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The supplementary material contains a list of assumptions and proofs of Theorems 1
and 2, along with some additional numerical results.
In the description below, the notation A,, ~ B,, means that A, /B, and B, /A, are both

bounded (in probability) as n — oo. The notations “2” and “<” are similarly defined.

A Assumptions

In the discussion, the jump magnitudes {07} and the true number of jumps J* are allowed
to be dependent on n, while we keep the variance o2 as fixed. If 02 is changing in n, we

could replace 07 by 07 /0 in the following asymptotic analysis. For simplicity, the design
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points are assumed to be equidistant in [0, 1], i.e., t; = i/n for ¢ = 1,...,n. The required

assumptions on the model and the smoothing techniques are listed below.

Assumption S.1 (Noises). There exist some constants # > 3 and C. > 0 such that

E(le1/ol?) < C-.

Assumption S.2 (Kernel). K(-) is a nonnegative, bounded and Lipschitz-1 continuous

function with support [0, 1] such that fol K(u)du =1 and K(0) > 0.

Assumption S.3 (Bandwidth). The bandwidth h > 0 satisfies the conditions that h — 0,

nh — oo and nh’/logn — 0, as n — oo.

Assumption S.4 (Jump distance). The minimum distance between two successive jumps,
ming<j<s«{tj,; — t;}, satisfies the condition that ming<;j<s{t;,, — ¢;}/h tends to infinity

as n — 00, where tj = 0 and t7., = 1.

Assumption S.5 (Smoothness). The underlying regression curve f(t) is twice differen-
tiable and f”(t) is uniformly bounded in its support except at the jump points {t} : j =

1,...,J*}, at which f(¢) has bounded left and right second-order derivatives.

Assumption S.6 (Jump magnitudes). The jump magnitudes satisfy the conditions that

65|/y/logn/(nh) — oo, as n — oc.

5] = O(1) and (b) min;<;< -

(a) max;<j<j-

Assumption S.1 is used to control the supremum of the noise terms in the local linear
smoothers. Assumptions S.2, S.3 and S.5 are standard in the kernel smoothing literature.
Assumptions S.4 and S.6 are technical conditions required to achieve consistency. Assump-

tion S.4 allows the minimum distance between two consecutive jumps to go to zero as n



increase, but the rate converging to zero should be slower than A to facilitate asymptotic
analysis. Assumption S.6 requires that the minimum jump magnitude should dominate
the noise level of the one-sided LLK estimate of f(¢). In a simplified scenario that there
are two true jumps with equal jump magnitudes 6* > 0 and both jumps are precisely iden-
tified by a jump detection procedure, it can be checked that 6© (&) = 6" + Op{(nh)~1/?}
and S\E(tAJO) = 6 + O,{(nh)"Y/2} for j = 1,2. To avoid underfitting, it is required that
C(2; 29, 2F) < C(1; 29, ZF) with an overwhelming probability. A necessary condition is
§*/(nh)~"2 — oo such that the jump magnitudes 6* are distinguishable from the noises.
Assumption S.6 is close to this rate up to a logarithmic factor logn, which is required since
we need a uniform dominance over the noise level at multiple design points. If the locations
{t;} and magnitudes {d7} of jumps are assumed to be fixed, then Assumptions S.4 and
S.6 hold naturally (Xia and Qiu, 2015). In a closely-related problem that the signal is a
piecewise constant function, Niu and Zhang (2012) proposed their detection statistic based
on the difference between a right- and a left-sided local average, and the number of jumps
was selected by a thresholding rule. They constructed the selection consistency under the

normality assumption, the following assumption on the jump magnitudes

min
1<<J*

o7 /o] x \/Og}ignj*{tjﬂ —t:}/h > V/32logn/(nh), (S.1)

and some other requirements on the bandwidth A and the threshold parameter. Assump-
tions S.4 and S.6 can guarantee the assumption (S.1). For our proposed method, it requires
a future study regarding whether the assumptions on both the minimum jump distance and

the minimum jump magnitude can be weakened.



B Proofs

B.1 Proof of Theorem 1

For notional convenience, rewrite Model (1) as
Yoo = f(t)) + Ui and Yoy = f(t7) + Vi, i =1,...,n,

where t¢ = (i — 0.5)/n, t¥ =i/n and U;’s and Vs are i.i.d. with mean 0 and variance o?.
Note that the original sample size is assumed to be N = 2n for some integer n. Write for
short that t; = t0, f; = f(t9) fori=1,...,nand t; = t? (cf. Eq. (4)) for j =1,2,....

For a sequence of quantities {¢1, ..., g,}, we introduce

~ B Z?:l in (t; K+) gi

7 (t) _ Zf?:l wf (t; K:I:)Qz
. Z?:l wio (t; K+)

~F
and gi (t) = Zﬁil ’LUE (t K:I:) 3

-~

and d9(t) = g (t) — (1) and diy(t) = G¥(t) — GE(b).
Our goal is to show that, with an overwhelming probability, C(J*) < C(J) in cases when

either 1 < J < J* or J* < J < J, where

C(J) == C(J; 20, 2F) = EJ: {SE@) - 30(@-)}2 + XJ: {3E@)}2 .
j=1 j=J+1

The definitions of go(t) (or SE(t)), together with w? (t; K1) (or w’ (t; K4)) can be found
in Eq. (3).

First, we give some lemmas that will be used in the proof of Theorem 1.

Recall that the two one-sided kernels are defined as K (u) = K(u)l(u € [0,1]) and
K_(u) = K(—u)l(u € [-1,0)), where K(u) is defined in Assumption S.2. Denote u, =

fol u" K (u)du, for r = 0,1,2. Let s4,.(t) be either s (t; K1) or s¥ (t; K1) (cf. Eq. (3)), and



wx;(t) be either w? (t; K1) or w¥ (t; K1). By the boundedness and Lipschitz-1 continuity

of K(-), it is straightforward to have the following result.
Lemma S.1. Under Assumption S.2, we have, fort € [h,1 — h],
(1) sse(t) = nh™ i + OL(nh) Y], where pray = (1)
(i) Y oiy wei(t) = n*h*{ugpo — pf 4+ O{(nh)~"}].
Let

~ M2 — iU
K(u) = —K(u), for u e |0,1],
(u) fafto — [ (u) 0.1)

and we introduce two one-sided kernels K (u) = K (u)I(u € [0,1]) and K_(u) = K (—u)I(u € [—1,0)).

For any sequence {g1,..., ¢}, define

ga(t) = ZKi{ (t; —t)/h}g; and GE(t ZK {(tF —)/h}g..

i=1
Then, in cases when nh ~ n' for some 1 > 0, we have the following result.
Lemma S.2. Under Assumptions S.1-S.2, we have

= logn \ | _ . 1-n0/2
Pr {rgggx]UAt)] >C < nh ) } =0(n ),

for some large C' > 0.

Proof. Let A = {max; |U;] < M,}, where M, = n'/(®=" for some small v > 0. By

Assumption S.1 and the Markov’s inequality, we have

Pr(A) > 1 — nPr(|U;|° > M%) > 1 — C.n' 77,



Conditional on the event A, the Bernstein inequality yields

Pr{|(7+(t)| > x/m} (S.2)

nha?
<2exp | — = ;
202% " K2 {(t; —t)/h} + 2/3M,(nh) /2
for any z > 0. By Lemma S.1, Y, [?i {(t; —t)/h} = O(nh) uniformly for all t € G.

Taking x = C(logn)*/? for some sufficiently large C' > 0, (S.2) leads to

Pr (maX|U+( )| > g;N_)

< ZPr {|(7+(i/n)| > x/m}

< I exp (_ nhlogn )

Cinh + CaM,,(nhlogn)'/?

(4

< 2nexp(—C'logn) = o(n'~7=7),
where C;, Cy and (" are some constants and 0 < v < 6 — 2571, OJ

Lemma S.3. Under Assumption S.2, if h — 0 and nh — oo, then we have

logn

[] >
e (0(0) = 0-()] 2/ =

Proof. For a given t € [h,1 — h], let A(t) = U, (t) — U_(t), and G,, be the distribution of

VnhA(t)/s, where s = a\/2f0 K2(u)du. Then, it is easy to check that G, converges to

N(0,1) in distribution. Let M = sup{m : 2mh <1 — h}. Then, M = O(h™'), and

> A(2ih
tel[}fll%)_(h}’ ®)] = max |A(2ih)],

where the terms {A(2ih)} are independent. Let &, be a sequence such that vVnh&, — oc.



Then,

-----

By the Berry-Esseen bound that sup, |G,(z) — ®(x)| < C(nh)~'/? and by the fact that

d(zr) <1—x/(1+2*)¢(z), we have

Pr < max |A(t)] < gn) < {sgp 1Go() — ®(2)] + (Mgn/s) }M -0,

te[h,1—h]
where we can set &, = /logn/({nh)s for some sufficiently large ¢ > 0. O

Lemma S.4. Under Assumptions S.1-5.0, there exists some k; € {1,...,J*}, for each
j=1,...,J% such that Pr([t; — ti,| < dnj/n) — 1, where dy; is an integer satisfying

dnj ~ v/nhlogn/|d} | — oo.

Proof. We prove the lemma only for ?1, since the result for other detected jumps could be

proved similarly. To this end, we will show that
Pr([t; — ] > duj/n, Vj=1,...,J%) =o(1/J").

By Lemma S.1 and Assumption S.5, it is not hard to show that,

~

Felty = F(2) + 650 S0 R (s = 0)/m} {1t > 1) = T(t > 1) } [1+O{(nh) Y] + O(),



where ¢} is the change-point located in [t, + h] or [t — h,t] (if either interval contains a

jump point). Noting that

Pr<|a—t;|>h,vj>spr{ sup 130<t>|>|30<t;>|,w}7

t:[t—t5|>h, V)
and by using arguments similar to those in the proof of Lemma S.2, we conclude that
Pr([t; — 5] > h, Vj) = o(1/J*). Then, it suffices to show that J*Pr(t; + d,;/n < t <
t;+h, Vj ) — 0, since the other half follows similarly. Note that

&' (5 + dy/n) — d7 (t5) = —67(nh) ™" D" K_{i/(nh)}[1+ O{(nh)~"}] + O(h?).

—dy; <i<0

Again using arguments similar to those in the proof of Lemma S.2 and by the assumption

that K, (0) > 0, the conclusion follows. O

Proof of Theorem 1

Let fF := f(tF) fori = 1,...,n. First, assume that 1 < J < J*. In such cases, we have

O~ 0 == Y@ @) - P @)+ BE) - F @)} + Y a6 + a3}

j=J+1 j=J+1
Noticing that max;—, __s-[0;| = O(1) and by the boundedness of K and fo, it can be

~

verified that C/l\éE (t;) — c/l\f(tj) ~ n~t, uniformly for all j = J+1,..., J*. By a similar proof

to that of Lemma S.4, under the assumption that nh’®/logn — 0, we have

@ (&) =65l = 5™ >0 KAt = 5)/RY 1+ Of(nh) T} + O(?)

i:0< [t —t5 | <[t~
_0 ( [log n) 7
n
which holds with a probability approaching one. Then, by Lemma S.2, we have

Pr{C(J) — C(J*) > 0} = Pr {(J* ~ )0, (ﬁi") + JZ (5;)2 > 0} 1L

j=J+1




Hence, Pr(jz J*) — 1.

Now, in the case when J* < J < J, we have

oy -0y = Y A@ @) - @ @)+ BE) - F @)} - S a6 +dE))
j=Jr+1 Jj=Jr+1

Let G; = G\ Ug;ll @ — hte + h]. Then, by Lemma S.4, G; contains no jump points

in probability approaching one. Once again, JQE(@) —d’ (t;) ~ n!

, uniformly for all
j > J*, and similar to the proof of Lemma S.4, we have (if@) = O(h?), for j > J*.
On one hand, by the independence between Z° and ZZ, we have d%(t;) = O,{(nh)~/2}.
On the other hand, by Lemma S.3, we have dV (t;) = \/logn/(nh). Tt then follows that

Pr{C(J) — C(J*) > 0} — 1, which completes the proof. O

B.2 Proof of Theorem 2

Consider the following thresholding rule

1+ #{k W, < —s}
#{k W, >s}Vv1 Soz}.

L:inf{s>0:

Lemma S.5. For any a € (0,1), we have

#{k W, > L, 10 € T}

FDR(L) = E

<ming a(l +5€¢) + Pr | max Ay > €| ¢,
e>0 Z?EIO
where Ay = |Pr(Wj, > 0 | [Wi|, Wi_1, Wit1) — 1/2|, and Wy = Wiz, = 0.

Proof. Lemma S.5 can be proved similarly to Theorem 2 in Barber et al. (2019) which
shows that the Model-X knockoff selection procedure has a FDR proportional to the errors
in estimating the distribution of each feature conditional on the remaining features. Let

j € Iy denote fJO € Zy. Then, for given € > 0 and t > 0, define

ZjeIo H(I/VJ 2 t7Aj < 6)
1+ Zjelo I (Wj < _t)

Re{t) =

9



Consider the event that A = {A = max;cz, A; < €}. For a given threshold rule L = T'(W)

that maps statistics W = (Wy,..., W3)’ to a threshold value L > 0, define
Lj - T(Wl, ey ijla ‘W]‘, WjJr]_, cee ,Wj) 2 O,

for each j = 1,...,J. Then, for the SOPS method with the threshold L, we can write

Yern, IW; = LA <€) 143 I(W; <L) > I(W;>L,A; <e)
= X
1V I(W; > L) 1V I(W; > L) 1+, 1(W; < -L)

< ax R(L).

It is crucial to obtain an upper bound for E{R.(L)}. To this end, we have

ZJGIO LW > L,A; < 6)} (83)

E{R(L)} = E{ L+, I(W; < —L)
_ E{ H(WjZLJ’»AJSE) }

1+ Zkezmk;;éj I (Wk < _Lj)

Jj€Lo
I(W; > 0)I(|W;| > Lj,Aj <)
=) _E E{ <1j2 S Wl w
J€To k€To,k#j k

i)
B Pr (W, >0 | [Wy|, W, 1, W )T([W;| > Ly, A; <e)
_ ZE : (S.4)
1 +ZkeIo,k7éj]I(W < LJ')

where W_; = W\W;.

By the definition of A;, we have Pr(W; > 0 | |[W,|,W;_1,W,41) < 1/2+ A;. Hence,

E{R(L)}

<% 1+z;;i',fig‘§vﬁsﬁii?}

2{ T I s L )
z{}

10



Finally, the summation in the last expression can be simplified as follows: for all “uninfor-

mative” j, if W; > —L;, then the sum is equal to zero, otherwise,

I(W; < —Lj) (W; < —L) _
ZE{ +ZkeIok;£]I[(Wk< L } ZE{ +Zk‘€Iok75]]I(Wk§_Lk?)}_1’

J€Lo JE€Ly

where the first equation comes from the fact that for any j, k&, if W; < —min(L;, L;) and
Wy < —min(L;, L), then L; = Ly; see Barber et al. (2019). So, we have

1/2+¢€

E(R(L)} < 75—

<1+ 5e.

Therefore, the result in Lemma S.5 is valid. O

~ ~ /\

For j = 1,...,J, we write ;5\1]- = (50(1?]0) and dy; = ¥ (]) for simplicity, and denote
Tij = Vnhéyj and Ty; = vV/nhdsj. Let a, = Cy/logn, where C > 0 is specified in Lemma
S.2. Let C = {Njez, |IW;| < Ay}, where A, = inf{z : Pr(max;cz, [W;| > 2z) < b,}, and b, be

a sequence satisfies the conditions that b, — 0 and Ja? /(n"/?b,,) — 0.

Lemma S.6. Under the conditions in Theorem 2, we have

P >t
sup r<WJ > 1)

— 1| = O(cy),
o<t<An | Pr(W; < —t) (cn)

uniformly for j € Ly, where ¢, = (a2 /v/nh)/b,

Proof. Let Apy = {veR:|v] >t/a,}. Note that

PI'(leng > t) B
PI‘(leTQj < —t)
_PI’(leTQj > t,le € Ant) - Pr(leTQj < _t>T1j c Ant)
N Pr(T]_jTQj < —t)
| Py > 6.1y € Ayy) — Pr(lyy Ty < =t Thy € Ay
PI‘(TUTQ]' < —t)

=An + Ajs.

11



By Lemma S.2; we have

provided that n > 2/(6 — 1). Furthermore, we have

Pr(leTQj > t,le S Ant) = / PI‘(leTQj >t ‘ le = U)f(’l])dU

vEApt

= [ /s )+ 0l Vi)
VEAnt
= | ot/ s+ 0l Vb
VEAnt
= Pr(Ty,;Ty; < —t,T1; € An) + O(a2 /Vnh),
where the second equality holds due to the Berry-Esseen theorem. By the definition of

C, we have Pr(W; > t) > b,, for t < \,. By combining this result with (S.5), we have

PI"(W]' > t,le c .Am) Z by,. SO,
Pr(W; > t,Ty; € Aw) = Pr(W; < —t,Th; € Aw){1+ o(1)},

which is true uniformly in 7 and 0 <t < \,, as long as ¢, — 0. Consequently, Lemma S.6

follows. u

Proof of Theorem 2—(i)
We first show that the result is valid under the condition that W;’s are independent.

According to Lemma S.5, we have

Pr (max A > e) =Pr (max A > e C) Pr(C) + Pr (max A > E,CC)

JE€Ly Jj€Ty J€Lo

<Pr (maXAj > €| C) + Pr(C°) := Ay + As.

J€ZLo

12



By definition, Ay = o(1). It remains to handle A;.

Notice that

A<y swp [fi(=0)/f;(0) = 1], (5.6)

ST 0t
where f;(-) is the density of W;. It remains to prove that the right-hand side of (S.6) goes
to zero as n — oo. To this end, denote H,(t) = Pr(W; > t) and H;_(t) = Pr(W; < —1).

Then,

sup [5(=0/5,0) =11 < sup (£} (Hy(0) = Hy ()] + |Hy(t=) = Hy- (=)

0<t<An

S e sup {f5(6)} T H (1),

0<t<An

where Lemma S.6 has been used. So, we need to study info<;<,{f;(t)}. Note that

£i(t) = / /) () / B(t/(vs)—) f (v)dv + o(b,)

vEAnt

vs

::/Mhiﬁgmw»ﬂmmwm@@

2/‘ L&t/ (vs)) f(v)dv + o(by)

CL2

> ts_g O(t/(vs)) f(v)dv + o(by)
vEARt

CL2

= —H;(t){1+ o(b,)} + o(bn).

T ts?

Because A\, < a2, f;(t) = H;(t). Hence, (S.6) holds if Je¢, — 0, from which the result (i)

Y

in the theorem holds. 0

To prove the result (ii) in the theorem, we need to show that




which is true uniformly in ¢ € (0, 00). To this end, we first build Lemmas S.7 and S.8 below,

in which G(t) = Jg ' Y. cp Pr(W; > 1), G_(t) = Jy ' Y. g Pr(W; < —t) and Jy = | Zy|.

J€ZLo J€ZLo

Lemma S.7. Under the conditions in Theorem 2, for any 0 <t < G='(1/.J), we have

ZjeIg Pr(W; > 1) _120.
ZjeZo Pr(W; < —t)

The proof of this Lemma is similar to that of Lemma S.6, and thus omitted here.

Lemma S.8. Under the conditions in Theorem 2, for any a, — oo, we have

{HGOY ) LW, 2 ) — 1 = 0,(1),

J€Zo

sup
0<t<G—Yan/J)

{HG_(1)} ) T(W; < —t) — 1| = 0,(1).

J€ZLo

sup
0<t<G~'(an/J)

Proof. We only prove the first equation here, and the second one can be proved similarly.
Note that G(t) is a deceasing continuous function. Let zp < 21 < -+ < zg, < 1, t; =
G~Yz), where 2z = a,/J and 2 = a,/J + a,i’/J, and d, = [{(J — a,)/a,}/?], where
d > 1. Then, G(t;)/G(ti+1) = 1 + o(1) uniformly in 4. It is therefore enough to obtain the

convergence rate of

D, = sup
0<i<dn

> jezy LW > t;) — Pr(W; > 1)}
JoG(t:) ‘ '

To this end, define S; = {k € Zy : W}, is dependent with W;} and

D(t) =E lz {I(W; > t) — Pr(W; > t)}2] .

€Ly

Then,

D(t) =Y > E{I(W; > t) — Pr(W; > )} {I(Wy, > t) — Pr(W, > £)}] < 21G(2).

JETo kES;

14



Since W1y, ..., Wy is a 1-dependent sequence, so is I(W; > t;). Then, we have

Dy Zpr(’ e IOV jotg(;)m(vwin‘ze)

d d
1 i 1 2 n 1
o) D(t;) < —
€2 p(Q)GQ(t,) () < €2 pa JoG(t:)
Moreover, we have
d 7 d
~ 1 J (1 " 1
ZZ:(; J()G(ti) Jo (an 12:1: a, + anz5>

1 1
< — +at < ca; {1+ o(1)}.

Therefore, we can have the result that Pr(D,, > €¢) — 0 when a,, — 0. O

Proof of Theorem 2—(ii)
Next, we show that the result (ii) of Theorem 2 is valid. By definition, our thresholding

rule is equivalent to select j if W; > L, where

L:inf{tZO:1+Z]I(W/j<—t)§ozmax <Z]I(Wj>t),1>}.

J J
In order to use the results of Lemmas S.7-S.8, we need to establish an asymptotic bound

for L. Let t* = GZ'(af3,/J). By Assumption 1, we have

Pr (Z (W, > CaZ) > 571) — 1. (S.7)

J
Thus, we have Pr(3_; I(W; > t*) > §,) — 1, which implies that
L+ Y I(W; < =) Safy <a Y I(W; > t7).
J J
Therefore, it is true that G_(L) 2 G_(t*). By Lemmas S.7-S.8,

Ejezo I(W; > L)
Zjelo I(W; < —-L)

— 1+ 0(1). (S.8)

15



Then, we have

FDP =

Zjezo]l(vvj > L) 1+Z ]I(W < L) Z]EIO]I(WJ 2 L)
1v2jﬂ(szL)_ 1V (W, > L) 1+2 I(W; <—L)

<ax R(L).

Note that R(L) <>,z T(W; > L)/, T(W; < —L). Thus, by (S.8), limsup,,_,, FDP <

j€Lo

« in probability. Then, for any € > 0,
FDR < (1+¢)aR(L) + Pr (FDP > (1 + ¢)aR(L)),

from which the result (ii) of the theorem is proved. O

Under all the conditions in Theorem 2 and Assumption S.6, we have lim,,_,,, Pr{S(L) 2 Z;} =

1 due to the fact that L < a?.

C Additional numerical results

Figures S1-S2 depict the estimation precision of the detected jumps by different methods
in Example I when the bandwidth h changes. Suppose the set of true jumps is {t},...,t%.}
and the set of estimated jumps is {%\1, e ,tAJA*} returned by any of the considered methods.

To measure the estimation precision, we define two indices
dy = sup in |tk —t;land dy = sup  inf Ity — t*|,
* fo—

and the Hausdorff distance dy = max{d;,ds}. Intuitively, d; is small if each detected jump
is close to some true jump, and dy is small if each true jump is close to some estimated

jump. An estimate with well detection precision should have both small values of d; and

16



ds. From Figures S1-S2, we observe that the ability of correctly identifying the number of
jumps by these methods seems to be revived for some large h values (e.g., near 0.16 for
the JIC method when o = 0.4). In fact, this is not the whole story if we also check the
estimation precision of the detected jumps. Figures S3—-S5 present the estimation precision
of the detected jumps by different methods in Example II when the bandwidth A changes.
Figure S6 shows the probabilities of correct, under- and over-estimation of the number
of true jumps against the sample sizes under relatively large and small noise levels for three
different COPS*-type procedures in Example I, respectively. The three procedures differ in
the selection of the bandwidth. Recall that h, = arg minjcy RSS“(h) foru=1,...,U. The
proposed COPS* procedure uses h= maXy—1,. U izu as the bandwidth, which is termed as
“COPS*-min-max”. A new procedure “COPS*-min-med” selects the bandwidth as the the
median of all h,’s. And another procedure “COPS*-ave-min” is based on the bandwidth
given by arg minyey U1 ij:l RSS“(h). From the plots we can see that, either “COPS*-
min-med” or ‘COPS*-ave-min” would result in underestimation under low signal-to-noise
ratio (SNR) scenarios such as those with small sample sizes or large noise levels. This may
be due to the inaccurate estimation of some (here 1) jump magnitudes, and consequently
ignoring unidentified true jumps could even give a better curve fitting (or a smaller value
of RSS). A slightly larger value h in “COPS*-min-max” helps to mitigate that effect.
Figure S7 depicts the probabilities of correct, under- and over-estimation of the number
of true jumps against the number of random sample-splittings in the COPS* method in
Example I, which suggests that the proposed approaches perform quite robustly to the

choice of the number of random sample-splitting U if it is not selected too small. For
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practical implementation, we recommend using U = 20.

Figure S8 shows the FDR and TPR values of different methods when the bandwidth h
changes, under different combinations of the sample size and the noise distribution consid-
ered in Example IIT when the noise level o = 0.2.

Figure S9 shows that the estimated number of jumps against the value of the bandwidth
for three versions of the JIC, COPS and SOPS methods, for the real data example. For
the SOPS procedure, we use @ = 20%. It can be seen that the detected numbers of
jumps are close to each other among all methods for each bandwidth, while they differ
significantly as the bandwidth varies for each method. Table S1 lists the specific dates of
the detected jumps obtained by the COPS* and SOPS* methods, with the corresponding

jump magnitudes.

Table S1: Dates of the detected jumps obtained by the COPS* and

SOPS* methods, with the corresponding jump magnitudes.

Date COPS* SOPS*
1986-07-14 -247.6670 NA
1986-07-21 NA -212.01796

1987-10-12 | -741.2939  -681.73730

1988-08-08 NA -97.38503
1989-05-08 176.8476 NA
1989-10-09 NA  -159.11230

1990-08-13 | -435.3975  -457.32177

1991-12-30 256.1716 266.18602

1993-02-08 NA 120.12357
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1994-03-21 NA  -235.39690
1994-03-28 | -240.8167 NA
1995-04-03 221.6169 227.58850
1996-04-29 | -345.0389 NA
1996-06-03 NA  -430.46053
1997-05-05 428.9300 NA
1997-10-06 NA  -874.96441
1998-07-27 NA -1464.81459
1998-08-03 | -1497.7883 NA
2000-01-24 | -752.1800 NA
2000-02-14 NA  -773.51320
2001-07-09 | -699.4715 NA
2001-08-20 NA -1079.50397
2002-06-17 NA -1404.62870
2002-07-08 | -1576.2382 NA
2003-06-02 NA 644.59422
2004-04-26 | -724.6147 NA
2004-05-03 NA  -660.29931
2005-03-21 NA  -484.11798
2005-11-07 369.2984 NA
2006-05-08 NA  -647.17828
2007-04-23 821.0891 696.33857
2008-10-06 | -2780.6403 -2184.25277
2009-07-27 NA 959.54301
2010-05-03 | -1258.6945 NA

19



2010-05-17 NA -1077.73956
2011-07-25 | -1633.2045 -1733.46844
2012-05-21 NA  -818.14233
2013-01-21 835.6474 NA
2013-03-11 NA 799.57119
2014-01-06 NA  -159.22462
2014-01-20 | -272.5445 NA
2014-10-27 NA 630.30186
2015-08-03 | -1320.4034 NA
2015-08-17 NA  -965.25943
2016-09-05 | -333.8651 NA
2016-12-12 NA  1087.59420
2017-10-16 | 1541.0521 NA
2018-03-19 NA -2128.76793
2018-11-19 | -1587.4973 NA
2019-02-18 NA  1268.42514
2020-02-24 | -6397.8115 -7227.39968

References

Barber, R. F., Candeés, E. J., and Samworth, R. J. (2019), “Robust inference with knock-

offs,” Ann. Statist., to appear.

Niu, Y. S., and Zhang, H. (2012), “The screening and ranking algorithm to detect DNA

20



copy number variations,” The Annals of Applied Statistics, 6, 1306—1326.

Xia, Z., and Qiu, P. (2015), “Jump information criterion for statistical inference in esti-

mating discontinuous curves,” Biometrika, 102, 397-408.

21



7'0=0

COPS - - -- COPS*

Method -+ JIC-S -~ JIC-M -— JIC-L — COPS - - COPS*

Figure S1: Estimation precision of the detected jumps by different methods in Example

when the bandwidth A changes, under a relatively low SNR with ¢ = 0.4.
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COPS - - -- COPS*

Method -+ JIC-S -~ JIC-M -— JIC-L — COPS - - COPS*

Figure S2: Estimation precision of the detected jumps by different methods in Example I

when the bandwidth A changes, under a relatively high SNR with ¢ = 0.3.
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COPS - --- COPS*

Method -+ JIC-S -~ JIC-M -— JIC-L — COPS - - COPS*

Figure S3: Estimation precision of the detected jumps by different methods in Example

with ¢ = 0.5 when the bandwidth h changes.
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COPS - --- COPS*

Method -+ JIC-S -~ JIC-M -— JIC-L — COPS - - COPS*

Figure S4: Estimation precision of the detected jumps by different methods in Example

with ¢ = 0.75 when the bandwidth h changes.
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COPS - --- COPS*

Method -+ JIC-S -~ JIC-M -— JIC-L — COPS - - COPS*

Figure S5: Estimation precision of the detected jumps by different methods in Example

with ¢ = 1 when the bandwidth A changes.
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Figure S6: Probabilities of correct, under- and over-estimation of the number of true jumps
against the sample sizes under relatively larger and smaller noise levels for three different

COPS*-type procedures in Example 1.
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Figure S7: Probabilities of correct, under- and over-estimation of the number of true jumps

against the number of random sample-splittings in the COPS* method in Example I.

28



n=2000 n=3000

0.75

Method 050

0.25

COPs

|-

SOPS 1.00

COPs*
0.75

SOPs*
0.50 1

0.25

————————
e e

000
00 01 02 03 0400 01 02 03

Figure S8: FDR and TPR values of different methods when the bandwidth h changes,
under different combinations of the sample size and the noise distribution considered in

Example III when the noise level o = 0.2.
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Figure S9: Estimated number of jumps against the value of the bandwidth for three versions
of the JIC, COPS and SOPS methods with their bandwidth-adaptive versions, for the real

data example.
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