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Abstract— Human beings can utilize multiple balance strate-
gies, e.g. step location adjustment and angular momentum
adaptation, to maintain balance when walking under dynamic
disturbances. In this work, we propose a novel Nonlinear Model
Predictive Control (NMPC) framework for robust locomotion,
with the capabilities of step location adjustment, Center of Mass
(CoM) height variation, and angular momentum adaptation.
These features are realized by constraining the Zero Moment
Point within the support polygon. By using the nonlinear
inverted pendulum plus flywheel model, the effects of upper-
body rotation and vertical height motion are considered. As a
result, the NMPC is formulated as a quadratically constrained
quadratic program problem, which is solved fast by sequential
quadratic programming. Using this unified framework, robust
walking patterns that exploit reactive stepping, body inclination,
and CoM height variation are generated based on the state
estimation. The adaptability for bipedal walking in multiple
scenarios has been demonstrated through simulation studies.

I. INTRODUCTION

Humanoid robots have attracted much attention for their
capabilities in accomplishing challenging tasks in real-world
environments. With several decades passed, state-of-the-art
robot platforms such as ASIMO [1], Atlas [2], WALK-
MAN [3], and CogIMon [4] have been developed for this
purpose. However, due to the complex nonlinear dynamics
of bipedal locomotion over the walking process, enhancing
walking stability, which is among the prerequisites in making
humanoids practical, still needs further studies. In this paper,
inspired by the fact that human beings can make use of
the redundant Degree of Freedom (DoF) and adopt various
strategies, such as the ankle, hip, and stepping strategies,
to realize balance recovery [5]–[7], we aim to develop a
versatile and robust walking pattern generator which can
integrate multiple balance strategies in a unified way.

To generate the walking pattern in a time-efficient man-
ner, simplified dynamic models have been proposed, among
which the Linear Inverted Pendulum Model (LIPM) is widely
used [8]. Using the LIPM, Kajita et al. proposed the preview
control for Zero Moment Point (ZMP) tracking [9]. By
adopting a Linear Quadratic Regulator (LQR) scheme, the
ankle torque was adjusted to modulate the ZMP trajectory
and Center of Mass (CoM) trajectory. As a result, robust
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walking can be achieved in the presence of external pertur-
bations. Nevertheless, this strategy can neither modulate the
step parameters nor take into consideration the feasibility
constraints arisen from actuation limitations and environ-
mental constraints. To overcome this drawback, Wieber et
al. proposed a Model Predictive Control (MPC) algorithm to
utilize the ankle strategy [10] and then extended it for adjust-
ing step location [11]. Since then, by utilizing the stepping
strategy (step location adjustment), stable walking on the
uneven surface, unknown slope, and balance recovery from
external pushes have been realized [12]–[15]. However, the
absence of angular momentum adaptation and vertical height
variation limits the capability against dynamic disturbances.

The angular momentum adaptation, which is also called
as the hip strategy, plays a vital role in enhancing walking
robustness against external disturbances [5]. Based on the
general ZMP dynamics which took into account the moment
around the CoM, a Quadratic Programming (QP) algorithm
was employed in [16] to determine the body inclination
state. Then, by using the simplified Linear Inverted Pendulum
plus Flywheel Model (LIPFM), the roll and pitch angular
momentum1 adaptation were realized by rotating the upper-
body [19]. Focusing on the hip strategy, Li et al. proposed an
open-loop control algorithm for rejecting the external pushes
[20]. Furthermore, by employing the LIPFM, Aftab et al.
adopted a Nonlinear MPC (NMPC) framework [17], and
Jeong et al. proposed a Quadratic Programming (QP) scheme
[21], which can both integrate the ankle, stepping, and hip
strategies. Nevertheless, since the LIPFM still assumes a
constant CoM height plane, above works could not make
use of the height variation.

Vertical height motion also contributes to higher walking
robustness [5], [22]. Nishiwaki et al. proposed a trajec-
tory planning algorithm, which could generate time-varying
height trajectories [23]. However, this work did not consider
the variation of the ZMP dynamics. The same problem also
exists in [24]. Englsberger et al. [25] solved the vertical
height motion through generalizing the 3D divergent com-
ponent of motion, whereas it could not consider feasibility
constraints. In term of ZMP dynamics, the nonlinear motion
equations of the general inverted pendulum model that were
derived in [16], [26], [27] can be used to model the height
variation. Through limiting the nonlinear part of the ZMP
motion constraint between properly chosen extreme values,
Brasseur et al. built a Linear MPC (LMPC) scheme and

1In some studies such as [17], [18], the roll and pitch angular momentum
of upper-body around the CoM are also referred as spin angular momentum.
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realized the real-time generation of 3D walking gait [28].
Van Heerden solved the NMPC problem efficiently via
Sequential Quadratic Programming (SQP) after formulating
the optimization problem as a Quadratically Constrained
Quadratic Program (QCQP) problem [29]. Then, by introduc-
ing the concept of stiffness, Caron et al. studied the dynamics
property of the so-called Variable-Height Inverted Pendulum
(VHIP) in term of capturability analysis. Consequently, the
nonlinear feasibility constraints were linearized, and a hierar-
chical optimization scheme was proposed for stable walking
on uneven terrains [30].

To further enhance the walking robustness, Englsberger et
al. proposed a measurement-based tracking controller to inte-
grate vertical CoM motion with body rotation [31]. Utilizing
the general Nonlinear Inverted Pendulum plus Flywheel
Model (NIPFM) [26], Lack et al. [18] and Shafiee-Ashtiani
et al. [32] studied the upper-body rotation and vertical
height variation using the LMPC framework. However, they
merely followed the pre-defined height trajectory. Based on
the work in [30], Guan et al. proposed the Virtual-mass-
ellipsoid Inverted Pendulum (VIP) model [33], [34]. Then,
they enhanced the intrinsically stable MPC for humanoid gait
generation [35] and realized the disturbance rejection during
stairs climbing. Nevertheless, to the best of our knowledge,
there is still a lack of research that integrates step location
adjustment, angular momentum adaptation and CoM height
variation simultaneously.

Differing from the above work, we propose an NMPC-
based walking pattern generator for robust locomotion. By
considering the dynamics effects caused by the change of roll
and pitch angular momentum and the CoM height variation,
the proposed approach can generate stable walking patterns
by merely using walking parameter references. Based on
state feedback, this optimizer is capable of modulating CoM
height trajectory and body inclination angle in real-time
instead of strictly tracking the pre-defined values.

The main contributions can be concluded as follows.
Firstly, the manipulation of the ZMP trajectory (ankle strat-
egy), the adjustment of step location (stepping strategy), the
change of angular momentum (hip strategy), and the varia-
tion of CoM height (height variation strategy) are integrated
into one single NMPC. As a result, a versatile framework
for walking pattern generator is proposed, which in turn
dramatically enhances the robustness in compensation for
severe external disturbances. Secondly, through employing
body rotation and CoM vertical movement, higher adapt-
ability in real-world scenarios is also achieved. For example,
the robot can pass through the limited space or climb higher
stairs by modifying the CoM height and body rotation state
in real-time. Thirdly, based on the NIPFM dynamics, the
nonlinear constrained optimization can be transformed as a
QCQP problem, which is solved fast via the SQP algorithm.

The rest of this paper is organized as follows. In Section
II, we briefly review the CoM dynamics and the procedure of
SQP for NMPC solution. In Section III, the QCQP problem
is formulated. In IV and V, the inverted pendulum simula-
tions and whole-body dynamic simulations are conducted.

Finally, in Section VI, we draw conclusions.

II. PRELIMINARIES

This section introduces the fundamental knowledge about
the NIPFM dynamics, the general MPC framework, the
QCQP theory, and the SQP algorithm.

A. NIPFM Dynamics

The LIPM [8], which is a linear approximation of hu-
manoid walking dynamics, assumes 1) the robot has a
lumped mass body; 2) legs are mass-less and telescopic;
3) CoM moves in a constant plane. These assumptions,
which over-constrain the robot’s motion capabilities, limit
the robot’s performance undergoing external perturbations.
In this work, in order to enhance the bipedal mobility,
we propose to use the NIPFM to utilize the whole-body
ability, especially the upper-body inclination and vertical
CoM height variation, for robust locomotion.

As demonstrated in Fig. 1, the NIPFM (referred as VIP in
[33], [34]), assumes 1) the flywheel has rotational inertia; 2)
legs are mass-less and telescopic; 3) the CoM is located at the
hip joint; 4) the CoM moves arbitrarily as long as physical
limits are satisfied. Thus, it can be used to model upper-
body rotation and vertical body motion. Using this model, the
ZMP, which should be restricted inside the robot’s support
polygon, is computed by [16], [26], [27]

px = cx −
cz − dz

g + c̈z
c̈x −

L̇y

m(g + c̈z)
, L̇y = Iyθ̈p,

py = cy −
cz − dz

g + c̈z
c̈y +

L̇x

m(g + c̈z)
, L̇x = Ixθ̈r,

pz= dz,

(1)

where [px, py, pz]
T , [cx, cy, cz]

T and [dx, dy, dz]
T denote the

3D ZMP position, CoM position and supporting foot loca-
tion, respectively. [Lx, Ly]T , [Ix, Iy]T and [θr, θp]T separately
denote the (roll and pitch) angular momentum, moment of
inertia, and flywheel rotation angle about x- and y- axis (x-
axis pointing to the forward direction in the sagittal plane and
y- axis pointing to the left direction in the coronal plane).
m is the total mass, and g is the gravitational acceleration.

B. MPC State Equation

To build a MPC, the state equation should be first estab-
lished. In this work, inspired by the work in [9]–[11], we
choose to use the Euler-integration equation. Specifically,
assuming the constant jerk of CoM movement and body
rotation over the time interval ∆t, we can compute the next
state at time tk+1,

x̂(k+1) = Ax̂(k) + B
...
x(k), (2)

where x̂(k) = [x(k), ẋ(k), ẍ(k)]
T (x ∈ {cx, cy, cz, θr, θp}) is

the current state,
...
x(k+1) is the expected jerk,

A =

 1 ∆t 1
2∆t2

0 1 ∆t
0 0 1

 ,B =

 1
6∆t3
1
2∆t2

∆t

 .
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Fig. 1. NIPFM for bipedal walking. (a) The ankle torque helps to manipulate the ZMP and the flywheel rotation models the effect of the change of
angular momentum. Note that the vertical height is changeable. (b) The definition of step parameters when walking on uneven terrains.

Using (2), we can derive relationships between the jerk,
its position, velocity and acceleration over the prediction
horizon (of length Nh),

X(k) = Ppsx̂(k) + Ppu
...
X(k),

Ẋ(k) = Pvsx̂(k) + Pvu
...
X(k),

Ẍ(k) = Pasx̂(k) + Pau
...
X(k),

(3)

where X(k) = [x(k+1), ..., x(k+Nh)]
T (X ∈

{Cx,Cy,CzΘr,Θp}) denotes the future state of CoM
along x-, y- and z- axis and the upper-body inclination state
about x- and y- axis over the prediction horizon, where,
e.g. Cx(k) = [cx(k+1), ..., cx(k+Nh)]

T . Ẋ(k), Ẍ(k), and
...
X(k)

separately denote the velocity, acceleration and jerk of each
motion channel, respectively. X(k) = [x(k+1), ..., x(k+Nh)]

T ,
and separately. Pps, Ppu, Pvs, Pvu, Pas and Pau are obtained
by calculating (2) recursively [11].

C. SQP-based QCQP solution

Using the state equation expressed in (2) as the predic-
tive model, the MPC problem is built as a QCQP, when
considering the feasible constraints, especially the ZMP
stability constraint. Specifically, the QCQP can be expressed
as follows:

min
X

f(X ) = X TGX + gTX ,

s.t. hj(X ) ≤ 0, (4)

hj(X ) = X TVjX + vT
j X + σj , j ∈ {1, ..., Nc},

where X ∈ <Nt is the state vector, Nc and Nt are the
number of constraints and state variables, respectively. G,
Vj ∈ <Nt×Nt , g, vj ∈ <Nt , and σj ∈ < are the parameters
that specify the objective function and constraints.

The above nonlinear optimization problem can be solved
by the SQP algorithm [36]. By using the SQP, the solution
of (4) is transformed as solving following problem,

min
∆X

1

2
∆T

X∇2
X (f(X ))∆X + (∇X (f(X )))T ∆X ,

s.t. (∇X (hj(X )))T ∆X + hj(X ) ≤ 0,
(5)

where ∇ and ∇2 separately denote the first-order and the
second-order differential operator, respectively.

By using (4), we can easily obtain

∇2
X (f(X )) = 2G, ∇X (f(X )) = 2GX + g,

∇2
X (hj(X ))= 2Vj , ∇X (hj(X )) = 2VjX + vj .

(6)

As a result, the QCQP can be transformed as the QP, which
can be solved by time-efficient algorithms such as the active-
set method. The solution of the QP (∆X ∈ <Nt) is then
used to update the state variable via X = X + ∆X . Once
completed, the solving process of (5) is repeated with the
new X for Ns times until meeting the convergence condition,
which will be discussed in detail in Section V-D.

III. PROBLEM FORMULATION

Considering the NIPFM dynamics and feasibility limita-
tions, a NMPC problem is established and solved to generate
versatile walking patterns by exploring the step location ad-
justment, angular momentum adaptation and vertical height
variation. This section discusses the objective function and
the feasibility constraints in detail.

A. Objective Function

After defining the reference step location and walking
cycle, the work aims to minimize the tracking errors of CoM
positions, upper-body inclination angles, and step locations.
Also, we minimize the velocities and jerks of the CoM
movement and body inclination. Thus, at the kth sampling
time, we have the objective function as follows:

f=
∑
X

{α
X

2
‖Ẋ(k)‖2 +

β
X

2
‖X(k)−Xref

(k) ‖
2 +
γ

X

2
‖

...
X(k) ‖2

}
+
∑
U

δ
U

2
‖U(k)−Uref

(k) ‖
2 .

(7)
where α

X
, β

X
, γ

X
and δ

U
separately denote the velocity,

position tracking, jerk, support position tracking penalties.
Xref

(k) = [xref
(k+1), ..., x

ref
(k+Nh)]

T are the reference states
of CoM position and upper-body inclination angles over
the prediction horizon. U(k) = [u(k,1), ..., u(k,Nf )]

T and
Uref

(k) = [uref
(k,1), ..., u

ref
(k,Nf )]

T are the actual and reference
future step locations over the prediction horizon (U(k) ∈
{Dx,Dy,Dz}). [Dx(k),Dy(k),Dz(k)]

T are the actual hori-
zontal step locations over the prediction horizon, where, e.g.



Dx(k) = [dx(k,1), ..., dx(k,Nf )]
T 2. Nf is the number of future

step locations over the prediction horizon. Note that in this
work, the actual step height (Dz(k)) is set to be the desired
step height (Dref

z(k)), which is determined by the surface
height configuration.

Under this objective function, the parameters for (4) can
be calculated by using the predictive model expressed in (2)
and (3). More details can be found in Appendix A.

During each walking cycle, the reference CoM positions
along x- and y- axis are set to be the center of the reference
step locations, as explained in Appendix B. By default, the
reference roll angles and pitch angles are set to be zero
during the whole walking process so that the robot keeps
upright. Particularly, the reference CoM height is the sum of
the default inverted pendulum height (denoted by href

z ) and
the reference step height. That is,{

θref
r(k+i) =θref

p(k+i) = 0, i ∈ {1, ..., Nh},
cref

z(k+i) = href
z + dref

z(k+i), i ∈ {1, ..., Nh},
(8)

where [θref
r(k+i), ..., θ

ref
r(k+Nh)]

T and [θref
p(k+i), ..., θ

ref
p(k+Nh)]

T

denote the reference roll angles and pitch angles over the pre-
diction horizon, href

z is the default inverted pendulum height
determined by physical structure, [cref

z(k+i), ..., c
ref
z(k+Nh)]

T de-
note the reference CoM height, [dref

z(k+i), ..., d
ref
z(k+Nh)]

T de-
note the reference step height which is determined by the
surface height configuration.

B. Constraints

In order to guarantee the feasibility, this work takes into
account the constraints on the ZMP movement, step location
variation, CoM vertical motion, upper-body inclination, and
hip torque output.

1) Constraints on ZMP trajectory: The ZMP should be
restricted inside the support polygon in order to maintain
the balance. Although the support polygon expands when
switching from single supporting phase to double supporting
phase, we only consider the single supporting phase during
the whole walking process. Since those ZMP movement
constraints applied on single supporting phase are more
restrictive at this stage and the sampling time can be large
enough in the MPC framework [11], this simplification is
reasonable. Therefore, at the kth sampling time, taking the
sagittal movement for an example, the following constraint
needs to be satisfied:

pmin
x ≤ px(k+i) − dx(k+i) ≤ pmax

x , i ∈ {1, ..., Nh}, (9)

where [px(k+1), ..., px(k+Nh)]
T denote the generated ZMP

position over the prediction horizon along the x- axis,
[dx(k+1), ..., dx(k+Nh)]

T denote the generated step location
over the prediction horizon along the x- axis, pmin

x and pmax
x

are the lower and upper ZMP boundary along x- axis, which
are determined by the size of supporting foot.

2In this paper, we use [dx(k,1), ..., dx(k,Nf )]
T to denote the future step

locations of different walking cycles falling on the prediction horizon, and
[dx(k+1), ..., dx(k+Nh)]

T to denote step locations at different sampling
times over the prediction horizon.

The ZMP movement in the coronal plane should also
satisfy the similar constraints. When using CoM dynamics
expressed in (1), the ZMP constraints are nonlinear inequali-
ties. As demonstrated in Appendix B, they can be formulated
as quadratic forms.

2) Constraints on step location variation: The objective
function takes the horizontal step locations as variables that
can change arbitrarily. However, such modification should
satisfy physical limitations, such as the maximal leg stretch
length, motor actuation capability, self-collision avoidance
etc. In this paper, the following limitations are considered.

Firstly, due to limitations arisen from the mechanical struc-
ture and actuation capability, the range of step parameters,
including step length and step width, should be constrained.
At present, these limitations are simplified to be following
linear inequalities (taking the forward movement for an
example):{

dmin
x ≤ dx(k,i)−d̂x(k)≤ dmax

x , i = 1,

dmin
x ≤ dx(k,i)−dx(k,i−1)≤ dmax

x , i ∈ {2, ..., Nf},
(10)

where d̂x(k) denotes the current supporting foot position
along the x- axis, dmin

x and dmax
x are lower and upper

boundaries of step length.
Secondly, since the future step location falls into the

same walking cycle is re-computed in each loop, it may
change in real-time. However, the position of swing foot,
which is determined by the future step location, cannot
change rapidly due to the joint velocity limitation. In this
work, for the simplification, rather than constraining the
swing foot trajectory, we limit the change of future step
locations corresponding to the same walking cycle generated
by different control loops. Since this constraint is imposed at
each time interval, limiting the next one future step location
is enough. Thus, we have (taking the forward motion for an
example):

ḋmin
x ∆t ≤ dx(k,1) − dx(k−1,1) ≤ ḋmax

x ∆t, (11)

where dx(k,1) and dx(k−1,1) are the next one step positions
corresponding to the same period computed by current and
last optimization loop, ḋmin

x and ḋmax
x are the lower and

upper velocity boundaries along the x- axis.
Finally, as mentioned above, the actual step height is

merely determined by the surface height configuration. Thus,
we have the equality constraint on step height:

dz(k,i) = dref
z(k,i), i∈{1, ..., Nf}, (12)

where dref
z(k,i) is the reference step height determined by the

surface height.
3) Constraints on CoM motion: According to (1), the ver-

tical height variation can be utilized to manipulate the ZMP
movement, but the height variation should be constrained so
as to avoid infeasible trajectories which break the kinematic
constraints. The limitation of the CoM vertical motion leads
to the following constraints:

hmin≤cz(k+i)−dz(k+i)−href
z ≤ hmax, i∈{1, ..., Nh}, (13)



where hmin and hmax are the lower and upper boundaries of
the vertical height variance, [dz(k+1), ..., dz(k+Nh)]

T denote
the generated vertical height of the supporting foot over the
prediction horizon.

Additionally, since the ground only generates unilateral
reactive forces, the vertical acceleration should be limited to
avoid free fall. That is:

c̈z(k+i) ≥ −g, i ∈ {1, ..., Nh}. (14)

4) Constraints on body inclination: The trunk rotation is
limited by articulation constraints. When using NIPFM, it
can be constrained by using following bounds (taking the
roll angle for an example):

θmin
r ≤ θr(k+i) ≤ θmax

r , i ∈ {1, ..., Nh}, (15)

where θmin
r and θmax

r are the lower and upper boundaries of
roll angle.

5) Constraints on hip joint torque: The hip joint torque
should also be limited. Taking the roll direction for an
example:

τmin
r ≤ Ixθ̈r(k+i) ≤ τmax

r , i ∈ {1, ..., Nh}, (16)

where τmin
r and τmax

r are the lower and upper limits of roll
torque.

IV. INVERTED PENDULUM SIMULATIONS

Here, we validate the effectiveness of the proposed al-
gorithm, where the bipedal walking in multiple scenarios,
including 3D walking across uneven terrains and push recov-
ery from external disturbances, is demonstrated. Particularly,
this section focuses on the inverted pendulum simulations by
using the physical characteristics of the COMAN humanoid
robot [37]. The robot body has 25 DoFs. The total weight
is 31 kg and the total height is 0.95 m. For the NIPFM
simulation, the fixed time interval ∆t is 0.005 s and the
predictive length Nh is 31. That is, the predictive window
is 1.55 s long. For the gait generation, the constant walking
cycle (T ) is 0.8 s. As a result, the information of the two
future steps is utilized in each optimization loop. Other
essential parameters for the inverted pendulum simulations
are listed in Appendix C.

A. 3D walking across uneven terrains

In this section, the performance of the proposed NMPC
framework is tested in a 3D walking scenario where the robot
is expected to walk across uneven terrains, including upstairs
and downstairs. To further validate the walking adaptability,
the step parameters (including step length and step width)
variation is also taken into consideration. The reference step
parameters are listed in Table I. The results are illustrated in
Fig. 2 and Fig. 3.

As illustrated in Fig. 2 (a), through restricting the ZMP
trajectory within the allowable region formed by the sup-
porting feet, the proposed method is capable of generating
3D feasible gait which satisfies the stability constraints.
Further observations demonstrate that the NMPC algorithm
can manipulate the ZMP movement to maintain the balance,

TABLE I
REFERENCE STEP PARAMETERS FOR 3D WALKING ON UNEVEN

TERRAINS.

Param.
Cycle 1 2-4 5 6 7 8 9 10-

Step length[m] 0.15 0.15 0.15 0.3 0.25 0.15 0.05 0.15
Step width[m] 0.145 0.145 0.2 0.14 0.14 0.2 0.145 0.145
Step height[m] 0 0.1 0 0 -0.1 -0.1 0 0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

x [m]

-0.2

0

0.2

y
 [

m
]

CoM ZMP Step location

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

x [m]

0.4

0.6

0.8

z
 [

m
]

CoM height-ref

CoM height

(b)

(a)

Fig. 2. Bipedal gait generation for 3D walking across uneven terrains. (a)
Generated horizontal CoM trajectory, ZMP trajectory and step locations.
The green blocks represent the supporting foot area. (b) Generated sagittal
CoM trajectory. Defining the constant height reference during each walking
cycle, time-varying height trajectory is automatically generated.

even when the step length and step length vary dramatically
from the 5th cycle to the 9th cycle. Namely, the ankle strategy
[17] is utilized by the proposed NMPC framework.

As can be seen in Fig. 2 (b), vertical CoM motion is
also employed when walking across the uneven terrains. In
this case, it should be noted that we only take the reference
surface height as the input and assume the constant pendulum
height (href

z ) during the whole process. Nevertheless, by
using the proposed NMPC strategy, the time-varying height
trajectory is automatically generated. In addition, as can be
seen in Fig. 3 (a), the robot slightly rotates the upper-body for
maintaining stability when stepping upstairs and downstairs,
meaning that the angular momentum adaption is integrated.
Due to the integration of the vertical body motion, the upper-
body inclination is suppressed. As a result, as demonstrated
in Fig. 3 (b), the hip torque variation is also suppressed into
a very low level.

B. Balance recovery from external disturbances

In this section, we analyse the push recovery capability of
the proposed NMPC scheme. When walking in free space,
human beings tend to take reactive steps to overcome the
large disturbances. In this paper, considering the upper-body
rotation and height variation, three strategy combinations,
i.e., step location adjustment (strategy 1), step location
adjustment plus upper-body rotation (strategy 2), and step
location adjustment, upper-body rotation plus vertical height
variation (strategy 3) are considered. In addition, when the
external disturbances are smaller or when walking in certain
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Fig. 3. Generated body inclination angles (a) and hip torques (b) for 3D
walking across uneven terrains. Since the CoM height variation is integrated,
the generated body rotation angles and hip torques are very low.

circumstances where the step location adjustment is not al-
lowed, the robot can only make use of the angular momentum
adaptation and height variation [5], [33]. Thus, the upper-
body rotation plus vertical height variation (strategy 4) is
also discussed here.

Using the objective function (7), above four strategy
combinations can be activated flexibly by tuning the weight
coefficients. However, in this work, in order to compare the
robustness of different strategy combinations in a quantitative
manner, we apply equality constraints (hard constraints) on
the generated step locations, CoM height trajectory, and body
inclination angles to activate different strategy combinations.

In particular, the step location adjustment would not be
enabled if following equality constraints are applied (taking
the forward movement for an example):

dx(k,i) = dref
x(k,i), i∈{1, ..., Nf}, (17)

where dref
x(k,i) is the forward step location reference.

The upper-body rotation would not be enabled if following
equality constraints are applied (taking the roll rotation for
an example):

θr(k+i) = θref
r(k+i), i ∈ {1, ..., Nh}. (18)

The vertical height variation would not be enabled if
following equality constraints are applied:

cz(k+i) = cref
z(k+i), i ∈ {1, ..., Nh}. (19)

Note that, to improve the compute efficiency in the real
application, we can apply the above equality constraints (18)
and (19) merely on the next one sampling time.

1) Balance recovery when stepping in place: In this
section, the robot is expected to recover from external pushes
when stepping in place. Briefly, only the horizontal external
force along the forward direction was applied at the pelvis
at 2 s, lasting 0.1 s. Under the external force push, the
walking patterns generated by four different strategies are
demonstrated in Fig. 4 and Fig. 5. Note that 125 N forward

force is applied when using strategy 1, 2 and 3, whereas only
80 N forward force is applied when using strategy 4.

As illustrated in Fig. 4, when using strategy 1, 2, and
3, the ZMP support region is extended by making reactive
steps for disturbance rejection. Taking the strategy 1 as an
example, the robot timely adjusts the step locations when
the external force is imposed, as can be seen in Fig. 5 (a).
Since the external disturbance is large enough, the next step
length is also adjusted. As a result, the robot adjusts the step
locations of the 4th and 5th steps (lasting from 2.4 s to 4.0 s),
as illustrated in Fig. 4 (a). Furthermore, since the objective
function (7) aims to track the global step locations, the step
location returned to be 0 m again after the 6th cycle. The
similar phenomena can also be found when using strategy 2
and strategy 3.

Besides, when using strategy 2 where merely the equality
constraint expressed in (19) is applied, the angular mo-
mentum is also utilized. As demonstrated in Fig. 5 (b),
the maximal pitch angle increases to be about 0.1 rad.
Correspondingly, as can be seen in Fig. 5 (c), the pitch torque
is needed to rotate the upper-body. When using strategy 3,
where no constraint in (17), (18) or (19) is applied, the
vertical height variation is also utilized to reject the external
disturbance, as can be seen in Fig. 5 (d). Compared with
strategy 2, the maximal pitch angle decreases to be about
0.058 rad. In addition, the step length variation when using
strategy 2 or strategy 3 is also reduced when compared with
strategy 1. As can be seen in Fig. 5 (a), the maximal step
length of strategy 1 is 0.16 m whereas the step length of
strategy 2 and strategy 3 are 0.15 m and 0.13 m, respectively.
That is to say, when walking in the narrow space with limited
support zone, strategy 2 and strategy 3 contributes to high
robustness against external disturbances.

As a comparison, strategy 4, where merely the equality
constraint expressed in (17) is applied, is also tested in this
section. As can be seen in Fig. 4 (d), when the external
push is imposed, step location adjustment is not utilized.
Instead, the ZMP movement is utilized to reject the force
perturbation. At the same time, upper-body rotation and
height variation are both utilized to maintain the balance,
as demonstrated in Fig 5 (b) and (d). In this sense, when
walking in the scenario such as stair climbing where the step
location adjustment is not allowed, the upper-body rotation
and height variation can be employed by the proposed
method for disturbance rejection, which is similar with the
work in [34]. However, it should be mentioned that although
only 80 N forward push is imposed when using strategy 4,
which is smaller than the 125 N imposed on other strategies,
the needed pitch angle and height variation by the strategy
4 are larger than those of other three strategy combinations,
(see Fig. 5 (b) and (d)), meaning that the stepping strategy
plays a key role in rejecting large disturbances.

It is also worth mentioning that the ZMP trajectory moves
within the support region, no matter which strategy combina-
tion is used, as can be seen in Fig. 4. That is to say, the ankle
strategy is also utilized by the proposed NMPC scheme for
disturbance rejection.
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2) Balance recovery when walking forward: In this case,
the robot is expected to recover from external pushes when
walking forward. The horizontal external forces are applied
at the pelvis at 2 s, lasting 0.1 s. The default step length
is 0.15 m, and the default step width is 0.145 m. Other
parameters are the same as those used in the last section.
Particularly, multi-directional external forces are applied to
the robot.

Under the same external push (forward 125 N, lateral 75
N in this case), the robust walking patterns generated by four
different strategy combinations are demonstrated in Fig. 6.
Similar to the result in the last section, when using strategy 1,
which has been adopted in other work such as [11], the robot
also adjusts the step locations when the external push occurs.
Numerical analysis shows that the step length is modified to
be 0.28 m (note the maximal allowable step length is 0.3
m) and the step width is switched from 0.145 m to 0.19 m
(note the maximal allowable step width is 0.2 m). To recover
from the perturbation, the next step location is also adjusted
(from (0.6 m,-0.0725 m) to (0.605 m,0.028 m)). After three
steps, the robot fully recovers from the external push and
tracks the reference step locations again. Further observation
reveals that the ZMP trajectory goes along the border of the

support region at the 4th and 5th steps. That is to say, the
ankle strategy is also employed to keep stability.

When using strategy 2, the angular momentum is modu-
lated so as to reject external disturbances, as demonstrated
in Fig. 7. Due to the rotation of the upper-body, the 4th

step length is modified to be 0.27 m. Besides, the 5th step
location returns to be (0.6 m,-0.635 m), which is quite close
to the reference one. That is to say, compared with strategy
1, smaller parameters variation is needed to recover from the
same push force, which can be seen from Fig. 6 (a)∼(b).

By using strategy 3, the CoM height variation is utilized to
enhance the robustness. As demonstrated in Fig. 8, when the
disturbance occurs, the CoM moves up so that the excess
kinetic energy partly converts into potential energy, which
is similar to the result in the last section. As a result, the
smallest variation of step length and step width is needed
to reject the same external disturbance, as can be seen in
Fig. 6 (c). Furthermore, due to the vertical CoM variation,
less body inclination is observed in Fig. 7. Differing from
[18] and [32], the optimal time-varying CoM trajectory is
generated online in this work.

As to strategy 4, as illustrated in Fig. 6 (d), Fig. 7 and
Fig. 8, even though the step location is not adjusted, the



TABLE II
MAXIMAL PUSH FORCES THE ROBOT CAN REJECT WHEN USING FOUR

DIFFERENT STRATEGIES-INVERTED PENDULUM SIMULATIONS.

Force
Strategy Strategy 1 Strategy 2 Strategy 3 Strategy 4

Fx[N] 139 149 174 144
Fy[N] 78 93 112 89

upper-body rotation and height variation contributes to robust
walking. Under the same push force, the height variation
and pitch angle variation of strategy 4 are much higher than
those of other strategies. One interesting thing is that the
roll angle fluctuation is dramatically suppressed. We guess
it is because that 1) the height variation compensates for the
lateral tracking error, 2) the lateral force is not large enough.

Further analysis reveals that the integration of multiple
reactive strategies contributes to stronger push recovery
capability. As listed in Table II, strategy 1 could only endure
139 N forward force (Fx) and 78 N lateral force (Fy), and
strategy 2 could endure 149 N forward force and 93 N
lateral force. By integrating all the three balancing strategies
(actually, four strategies are integrated if taking into account
the ankle strategy), the robot could recover from much larger
pushes (174 N forward force and 112 N lateral force). Hence,
the improved robustness against external pushes is achieved.
Besides, in this case, the simulation result shows that strategy
4 contributes to the higher push recovery capability than
strategy 1.

V. WHOLE-BODY DYNAMIC SIMULATION

To further demonstrate the effectiveness of the proposed
strategy, the whole-body dynamic simulations are conducted
on the COMAN humanoid robot. In this section, the 5th

polynomial interpolation algorithm is adopted to synthesize
the swing foot trajectory. The control frequency is 200Hz.
To reduce the tracking error, the low-level PD controllers for
CoM position tracking, upper-body inclination angle tracking
are also integrated here. Besides, the landing reduction
method proposed in [13] is also integrated here. The block
diagram is illustrated in Fig. 9.

A. 3D walking across uneven terrain

In this section, the stair climbing capability is demon-
strated. Since the step location is limited by the support
surface, the robot would not adjust the step locations in
real-time. Thus, strategy 4 is used here to generate a robust
walking pattern.

The whole-body dynamic simulations demonstrate that, by
integrating the CoM height adaptation, the robot can walk
stably on the 9 cm high stairs (21% of the total leg length),
which can be seen in the attached video [38]. On the contrary,
when the height variation is not employed, the robot can only
climb the 3 cm height stairs.

The snapshots of stable walking across 5 cm high stairs
are illustrated in Fig. 10. In this case, the robot first climbs
up four stairs and then climbs down. The default step length,

step width and walking cycle for walking on the flat ground
are 0.15 m, 0.0145 m and 0.8 s, respectively. To avoid
collision with stairs, the step length is extended to be 0.3
m when climbing stairs. Using the proposed strategy, the
estimated and generated trajectories are illustrated in Fig.
11.

As can be seen from Fig. 11, the proposed framework
generates the feasible 3D CoM trajectory by modulating the
CoM height ((Fig. 11 (c)) and body inclination states (Fig.
11 (d)) as well. Further observation in Fig.11 (a) and Fig.11
(b) demonstrates that the real ZMP trajectory is restricted
within the support region during most period. However, due
to the landing impact, the forward ZMP trajectory easily goes
beyond the foot support region during the double support
phase. Besides, when climbing down the stairs, the lateral
ZMP trajectory may also go beyond the stability region,
especially when walking from the 12th to the 14th step.
Nevertheless, due to the angular momentum adaptation and
height variation, the robot can accomplish this walking task
using the synthesized gait.

Since the step length enlarges dramatically when climbing
stairs, the effect of the swing leg mass on the walking
stability cannot be ignored. Consequently, the real CoM
height oscillates up and down during the walking process, as
can be seen in Fig.11 (c). Besides, the earlier landing when
stepping up the stairs and the later landing when stepping
down the stairs cannot be avoid. As a result, there exist
tracking errors on the horizontal step locations and CoM
position, such as the lateral movement of step locations
demonstrated in Fig.11 (b). Furthermore, the upper-body first
leans backward when stepping up the stairs and then leans
forward when stepping down the stairs, as can be seen in
Fig.11 (d). Nevertheless, the robot still maintains balance
when walking on the uneven terrain by using the proposed
NMPC algorithm. Since the main task is to walking stably
across the uneven terrain, we believe the tracking error is
acceptable in this case.

B. Adaptive walking through the narrow space

In the above sections, the default inverted pendulum height
(href

z ) is set to be 0.467 m, and the body inclination angles
(θref

r and θref
p ) are set to be zeros during the whole walking

process. However, in certain circumstances, the NMPC algo-
rithm can be used to generate adaptive gaits by tracking the
time-varying inverted pendulum height reference and body
inclination angle reference, contributing to high adaptability.
One typical scenario is that the robot is required to reduce the
body height and lean forward as well in order to go through
a narrow passage with limited height.

In the ODE environment, the obstacle is set at the 0.3
m in front of the robot and 0.75 m in height. As one
solution, the robot needs to reduce the height by 5 cm
while rotating the upper-body along the y axis in 0.1 rad.
As a comparison, no height variation or body inclination is
also tested. The snapshots of walking motions when using
different references are demonstrated in Fig. 12. The height



0 0.2 0.4 0.6 0.8 1

x [m]

-0.1

0

0.1

0.2

y
 [
m

]

strategy 1

0 0.2 0.4 0.6 0.8 1

x [m]

-0.1

0

0.1

0.2

y
 [
m

]

strategy 2

0 0.2 0.4 0.6 0.8 1

x [m]

-0.1

0

0.1

0.2

y
 [
m

]

strategy 3

0 0.2 0.4 0.6 0.8 1

x [m]

-0.1

0

0.1

0.2

y
 [
m

]

strategy 4

CoM

ZMP

Foot location

(a) (b)

(c) (d)

Fig. 6. Horizontal CoM trajectory, ZMP trajectory and step locations generated by different strategies for rejecting the same push force. The green blocks
represent supporting foot plane.

2 2.5 3 3.5 4 4.5
t [s]

-0.1

0

0.1

0.2

In
c
lin

a
ti
o
n
 a

n
g
le

 [
ra

d
]

Roll angle (stategy 1)

Pitch angle (stategy 1)

Roll angle (stategy 2)

Pitch angle (stategy 2)

Roll angle (stategy 3)

Pitch angle (stategy 3)

Roll angle (stategy 4)

Pitch angle (stategy 4)

Fig. 7. Body inclination angles generated by different strategies when
faced with the same push force.

2 2.5 3 3.5 4 4.5

t [s]

0.4

0.45

0.5

0.55

z
 [

m
]

CoM height (stategy 1)

CoM height (stategy 2)

CoM height (stategy 3)

CoM height (stategy 4)

Fig. 8. CoM height trajectories generated by different strategies when
faced with the same push force.

trajectories and pitch angles when using different references
are illustrated in Fig. 13.

As can be seen in Fig. 12, by tracking time-varying height
reference and pitch angle reference, the NMPC algorithm
generates the adaptive gait for walking through the narrow
space. In particular, as illustrated in Fig. 13 (a), the robot
firstly reduces the CoM height and then recovers to the
normal height. The similar motion can also be found in
the pitch rotation. Although there are tracking errors of
the CoM height and pitch angle, the stable walking is
realized. In contrast, when the height variation or upper-
body rotation is not utilized, the robot collides with the
obstacle and falls down. That is to say, the hip strategy
and the height variation strategy integrated into the proposed
NMPC algorithm contributes to adaptive walking in real-

world environments.

C. Balance recovery from external pushes
Similar to Section IV-B, we analyze the push recovery

capability when using four different strategies. Firstly, the
push recovery performance when the robot is stepping in
place is evaluated. Then, push recovery performance when
the robot is walking forward is discussed.

1) Balance recovery when stepping in place: In this case,
the robot is stepping in place when the horizontal external
forces are applied at the pelvis center at 3.6 s, which lasted
0.1 s.

In this section, we discuss the balance recovery move-
ments under forward push in detail. Under different external
pushes, the generated patterns when using four different
strategy combinations are demonstrated in Fig. 14, and the
physical motions can be seen in the supplementary video.

When the external force is not large enough, the robot
can recover from the disturbance by merely making one
reactive step. As demonstrated in Fig. 14 (a), the step length
is modulated to be 0.18 m to extend the support region. As a
result, the excess kinetic energy can be dissipated so that the
body balance is maintained. Due to the coupling property,
the lateral CoM is also adjusted.

As external impulse increases, angular momentum adap-
tation needs to be employed. As demonstrated in Fig. 14 (b),
the robot rotates the upper-body around the y axis as well
as modulates step location when 23 Ns external impulse is
applied. Differing from Fig. 14 (a) where no reactive roll
angle is generated, the maximal reference roll angle reaches
0.08 rad, as can be seen from the ’Pitch angle-ref’ plot in
14 (b). Due to the utilization of upper-body rotation, even
when faced with the more considerable disturbance, smaller
step location modulation is needed (0.12 m in Fig. 14 (b) vs.
0.18 m Fig. 14 (a)).

When the external force goes beyond one specific limit,
vertical height variation needs to be activated. As demon-
strated in Fig. 14 (c), three reactive strategies are all triggered
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Fig. 10. COMAN robot climbs stairs, the stair height is 5 cm (11.5% of whole leg length).
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falls down because of no usage of height variation or upper-body rotation. The below arrow demonstrates that the robot walks across the narrow crouch
by reducing CoM height and rotating upper-body.
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Fig. 14. Reference and estimated trajectories when recovering from different levels of forward pushes. The snapshots of robot motions are demonstrated
on the right side. In this case, when 20Ns external push is imposed, only the step location is modulated (strategy 1), as demonstrated by the green linear
arrow in sub-figure (a). As the disturbance increases (23Ns in this case), the body rotation should be integrated (strategy 2), as demonstrated by the green
curved arrow in sub-figure (b). When 26Ns external impulse is imposed, the CoM vertical height variation (strategy 3) is also activated, as demonstrated by
the green vertical arrow in sub-figure (c). As a comparison, merely the body rotation and vertical height variation (strategy 4) are utilized, as demonstrated
in sub-figure (d).



so as to maintain the balance when 26 Ns external impulse
is imposed. Differing from Fig. 14 (a) and 14 (b) where no
reactive height variation is employed, the CoM moves up
above 0.51 m after 4 s, as can be seen from the vertical
height trajectory in 14 (c). Then, after 5 s, the CoM height
drops, leading to higher stability.

As a comparison, step location adjustment is not utilized
for push recovery test (Strategy 4). As demonstrated in Fig.
14 (d), when the step location adjustment is not used, the
robot leans forward while increasing the body height to reject
the external perturbation. Due to the weight coefficients
setup, the maximal reference pitch angle is 0.078 rad (the
upper boundary for the pitch angle is 0.087 rad) while the
maximal height reaches 0.49 m. Compared with Fig. 14 (c),
it also takes a longer time period to return to the reference
inclination angle and reference CoM height.

2) Balance recovery when walking forward: In this case,
the robot is walking forward when the horizontal external
forces are applied at the pelvis center at 3.6 s which lasted
0.1 s. The default step length is 0.1 m and the default step
length is 0.145 m.

Differing from Section IV-B.2 where the forward and
lateral pushes are imposed simultaneously, in this section,
we focus on the forward push recovery so as to compare the
performances using different strategy combinations. Under
different external pushes, the generated patterns when using
four strategy combinations are illustrated in Fig. 15- 17, and
the animation can be seen in the supplementary video.

As demonstrated in Fig. 15 (a), Fig. 16 (a), and Fig.
17 (a), where no angular momentum adaptation or height
variation is employed, the robot can still maintain the bal-
ance by adjusting the step locations in following steps. As
demonstrated in Fig. 15 (a), differing from Section IV-B.2
where the robot enlarges the step length immediately after
the external push is imposed, the swing leg here lands the
ground in a shorter length at the 4th step (the step location
is reduced from 0.3 m to 0.29 m). We guess it is because
that, at the startup of the 4th step, the estimated CoM already
falls behind the step center, which can be seen in Fig. 15 (a)
at about 3.3 s. Besides, there is also a time delay in state
estimation. Thus, the step location is reduced at the 4th step
even when the forward force is imposed at 3.6 s. The similar
phenomena can also be observed in other sub-figures in Fig.
15. Then, since the CoM falls beforehand the step center
at 4.1 s, the step length is enlarged to track the reference
step location (0.4 m in this case). After then, since no body
rotation or height variation is activated, the step locations in
the following steps are also adjusted. As a result, even under
the smallest external force, the tracking error of the step
location when using strategy 1 becomes the largest among
the four strategies.

As can be seen in Fig. 15-17, the robot can reject larger
push force when more strategies is integrated. Taking strategy
3 as an example, by adjusting the step location, rotating the
upper-body and changing the CoM height simultaneously,
the robot can recover from the 350 N push force.

In particular, when the strategy 4 is employed, only the

TABLE III
MAXIMAL TOLERANT PUSH FORCES THE ROBOT CAN REJECT UNDER

DIFFERENT STRATEGIES-DYNAMIC SIMULATIONS.

Param.
Strategy Strategy 1 Strategy 2 Strategy 3 Strategy 4

Fx[N] 273 335 376 295
Fy[N] 160 185 255 166

angular momentum and CoM height are adjusted to reject
the external disturbance, as demonstrated in 16 (d) and
Fig. 17 (d). It should be mentioned that, differing from the
Section IV-B.2, the CoM height reduces dramatically when
the external force is imposed. We guess that it is because
that the external force is too large. By reducing the CoM
height, the moment arm could be shortened so as to reduce
the overturning moment caused by the variation of forward
CoM position, considering that there is no possibility of the
step location adjustment, After then, the robot increases the
height and goes back to the normal height. Compared with
other sub-figures in Fig. 17, there is the largest fluctuation in
CoM height when using strategy 4. Nevertheless, the robot
can maintain balance during the whole walking process.

When walking forward, the maximal tolerant push forces
the robot can reject are listed in Table III. Again, the robot
achieves the strongest recovery capability by integrating the
step location adjustment, angular momentum optimization,
and vertical height adaptation in one framework. That is
to say, the proposed NMPC algorithm contributes to higher
robustness.

D. Computation Efficiency

In this paper, the SQP algorithm (5) is used to solve the
QCQP (4). Differing from [29] where the Ns was set to
be 2 by hand, we propose to use the following termination
function:

min(Fm)≤ε where Fm
(n) = max(∆nk(n)),

nk > Ns.
(20)

where ∆nk
, consisting of the increments of 3D CoM jerk,

2D angular jerk and 3D step location, is computed by the
QP solver, Fm ∈ <8, nk is the loop count of QP solver.

That is to say, there are two ways to terminate the SQP
loop. The first way is that we firstly judge the maximal
absolute value of each state channel, including 3D CoM,
2D body inclination angle, and 3D step location, over the
prediction horizon. Then, we need to compare the minimum
among the maximal values with the ε. The second way is
the judge if the loop number goes beyond the limitation.
Therefore, before using the condition expressed in (20), the
proper ε and Nmax should be determined so as to balance
the trade-off between computation cost and optimization
performance.

To determine the ε and Nmax, the gait pattern generation
tests are conducted by using the QP solver provided in the
C++ optimization library QuadProg++ to solve the NMPC
problem. In this case, the robot walks with constant step
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Fig. 15. Reference and estimated forward trajectories when recovering from different levels of forward pushes: (a) Fx = 260 N; (b) Fx = 310 N; (c) Fx
= 350 N; (d) Fx = 295 N.

(a)

2 4 6 8
t [s]

-0.05

0

0.05

p [r
ad

]

strategy 1

2 4 6 8
t [s]

-0.05

0

0.05

0.1

p [r
ad

]

strategy 2

(b)

(c) (d)

2 4 6 8
t [s]

-0.05

0

0.05

0.1

p [r
ad

]

strategy 3

2 4 6 8
t [s]

-0.05

0

0.05

0.1

p [r
ad

]

strategy 4
Pitch angle-ref
Pitch angle-real

Fig. 16. Reference and estimated pitch angles when recovering from different levels of forward pushes.

length (0.1 m), step width (0.145 m), and step duration (0.8
s). The sampling time dt is 0.1 s and the time duration of
the prediction horizon is 1.0 s. When using different Ns, the
optimization performance of CoM generation is illustrated
in Fig. 18 and the statistical result about the minimal εs and
average time costs (on a 3.3 GHz quad-core CPU) are listed
in Table IV.

As can be seen in Fig. 18, especially in the Fig. 18(b), the
CoM error decreases as the Ns increases. However, when Ns

becomes larger than 3, the effect is dramatically weakened.
The similar rule can be found in the ε, which is listed in
Table IV. On the other side, the (average) time cost increases

TABLE IV
AVERAGE TIME COSTS AND MINIMAL THRESHOLDS W.R.T THE LOOP

NUMBER.

Param.
Ns 1 2 3 4 5 6

ε 1×10−2 5×10−7 5×10−8 4×10−9 7×10−10 5×10−11

time cost[ms] 1.52 2.64 3.56 4.56 5.52 6.57

linearly with the increase of Ns. Thus, using a too large
loop number which is bigger than 3 is not advised. As a
result, for the real application, we can choose the parameters
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Fig. 18. The CoM errors when using different Ns: the benchmark is the generated CoM trajectory when Ns = 1.

combination where ε = 5 × 10−8 and Ns = 3 for QCQP
solution.

VI. CONCLUSION

In this paper, we propose a versatile framework for robust
locomotion. The proposed framework is formulated as a
QCQP and solved via the off-the-shelf SQP technique.

By using the NIPFM, which can take into consideration
the CoM height variation and angular momentum change, the
ZMP constraints are formulated in a quadratic form. Through
combining step movement limitations and other feasibility
constraints, robust bipedal walking is realized with the capa-
bilities of ZMP manipulation, stepping location adjustment,
CoM height variation and upper-body rotation. In addition,
the proposed framework can generate versatile walking pat-
terns by customizing the reference CoM height trajectory or
body inclination angle. Simulation studies demonstrate that
the robot is able to achieve higher adaptability under multiple
real-world scenarios.

We believe a promising future about this framework since
it can be used to generate the adaptive walking patterns
and to maintain balance as well for humanoids in the
real environment. At present, we tune the penalties in the
objective function by hand, which is tedious. Thus, studying

the priority of different strategies under realistic scenarios
can be the next focus.

APPENDIX

For the objective function defined in (7), using (3), the G,
g and state X in (4) are expressed as follows:

G = diag(ϑ
Cx
, ϑ

Cy
, ϑ

Cz
, ϑ

Θr
, ϑ

Θp
, φ

Dx
, φ

Dy
, φ

Dz
),

ϑ
X

=
γ

X

2
INh×Nh

+
α

X

2
PT

vuPvu +
β

X

2
PT

puPpu,

φ
U

=
δ

U

2
INf×Nf

,

g =



(α
Cx

PT
vuPvs + β

Cx
PT

puPps)ĉx(k) − βCx
PT

puC
ref
x(k)

(α
Cy

PT
vuPvs + β

Cy
PT

puPps)ĉy(k) − βCy
PT

puC
ref
y(k)

(α
Cz

PT
vuPvs + β

Cz
PT

puPps)ĉz(k) − βCz
PT

puC
ref
z(k)

(α
Θr

PT
vuPvs + β

Θr
PT

puPps)θ̂r(k) − βΘr
PT

puΘ
ref
r(k)

(α
Θp

PT
vuPvs + β

Θp
PT

puPps)θ̂p(k) − βΘp
PT

puΘ
ref
p(k)

−δ
Dx

Dref
x(k)

−δ
Dy

Dref
y(k)

−δ
Dz

Dref
z(k)


,

X (k) = [
...
Cx(k);

...
Cy(k);

...
Cz(k);

...
Θr(k);

...
Θp(k); Dx(k); Dy(k); Dz(k)],

(21)



where, diag() is the function that produces a diagonal matrix
with the given parameters in the diagonal positions, X ∈
{Cx,Cy,Cz,Θr,Θp}, U ∈ {Dx,Dy,Dz}.

All the constraints introduced in Section III-B can be
formulated in quadratic form as expressed in (4). In this
section, we present more details about how to express the
ZMP constraints.

At the kth sampling time, defining the selection matrices,
the predictive CoM jerk and step locations can be expressed
as follows:

U(k) = S
U
X (k), Su ∈ <Nf×Nt ,

...
X(k) = SxX (k), Sx ∈ <Nh×Nt ,

...
x(k+j) = Sj

...
X(k), Sj ∈ <1×Nh , j∈{1, ..., Nh}.

(22)

Besides, the step locations over the prediction horizon are
generated by using the separated locations corresponding to
the following walking cycles, we have following relationship
(taking the step location along the x- axis for instance):

D̄x(k) = ec(k)d̂x(k) + Ec(k)Dx(k) (23)

where, D̄x(k) = [dref
x(k+1), ..., d

ref
x(k+Nh)]

T consists of the step
locations over the prediction horizon, d̂x(k) denotes position
of the current supporting foot, the ec(k) and Ec(k) are
mapping matrix, with more details can be found in [11].

And then, the position of supporting foot is determined by

dx(k+j) = SjD̄x(k), j∈{1, ..., Nh}. (24)

quadratic form of ZMP constraints: To be brief, we only
discuss the upper boundary. Taking the motion along the x-
axis for instance, substitute (1) into (9), we have:

(cx(k+j) − dx(k+j) − pmax
x )(g + c̈z(k+j))

− (cz(k+j) − dz(k+j))c̈x(k+j) − Iyθ̈p(k+j)/m ≤ 0
(25)

Then, by substituting (3), (22) and (24) into (25) and
collecting terms, the quadratic form of ZMP constraints is:

Vpx(j) = m(ST
cx

PT
puS

T
j SjPauScz − ST

cx
PT

auS
T
j SjPpuScz

− ST
Dx

ET
c(k)S

T
j SjPauScz),

(26)

vpx(j) = m(ĉTx(k)P
T
psS

T
j SjPauScz + ĉTz(k)P

T
asS

T
j SjPpuScx

+ gSjPpuScx − (ĉTz(k)P
T
psS

T
j SjPauScx

+ ĉTx(k)P
T
asS

T
j SjPpuScz) + dz(k+j)SjPauScx

− (ĉTz(k)P
T
asS

T
j SjEc(k)SDx

+ d̂x(k)e
T
c(k)S

T
j SjPauScz)

− gSjEc(k)SDx
− pmax

x SjPauScz)
T − (IySjPauSΘp

)T ,
(27)

σpx(j) = m(ĉTx(k)P
T
psS

T
j SjPasĉz(k) + gSjPpsĉx(k)

− ĉTx(k)P
T
asS

T
j SjPpsĉz(k) + ĉTx(k)P

T
asS

T
j dz(k+j)

− d̂x(k)e
T
c(k)S

T
j SjPasĉz(k)

− gSjec(k)d̂x(k) − pmax
x SjPasĉz(k) − gpmax

x )

− IySjPasθ̂p(k).

(28)

The essential parameters for the NIPFM simulations and
whole-body dynamic simulations can be found in Table V.

TABLE V
BOUNDARY CONDITIONS FOR FEASIBILITY CONSTRAINTS

ZMP constraints ḋmin
y [m·s−1] -1

pmin
x [m[ -0.03 ḋmax

y [m·s−1] 1
pmax

x [m] 0.07 CoM motion constraints
pmin

y [m] -0.05 hmin[m] -0.15
pmax

y [m] 0.05 hmax[m] 0.1
Step location constraints Body inclination Constraints
dmin

x [m] -0.1 θmin
r [rad] -0.087

dmax
x [m] 0.3 θmax

r [rad] 0.175
dmin

y [m] 0.11 θmin
p (−θmax

p )[rad] -0.175
dmax

y [m] 0.2 Torque output constraints
ḋmin

x [m·s−1] -1 τmin
r (−τmax

r )[N·m] -80
ḋmax

x [m·s−1] 3 τmin
p (−τmax

p )[N·m] -80
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