Appendix A: Proof of proposition 1

Proof. By the property of Kronecker products, we only need to show that Rg,, Rg, and Ry, are all

positive definite. First, since Ry, is the exponential of a symmetric matrix, it is positive definite.

Second, denote the basis matrix as B where

Bl(l) Bl(z) B1(T)
o[ B0 B o By(D)
Be(1) Bx(® -~ By(T)

Then Ry can be written as Rz = B'B. Since B is a basis matrix (which is full rank), we can
conclude that Ry is positive definite since for any non-zero vector x,
x'Rpx = x'B'Bx = (Bx)'(Bx) > 0.
. 2) . ..
Third, for Ry, , denote Ry, =0°P, where P; ;. = exp {—6y|yj1 —y]-2| } is the (ji,Jj2)
element of P and the operation “o” is the entrywise matrix product. Suppose o is a block diagonal

binary matrix with the form after permutation

0, 0 - 0
o= o2 0
0 0 ces Gn

Then a corresponding permutation of Ry, can be written as

b, 0 .. 0
0 P - 0
0 0 Pn

where P; (j = 1,---,n) is a diagonal submatrix of P with the same dimension as a;. It can be
observed that each submatrix P, is an exponential of a symmetric matrix and is thus positive

definite. Therefore, Ry, is also positive definite. Hence, we have proved proposition 1.



Appendix B: Metropolis-Hastings algorithm in the E-step.

Metropolis-Hasting algorithms for sampling u;:
Steps:

(0)

Choose u; ~ as initial value, and let v « 1;

Whilev < mdo

Draw a candidate u; from g(uﬂug”_l)’ 0):

f@)/giud,00) )

a « min( — -
F ) gV ;)

Draw a uniform random number w on [0, 1];

Ifw < a«a,
u; « u; Uul@;
v=v+1;
End
End

Return {u@, u?, ..., ugm)}_

L
Here g(u*|u, ) is the density function of the proposal distribution; and f(u*) =

p(u, N|@®).

Chib et al. (1998) discussed possible options to select a proposal distribution to reduce the
burn-in time of the Metropolis-Hastings algorithm. It is advised in the literature to use a tailored
normal distribution (Chib et al., 1998, Wu et al., 2018) that targets the modal value u; =

argmax Inp(u, N;|@©)), where the distribution parameters can be derived as N (k;, cH;) and
gmaxinp i



_1q-1 _
K; = [diag(Ni) +z6 1] (diag(Ni)logNi + 36 1[,1(5)),

H; = (diag(e*) + x~1)~L.
Here c is a tuning parameter and H; can be replaced by its nearest positive semidefinite matrix if

it is not positive semidefinite (Wu et al., 2018).

Appendix C: Algorithm to determine o in the M-step.

Algorithm to determine & in the M-step:

Input: estimated covariance matrix £, estimated parameters at the previous iteration
(s)

0, 708,

Output: estimation of ¢+ at iteration s + 1.

Steps:

Get a direct estimation 7 based on £ where

T K
1 ~
T = ?Z Lrii-1)+1T(j-1)+1/ EXP {—93(,5)|}’i - }’j|2} (Z B, (D? + (r(S))2> ;
=1 k=1

Initialize 7™ « r, ® « m, € « average (n(l)\diag(n(l))), list L « @, and scalar

q < 1, where “\” represents the set operation of difference.
Determine the index of the largest element of m®: (iy,i,) « argmax(n®), and let

@ oo 7@ —o0, Ly « {iy, i}, q <« q+ 1.

l1,l2 ! ly,l1

Determine the value and index of the next largest element: m « max(m@®), (iy,i,) <

). «— —00 7'[(2) «— —00,
l2

arg max(n(z)), and let nl(lz ST

While m > €,




Let flag = O;
Forl=1,--,q—1,

Ifi, € L,

€]
If average (ﬂLlu{iz},LzU{iz}) > €

Let Ll — Ll U {iz}, nﬁjl)){iz},LlU{iz} & —O00, ﬂag = 11

End

Elseif i, € L;

1)
If average (nLlu{il},LzU{il}) > €,

Let Ll < Ll U {il}’ T[Ejk)J{il},LlU{il} — —00, ﬂag =1;

End
End
End
If flag = 0,
Lo < iy it geq+1
End

)

@)
iy T

« —00, TT; %
12,11

m « max(m?), (i, i,) « argmax(n®), and let nl(lz
End
Let 6D « I, (n x n identity matrix).
Fori=1,-,q—1,
(s+1) _ 4.

Leto; ;=1

End




End

Return g+1

Please note that 7 is a direct estimation of ¢ based on the traffic network information and the
estimation of other parameters in the previous step. Then we estimate the clusters of routes denoted
as the lists {Ll, Ly, -, Lq_l}, where the routes in the same cluster are highly correlated. After the
evaluation of clusters, we set the submatrices corresponding to all clusters as all-one matrices. In
this way, it is naturally guaranteed that the output ¢**? is equivalent to a block diagonal matrix
with regard to permutation. Since this algorithm is based on thresholding of the estimator m; ;, we
establish a proposition that shows the consistency of this estimator.

Proposition 2. For € € (0, 1), the thresholding estimator CIJE(nU) is a consistent estimator of

1 N 2
oij , Where m;; = ;ZIT=1 (ZT(i—1)+l,T(j—1)+l/eXp {_Bylyi -yl }(Zlk{ﬂ B (D* + TZ)) , and

0, x<e
¢E(x)={1 X=€

Proof. According to the property of the MLE for covariance matrix, 2T(i—1)+l,T(j—1)+l converges
t0 Zr-1)+1r(i—1)+1 1IN probability as sample size m — co. Note that o ; exp{—leyi—

yj|2} k=1 B(D* + 1) = Zrg—1)+11(j-1)+1 for L = 1,2,--+,T. We can then derive that

T K
a 2
Z <(ZT(i—1)+l,T(j—1)+l = Zp(i-1)+17(-1)+1)/ EXP {—9y|}’z -l } (Z B, ()? + TZ))‘
=1

1
|mij — oy| = T
k=1

T
1 a
S Z Z - j— - Z i— j—
T exp {_93’|yi _J’jlz} (B,, +12) z=1| T(-D)+LT(G -1+ ~ 2T({~1)+LT(j 1)+z|



where B,, = mlaxz’,ﬁzl B, (2. According to the convergence of the sample covariance, for any
6 >0, there exists a large enough M; such that when m > M, , |ET(i_1)+l,T(j_1)+l—

ZT(i—1)+l,T(j—1)+l| < exp {_Hylyl - y]|2} (Bm + T2)6 holds. Then

1
TeXP{—beH"YjF}(Bmf+T2)

|mij — 0] < Texp{=8,|y; —¥;|"} B + 72)8 = 6.

For the thresholding estimator @ (m;;), it can be easily observed that ®.(m;;) = g;; when
|7Tij — al-j| < min(e, 1 — €). By the same argument above, we can show there exists a large
enough M, such that when m > M, , |m;; —o;;| < min(e, 1 —€) . Therefore, we have
demonstrated that when m > M, , |®.(m;;) — o;;| = 0. This shows the consistency of the

thresholding estimator & (r; ;).

Appendix D: First-order descent method to estimate the parameters in the M-step.

Recall that the optimization problem is formulated as follows:

JT JT
(s+1) H(s+1) _ $12) = s )2
(9y5+1 NS ,T(S+1)) argejr}létnr (”20 Z”F) arg ;mtnr ZZ(Z =
The objective function can be further derived as
JT T
F=llEo-gh =) Y (58 -5,)
i=1j=1

2

J ] T T K
Z Z Z Z [Jl] €xXp ylyl y]l }(Z Bk(l)Bk(p) + TZ exp{_gtltl - tpl}) - 2T(i—l)+l,T(j—1)+pl
i=1 j=11=1p=1
J ] T T
=2 > D gLy



.. 2
where  g(i,j,Lp) = 0y exp{—6,|y; = y;| "} (ZK_y Be(DB(p) + 7% exp{—6.|t, — 1, [}) -
2T(i—1)+l,T(j—1)+p' Then the derivative of the objective function with regard to the parameters

OF oF oF
VF(6,,6,,7) = (aey TREE )can be derived as

T

] J T T o J ] T
0F 39°%(i,j,L,p)
90 :2222—69 =—ZEZZ 9(9 + Enenir-nep) i = ¥l
y ; : y ‘

i=1j=11=1p=1

J ] _
= _2 Z Zi i ng(g + Zn(i—1)+l,T(j—1)+p) exp{—9t|tl — tp|} |t1 —_ tp|
i=1 ] YK 1 Be(DB(p) + 2 exp{—0t|tl — tp|} )

P T CIEGLLY) e
7:2222 6T :42222 al]exp{ 0,y — y]|}exp{ 0c|t, — ¢, |} .

Then the gradient descent method searches the optimal parameters iteratively, and at step v + 1,
(6§U+1)’ 915174‘1)’ T(‘U+1)) — (03(/17)’ 91517)’ T(U)) —a- VT(@)(}'U)’ Ht(v); T(‘U)).

Here, a is the step length, the value of which is determined by a backtracking line search method.
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