
—11.4095 —11.5081].

X
Y,
Y,
K
K

Applying this controller, the resulting nominal
closed-loop system becomes mean square stable and
has the H, performance yj, = 0.6022 (according to
Proposition 2) with associated Gramian matrices

~ [0.9028 0.7742 _ [0.4156 0.1794
"T 107742 08526 T*T 101794 0.2616 ]

However, this controller cannot guarantee the H,
performance, even the stability of the closed-loop
system, over the admissible uncertainties. Let us
consider the case Amj;=-—1.3 and Amp;=6; the
closed-loop system remains mean square stable but has
a largely degraded H, performance as yj, = 12.4895
with associated Gramian matrices given by

| [16.5255 17.6342  [5.9375 63536
"I 17.6342 190324 T

Moreover, in the case Amj,=—1.4 and Am,; =6, the
closed-loop system becomes mean square unstable.

Fortunately, Algorithm RH,P can be employed
here to construct a more powerful controller such that
the closed-loop system is robustly mean square stable
and preserves the desired H, performance over all the
admissible uncertainties in the switching probabilities.
To compute with Algorithm RH,P for this example,
it is chosen that §=10"'°, N=100 and B=0.01.
One set of solutions is

P — [3.1248 3.1564i|, Py |:3.0913 3.0874]’
| 3.1564 4.0721 3.0874 4.2268

Vo= [0.1470 0.2766:|’ - |:0.7002 0.6272]’
| 0.2766 1.6164 0.6272 1.0958

[ 1.4744 —1.1428i|

X =
| —1.1428 1.1314

6.3536  7.1234 ]

©1.1959  —0.87357
X2 - s
| —0.8735  0.8746 |
[ 100361 —1.7172]
"Tloiz 09125
[ 29306 —1.67737

Zz . s
| —1.6773  1.8726 |

0.1300 0.2516
T = i|,

| 0.2516 0.8163
" 0.0114 —0.0020
| -0.0020  0.0826 }
Wy, =3.1248, W, = 4.8752,
Y, = [—4.8662 5.5920],
Yy =[—03370 —5.7670],
Ky =[24441 7.4113],
Ky =[—18.8467 —254163].

Ty =

It can be verified that || P\ X,—1],=2.1292 x 107", || P,
Xo—1],=2.1270 x 1072, |V, Z,=1|l, =2.1220 x 10~ '2,
| V2Zo—1I||,=2.1324 x 10~ "2, Therefore, the equality
constraints (23) are satisfied. By applying this con-
troller, the resulting nominal closed-loop system is
mean square stable and has the H, performance
Vi, = 0.8113 with associated Gramian matrices

_ [1.3998 11331 _ [0.5475 0.1689
P33 11344 7T (01689 0.1835 ]

To contrast with the previous controller, let us consider
the same case Amj,=—1.3 and Am,; =6; the closed-
loop system remains mean square stable and achieves
the guaranteed H, performance yj, =1.2813 with
associated Gramian matrices

 [2:0227 1.8720 _ [0.7768 0.4365
PT11.8720 19836 0 7T [ 0.4365 0.4448 |

In the case Am,=—1.4 and Am,; =6; the closed-loop
system remains mean square stable as well as having
guaranteed H, performance yj, = 1.3296 with asso-
ciated Gramian matrices

_ [2.0938  1.9561 _ [0.7947 0.4563
7119561 20814 "7 [0.4563 0.4661 |

Even in the extreme case Am;,=—1.8 and Amy =S8,
the closed-loop system is still mean square stable and
has guaranteed H, performance yj, =1.6052 with
associated Gramian matrices

_ [24519 2.3802 _ [0.9316 0.6099
"7 23802 25770 0 7T [ 0.6099 0.6271 |



02:36 16 March 2009

[University of Hong Kong Libraries] At:

Downl oaded By:

264 J. Xiong and J. Lam

5. Conclusions

This article discussed the robust H, control problem
for MJLSs with uncertain switching probabilities.
Attention was focussed on the design of a robust
controller such that the closed-loop system is quad-
ratically mean square stable and guarantees a desired
robust H, performance over all the admissible
uncertainties both in the system matrices and in the
switching probabilities. It led to a non-linear problem
consisting of a set of coupled linear matrix inequalities
and a set of equality constraints. An algorithm
involving convex optimisation was addressed to solve
such a problem. The developed theory was illustrated
by a numerical example and presented powerful utility
and flexibility.
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